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PREFACE 


“THE ALGEBRAIC SUM OF ALL THE TRANSFORMATIONS OCCURRING IN A CYCLICAL 
PROCESS CAN ONLY BE POSITIVE, OR, AS AN EXTREME CASE EQUAL TO NOTHING” 


MEANS IF YOU CONTINUOUSLY PUT YOUR EFFORTS ON AN ASPECT YOU HAVE VERY 
GOOD CHANCE OF POSITIVE OUTCOME i.e. SUCCESS . 


It is a matter of great pride and honour for me to have received such an overwhelming response to 
the previous editions of this book from the readers. In a way, this has inspired me to revise this 
book thoroughly as per the changed pattern of JEE Main & Advanced. I have tried to make the 
contents more relevant as per the needs of students, many topics have been re-written, a lot of new 
problems of new types have been added in etcetc. All possible efforts are made to remove all the 
printing errors that had crept in previous editions. The book is now in such a shape that the 
students would feel at ease while going through the problems, which will in turn clear their 
concepts too. 


A Summary of changes that have been made in Revised & Enlarged Edition 


e Theory has been completely updated so as to accommodate all the changes made in JEE Syllabus & 
Pattern in recent years. 

¢ The most important point about this new edition is, now the whole text matter of each chapter has 
been divided into small sessions with exercise in each session. In this way the reader will be able to go 
through the whole chapter in a systematic way. 

e Just after completion of theory, Solved Examples of all JEE types have been given, providing the 
students a complete understanding of all the formats of JEE questions & the level of difficulty of 
questions generally asked in JEE. 

¢ Along with exercises given with each session, a complete cumulative exercises have been given at the 
end of each chapter so as to give the students complete practice for JEE along with the assessment of 
knowledge that they have gained with the study of the chapter. 

e Last 13 Years questions asked in JEE Main &Ady, IIT-JEE & AIEEE have been covered in all the 
chapters. 

However I have made the best efforts and put my all Algebra teaching experience in revising this 
book. Still I am looking forward to get the valuable suggestions and criticism from my own 
fraternity i.e. the fraternity of JEE teachers. 


I would also like to motivate the students to send their suggestions or the changes that they want to 
be incorporated in this book. 


All the suggestions given by you all will be kept in prime focus at the time of next revision of 
the book. 


Dr. SK Goyal 
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The square of any real number, whether positive, negative 
or zero, is always non-negative i.e. x* 2 0 for all x € R. 
Therefore, there will be no real value of x, which when 
squared, will give a negative number. 

Thus, the equation x* +1=0 is not satisfied for any real 
value of x. ‘Euler’ was the first Mathematician to 
introduce the symbol i (read ‘Iota’) for the square root of 
— 1 with the property i?=—1. The theory of complex 
number was later on developed by Gauss and Hamilton. 
According to Hamilton, “Imaginary number is that 
number whose square is a negative number ”’. Hence, the 
equation x* +1=0 

> x" =-1 

or x=tJ-1 

(in the sense of arithmetic, V-1 has no meaning). 
Symbolically, /-1 is denoted by i (the first letter of the 
word ‘Imaginary ’). 

*. Solutions of x? +1=0 are x =+i., 

Also, iis the unit of complex number, since i is present in 


every complex number. Generally, if a is positive quantity, 
then 


V-axJ-a =,{(=1) xa x,(-1)xa 
=J-1xVaxJ-1xVa 
=ivaxiva 


22 
=l1a=-a 


Session 1 


mr a eh. ee LS we st 


Remark 
J—a = iJa,where ais positive quantity. Keeping this result in 
mind, the following computation is correct 

J-a J-b =i Ja-i Jb =i? Jab =-Vab 
where, a and b are positive real numbers. 
But the computation, /—a J/-b = ./(-a)(-b) = J/]al [5] is wrong. 
Because the property, Ja Vb = Vad is or ak when atleast one 
of aand bis non-negative. 
if aand bare both negative, then Ja Vb =-.j[al] 5]. 


[ Example 1. Is the following computation correct? 
IF not, give the correct computation. 


J-2 J-3 = ,[(-2)(-3) = 
Sol. No 
If aand bare both negative real numbers, then Vavb=-Vab 
Here, a=- 2 and b=-3. 


2 3 =- (DCH =-V 


i Example 2. A student writes the formula 


Jab = Ja Vb. Then, he substitutes a =—1andb =- 
and finds 1=—1. Explain, where he is wrong. 


Sol. Since, aand bare both negative, therefore Jab # va vb. 
Infact aand bare both negative, then we haveVavb=- Jab. 


i Example 3. Explain the fallacy 


-~1=ixi=J-1xJ-1=,f/(-1)x(-=Vi=1. 


Sol. If a and b are both negative, then 


Va Vb = - Jal |b) 
¥-1 x ¥=1 = - J[-1/|-1| =- 


ee ed ee 


Integral Powers of lota (i), Switch System Theory 


Integral Powers of lota (/) 


(i) If the index of i is whole number, then 
jo =17 =i =(V-1)? =- 
i? =j- i =-I, i4 =(i)? =(-1)? =] 


To find the value of i” (n > 4) First divide n by 4. 
Let q be the quotient and r be the remainder. 
i.e. 4)n(q 

re 


=> n=4q+r 
When, 0 <r <3 

Pm silt*" =(i")4 (i) =()- SE 
In general, . i" =1, ("*! =i, i *?7=-1, 
i*** =-j for any whole number x. 


(ii) If the index of i is a negative integer, then 
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| Example 4. Evaluate. 
ie 


(ii) j~ 9999 
(iii) (gf =1? >. new 
Sol. (i) 1998 leaves remainder 2, when it is divided by 4. 


i.e. 4) 1998 (499 
1996 


(ii) 9999 leaves remainder 3, when it is divided by 4. 
ie.  4)9999 (2499 


9996 
a: 
oe = i“ Saqetsi 
i I 1 
Aliter 
.- 9999 _ 1 i i 


j29”? ji0e0e 1 


(iii) 4n + 3 leaves remainder 3, when it is divided by 4. 


Fes 4) 4n+3 (n 
4n 
3 
ae ee 
Now, (- Vay" *3 =(-i)"*3 = (yt 
=-(-i) 
=i 
Aliter eda ay aie 
Steyr 
=~ (1)"(-i) =i 


| Example 5. Find the value of 1+i7+/° +i° +...4i7", 
where i = /-landneN. 
So. 142 +i +i 4.42" =1-141-14+..4+(-1) 
Case! Ifn is odd, then 
147 +i 4 iS +4 2"%=1-141-14..41-1=0 
Case Il If nis even, then 
14? +i tio e.tP"=1-141-14..41=1 


1+] 


} Example 6. If g=—— 
p a B 


, where i = ./— 1, then find the 


value of g!929. 
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1928 = g.(q?)%4 sss 


=al(i 


= a(i)'™™! = g.(i4)"! =a 


| Example 7. Dividing f(z) by z — i, where i= -/—1, we 
obtain the remainder i and dividing it by z + i, we get 
the remainder 1+ i. Find the remainder upon the 
division of f(z) by z* +1. 

Sol. z~i=0 = z=i 


Remainder, when f (z) is divided by (z — i) =i 


i.e. f(i=i “ell 
and remainder, when f(z) is divided by(z + 1)=1+i 
i.e. f(-i=1+i [-z+i=0>2=-i]... (ii 


Since, z” + 1 is a quadratic expression, therefore remainder 
when f(z) is divided by z” + 1, will be in general a linear 
expression. Let g(z) be the quotient and az + b(where a 
and b are complex numbers) be the remainder, when f(z) is 
divided by z? + 1. 


Then, f (z)=(z’ +1) g(z)+az+b ... (iii) 
f (i) =(? +1) g (i) +ait b=aitb 

or aitb=i [from Eq. (i)]... (iv) 

and =f (-i) = (i? +1) g(-i)-ai+b =-ait+b 


or ~aitb=1+i 
From Eqs. (iv) and (v), we get 


[from Ec. (ii)] ...(v) 


1 ; 
b=-+i and a= . 

2 2 

Hence, required remainder = az + b 


ee ee 
=-izt+-+i 
2 2 


The Sum of Four Consecutive 
Powers of i (lota] is Zero 


Ifné I andi=./—1,then 
phe gt tl get? 4 tt ai" (titi? +i°) 


=i" (1+i-1-i)=0 


Remark 
m m-p+1 

1 Sos LY fe+p-2 
f= r=) 
ri m+p+i 

2 YS flr) = y, Ieee 
r=-p rol 
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13 
| Example 8. Find the value of S\ (i? +i°*') 


(where, i = ./—1) - 
“y (+i *))= Dig + bynes 


+ Meoand Yee 


n=2 


(i +0) +(i? +0) 


=i-1 


| (three sets of four consecutive powers ofi) | 
100 
[ Example 9. Find the value of §\ i”: 


(where i = ./— 1). ii 
Sol. ni! is divisible by 4, Vn 2 4. 
0 
“ »y jt by ji + 3)! 
= n=] 
=i? +i°+i° +...97 times =97 ..(i) 
>a “a 
a6 = = 
fae ae a ae, (from Eq. (i)] 


=f+i+i?+i8+97=i+i-1-14+97 


=95+2i 
4n+7 


| Example 10. Find the value of §* i’ 
(where, i = ,/~1). = 


4n+7 4n+7 4n+4 
Y aheP se t+ YP si-1-i+ Y 
r=1 r=4 r=} 


=-1+0 [(n +1) sets of four consecutive powers of i] 
=-1 


[| Example 11. Show that the polynomial 
xOP 4 XAG ths x42 4 y 4545 ig divisible by 
x3 +x?4x+1, where p,g,r,sEN. 
Sol. Let f(x) = x*? + x49 41 4 x7 474 x43 
and x°+x74x41=(x? +1)(x +1) 
=(x + i)(x -i)(x +1), 
i=J-1 


Now, f (i)=i1? + i471 4i 4? 4i**? =14i474 7 =0 


where 


[sum of four consecutive powers of i is zero] 
fENS=ro Hersey" eee 
=1+(-i) +(-i)° +(-i)) =1-i-1+i=0 
and f (- 1)=(- 1)? +(-1)4*? 4+(-1)" *? 4(-1)8*3 
=1-14+1-1=0 
Hence, by division theorem, f (x 
xo tx? txt 


)is divisible by 


Switch System Theory 

(Finding Digit in the Unit's Place) 

We can determine the digit in the unit’s place in 

a’, where a, b € N. If last digit of a are 0, 1,5 and 6, then 


digits in the unit’s place of a’ are 0, 1, 5 and 6 
respectively, for all be N. 


Powers of 2 
pf 9p? 97 34 92 oe or Oo” o? 
of different powers of 2 are as follows : 


2, 4, 8 6, 2, 4, 8 6, 2... 
a es es a SM 


DDOOODOOOOD ... (switch number) 


(The remainder when b is divided by 4, can be 1 or 2 or 3 or 0). 
Then, press the switch number and then we get the digit 


in unit’s place of a’ (just above the switch number) ie. 
‘press the number and get the answer’. 


,... the digits in unit’s place 


(period being 4) 


{| Example 12. what is the digit in the unit’s place of 
(5172)!97? 


Sol. Here, last digit of a is 2. 


The remainder when 11327 is divided by 4, is 3. Then, 
press switch number 3 and then we get 8. 


Hence, the digit in the unit’s place of (5172)'”’ is 


Powers of 3 
ee RR UR 
different powers of 3 are as follows: 


0.0, yay OT dys 
Trr.prltt¢ 


YDOOOOOOO.. 


The remainder when b is divided by 4, can be 1 or 2 or 3 
or 0. Now, press the switch number and get the unit’s 
place digit ( just above). 


8... the digits in unit’s place of 
(period being 4) 


(switch number) 


[| Example 13. what is the digit in the unit's place of 
(143)®° ? 
Sol. Here, last digit of a is 3. 

The remainder when 86 is divided by 4, is 2. 


Then, press switch number 2 and then we get 9. 
Hence, the digit in the unit’s place of (143)* is 9. 
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Powers of 4 
i). ge Ay 4a. die digits in unit’s place of different 
powers of 4 are as follows: 

4, 6, 4, 6, 4, ... (period being 2) 

TOT TT 


OOOO ... (switch number) 


The remainder when bis divided by 2, can be 1 or 0. Now, 
press the switch number and get the unit’s place digit 
(just above the switch number). 


| Example 14. what is the digit in unit’s place of 
(1354)72222? 


Sol. Here, last digit of a is 4. 


The remainder when 22222 is divided by 2, is 0. Then, 
press switch number 0 and then we get 6. 


Hence, the digit in the unit’s place of (1354)”"* is 6. 


Powers of 7 
7',77,7°,74,7°,7°,7.47°,.... the digits in unit’s place of 
different powers of 7 are as follows: 


7, 9, 3, 1, 7, 9, 3, 1,...(period being 4) 
r) se. eT Se 


D®DODODOO@O ... (switch number) 


(The remainder when b is divided by 4, can be 1 or 2 or 3 
or 0). Now, press the switch number and get the unit's 
place digit ( just above). 


| Example 15. what is the digit in the unit’s place of 
Gs057y ? 


Sol. Here, last digit of a is 7. 


The remainder when 941120579 is divided by 4, is 3. Then, 
press switch number 3 and then we get 3. 


Hence, the digit in the unit’s place of (13057)°4129579 js 3, 
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Powers of 8 
oS .8 88°? 8° es 8 *..athe digits in unit’s place of 
different powers of 8 are as follows: 

8, 4, 2, 6, 8, 4, 2, 6,...(period being 4) 

, tT) tet tl 


DQOBVOD@AOO® ... (switch number) 


The remainder when bis divided by 4, can be 1 or 2 or 3 
or 0. 


Now, press the switch number and get the unit’s place 
digit (just above the switch number). 


| Example 16. What is the digit in the unit’s place of 
(1008)° ? 


Sol. Here, last digit of a is 8. 


The remainder when 786 is divided by 4, is 2. Then, press 
switch number 2 and then we get 4. 


Hence, the digit in the unit's place of (1008)”*° is 4. 


Powers of 9 
9197-9394 9°... the digits in unit’s place of different 
powers of 9 are as follows: 

9, 1, 9, 1, 9,...( period being 2) 

jy a i 

OOMD@O@ ... (switch number) 


The remainder when 3 is divided by 2, can be 1 or 0. 


Now, press the switch number and get the unit’s place 
digit (just above the switch number). 


| Example 17. What is the digit in the unit's place of 


Sol. Here, last digit of a is 9. 


The remainder when 111213 is divided by 2, is 1. Then, 
press switch number 1 and then we get 9. 


Hence, the digit in the unit’s place of (2419)'"!7!9 is 9, 
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Exercise for Session I 


1 


If (1+ 7)?" + (1-7)?” =-2°*" (where, i =./— 1) for all those n, which are 


(a) even 
(c) multiple of 3 


(b) odd 
(d) None of these 


Ifi = —1, the number of values of /” + /~” for differentn €/ is 


(a) 1 (b) 2 

(c) 3 (d) 4 

Ifa >Oandb <0,then Va Vb is equal to (where, i = V—1) 

(a)- fa-|b| (b) Ja-[b]i 

(c) fa-|b| (d) None of these 


Consider the following statements. 

S,:-6 =2i x3i = /(-4) x (-9) (where, i = ./- 1) 
$3: (4) x(-9) = 36 

Of these statements, the incorrect one is 

(a) S, only 


(c) S, only 
50 


The value of X i2"+1)! where,i = /—1)is 
n= 


(a)i 
(c)48+/ 
1003 


The value of 2, i’ (where i =./-1)is 
fon 


(a) 1 

(c)i 

The digit in the unit's place of (153)°? is 

(a) 1 . 

(c)7 

The digit in the unit's place of (141414)'2"2" is 
(a) 4 

(c)3 


S2:(-4) x./(-9) = J ~4)x(-9) 


S, :V36 =6 


(b) S. only 
(d) None of these 


(b) 47 -i 
(d) 0 


(b) - 1 
(d) -i 


(b) 3 
(d) 9 


(b) 6 
(d) 1 
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Session 2 


Definition of Complex Number, Conjugate Complex 
Numbers, Representation of a Complex Number in 


Various Forms 


Definition of Complex Number 


A number of the form a + ib, where a,be€ Randi= J-1, is 


called a complex number. It is denoted by zi.e.z =a + ib. 


A complex number may also be defined as an ordered pair 
of real numbers; and may be denoted by the symbol (a, b). 
If we write z =(a, b), then ais called the real part and bis 
the imaginary part of the complex number z and may be 
denoted by Re (z) and Im (z), respectively i.e., a = Re (z) 
and b =Im/(z). 

Two complex numbers are said to be equal, if and only if 
their real parts and imaginary parts are separately equal. 


Thus, atib=c+id 

— ; a=c and b=d 
where, a, b,c,d€ Randi = f-1. 

i.e. Z; =Z ' 

© Re(z,)=Re(z) and Im(z,)=Im(z,) 


Important Properties of Complex Numbers 


1. The complex numbers do not possess the property of order, 
i.e, (@+ ib) >or<(c + id) is not defined. For example, 

9 + 6/ > 3+ 2/ makes no sense. 

. Areal number acan be written as a+ /-0. Therefore, every 
real number can be considered as a complex number, whose 
imaginary part is zero. Thus, the set of real numbers (A) is a 
proper subset of the complex numbers (C) i.e. R CC. Hence, 
the complex number systemisNcCWc/icQcRcC 


. Acomplex number z is said to be purely real, iflm(z) =0; and 
is said to be purely imaginary, if Re (z) = 0. The complex 
number 0 =0 + /-0 is both purely real and purely imaginary. 

. In real number system, a’+ b° =0 = a=0=6, 


But if z, and z., are complex numbers, thenz,” + z,° =0 


Rh 


[e) 


i 


does not imply Z, = 2) =0. 

For example, z,=1+i/andz,=1-i 

Here, Zz, #0,2, #0 

Butz,?4+z7=(14 + (1-2 =14 7? + OF 4 14 7? -2) 
=2+42)? =2-2=0 

However, if product of two complex numbers is zero, then 

atleast one of them must be zero, same as in case of real 


numbers. 
If2;Z2=0, then z, =0,z, #0 or z, #0,Z,=0 
or zZ,=0,z7,=0 


Algebraic Operations on 
Complex Numbers 


Let two complex numbers be z , =a + ib and z, =c + id, 
where a, b,c,d € Randi=.-1. 


1. Addition Z,; +Z, =(a+ib) +(c + id) 
=(at+c)+ i(b+ d) 
2. Subtraction z, —z, =(a+ib) —(c + id) 


=(a—-—c)+i(b-d) 

3. Multiplication z, -z, =(a+ib)-(c+id) 
=ac+iad + ibe + ibd 
=ac+i(ad + bc) —bd 
=(ac — bd) +i(ad + bc) 

4. icteinds Blea Ae =) c=) 


z, (ctid) (c-id) 
[multiplying numerator and denominator by c — id 
where atleast one of c and d is non-zero] 
_ ac—iad + ibe — i°bd _ac+i(be-ad)+bd 


(c)? —(id)* c* id? 
_(ac+bd)+i(be—ad) _(ac+bd) | (bc ~ad) 
+d’ (c? +d?) (c? +d’) 
Fi 
Remark . . 
14! jand —! =i, wherei = V=1. 
1-/ T+] 


Properties of Algebraic Operations 

on Complex Numbers 

Let z,,Z, and z, be any three complex numbers. 
Then, their algebraic operations satisfy the following 
properties : 


Properties of Addition of Complex soba 
(i) Closure law z, +2, is a complex number. 
(ii) Commutative law z,; +z, =2Z2 +2, 
(iii) Associative law (z, +z.) +23 =2Z, +(z2 +23) 
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(iv) Additive identity z +0 =z =0 +z, then 0 is called 
the additive identity. 


(v) Additive inverse —z is called the additive inverse of 
Zz, i.e. z +(—z) =0. 


Properties of Multiplication 
of Complex Numbers 


(i) Closure law z, +z, is a complex number. 
(ii) Commutative law z,-z. =2Z2:2, 
(iii) Associative law (z, - 22) 23 =2Z, (z2°23) 
(iv) Multiplicative identity z-1=z =1-z, then 1 is 
called the multiplicative identity. 


(v) Multiplicative inverse Ifz is a non-zero complex 


1 a 
number, then — is called the multiplicative inverse 
Z 


1 1 
ofziLe.z. —=1=—«2 
z z 


(vi) Multiplication is distributive with respect to 
addition z, (z2+Z3)=Z, 22 +2, 23 


Conjugate Complex Numbers 


The complex numbers z =(a, b) =a + ib and 
z =(a,—b) =a —ib, where a and b are real numbers, 
i=/-1 and b #0, are said to be complex conjugate of each 


other (here, the complex conjugate is obtained by -_ 
changing the sign of i). 


Note that, sum =(a + ib) +(a —ib) =2a, which is real. 
And product =(a + ib) (a -ib) =a? —(ib)’ 

“(ae 

which is real. 


Geometrically, z is the mirror image of z along real axis on 
‘ argand plane. 


=q? -7? 5? =¢? 


=q’? +p’. 


Remark 
Let z=-a-ib.a>0,b>0=(-a- b) (Ill quadrant) 


Imaginary axis 


Then, 7 =-a+ ib=(-a b) (Il quadrant). Now, 

(i) If z ties in | quadrant, then Z lies in IV quadrant and 
vice-versa. 

(ii) If z lies in {| quadrant, then Z lies in {Il quadrant and 
vice-versa. 


Properties of Conjugate | 
Complex Numbers 


Let z, z, and z, be complex numbers. Then, 
() @=2 | 
(ii) z + Z =2 Re (z) 
(iii) z -Z =2 Im(z) 
(iv)z+Z=0 = z=-Z = zis purely imaginary. 
(v)z-zZ=0 = z=Z = zis purely real. 
(vi) z, 25 =2, £2, Tngerieral 
a Zn 


Z\ tZ, tz; Se Se =Z) +z, +z, t.. 


(vii) Zz; + Z. =2Z, “25 
In general, 2) + 22°23 ...2Z, =2Z1 °° 22°23 +02 
‘ne 
z 
=— 2, #0 
22 


(viii)| 
22 
\ 4 


(ix) 2” =(Z)" 
(x) 21 22 +2; 22 =2 Re(z, z2)=2 Re(z; Zp) 
(xi) If z = f (z1,2Z2), then Z =f (z,,Z2) 


3 
a where x, yer and 
i 


| Example 18. If 
i=.J-1, find the iis of x and y. 


Sole BP eV oy 
344. 2-4 
sp (x -3)(3-i) +(y-3)(3+i)=i(3+i)(3-1) 
= (3x — xi -9 +31) + (3y + yi -9 -3i) = 101 
— (3x + 3y — 18) +i(y — x) =10i 
On comparing real and imaginary parts, we get 
3x +3y —-18=0 
= x+y =6 - (i) 
and y-x=10 ...{ii) 
On solving Eqs. (i) and (ii), we get 
x=-2, y=8 


[ Example 19. If (a+ ib) * =p + ig, where i =,/-1, 
prove that (b+ ia)° =q+ ip. 
Sol. -. (a+ ib) =p+ig 
(a+ ib) = p+ig = (a-ib)* =(p ~ ig) 
(- i?a — ib)® =(-i*p — ig) (ei? =-1] 
(- i)° (b+ ia)” =(— i) (q + ip) 
(—i)(b + ia)” =(-i)(q + ip) 
(b + ia)° =(q + ip) 
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Youd 


I ie 20. Find the least positive integral value of 


a), where i = /-1, is purely 


imaginary with positive imaginary part. 
om fous ‘Int ity je -2i) -(-=4y 
+i) 147 “T=i) [ 2 
= (— i)" = Imaginary . 


=> n=1,3,5,...for positive imaginary part n = 3. 


| Example 21. If the multiplicative inverse of a 
complex number is (73 +4i)/19, where i = ./—1, find 
complex number. 


Sol. Let z be the complex number. 


Then, ee =1 
| 19 


19 3 - 4i) ° 
(844i) (v3 — 4i) 


_ 19003 - 4) _ 5 _ 4 
19 


or 


3+2isin8 


| Example 22. Find real @, such tha at - aE 7? Where 
j=, 1 
(i) purely real. (ii) purely imaginary. 
Sol. Let z _ 3+ 2isin 8 
1 -2isin® 


On multiplying numerator and denominator by conjugate 
of denominator, 


_ (3+ 2isinO)(1+2isin@) (3-4 sin? 0) +8isin @ 


(1 — 2i sin 8) (1 + 2i sin 8) (1+ 4 sin’ @) 


_ (3-4 sin’ 6) ‘4 (8 sin 8) 
(1+4sin?@) (1+ 4sin? @) 
(i) For purely real, Im(z) = 0 


= Set 2x or sin§ =0 
1+ 4sin“ 8 
B=nn,nel 
Gi) F For purely imaginary, Re (z) =0 
eden e) 4 or 3—4sin’@ =0 
(1 + 4sin“6) 
24(2] -(#3) 
or sin’ 6 = 


O=mtt nel 
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| Example 23. Find real values of x and y for which 
the complex numbers - 3+ix?y and x*+y +4i, 
where i = ./—1, are conjugate to each other. 


Sol. Given, -3+ix’y=x?+y+4i 


=> -3-ix*y=x° +y+t4i 
On comparing real and imaginary parts, we get 

x? +y=-3 ..(i) 
and -x°’y=4 ..(ii) 


From Eq. (ii), we get x? = - = 


Then, wehgiees puting? =- Sing (i) 
y 7 J 
y? +3y-4=0 = (y+4)(y—1)=0 
y=- 4,1 
For y=-4,x*°21> x=#1 
For y=1,x°=-4 [impossible] 
x=tly=- 


| Example 24. if x =-5+2./-4, find the value of 


x" 49x54 35x? — x44, 
Sol. Since, x=-5+2/-4 => x+5=4i 
=> (x +5)° =(4i)? => x? +10x+25=-16 
x? + 10x + 41=0 (i) 


Now, 1 
2 4 3 2 2 
x° +10x +41) x° +9x +35x°-—xt+4|x°-—-xt+4 


x4+10x3 + 41x? 


=x" -6x° - x44 


~x'?-10x? - 41x 
+ + + 


4x7 + 40x +4 
4x* + 40x + 164 
~ 160 
» x4 49x°435x7—-x44 
= (x? + 10x + 41)(x? — x + 4) - 160 
= 0-160 =—160 {from Eq. (i)] 
| Example 25. Let z be a complex number satisfying 
the equation z * — (3+ i)z+A+2i=0, where XER and 


j = J-1. Suppose the equation has a real root, find the 
non-real root. 


Sol. Let a be the real root. Then, 
a? -(3+i)a+A4+2i=0 
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=> (07-30 +A)+i(2-a)=0 

On comparing real and imaginary parts, we get 
a?-30+A=0 ..(i) 

=> 2-a=0 ssl) 

From Eq. (ii),a@ = 2 

Let other root be B. 

Then, a+BP=3+4+i 

; B=1+i 

Hence, the non-real root is 1 + i. 


=> 2+P=3+i 


Representation of a Complex 
Number in Various Forms 


Cartesian Form 
(Geometrical Representation) 


Every complex number z = x + iy, where x, ye Rand 
i=./-1, can be represented by a point in the cartesian 


plane known as complex plane (Argand plane) by the 
ordered pair (x, y). 


Modulus and Argument of a 
Complex Number 
Let z=x +iy =(x,y) for all x,ye Randi=-1. 


Imaginary axis 


Real axis 


The length OP is called modulus of the complex number z 
denoted by |z|, 


Le: OP =r=|z|=4(x" +y’) 


and if (x, y) #(0,0), then 0 is called the argument or 
amplitude of z, 


ie. 0 =tan™! 2 [angle made by OP with positive X-axis] 
x 


or arg (z) =tan™' (y/x) 


Also, argument of a complex number is not unique, since 
if 6 is a value of the argument, so also is 2nm + 0, where 
né€ I. But usually, we take only that value for which 

0 <@ <2n. Any two arguments of a complex number differ 
by 2nt. 


/ 


Argument of z will be 6, 7 —9, 7 +0 and 22 —8 
according as the point z lies in I, Il, IIJ and IV 


quadrants respectively, where 0 = tan ~* x 
x 


| Example 26. Find the arguments of z,; = 5+5i, 
zy =-4+4),7, == 35> 5) and Z4 =2—- 2), 


where i = ,/-1. 


Sol. Since, z,,Z 2,23 and z, lies in I, IJ, Hl and IV quadrants 
respectively. The arguments are given by 


~;|5 e 
arg (z,)= tan” ' 3] tan ti=1/4 
-1 -] Tm 37 
arg(z,)=m—-tan /—-|=n-tan 1=nm-—=— 
= 4 4 
-1 = m 51 
arg(z3)=a%+tan |—|=72+ tan Ee 


and arg (z,)=2n - tan7! 


=2 

2 
-1 T 77% 
=2n—-tan l=2n-—=— 
4 4 


Principal Value of the Argument 


The value 6 of the argument which satisfies the inequality 
—% <Q $7 is called the principal value of the argument. 


Ifz=x +iy =(x,y), Vx, ye Rand i=./-1, then 
arg(z) =tan™? (2 always gives the principal value. It 
x 


depends on the quadrant in which the point (x, y) lies. 


Y 4 Imaginary 


0 Real axis 
uw y’ 
(i) (x, y) € first quadrant x >0, y >0. 
e \ 
The principal value of arg (z) =0 = tan7? | 
\ x P 


It is an acute angle and positive. 
(ii) (x, y) € second quadrant x <0, y >0. 
The principal value of arg (z) =6 


=a (2 
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or tan’! 1,m—tan7'1,-m+tan '1, -tan™!1 


Tt Tt 4 7 mn 3n 3n 
or =a tt SS SO SS ee 
4 4 4° 4 44’ 4° 4 
Hence, the principal values of the arguments of z,, z2,z3 
nm 3n 3n 7 
and z, are —,—, — —, — —, respectively. 
4 4 4 4 
Remark 
: _. 1. Unless otherwise stated. amp z implies principal value of the 
It is an obtuse angle and positive. argument. 


(iii) (x, y) € third quadrant x <0, y <0. 2. Argument of the complex number 0 is not defined. 
- Aa 4] y’ 3, If 2; = Z_ =| 2)|=|2Zo| and arg (z,) = arg (2,). 
The principal value of arg (z) =9 =— 7 + tan (2 4, Ifarg (z) = 2/2 or - 2/2, z is purely imaginary. 
y ’ 5. Ifarg (z) =0 or 2, zis purely real. 
Imaginary 
axis | Example 28. Find the argument and the principal 
value of the argument of the complex number 
x’ X 2+i 
Real axi z=———— where i = ,/- 1. 
sis 4i+ (1+ i)? 
Sol. oe es ae | 
: 4i¢+(i+i)? 4141+ +2i 6i 6 3 
.. z lies in IV quadrant. 
It is an obtuse angle and negative. 
(iv) (x, y) € fourth quadrant x >0,y <0. — 
wv _ : 7 Here, @ = tan? | —2 |= tan7!2 
The principal value of arg (z) =@ i 
- tant | 2! : 
iis - “. arg (z) = 2m - @ = 2n — tan” 2 
y Hence, principal value of arg(z) = — 8 = — tan’ 2. 
Imaginary . 
Properties of Modulus 
F i (i) |z|20 =>|z|=0, iffz =0 and|z|>0, iffz #0 
pea ie (ii) —|z|<Re(z) $|z|and—|z|<Im(z) s{z| 
(ii) |z|=|2|=|-2|=|-2| 
(iv) zz =| Z f 
(v) \z, z2|=|z,||z2| 
It is an acute angle and negative. In general, lz, Z» 25+. 2n|=|21 || z2 ||z3 | ke 
. . . va 
| Example 27. Find the principal values of the | aie lil e, #0) 
arguments of 7,=242i, 2, =-3+3i, 23=-4-4i Zo [z2 | 


and 2, =5~ Si, where = =1 i fey tz | |2u| +2 


Sol. Since, z,,z2,Z4 and z, lies in I, 0, MI and IV quadrants tn general, |z, tz, 42, t..4 Z| 2 |+|z2 | 
respectively. The principal values of the arguments are cae ee 
given by 3 | os |z,| 

“at2 wi 3 af-4) (viti)| 21 +22 |2||21 |-|22 || 
tan (3) ™ ~- tan i=] eae {=4) 
2 |- 3] ? (ix) | 2" =|z|" 
es. 
-tww" (E21 (x) ||z1|-|z2||S]21 +22 [S|21]+|22| 
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Thus, |Z, |+|z2| is the greatest possible value of 4 sin®; € fo 7] ; 
Z, +22 and | (z,|—|z2| | is the least possible value of 
2) + 29) 


, ; ie. 0<sin6; << 
(xi) Iz, + z,| =(z, £22) (2 +2,)=|z,| +|z2| -, Inequality Eq. (i) becomes 
+(z,Z, +2Z1Z>) a<+|z| eta [et[zP+2]z[4- 
or|z;{ +[z2[ +2Re(z, Z) 2 : : : 


4 3 2 
(xii) 212, +2,z, =2|z,||z,|cos(8, — 0, ), where me 3s|z| +[z| +]z] +[2| 
0, =arg (z,) and@, =arg (z2) = 3<|z([+|z[+|z] +|z] <|z|+[z| 
(xiii) |z, +z, |’ =z.) +|z0] <> “1 is purely imaginary. +|2z |” +|z |*+...+ 
, 
2 2 2 = 3<|z|t|z/+|z|+|z[+.+% 
(xiv) ey +22 [ +f, -z2[ =2{le[ + fee) } \2| 
2 2 2 2 > 54 (here, |z| < 1] 
(xv) laz, — bz, +|bz, +az,| =(a’ +b°)({z,| +|z,| 32 1 -|z| 
where a,bER = 3-3|z|<[z| = 3<4|z| 
(xvi) Unimodular i.e., unit modulus a | z | > - 
If z is unimodular, then |z|=1.In case of unimodular, 3 
let z=cos@ +isin6,66 Randi= J-1. Hence, 7 <lzl<! [+ [z1<4] 


Remark | Example 30.if|z—2+#i|s2, find the greatest and 
1. lf f(z) is unimodular, then if (z)| = 1and let 


f (z) =cos 6 + i sin@, 8 € Randi = V-1. least values of |z|, where i = ¥~1. . 
ye ; Sol. Given that, | z-2+i | $2 (i) 
2. — is always a unimodular complex number, if z # 0. 


|2| |z-2+i|2||z|-|j2-i|| [by property (x)] 
(xvii) The multiplicative inverse of a non-zero complex . |z-2+il2 | |z|- dS | 


(ii) 
number z is same as its reciprocal and is given by 
I 2 . @ From Eqs. (i) and (ii), we get 
z 2 Ba ||z|-v5|s|z-2+i|s2 
. ||z|- v5 |s2 
| Example 29. If 6; €[0,/6],i=1,2, 3,4,5 and FE 
' ‘ : = 26 |Z)" Vo az 
sin@,z*+sin0,z°*+sin@;z7+sin0, z i le|- : 
> V5 -25|z|s v5 +2 


5 
+sinO, =2, show that —<|z|<1. 
4 Hence, greatest value of | Zz |is 5 + 2and least value of | Zz | 
Sol. Given that, 4 is 5 - 2, 
sin 0, z* +sin@, z* +sin0, z’ +sin@, z+sin@, =2 


or2=|sin 6,z‘ +sin0,z° +sin®, z* +sin0, z + sind,| i Example 31. If z is any complex number such that 


2<|sin 6,2 ‘|+|sin@, z3 |+|sinds z? | |z+4|<3, find the greatest value of | z+1]. 


+|sin@, z|+|sind,| [by property (vii)] Sol. w[z+1[=|(2+4)-3| 
25] sin 6, || 2* |+| sind, ||z* |+| sin®,)| 2? | =|(z+4)+(-3)|<|z+4]+]|-3| 
+|sin®, || z|+|sin@,| [by property (v)] =|z+4|+3 
=> 2s|sin@,||z |’ +|sin®, || z|° +|sin8s]| z [ $3+3=6 [e|z+4|<3] 
+|sin®, || z |+|siné,| [by property (ix)] ...(i) cs |z+1|<6 
But given, 8, € [0, 7/6] Hence, the greatest value of | z+1 is 6. 
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—, 
| Example 32. If | z, |=1,|Z2 |=2,|z3 |=3 and = | z, ~ 22, [ =|2- 222 | 
92,22 + 42Z3Z, + Z2Z3| =6, find the value of —_—_— =- 
ss aa : | => (21-222) (2, — 222) =(2 - 2422) (2 — 2,22) 
2pt2ztZ 3} . 
[by property (iv)] 
Sol. °.: | z|=1 => | 2 [a1 = (2; ~ 229) (2, — 222) = (2= 2422) (2- Z,Z2) 
= ] _ => 242) ~ 22,2 - 22,21 + 42525 
=> 4z=1 > —=2, — _— - — 
2 =4- 22122 = 22125 + 2122420 
ln |=2 = |a['=4 = nt=4 = |aftslePoatlal lal 
2 2 2 2 
=> Le and |z;|=3 = |z,|° =9 = |a[- alle +4]a[-4=0 
ya) 2 2 
| = (lal-#)(-taf) 
=> 2,29 => —=2Z 
ae Z4 ig But | z2 | #1 [given] 
2 
and given | 92,22 + 4232; +2223 |=6 e [zs | =4 
Hence, |z,|=2 
ee | 
> | 2; 22 25 | — + —_ + — /=6 
3 42 % 
= |a|[z||zs||Zs+%+%]=6 Properties of Arguments 
_ a oe 9 _- (i) arg (z,z) =arg(z,) + arg (zz) +2kn, ke I 
—=Z,,— =Z, and —=7Z, a af 
3 Z> Z4 ; general, arg (z, Z2 Z3..-Zn) 
= 1-2-3| 2 +2, +23 |=6  -Sarg(z,) + arg (z2) + arg (z3) +... + arg (z,) +2kn, 
kel. 
Jz, +22 +25 [=I (-lal=l2l] > 
(ii) arg| 2 | =arg ) -arg(z,.) +2kn, kel 
Zz 
| Example 33. Prove that De 
1 1 se fz) 
| 21+] 22 |= 5 +22) +./Z 122] + 5 +2Z,)-JZ,2,| ili) arg! ae eee kel 


(iv) arg (z") =n. arg (z) + 2k, k € I, where proper value 
of k must be chosen, so that RHS lies in (-7, 1} 


Sol. RHS = (a1 +%)+ ZiZo +} — (2) + 22) — 4222 


_| +22 +2 /z;22 n 2, +22 ~2 zz, 


f 
0) arg 22) =6,then arg 2 41) = =2nn — 8, where né I. 


2 2 
\41 22) 
1 2 2 aN inno MR 
= 3A] Jen + Ve | +| fe: - vz | } (vi) arg (Z) =— arg (z) : 

Tt mx 
or 2{| JE [ +| lay if [ by property (xiv)] I Example 35. If arg (z,)= ae and arg (22)=7 7 find 
=|z,|+| 2, |=LHS . the principal argument of z,z2 and (z, /Z)). 

Sol. arg (2,22) = arg (2) + arg (z2) + 2kn 
| Example 34, z, andz, are two complex numbers, A TE sa, 
7-227... ae 18 «18 
such that -——— is unimodular, while z, is not ie 
2-—21:Z2 = 7 + 2k 
unimodular. Find |z; |. a = 
Z, — 22, =— -2n =-— {for k =— 1] 
Sol. Here, == =1 3 3 
222 and arg (2) = arg (z;) ~ arg (z2) + 2k 
=> 4S 1 {by property (vi)] ie 
= Vi 
2 ZZ. YP Perty IR IT, op eI oe 
— 2 "| 18 18 18 
> Zz - =|4—-2)2 
; ms 0 +0=— [for k = 0] 
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| Example 36. If z, and z2 are conjugate to each 
other, find the principal argument of (—z,Z2). 
Sol. * z, and z, are conjugate to each other i.e., z. = Zp there- 
fore, 2;22 = 212, = | zy ’ 
“arg (— Z, Z,) = arg(- | 2 [ )=arg [negative real number] 
=T 
[| Example 37. Let z be any non-zero complex. 
number, then find the value of arg (z)+ arg (2). 
Sol. arg (z) + arg (z) = arg (zz) 
= arg ( |z y= arg [positive real number] 


=0 


(a) Mixed Properties of Modulus 
and Arguments 
(| ey +20 [=| 21 [+] 22 [eo arg (es) = arg (e) 
(ii) | z, +Z2 \=|z, |-|z2 |< arg (z,) — arg (z,) =" 
Proof (i) Let arg(z,;)=6 and arg (z,)=0 
| 21 +22 |=] 21 [+] 22 | 
On squaring both sides, we get 
2 2 2 
|z, +2,| =|z,| +| 22| +2| z,|| zal 
=> |z,) +|z9) +2|z,|| z9| cos (8-9) 
=| 2:) +] 20° +2] 21] 29 
= cos (8 — 6) =1 
86-o=0 or 8=6 
arg (z,) = arg (z2) 
(ii) [zy +22|=|z,|-|z2| 
On squaring both sides, we get 
Jz +20 =|2 | +| ef -2| 2{| 29 
= |z, r +| 22 r +2|z, || 22 |cos (6 - 4) 
= |2s[ +[20[/ -2|21 || 20 
= cos (8-6) =-1 
Q@-o= or arg(z,)-—arg(z,)=7 
Remark 
1. [ 2) - 2. |=| 2, | +| 22] + arg (2,) = arg (z,) 
2. |Z -Z2|=|21|-| 22] — arg (2)) - arg (z,) = 
3. | 2, - 2. |=| 21 + 2A] 


= arg (2z,) -arg(z,)=+ 2,2» 


and 41 are purely imaginary. 
29 


(b) Trigonometric or Polar or 
Modulus Argument Form of a 
Complex Number 


Let z= x +iy, where x,y € Randi= J-1,z is represented 
by P(x, y) in the argand plane. 


Ms 


Imaginary axis 


X 
M Real axis 
By geometrical representation, ° 
OP =4|(x? +y’) =| z | 
ZPOM =0 = arg (z) 

In AOPM, x =OP cos(Z POM) =| z | cos (arg z) 
and y = OP sin(Z POM) =| z | sin (arg z) 
< z=xtly 

Zz =| Z | (cos (arg z) + isin (arg z) ) 
or z=r(cos@+isin@) 

z =r(cos@ —isin®) 
where, r =| Z | and @ = principal value of arg (z). 


Remark 
1.cos@ + / sinOis also written as CiS @. 
2. Remember 


1=cos0 + /sin0 => -1=cosn+i/sinn 


P Tl oy 1 . tT - . 
i=cos—+isin—= => -/=cos—-/sin— 
2 2 2 2 


iV3 


1 
] Example 38. Write the polar form of ~ es 


Z 
(where, i = y-1 ). 


/ 
Sol. Let z=- _ in Since, - a _ 2] lies in DY quadrant. 


4 \= A 32 
. Principal value of arg (z) = — m + tan wile 
=-m+tan' 8 =-n4 == 


; 2 -f \2 (As Ea 
wine) 


“. Polar form of z= | z | [cos (argz) + i sin(argz)) 

- ( =) 

sin | - — 
3 - 
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(c] Euler's Form 


If@e Rand i = J-1, then e! " =cos6 +isin®@ is known as 


Euler’s identity. 
Now, e!8=cos8 —isinO 
Let z=el® 


|z|=1 and arg (z) =0 


Also, e° +e7!® =2cosO and e'°-e7!® 2isin® 


and if @,¢ Randi=./—1, then 


(i) e® +e =e (ess -acos(°=2) 


4 


jer +e" |=2 cos —* 
\ 
” 
i ; 0+ 
and arg(e’? +e) = 2+) 
(° ; 9 
(ii) e® —e” =e 2i sin oe 
2 
f ™ 
ie -e? |=2 sin deal 
\ 2 4 
+O 7 : 
and arg (e® ~ 9) -228,8 [wise™!?] 
Remark 
1. 0% + 1= 0/4 dcas (6/2) (Remember) 
2. e® — 1 =¢/2 9) sin (6/2) (Remember) 
0 
Si ioe = = j tan(@/2) (Remember) 
ef 4 


4. lfz=re®:|z|=r, thenarg(z)=6Z=re” 


5. If]z~2)|=1 thenz-z) =e" 


| Example 39. Given that| z —1|=1, where z is a point 


a 
on the argand plane, show that —— =i tan (arg z), 
Zz 
where i = /-1. 
Sol. Given, | z-1 | =] 
z-1=e"® = z=e!8 41 =¢!9!2 .2 cos (8/2) 
arg (z)=0/2 ...(i) 
(igs ae ia 
+1 
= i tan (arg z)= RHS [from Eq. (i)] 


| Example 40. Let z be a non-real complex number 
‘arg (z)) . 
2 


1+ tan| 
\ 


1-i tan( 8 (2)) 


(where, i = ,/- 1). kL. 2 


lying on | z | =1, prove that z = 
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Sol. Given, | z | =] 
: z=el? ail) 
> arg (z)=6 se{il) 
1+ tan 802) 
RHS = Z ie 1+ i tan (8/2) rom EG il 
ie EI 1—i tan (8/2) 


_ cos8/2+isinO/2 _ giv? 
cos8/2-isin@/2 e7i%2 


= e'®=7=LHS [from Eq. (i)] 
b 
| Example 41. Prove that tan in “ 5 ))- ears ; 
(where a,beR* andi=/-1), 
. a-ib|_|a-ib| _ IO 
Sol. aan eee (-|z|={z]] 
Let ane =¢/® ..(i) 
a+ ib 


By componendo and dividendo , we get 


(a ~ ib)~ (a + ib) (a+ ib) _e-1 = 2 ji tan (8/2) 
(a-ib)+(at+ib) ef 44 
or tan (2). = .. (ii) 
2 a 
f «rp» 
LHS = tan | 2-8) 
L (at ib} 
= tan (i In (e'®)) [from Eq. (i)] 
= tan (i-i6)=— tan® 
Hane [2 
1—tan’6/2 
2(- b/a) ' 
oe es from Eq. (ii 
Tacobier [ q. (ii) 
2ab 
Po oo 


Applications of Euler's Form 
Ifx,y,8ER and i=4/-1, then 


let z=xtiy [cartesian form] 
= | z | (cos@ + isin®) [polar form] 
=| z |e* [Euler's form] 


(i) Product of Two Complex Numbers 
Let two complex numbers be 


z,=|z,|e® and z, =|z, |e”, 


where 6,,0, € Randi=-1 
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ae =|z,|e" “|zale" =| z,|| 22 ene 
=| z,|| z2|(cos (6, +8,)+isin (6, +8, )) 
Thus, Ez 22|=|z,||2Z2| 
and arg(z, z2)=0, +8, =arg(z,) + arg (z2) 
(ii) Division of Two Complex Numbers 
Let two complex numbers be 
Zy =|z, in and 2, =| 2, le", 


where 6,,0,€ Randi=./-1 


z, _|#1 |e" _ 14 36 - -.8) 
#2 | z2| e : | 22| 
_|4] 
= — (cos (8, - 6.) +isin(0, —9,)) 
| 22| 
Thus, |2 12 e, #0) 
Zo Z2 | 
and arg( 7 0, — 82 = arg (z,) — arg (z2) 
2 


(iii) Logarithm of a Complex Number 
log .(z) =log, (\zle ®) =log, |z|+ log. (e ®) 
=log, |z|+i0=log, |z|+i arg (z) 
So, the general value of log. (z) 
=log,(z) + 2nni(—nm <argz <m). 


| Example 42. If m and x are two real numbers and 


: <M 
. scotty | XI+17 | 
i=./-1, prove that e2™icot'x (a) =i. 


xi -—1 
Sol. Let cot™'x =6, then cot 0 = x 


; me . \m 
“LHS = e2 micot'x zt) = e2m ie wore st 
xi-1 icot® -1, 


2 mi® ‘i(cot® -i)\"_ 2mie{ cos@ —isin® 7 
Li(cot8 +i)) \ cos @ +isin@ , 
gute am” 

= et mi, nT eee dae 
e 8 
/ 
sez mid, -2mia =e" =1=RHS 


| Example 43. if z and w are two non-zero complex 
numbers such that | z |=| w | and arg (z)+ arg (w) = 1, 
prove that Z=—w. 


Sol. Let arg (w)=6, then arg(z)=1-0 
z= | z |(cos (arg z) + i sin (arg z)) 
=|z | (cos (nm -@) + isin (m -6)) 
=|z|(- cos 6 + isin @)=-|z|(cos6 - isin®) 


= —| w |(cos (arg w) — isin (arg w)) 
=- | w | (cos (— arg w) + isin (— arg w)) 
=-| w | (cos (arg w) + isin (arg w))=—Ww 
| Example 44. Express (1+/)7', (where, i = J—1) in the 
form A+ iB. 
Sol. Let A+iB=(1+i)! 


On taking logarithm both sides, we get 
log, (A + iB) = — i log, (1+ i) 


2x [4 (3 ' +) 
= —i log, [v2 [cos ; + isin A) 


=~ i log, (V2 e'™/*)=— i(log, V2 + log, e'™ 4) 


(1 in) i T 
=—i!—log,2+— j=— — log,2+ — 

\2 é 4) 2 eG 

i 
=e™ 4. (cos ( log, 2 ret h | 


) 
( . \ 
= 84 wens Yee (+) +ie™4sin (toe. (+) 


Cd 


| Example 45. If sin (log, i')=a+ ib, where i =./—1, 
find a and b, hence and find cos (log, i’). 
Sol. a+ib=sin (log, i') =sin (i log, i) 
= sin ( i( log, | i| + i arg i)) 
= sin (i( log, 1+ (i m/2))) 
i il aia =-1 
=-1,b=0 


Now, — log, i ‘\= rl - sin? ( log, i! 


= J1-(-17 = @-1 =0 
Aliter 
aie fh=(e™/?yi oe rl? 


. sin (log, i!) =sin (log, e */?)=sin [- . log, :) 


=sin (—1/2)=-1=at+t ib [given] 
a=-1,b=0 


cos ( log, i') = cos ( log,e- 


= Cos (- us log, .)= cos - =) =0 
2 2 


| Example 46. Find the general value of log 2 (5/), 


where i =/-1. 


Sol. log, Si = 28>! - 


and nue) 


{ log, (si +i arg (5i) + 2nri} 


log, 2 a 2 


= log, 5+ + 2nn el 
mee . 2 nai 
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Exercise for Session 2 


1 


10 


11 


12 


13 


14 


If — =a ~ib anda” + b” =1, wherea,b €R andi = J-1, then x is equal to 
2a 2b 2a 2b 
a) ——_——_——_- b) —_——__—__- —_——— | 
Ol pays Be - (14+ a)? + b? a ace RE: 
1+i ‘ 2 1 \ 
. The least positive integer n for which (| =2 (sec 2 gusty x) (where, x 20-4 ee eandi = /=1) is 
- Tt 
(a) 2 (b) 4 (c) 6 (d) 8 
Ifz =(3 + 4/)® + (3 - 4/)®, where/ = /- 1, then Im(z) equals to 
(a)- 6 (b) 0 , (c) 6 (d) None of these 


If(x + iy)” ° =a + ib, wherei =,/—1, then ( + 4 is equal to 
a 


(a) 4a’b? (b) 4 (a? - b?) (c) 4a? ~b? (d) a? + b? 
—_— =a + ib, wherei =./-1anda* + b? =Aa —3, the value of Vis 
2+cos@+/sin0 

(a) 3 (b) 4 (c) 5 (d) 6 

If — is purely imaginary, then|z |is equal to 


1 
(a) 3 (b) 1 (c) V2 (d) 2 
The complex numbers sin x + / cos 2x and cos x -/ sin2x, wherei = y- 4, are conjugate to each other, for 
( \ 
(a)x =nn,nel (b) x =0 ()x=[n+ 5\nel (d) no value of x 
os \ 
if a and B are two different complex numbers with (BI = 1, then noe is equal to 
(a) 0 (0); (c) 1 (a) 2 


If x =3 + 4i (where, i = /- 1), the value of x* - 12x ° + 70x * -204x + 225, is 

(a) - 45 (b) 0 (c) 35 (d) 15 

If| z;-1]<14]z2-2]<2,|z3 -3|<3, the greatest value of |z,+Z2 +2; [is 

(a) 6 (b) 12 (c) 17 (d) 23 

The principal value of arg (z), where z = [1 + COS 4 +i sin = ( where, i = /-1) is given by 
T 4n T 4n 

a)-= b)- — ge (d) — 

(a) ; (b) - (c) 5 P 

If] 21|=2, | Z2|=3, [Z| =4 and|z, +z, +z 3 |=5, then| 4z2Z3 + 9z3Z1 + 162422 lis 

(a) 24 (b) 60 (c) 120 (d) 240 

If|z -i |<5.andz, =5 + 3i (where, i = /-1), the greatest and least values of iz +z ;| are 


(a) 7 and 3 (b) 9 and 1 (c) 10 and 0 (d) None of these 


5 
IfZ1,22 and Z3, 24 are two pairs of conjugate complex numbers, then arg | =) | + arg (22. equals to 
\ 24) \23) 


(a) 0 (o) 2 ici = 
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amp(z) — amp (-z) = a0, 7 Aecordinga as amp in); is ; Positive o or 
Negative, Square Root of a Complex Number, Solution of 
Complex Equations, De-Moivre's Theorem, Cube Roots of Unity 


amp(z)— amp(-— z)=+7, ree Gwe we 
According as amp (z) is Positive Se ee eT aa eee 
Or Negative =| Zo \(- cos (arg z,) — isin (arg z2)) = — 22, 


CaseI amp (z) is positive. . - [from Eq. (iii)] 
If amp (z) =8, we have a la 
| Example 48.Let z and w be two non-zero complex 
numbers, such that |z |=|w | and 
amp (z)+amp (w) = 7, then find the relation between 
z and w. 
Sol. Given, amp (z)+ amp(w)=7 
=> amp(z)—- amp (w) = 


Here, |z|= hw =|w| [given |z| =|] 
and amp (z) > 0 
Then, ztw=0 


amp (-z)=-( ZP’ OX) =—(n —-8) 


amp (z)- amp (-z) = (here, OP=OP'] Square Root of a Complex Number — 


CaselI amp (z) is negative. 


If (z)=-0 Let z=x t+iy, 
amp zZj)=- . 
h ay ory 
Wehave,  amp(-z)=ZP‘OX=n-0 uilere a) OE ane y-1 | 
“. amp (z)- amp (-z)=-17 [here, OP =OP’] Suppose y(x+iy) =a + ib .{i) 


On squaring both sides, we get 
(x +iy) =(a? —b”) + 2iab 


On comparing the real and imaginary parts, we get 


a’ —b* =x (ii) 
and 2ab=y ..{iii) 

a® +b? =, (a? —b)? +.40°b? =, (x? +”) 

a’ +b" a | ...(iv) 


{ Example 47. 1f|z, |=|z2 |and arg (z, /z2)=7, then 
From Egg. (ii) and (iv), we get 
find the value of z, +z>. 


Sol. arg( 2) =n n+ [FL eb baal AL ali 


=> arg(z,)-arg(z,)=n (i) 
“ ee | 2,| (cos ( arg z,) + i sin (arg z,)) (ii) or =+ cau ,b=t io 
and zz =| 2 |(cos (arg zz) + isin (arg z,)) ii : \ 
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Now, from Eq. (i), the required square roots, 


{farRe@ .. fle Rew | 
ee EO | etm > 
2 Y 2 


ald rn eae Fron 
:(FEREe Eee jirimia<e 


Aliter 
If (x + iy), where x, y€ Randi =,/~1, then 


(i) If y is not even, then multiply and divide in y by 2, 


then ./(x + iy) convert in 
ray 
(xtyJ-1 “ [2/2 


2 
(ii) Factorise: — e say o, 8 (a <B). 


Take that possible factor which satisfy 
x =(ai)? +B" ,ifx>0 or x=a” +(iB)’, if x <0 
(iii) Finally, write x +iy =(ai)? +B? +2io8 
or a” +(iB)? +2i08 
and take their square root. 


_ [£(@i+B) —_ 
"Jor (+8) sh) 


[+(B - ia) 


(iv) y(x + iy) | or +(a-iB) 


Remark 
\ 
1. The square root of / is + ee | where i = J—1. 
2 ) 


(1 ~/\ 
2. The square root of (-/)is ea 


i Example 49. Find the square roots of the following 
(i) 4+ 3i (ii) — 5+ 12i 
(iii) -8 - 151 (iv) 7 ~ 24i (where, i = /-1) 
Sol. (i) Let z=4+3i 
|z|=5,Re(z) =4,Im (z) =3>0 


ee 
ne ti ne | ie aR 


fas{ FE 
7 em a n#(2) 


? ae) 5 


(iii) Let 
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“a a) ex 
a0) 
|z|=13, Re(z) =—5,Im(z 
asl FERS 
2 


=+(2 +3i) 


(ii) Let z=—5+12i 


Aliter 
= (-5+2,/ (-36) 
= (-5+2/(-9x4)) 
= (3i)? +2? +2-31-2, 
#& (243i) =+(2+3i) 


Z=-8-15i 
|z | =17, Re (z) =~8,Im(z) =-15 <0 


iap-+{ (2) (9) 


4 


- [2-8-2 [-2) 
GIG) #3 
22) +(2 > 
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(iv) Let z=7 —24i 
ful z | =25, Re (z) =7, Im (z) =-24 <0 
‘\ 


sins{ EERO eee 
2 2 


=+(4-3i) 


Aliter 
= 7-2 (16 x9) 
= 16-9 -2 J (16x-9) 


= (4-31)? =+(4-3i) 


| Example 50. Find the square root of Solution of Complex Equations 


x+q(-x! ~x?—1). 


Putting z =x +iy, where x, ye Randi= j-1 in the given 
Sol. Let z=x+y(- x4 — x? -1) 


equation and equating the real and imaginary parts, we 


guns (t+ x? 41) [V1 =i] get x and y, then required solution is z = x + iy. 
Jz |= x2 + (xt 4x? +1) | Example 51. Solve the equation z” +|z|=0. 
= \( x! +2x? +1) = (x? +1)? Sol. Let z=x+iy, where x,ye Randi= -1 ..(i) 
| z[=(x? +1) => 2° =(xtiy)’ =x’ —y’ +2dixy 
Re(z)=x and | z |= (x? + y’) 
Im (z) = (xt + x? +1) >0 Then, given equation reduces to 


Fai 21+ Ret), | z]-Re(z) x? —y? + 2ixy t+ (x? +y”) =0 
ci I 2 | 2 On comparing the real and imaginary parts, we get 


a 2 2) _ if 
gee =x! x? =1) x? —y? +(x? ty’) =0 (ii) 


| |= Ue pare From Eq. (iii), let x = 0 and from Eq. (ii), 
2 J yb 2 )) ~y' + Jy? =0 
2 
= =P +9 = 
| y|=0,1 
= y=0,+1 
From Eq. (iii), let y = 0 and from Eq. (ii), 
oe [eee et) en eee 
4 
x? +|x[=0 
” => |x| +] x|=0 = x=0 


. x+tiyare0+0-i,0+i,0-i 
1.e. z = 0, i, —i are the solutions of the given equation. 
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| Example 52. Find the number of solutions of the 
equation z7 +|z|° =0. 


Sol. «. z -+l2// =0 or 27 +zz=0 
= z(z+z)=0 
z=0 ..{i) 
and z+z=0 = 2Re(z)=0 
Re(z)= 
if z=xtiy [-. x = Re(z)] 
=O+iy,yER 
and i= -1 ..{ii) 


On combining Eqs. (i) and (ii), then we can say that the 
given equation has infinite solutions. 


| Example 53. Find all complex numbers satisfyin 
the equation 2|z|* +z? — 5+i 3 =0, where i =,/-1. 


Sol. Let z = x + iy, where x,y€ Randi=J-1 
= z’ =(x + iy)’ =x? — y? + 2ixy 
and | z|= V(x? +y*) 


Then, given equation reduces to 
Q(x? +y")+ x? ~ y* + 2ixy —5 +13 =0 


= (3x? + y? —5) +i (2xy + ¥3)=0=0+i-0 
On comparing the real and imaginary parts, we get 

3x? + y? -5=0 ..(i) 
and 2xy +3 =0 ii) 


On substituting the value of x from Eq. (ii) in Eq. (i), we get 


9 
=> —e = 
4y 
or 4y* —20y? +9 =0 
= (2y? —9)(2y* —1)=0 
e & «4 3 i 
==, ==- or =+—., = +— 
i” iar tae dake - 2 ala ~ 
im --3 3 414 
2’ 9” 2’ V2 
From Eq. (ii), we get 
oe ae f 
we Ye’ V2" 


1 ou 1,8 Bt Bia 
Wee We 2 Ve 


are the solutions of the given equation. 
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De-Moivre's Theorem 


Statements 
(i) 1f0,,02,05,....0, €R andi=./—1,then 


(cos8, +isin®, ) (cos8, + isin, ) 
(cos6, +isinO;)...(cos6, +isin6, ) 


=cos (8, +8, +8; +...+6,) 
+isin(8, +8, +6, +...+6,) 
(ii) If6 € R,ne I (set of integers) and i = J-1, then 
(cos® +isin8)" =cosnO + isinnd 


(iii) If8 € R, ne Q (set of rational numbers) 


and i=./-1, thencosn8@ + isinn6@ is one of the values 
of (cos@ + isin6)". 
Proof 


(i) By Euler’s formula, e® =cosO+isind — 
LHS =(cos@, +isin®@, )(cos0, +isin@,) 

(cos6, +isinO,)...(cos6, +isin6, ) 

®, . elt . es eth = 2! (6 +0, +0; +..+ 6,) 
=cos (8, +6, +6; +...+6,) 
+isin(8, +6, +0, +... +6,,)=RHS 

(ii) If6, =8, =6, =...=6, =8, then from the above 

result (i), (cos + isin@) (cos8 + isin@) 

(cos6 + isin@)... upton factors 


=cos (8 +6 +6 +... upton times) 
+isin(0+6+6 +... upton times) 


i.e.,(cos8 +isin6)" =cos nO + isin nO 
(iti) Letn = , where p, q € I and q £0, from above result (ii), 


q 
we have (a =§ }+isi(£6)] 
\q 


4/ 


7 ‘Je +a (2 6} =cos pon pe 


=> cos Ny i Jia] 2) is one of the values of 


(cosp Q. + isin p 8) a 


77 / 
=> cos pe) +i sin| F a) is one of the values of 
\ qd) q 


[(cos 6 + isin 8)? 1/9 
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f nh 
= cos pe +isin @ is one of the values of 
X\ q 4 q 


(cos + isin)? 4 


Other Forms of De-Moivre's Theorem 
1. (cos@ -/ sin®)” =cosn@-/sinn®v nel 
Proof (cos@ — / sin@)” = (cos (— 6) + / sin(- @))” 
= cos (— 8) + / sin(-— n8)=cos nB-/sinne 
2. (sin6 + i cos®)” =(/)" (cos N@—- i sinn®@),V nel 
Proof (sin@ + / cos6)” = (i (cos@ — / sin@))” 
=i" (cos@ —/ sin6)” =(/)" (cosn8 -/ sinn 86) 
[from remark (1)] 
3. (sin® — i cos@)” =(-/)” (cos n6 + isinn6),¥ nel 
Proof (sin6 — i cos@)” =(-/ (cos@ + / sin6))” 
=(-/)" (cos@ + / sin@)” 
=(—/)" (cos n@ + j sinné) 
4. (cos + / sind)” # cos nO + /sinnd.V¥ ne! 


[here, 6 # o.". De-Moivre's theorem is not applicable] 
, 


. ———_. = (cos6 + /sin@)7' 
cos6 + / sin 


= cos (-8) + / sin(-— 6) =cos6 — / sin@ 
ae \ 
| Example 54. \f z, =cos (=) +isin (=) where 
5 


i= ./-1, prove that z, 2 23... upto infinity =i. 


/ 
Sol. We have, z, = cos (=) + isin! *) 
3" ey 


‘nT Tn 
F445 tate] 
io 3 3 


Ar 2; 22 23... = COS 


{nm unin ) 
+isint/—+—+—+..+0 
a 


(cos@+isind)’ . 


| Example 55. Express ina+ib 


(sin@ +icos@)° 
form, where i = ./—1. 
Sol. -- (sin® + icos®)* =(i)° (cos® — i sin@)° 
=i(cos@ +isin®) * 
(cos® + i sin6)* 7 (cos® + isin 6)* 

" (sin@ +icos®)® i(cos8 +isin®@) > 

_ (cos@ + i sine)” 

, cos96 siaudh 


i 
=sin98 —icos9@ 


=-ijcos968 +sin98@ 


To Find the Roots of (a +ib)?/4 , Where a, be R; 
P,qe I,q#0andi=J-1 
Let at+ib=r(cos@ + isin®) 
*. (a+ ib)? "4 = {r (cos (2nn + 0) 
+ isin (2nnm +6))}? /4,neT 
=r?! (cos (2nn + 6) + isin (2nn + 0))?/? 
2 (2nn + ) +isin [e (2nt +o} 


\ 


[polar forna] 


=P /4 co 


. XN 


where, n =0,1,2,3,....¢ —1 


i Example 56. Find all roots of x° -1=0. 
So. x" -1=0 = @ =4 
x =(1)'/* =(cos0 + isino)'’®, 
where i = V-1 


= [cos (2nt + 0) + isin (2nn + 0)]' 


(=) 2 (72) 
= cos | ——/|+1siIn|—}, 
5 5 


where, n=0,1,2,3, 4 
.. Roots are 


(=) _, {6m} (=) - (=) 
cos | —|+isin: — |, cos| —]+isin | — 
5 5) 5 5) 
Now, cos (=) + isin (=) 
5 5 
if 


= cos [2n- =) + isin [on - =) 


, ‘ . 
= cos (an - 22) isin {2m =| 
ae! \ eo] 


\ 
(=) = (=) 
= cos | —|—isin| — 
5 5 
(On 2m 
Hence, roots are 1, cos | | tisin (=) 
(5) 5 
and cos (=) +isin (=} 
5 5 


Remark 


Five roots are 1, 2, 25, Z;,2Z) (one real, two complex and two 
conjugate of complex roots). 
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k Example 57. Find all roots of the equation 
xo xP t x4 xP +x? -x41=0. 


So. 1—-x+¢x?—-x3¢xt-xi + x8 =0 
7 
J-(- 
- pp ) oie ep 
1-(- x) 
or lt+x’ =0, x#¥-l1 or x’=-1 


=(-1)’ =(cosn +isin m)!’’, i= V-1 


= [cos (2n + 1) +isin(2n +1)n}” 


— & + ut) pau ( + =) 
7 7 
forn = 0, 1,2, 4,5,6. 


Remark 
. Forn=3 x =-1butherex #-1 
n#3 


Cube Roots of Unity 


Let z=(1)'3 = z3=1 => z*-1=0 
=(z-1)(z° +z+1)=0 > z-1=0 or z?4+z4+1=0 


-1+,(1-4) 14143 
Z=1 or z= —————_—__ = ——_— 
2 =, 2 
-1+iv3 -1-i 
Therefore, a where i= V-1, 


If second root is represented by w (omega), third root will 
be w’. 

.. Cube roots of unity are 1, «w,w and @, w’ are called 
non-real complex cube roots of unity. 


Remark 
1. a= 0%, (0)? =o 
3.|@|=|0"|=1 


0 Ja=twiVvo =to 


Aliter 
Let z=(1)'? =(cos0 +isin0)'?, i= J~1 


=[cos (2nm +0) + isin (2nn +0)}"3 


= cos ( 27% +isin| “S ) where n=0,1,2 
3 (3 


Therefore, pe are 


an 4n\) .. (4n 

en ua ee ,coS| — |+1sin| — 

(3) ay 2) 
ier gi 


or 


If second root is represented by @, then third root will be w’ 


or if third root is represented by w, then second root will be w’. 
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Properties of Cube Roots of Unity 
(i) 1+0+@? =0 andw? =1 
(ii) To find the value of «"(n > 3). 
First divide n by 3. Let q be the quotient and r be the 


remainder. 3) n(q 
= 30 
i 
Le. n=3q+r,where0Sr<2 
wo" =" =(?)1-w" =a" 
In general, w°" =1, 0°"*! =@, o>" *? =qw? 


. en (3, when nis a multiple of 3 
(iii) 1+@° + =- 
lO, when 7 is not a multiple of 3 
(iv) Cube roots of — 1 are ~ 1, -— w and - w’. 
(v) a+bw@+cw’ =0 > a=b=cifabceER 
(vi) If a, b, c are non-zero numbers such that 
a+b+c=0=a" +b? +c’, thena:b:c=1:0:0’. 
(vii) A complex number a + ib (where i= =I), for which 
Pp 
| a:b|=1:3 or V3 :1 can always be expressed in 
terms of @ or w’. 
For example, 


(a) 14173 =-(-1-i 43) (-- [1:3 |=1:V3] 


2 


i +0 


-20 


_(-1+i V3) 


i 


(b) V3 +i= 
[| J3 :1]=3 :1] 


2 


E (cass 


\ 4 


= eM, =-210 
i 
(viii) The cube roots of unity when represented on complex 
plane lie on vertices of an equilateral triangle 
inscribed in a unit circle, having centre at origin. One 
vertex being on positive real axis. 
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Important Relations in Terms 
of Cube Root of Unity 
(i) a? +ab +b? =(a— bw) (a — bw’) 
(ii) a? —ab +b? =(a + bw) (a + bw’) 
(iii) a? +b? =(a +b) (a + bw) (a + bw”) 
(iv) a® —b* =(a—b) (a — bw) (a — bw”) 
(v) a? +b? +c? -ab—be-ca 
=(a + bw + ow?) (a + bw” + ow) 
(vi) a° +b*° +¢° —3abce 
=(a+b+c)(a+bw+an’) (a+ bw’ + cw) 


[ Example 58. If w is a non-real complex cube root of 
unity, find the values of the following. 


(i) w'999 
(ii) w 


(1413 


— 998 


\ 3n+2 


ne Nandi=/-1 
\ 


(iv) (1+ @) (1+ ©?) (1+ w*) (1+ w°)... upto 2n factors 


(iii) 


( \ 
a+ Bw+ yo? + $0? 


(v) } where a, B,¥,5ER 


_ B+ ow? + y+ So 
(vi) 1-(2— w) (2— w?)+2-(3- @)(3- w2) + 3: 
(4-w)(4 - w*)+...4...+(9-1)-(n- @)(n- w2) 


Sol. (i) w 1999 a X 666 +1 = 


ao wr? ye? o 
<3n 
1+i V3 3n+2 an 2 3\n 2 
(iii) w =a" -wW =(a)’ -o 
\ 
=(1)" -O = 0 


(iv) (1 + @) (1+ w”) (1+ w') (1 + w®)... upto 2n factors 
=(1 + w) (1 + w*) (1+ @) (1+ @’)... upto 2n factors 
=(- w)(- @)(- 0’) (- a)... 
=(’)(@”)... upto n factors = 1-1-1-... 


upto 2n factors 
upto n factors 


=(1)" =1 


(v) 


fo +Pot yor + 8a _ 0 + Por yor + 8a") 

ores (Butaw +ya" + 50’) 

_ O(a + Bot yo’ + 80°) _ 
(But+a + yor + $a’) 

(vi) L(n—1)(n-—)(n- ow") = 2 (n? -1) 
| 2 


=n -21 


{| Example 59. if «,B and y are the roots of 


x?—3x?43x+7=0, find the value of 
o=1, b= y-1 


B-1 y-1 a-1 
Sol. We have, x°-3x74+3x+7=0 
=> (x-1)°+8=0 
= (x -1)? +27 =0 


= (x-1+2)(x-1+2@)(x-—1+20")=0 
= (x +1)(x—142@)(x —1+2w*) =0 


x=-1,1-201-20”° 


=> @ =-1,f =1-20 y =1-20" 
-1 f- 7 - -20 —20° 
Then, ~ gop she VE ew + 
B y-1 a-1 -2@ -20°% -2 


a p 
=—+—+0' =a +o + wo = 300" 
o @ 


| Example 60. If z= = , where j = J-1, find the 


walueiof 2" 4:7)". 
‘ 
3+i i347 
Sol, = ate a1 LOE [vi? =-1] 
2 i 2 
\ / 
eer 
--1[2248) -— 1 
‘. 2 
211 = (— jg)! = — j20. (fll post GU a ay 


Then, 2° + 1 =- iw’ -i=-i(w +1) 


=-i(-@) =iw 


Hence, (z @°=i-1=i 


[| Example 61. if 3. Hey = 3% (x — iy), where 


x, y ER and i = ./—1, find the ordered pair of (x, y). 
Sol. -. 348-4 ( 2!) -2 (Lest) 


2 2 (2 cL: 2 


5(~1+ivs) _ 
2 


-iv3@ 
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f \ Z Lf 
“vane ieivent Then, f(-@)=0 and f (-0°)=0 
2 2 => -7@ - aw+b=0 and ~70° - aw +b=0 
_— __ or -7-aw+b=0 
2° 2 and -7-aw +b=0 
=> Ordered pair sf - 8) ‘ On adding, we get 
\ 2 J —14-a(w+ w*)+2b=0 
; , or —-14+a+2b=0 or at+2b=14 per 
| Example 62. if the polynomial 7x * + ax +b is ti 
. ; and on subtracting, we get 
divisible by x“ — x +1, find the value of 2a+ b. ~a(w- 0%) =0 
Sol. Let f (x)=7x? +ax+b = a=0 [- @- w #0] 
and x? — x +1=(x + )(x + @’) Homes (i), we getb=7 
 f (x) is divisible by x? - x +1 “s 2a+b=7 


Exercise for Session 3 


1 The real part of (1-/)', where = /- 1is 


-2I4 poe {1 = aokts deel | 
(a)e ss loge 2) (b)-e sin( 3 og, 2) 


ma 1 \ “RIA oe iy 4 
(c)e ™'‘ cos (Fos. 2) (d)e an log. 2) 


2 The amplitude ofe*”, where @¢R andi = /-1is 
(a) sin (b) - sin@ 
(c) @~s8 (d) e sin 


3 ifz'=i log, (2 - V3), where/ = ./—1, then the cos z is equal to 


(a)i (b) 2 (c) 1 . (d)2 
4 fz =i'', wherei =./— 1, then|z |is equal to 
(a) 1 (b)e" */? (c)e"* (d)e" 
5 ./(-8-6/) is equal to (where, / = /-1) 
(a) 1+ 9 (b) t (1- ¥) (c) + (1+ 3/) (d) + (3-/) 


6 (5+ 12/) + /(5- 12/) 
(5 + 12/) - (5 - 12/) 


3. key , & 3 
la} aN = (=> 


is equal to (where, i =./— 1) 


7 \f0 <amp(z)<z1, then amp (z) - amp (-z) is equal to 
(a) 0 (b) 2amp (z) (c)n (d)-2 


8 if |z,|=|z2| and amp (z;) + amp (zz) =0, then 
(a) 2; =Z2 (b) 2; = 2, (c)2, +2, =0 (d) 2, =Z, 
9 The solution of the equation | z |-z =1+ 2/,wherei + /—1, is 


3. Bh _ 943; 
es od ier? (d)- 2+ A 
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10 The number of solutions of the equation z? + Z =0,is 
(a) 1 (b) 2 
(c) 3 (d) 4 
( ro ) ors 
17 \fz, =cos (5) +isin fame where r = 1,2,3,...,9 andi =,/—1, then lim z,z2Z3 ...Z, is equal to 
nvao 


(a)e™ (b)e= @/? 
(c) 6? (d) Ye 


i ; iF 
12 \feeR andi =/=7, then| tS! 0082) i, eaual to 
1+ sin6@-/ cos @) 
if \ y 
(a) cos (= -n9) +i sin( _ ne) (b) cos (+ ne) +i sin( SE + n0) 
2 2 2 2.) 


) 
(c) sin & - n8) +/ Cos (= - ns) (d) cos n(5 + 20) +/ si n( = + 20) 


13 \fiz‘ +%1=0,wherei =./— 1, then z can take the value 


{+i Cee 
(a) aS . (b) cos 3) +i sin (=) 
(©) 2 : (A) i 
14 Ifw(#1)is a cube root of unity, then (1- + w2)(1- w + w*)(1- w + @®)... upto 2n factors, is 
(a) 2° Co) ae 
(c) 0 (d) 1 


xatyB+zy 


is equal to 
xB+yyt+za 


15 \fo,B andy are the cube roots of p (p <0), then for any x, y and z, 


(2) 3-1-1 V8), = (0) 5 (14 1 V3) i = 1 
(-); (1-7 V3) = Ja (d) None of these 
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Session 4 


0 TSO ee wre eet ee 


a a a al ee ee ek ee ee re ee 


nth Root of Unity, Vector Representation of Complex Numbers, 
Geometrical Representation of Algebraic Operation on Complex Numbers, 
Rotation Theorem (Coni Method), Shifting the Origin in Case of Complex 
Numbers, Inverse Points, Dot and Cross Product, Use of Complex Numbers 


in Coordinate Geometry 


nth Root of Unity 


Let x be the nth root of unity, then 
x =(1)!/" =(cos0 +isin 0)!” 
=(cos (2km +0) + isin (2km +0)'/” 
[where k is an integer] 
=(cos 2kn + isin 2kn)"” 


(2kn\ .. {2kn 
x w00s{ 7) + sin( 2) 
\ na) n 


where, k=0,1,2,3,....2-1 


2U a». on , 
Let @ =cos — +isin—, the n, nth roots of unity are 
n n 


a* (k =0,1,2,3,...,2—1) ie, the n, nth roots of unity are 


n-1l 


1,Q, a?,a°, 1.2, which are in GP with common ratio 


= miln 

(a) Sum of n, nth roots of unity 

amp (=e) 
~ (1=@) 

_1-(cos 2m +i sin 27) 

- 1-a 

1-(1+0) 

1=<¢ 


14040" +0° 4.040 


=0 


Remark 
1¢ator+a°+...+ a7~'=0 is the basic concept to be 
understood. 


(b) Product of n, nth roots of unity 


ixmxka’ Ke? xa =e tere 


(n-1)n 


(n-1)n 
her wa ( — | 2 
= =| cos — +1 s1In — 
n 


=cos(n-1) nm +isin(n—-1)7 


n-1l 


=(cos 1 +isinn)"~' =(-1) 


Remark 
1-a-07-02...0°7' =(-1)"~" is the basic concept to be 


understood. 


(c) If is an imaginary nth root of unity, then other roots 


are given by a” ,a@° ,@*,...,0”. 


Imaginary 
axis 


(d) " 140+07 +...40"7' =0 


n-]l 
= > ak =0 
k=0 
n-1l k) n-1 fo k 
or 2 cos{ “E+ pa sin( 74) 
k=0 n ) k=0 (on 
n-1 
= 2, cos *2E) <0 
k=0 n 
n-1l fo k 
and >) in( 7) 
k=0 \ n 


These roots are located at the vertices of a regular 
plane polygon of n sides inscribed in a unit circle 
having centre at origin, one vertex being on positive 
real axis. 


(e) x" -1=(x -1)(x-a)(x-@’)...(x-a"7"), 
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Important Benefits 
1. If 1, 0%, Op, Oz. ..., &,, are the n, nth root of unity, then 


(1)? + (a4)? + (Op)? +... + (OQ, 1)? 
a (0. ifp is not an integral multiple of n 


|n, if pis an integral multiple of n 
0, ifnis even 
1, if nis odd 


ine) 


(14) 14 9) a0) =f 


w 


. (1-0) (1— a)... ae. ne =n 


n-2)/2 
Mauls ie tT (2? -22 cos 2 + 1} 
fs n 


p~S 


if ‘n’ is even. 
(n~2) /2 
5. z°+¢1= 
r=0 


(n=3)/2 , 
6.27 +1=(z7+1) ni, [2? 22 cos(M@ #02) } 
f= Nn 


if 'n' is odd. 


The Sum of the Following 
Series Should be Remembered 


(i) cos®8 +cos26 +cos36 +...+cos nO 


Ae ales 


bea 


(ii) sin® +sin26 +sin36 +...+sinnO 


sin( 2 . 

ws 

Proof 

Nee .+cosn@ 
=Re{e® +e 460784 +e) where i=V-1 


yt =a. 
nne Ut = 


e 8? . isin (8 /2) 


\ 


(ii) sin® + sin26 +sin36 +...+sinn® 
=Im {e® +e® +er8 4. +e"), where i=V-1 


> 
G —27 cos (28) a y if nis even. 
n 


psig isin 
e ee 2: 


sin( ©) (231) sin( © D 
= Re. YZ oe 2 =- Z os (224 


Remark 
For §= on we get 
n 


(2n _— 
1.14 c0s| =" + COS (=) + COS (+ w+ COS (= 2)n\ 9 
\a n n n } 


\ 


2, sin( 2% \+sin(4 *2) 4 sin{°=)+ + sin(SA=2e n-2it) = 
La) Ln Lal n 


| Example 63. if 1,w,7,...,@"~' are n, nth roots of 
unity, find the value of (9 — w) (9 — w”)...(9- 77"). 
Sol. Let x=(1)" => x"-1=0 
has n roots 1, @ w”,..., 0"! 
x" -1=(x -1)(x —)(x- 0’)...(x- o"~') 
On putting x = 9 in both sides, we get 
——* = (9- a) (9-0) (9 - @)..(9- a“ 
9g" -] 


or (9 -@)(9 - w’)...(9-w“!) = : 


Remark 
x7 -1 
x-1 


=(x — w) (x — 0”)... (x — 77!) 


‘ x - 
lim 
x31 y—] 


= n=(t- 0) (1-@°)...(1-077') 


= lim (x — @) (x - @”)... (x -— 77!) 


\ 
| Example 64./f a=cos (4 yr isin (= where 


i=J-1, find the onde: cto whose roots are 
a =a+a*+a' andB=a°+a°+a° 


Sol." a=cos (=) + isin (=) 
7 7 


a’ = cos2n + isin2n =1+0=1 
or a=(1)”’ 
*. 1,a,a’,a°,a‘,a°,a° are 7,7 th roots of unity. 
. ltat@t+atat+a+a’® =0 ..{i) 


= (ata +a‘)+(ai t+a°+a°)=-1lora+P=-1 
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anda =(a+a? +a‘)(a®° +a° +a°) 
za't+aota’ tata’ t+a®+a’ +a’ +a" 
=a ta t+ita+itatitat+a’ 
=(ltata +a tata’ +a°)+2 
=0+2 , 
=2 

Therefore, the required equation is 

x? -(4 +8) x+a8 =0 or x7 +x+2=0 


[from Eq. (i)] 


| Example 65. Find the value of 


10 ‘ 
Dy sin( (22 , where i = ,/-1. 


~icos( 27) 

k=} Ady ke Th J 
Tk 

1 


10 ‘ “ 
Sol. [sn “ah -icos (=) | 
kay 1 , ily 


ff om) 
=-i(0-1) 


=!1 


[sum of 11, 11th roots of unity] 


| Example 66. If 09,01, ,...,@,- are the n, nth 
n-1 
QO; 
roots of the unity, then find the value of 2 ——. 
i=0 2-@; 
Sol. Let x =(1)" => x" =1 x"-1=0 


or x" -1=(x—Q)(x —O,)(x —Q@2)...(% -—O,~1) 

avi 

ae Al (x -;) 

i=0 

On taking logarithm both sides, we get 
n-1 
log. (x" ~1)= 2 log. (x ~04,) 
On differentiating both sides w.r.t. x, we get 
nx"—! > i" 
x"-1 i=0\x-Q,; 
On putting x = 2, we get 
n(n! "yt 


= wai 
oY any i=0 (2-—@,;) e 
n-1 n-1 9 \ 
Now, i 2 [14 
i=0(2~a,) i=0 | 2-Q;; 
a-l n~-l ae -1 
=- Dit2d = - (n) +" [from Eq. (i) 
i=0 i=0(2-4,;) m4 
n-2" n 
=—-nt = 
27-10 2" -1 
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| Example 67. If n> 3 and 1,0,,02,03,...,@,-4 are 
the n,nth roots of unity, then find the value of 
pps Q; Oj. 
isi<jsn- 
Sol. Let <=(1)" 
=] or xe" =120 
140, +0, +0, +..+0,-,=0 
or OL, +O, +05 4..40,-,=-1 
On squaring both sides, we get 
Oy +g $04 tu. 4070 -14+2(0,0, +00, 
$$ Oy $023 t.. +0, On] 
+...+¢0,-9 O,-))=1 
or 1? + (a,)° + (2)? + (O3)° +. + (On 1)" 


+2 paps aja, =1+1? 
1Si<jSn-1 
ISi<jSn-1 
{here, pis not a multiple of n] 
pp) a,a,=1 
1si<jsn-l 


Aliter 
x" -1=(x-1)(x-@,)(x —@,)...(x -@, -)) 


On comparing the coefficient of x" ~* both sides, we get 


0= 2. OA; +A, +A, t+..+A,-1 
OSi<jsn-} 
0= Pe a;a;-1 
lsi<jsn-} 
[1 +0, +0, +..+0,_;=0] 
pp a, a; =1 
Isi<jsa-l 


Vector Representation of 


Complex Numbers 


If Pis the point (x, y) on the argand plane corresponding 
to the complex number z = x + iy, where x, y € Rand 
i=.f-1. 


Peay nas tira Pe ey re eT 
Then, OP=xit+yj = |OP = (x +y )=|z | 
and arg (z) = direction of the vector OP = tan” ’ (y /x) =6 


Therefore, complex number z can also be represented by OP. 
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Geometrical Representation 
of Algebraic Operation on 
Complex Numbers 


[a] Sum 


Let the complex numbers z,; =x, +iy, =(x,,y,) and 
Zz =X2 t+ iy, =(X2, y2) be represented by the points P and 
Q on the argand plane. 


Yr 


R (2; + Zo) 


Complete the parallelogram OPRQ. Then, the mid-points 
of PQ and OR are the same. The mid-point of 
PQ = eae Yi tye} 
2 2 J 
Hence, R=(x, +X2,y1 + ¥2) 
Therefore, complex number z can also be represented by 


“> 
OR — =(x, +X2) +i(y: +y2)=(x, +iy,) +(x. +iy2) 


=2) +22 =(X1,y1) +(X2, 2) 
In vector notation, we have 
ee a 


Zz, +z, =OP +OQ=OP+PR=OR 


(b} Difference 


We first represent — z2 by Q’, so that QQ’ is bisected at O. 
Complete the parallelogram OPRQ’. Then, the point R 
represents the difference z, — Zp. 


—— ao’ 
We see that ORPQ is a parallelogram, so that OR = QP 


We have in vectorial notation, 
—_—,) —_ —_—_ —_ 
Z, —Z, = OP -OQ=OP +QO 


a ee 


- OP + PR=OR=QP 


(c] Product 


Let Z, =r, (cos®, +isin®@,) =r, e 6 
|Z; |=n and arg (z,) =0, 
and Z_ = (cos 8, +isin6,) =" e 


| z2 |= and arg (z,) =9, 
Then, z,Z2 ="% (cos6, +isin®,) (cos @, +isin®,) 
=r,% {cos (8, +6,) +isin(6, +9, )} 


| 2122 |=r, ro and arg (z,Z,) =8; +8, 


Y R(ZZ2) 


Let P and Q represent the complex numbers z, and Z), 
respectively. 
; OP =r,,00=n 

ZPOX =8, and ZQOX =6, 
Take a point A on the real axis OX, such that OA = 1 unit. 
Complete the ZOPA 


Now, taking OQ as the base, construct a AOQR similar to 


OR _ OP 
AOPA, so that —- = — 

OQ OA 
i.e. OR= OP: OQ =r," [since, OA = 1 unit] 
and ZROX = ZROQ + ZQOX =0, +0, 


Hence, R is the point representing product of complex 
numbers 2, and Z>. 


Remark 
1. Multiplication by / 
Since, z =r (cos@ + / sin @) and/ = [cos © A + / sin z) 


=soe( +0) sal a) 
a iw OF 


Hence, multiplication of z with /, then vector for z rotates a 
right angle in the positive sense. 


2. Thus, to multiply a vector by (— 1) is to turn it through two 
right angles. 


3. Thus, to multiply a vector by (cos @ + / sin@) is to turn it 
through the angle 6 in the positive sense. 


(d) Division 

Let Z; =n, (cos, +isinO,)=r, e® 
| z, [=r and arg(z,)= 0, 

and =z, =r, (cos@, +isinO,) =r, e® 
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Zee ae arg (22) = 8, Then, we have AC=z,-z, and AB=z, ~—2z, 
z,; m (cos0, +isinO,) 
Then, — =—-———_—___—- : [z. #0,r, #0] — 
Z2 % (cos8, +isin®,) and let arg AC =arg(z,—z,)=90 
2\ r oe —=) 
—=— 8, —8,) +isin(8, —@ 
2 On [cos (0; — 82) + isin(®, —82)] and arg AB =arg(z, -z,)=9 
: Let ZCAB = 
2 a1 arg (2 =6, -6, ‘ . =—" el 
Z2| fh \22/ ZCAB=a=80-=arg AC —arg AB 
Let P and Q represent the complex numbers z, and zz, = arg (z3 -2z,)—arg(z) -z)) 
respectively. ‘ o— 
. OP=r,,00 =n, ZPOX =0, and ZQOX =80, = arg 2221 
Let OS be new position of OP, take a point A on the real 72-21, 


axis OX, such that OA =1 unit and through A draw a line or angle between AC and AB 
making with OA an angle equal to the ZOQP and meeting ’ affix of C— affix of A ) 


OS in R. = arg | ———_—_—_—_—_———__—_—_——_- 
= affix of B — affix of A 


Then, R represented by (z, /z2). 


For any complex number z, we have 


‘(arg =) 


z=|z le 
fze—2, )_| ay =z [oe(2=)| 
. ° ad = Za~-Z 
Similarly, | —2—! | =} 4+" |e es 
22 21) | 22-21 
24-2 |z5 - 2, | j AC ; 
or 3 —_ ei (4 CAB) = eit 
Zo > 2 | z2 —Z, | AB 
Remark 


1. Here, only principal values of the arguments are considered. 


2. arg [2-2] = @, if AB coincides with CD, then 


\23 ~ 24, 
since OA=1 and ZAOR= ZPOR- ZPOX =8, -98 ss 
a te arg Beal =Oorn.sothat 17 *2 is real. It follows that 
Hence, the vectorial angle of R is —(82 —0,) ie.,0, —@. 23-2, 23-24 
if 21-22 jg real, then the points A B.C, Dare collinear. 

Remark 23 -% 

If 8, and @, are the principal values of z, and Z), then 6, + 6, and D 

8, - 8, are not necessarily the principal value of arg (2,Z)) and 

arg (2, / 2p). 


Rotation Theorem (Coni Method} 


Let z;,Z2 and z, be the affixes of three points A, B and C 
respectively taken on argand plane. Cc 


3. If AB is perpendicular to CD, then 


%<Zo\ .h . ar-z 
a (2 2 1 2 


is purely imaginary. 


=+—,sS0 
23-24, Za7 25 
4. It follows that. if z, -2) = + k (23 - 2,), where k is purely 
imaginary number, then AB and CDare perpendicular to 
each other. 
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[| Example 68.Complex numbers z;,z2 and z;are the 
vertices A,B,C respectively of an isosceles right angled 
triangle with right angle at C. Show that 
(2) —Z2)? =2(2, -23) (23 — 22). 

Sol. Since, ZACB = 90° and AC = BC, then by Coni method 

AC ; : 


2, — 23 


B(22) 
a 


fw" 


C3) 


n/4 
A(z) 
= Z,—23 = i(zz —23) 
On squaring both sides, we get 
2 2 
(z,- 23)" = -(z2 -23) 
2 2 2 2 
=> ZZ +2, — 22,23 = <“{(z, +23 — 22523) 
2 2 
=> 4 +22 —22,z, = Azz, —2,2, -z, +223) 


Therefore, (z, — z2)* = 2(z, — z3)(z3 — 22) 


— 
Aliter CA = CB=-—= BA 
V2 
B(z2) ‘ 
m4 
n/4 
A(z) C(z3) 
ZBAC =(t/4) 
22 ~ 2% _ BA ants) 
23-2 CA 
Z,-2 i 
ai 1772 _ fog lin) ...(i) 
21 — 23 
and Z CBA = (1/4) 
23 — 22 _ CB tina) or ie ald) ..{ii) 
Z,7Z_ AB 21— 22 2 


On dividing Eq. (i) by Eq. (ii), we get 
(zy — Zp)’ =2(z — 23) (23 — 22) 


| Example 69. Complex numbers z,, Z2, Z3 are the 
vertices of A, B, C respectively of an equilateral 


triangle. Show that 
27473422 =2,2, +2223 +232}. 
Sol. Let AB = BC =CA =a 


ge= = 
3 


From Coni method, * 7 72 Oe is (i) 
23-22 a 
and ZBAC = = 
Z,-2Z 
From Coni method, —>—* = oe mls ..(ii) 
Z2 2 a 
A(z) 
n/3 
a a 
n/3 n/3 
B(Z2) a C(Zs) 


2; — 22 _ 24374 


From Eqs. (i) and (ii), we get 
23-22 227-2 


=> (2 — 22)(Z2 — 2) =(Z3 — %)(Z3 - 22) 
=> zp +23 $23 = 22. +2224 +252 
Remark 
Triangle with vertices Z,, 29, Z3, then 
(i) (2, — 25)? + (29-23)? + (23-2)? =0 
(ii) (2) — 29)® = (Zp ~23)(Zg ~ 2;) 


1 =i 
(2, — Zo) 


(iil) S4(2,-29)(Zp-23) = 0 wy, 
Complex Number as a Rotating Arrow 
in the Argand Plane 


Let z=r(cos@ +isin®) =re® Ai) 


be a complex number representing a point P in the argand 
plane. 


Y+ 
Then, OP =| Z |=r and ZPOX =8 
Now, consider complex number z, = ze 


id 
[from Eq. (i)] 


Clearly, the complex number z, represents a point Q in the 
argand plane, when OQ =r and ZQOX =8+6 


or z, =re™.¢® = pe! (OF9) 


: — 
Clearly, multiplication of z with e® rotates the vector OP 
through angle $ in anti-clockwise sense. Similarly, 


' —_— 
multiplication of z with e~® will rotate the vector OP in 
clockwise sense. 
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Remark 


1. If 2, 2) and 2, are the affixes of the 
three points A Band C, such that 
AC = AB and ZCAB = 8. Therefore, 


— —) 
AB =2,-2,, AC =z; -2;. vA 


C(z3) 


B(z2) 


Then, AC will be obtained by rotating A(2:) 


AB through an angle 6 in anti- 
clockwise sense and therefore, 


mr > 8 

AC =AB e’ 

= i 73-2 a 

or (273-2) =(Z22-2,)e" or ———=e 
29-2 


. If ABand Care three points in argand plane, such that 
AC = AB and ZCAB = 6, then use the rotation about Ato find 
e” but if AC # AB, then use Coni method. 


no 


| Example 70. Let z, and z, be roots of the equation 
z* + pz+q=0, where the coefficients p and q may be 


complex numbers. Let A and B represent z, and z, in 
the complex plane. If ZAOB =a #0 and OA=OB, 
where O is the origin, prove that p* = 4 qcos? (a /2). 


— —> 
| Sol. Clearly, OB is obtained by rotating OA through angle a. 


— 
OB= OAe'* 
=> 223, ¢° 
=> 72 = gia (i) 
4 
B(22) 
A(z) 
o 
O 
Z2 _f,ia 
or —+1=(e'" +1) 
2 
= (21 + 22) _ gtal? 9 cos (cr /2) 
2 


On squaring both sides, we get 


2 - 
kei fe) =e'*.(4cos’ a /2) 
2 
(z +22) _ 22 2 ; 
= St = -(4c0s" a /2) [from Eq. (i)] 
2 2) 


(z, +2z,)° =4 229 cos” (a / 2) 
(- py =4 q cos” (a / 2) 
“+z, and z, are the roots of z” + pz + q = 0 
1.2, +2, =— pand z,2,=q : 


or p* =4q cos" (a /2) 
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Shifting the Origin in Case 
of Complex Numbers 


Let O be the origin and P be a point with affix z9. Let a 
point Q has affix z with respect to the coordinate system 
passing through O. When origin is shifted to the point P 
(Z), then the new affix Z of the point Q with respect to 
new origin P is given by Z =z — Zp. 


ie., to shift the origin at zy, we should replace z by Z + Zp. 


| Example 71. if z,,z. and z; are the vertices of an 
equilateral triangle with Zo as its circumcentre, then 
changing origin to z9, show that Z,"+ Z,* +Z;” =0, where 
Z,,Z2,Z3 are new complex numbers of the vertices. 

Sol. In an equilateral triangle, the circumcentre and the 

centroid are the same point. 
e 2) + 22 + 23 
3 
ai + 22 + 23> 3Zo whi) 


So, Zo 


To shift the origin at z), we have to replace 2), Z2,23 and Zo 
by Z; + Z9,Z2 + 2,23 +2 and0 + Zp. 
Then, Eq. (i) becomes 
(Z, +29) + (Zz + Zp) +(Z3 + Zo) =3(0 + 29) 
= Z,+2Z,+2Z;=0 
On squaring, we get 
Or tZe 4 Ze S022. 4222s, 42,7,)=0 ...(ii) 
But triangle with vertices Z, ,Z, and Z, is equilateral, then 
Bo 425 $26 =Z 2. 222A ZZ, .dtiii) 
From Egg. (ii) and (iii), we get 
42 42 42, \=0 


Therefore, Ze + Vag + Zz. =0 


Inverse Points 


(a) Inverse points with respect to a line Two points P 
and Q are said to be the inverse points with respect to 
the line RS. If Q is the image of P in RS, ie., if the line 
RS is the right bisector of PQ. 
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| Example 72. Show that z,,z, are the inverse points 
with respect to the line za+az=b, ifz,a+az,=b. 
Sol. Let RS be the line represented by the equation, 


zataz=b i) 
Let P and Q are the inverse points with respect to the line RS. 


The point Q is the reflection (inverse) of the point P in the 
line RS, if the line RS is the right bisector of PQ. Take any 
point z in the line RS, then lines joining z to P and z to Q are 
equal. 


P 

H 

! 

p——tl_.s 

3 - 
r 

! 

° 

Q 

i.e., |z-2|=|z-2z,|or]z-2] =|z-2,[ 


Le., (2 — 2))(Z — 2)) =(z — 22)(Z — 22) 

= z(25 — 2) + 2 (zp — 2%) + (2,2, — 227.) =0 .. (ii) 
Hence, Egs. (i) and (ii) are identical, therefore, comparing 
coefficients, we get 


Q@ a _ -b 
Z» aa 2 Zo — 2 2,2, az 22 Zo 
z,a az 
So that, ——+>—- = ——~* _ 
2(22- 2)  22(z2 — %) 
_ =b za +.az, -b 
22} a 22 22 0 


[by ratio and proportion rule] 
za +az,-b=0 or z1a+az,=b 
(b) Inverse points with respect to a circle If C is the 
centre of the circle and P, Q are the inverse points 
with respect to the circle, then three points C, P,Q are 
collinear and also CP - CQ =r’, where r is the 
radius of the circle. 


i Example 73. Show that nes of a point a with 
respect to the circle| z—c|=R (a and c are complex 


R? 
numbers, centre c and radius R) is the point c + =F 


Sol. Let a’ be the inverse point of a with respect to the circle 
| z-c | = R, then by definition, 


The points c, a, a’ are collinear. 

We have, arg (a’ — c) = arg(a —c) 
=-arg(a-¢)  ['. argz=-argz] 

= arg(a’—c)+arg(a—c)=0 

= arg {(a°-—c)(a—c)}=0 

. (a’ —c)(a@ —C)is purely real and positive. 


By definition,| a’ - c || a—c |= R° [< CP-CQ =r’) 
= = R? (- |z]=[21] 
= |(a’-c)(@-@)|=R? 
=> (a’—c)(a-¢c)=R’ 

[.(a’ — c)(a —C) is purely real and positive] 

R? R? 
= a’ -c=—— => a=c+—— 
a-c a-c 


Dot and Cross Product 


Let z; =x, t+iy, =(x,,y,) and z, =x, +iy, =(X2,y2), 
where x,,y1,X2,¥2 € Randi=./-1, be two complex 
numbers. 

If ZPOQ =6, then from Coni method, 


= ——_e Q(Z2) 

z, —9 | z, | 
=> Zz; _|22| 2 P(21) 

ZZ, |z : 

Zz, _|%2| ° 

- ct 

ip 

z22, =|z, ||z2le® 

Zoek 1 =| 2; || zz |(cos@ + isin8) 
=> Re (z2Z,) =| 2; || 22 |cos® ale 
and Im (z, z,)=| Zy || Zo |sin® (il) 


The dot product z, and z, is defined by, 
Z1'Z2 =| 2, | Zo |cos® 
= Re (Z, Zo) =X 1X0 + ViVo [from Eq. (i)] 
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and cross product of z, and z, is defined by 
Z, X22 =| 2, || Z2 |sin@ 
=Im (2,22) =x; ¥2 — X21 
Hence, 21°22 =X,X2 +, Y2 =Re(Z;Z2) 
and 2, XZz =X, yz —X2y, =Im(Z22) 


Results for Dot and Cross 
Products of Complex Number 


1. If 2, and z, are perpendicular, then z,- 2) =0 

. Ifz, and Z» are parallel, then z, x 2) =0 

. Projection of 2, ON 2y = (2)-22)/| 2 | 

. Projection of 2) on 2; = (21-22) /| 2; | 

. Area of triangle, if two sides represented by z, and 2, is 
l 2, X Zo |. 


om & W PP 


6. Area of a parallelogram having sides z, and 2p is| 2, x 2p | 
7, Area of parallelogram, if diagonals represented by z, and Zz is 


ele 


| Example 74. If z;=2+5i,z.= 3—i, where i=~-1, find 
(i) 2) +22 (ii) 2) XZ, 
(iii) Z> +2, (iv) Z. x2, 
(v) acute angle between z, and Z). 
(vi) projection of z,0n Zp. 
Sol. (i) 2-22 = XjX2 + yiy2 = (2) (3) + (5)(- 1) =1 
(ii) 2, X 22 = Xyy2 — X2y, = (2)(- 1) - (3) (5) =- 17 
(iti) z2-2y = x1 X2q + yiy2 = (2) (3) + (5) (- 1) =1 
(iv) 22 X 2 = X21 — X12 = (3) (5) - (2)(- 1) = 17 
(v) Let angle between z, and z, be 6, then 
2 °Z, =| 2, || z2 | cos6 


=> 1= y(4 + 25) (9 +1) cos8 


cos§ = ss @ = cos! ] 
290 290 
5 - P Z,°Z2 1 1 
(vi) Projection of z, on zz = os = 
eel Ver) vt0 


Use of Complex Numbers in 
Coordinate Geometry - 


(a) Distance-Formula 
The distance between two points P(z, ) and Q(z.) is given by 


Q(Z2) 


P(2;) 
PQ =|z, —2,| =| affix of Q— affix of P 


[from Eq. (ii)] 
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Remark 
1. The distance of a point z from origin,| z-0|=| 2 | 


2. Three points A(z,), B(z,) and C (23) are collinear, then 
AB + BC = AC 
C(z3) 


B(Z2) 


A(z) 
Le. |Z —-2.|+|22.-23|=| 21-23} 


| Example 75. Show that the points representing the 
complex numbers (3+ 2i),(2—i) and —7i, where 
i = ,/-1, are collinear. 


Sol. Let z, =3+2i,z, =2-—iand z, = -7i. 
Then, |2;~-22|=|1+3i|=~10,]z, -z3 |[=|2+6i| 
= 40 =2V10 
and |, -23|=|3+9i|= 90 =3 vi0 
| 24 z2 [+] 22-23 |=|21-z5 | 


Hence, the points (3 + 2i), (2 — i) and — 7i are collinear. 


[b} Equation of the 
Perpendicular Bisector 


If P(z,) and Q (z,) are two fixed points and R (z) is 
moving point, such that it is always at equal distance from 


P(z)and Q(z). 


* QQ) 
Le. PR=QR 
or |z-z,|=|z-z| 


or 2(2Z, ~Z,)+2Z(z, —Z2) =2Z,2Z, —2222 
or z (2%, —Z,)+Z(z, ~2,)=|z, f -|z.[ 


Hence, z lies on the perpendicular bisectors of z; and z. 


| Example 76. Find the perpendicular bisector of 3+ 4i 
and — 5+ 6i, where i= ./-1. 


Sol. Let z, =3+ 4i and z, =-5 + 63 
If z is moving point, such that it is always equal distance 
from z, and Z>. 
Le: |z-z,|=|z-2z,| 
ies — ee 2 
or z(Z, ~ 22) +2 (z- 22) =| 4)" -|z2 | 
=> z ((3 — 4i) —(-— 5 — 6i)) +z ((3 + 41) -(-5 + 6i)) = 25 - 61 
Hence, (8 + 2i)z +(8—2i)z +36=0 
which is required perpendicular bisector. 
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(c) Section Formula 


If R(z) divides the joining of P (z,) and Q(z.) in sis ratio 
m, :M, (m,,m, >0). 
Q(Z2) 
(M2} 


(m1) R(z) 


P(21) 


(i) If R(z) divides the segment PQ internally in the ratio 
of m, :m2, then z = Mita F maz 
my, + My 
(ii) If R (z) divides the segment PQ externally in the ratio 
ofm,:mz,then z ere 
m, —mM2 


P(21) 


Remark 


_ IfR(z) is the mid-point of PO, then affix of Ris 2+ 22, 


— 


nm 


If Z,. 2) and z, are affixes of the vertices of a triangle, then 
: ‘ .,. 23 ¢ lg t+ Z3 
affix of its centroid is ———-—_—. 


od 


In acute angle triangle, orthocentre (0), nine point oe : a 


centroid (G) and circumcentre (C) are collinear and 2G oa A 


4. If2;, 2,23 and z, are the affixes of the vertices of a 
parallelogram taken in order, then z, + Z3 =Zp + Z. 


| Example 77. If z,,z, and z;are the affixes of the 
vertices of a triangle having its circumcentre at the 
origin. If z is the affix of its orthocentre, prove that 
Z2,}+2Z2+23-Z=0. 
Sol. We know that orthocentre O, centroid G and circumcentre 
C of a triangle are collinear, such that G divides OC in the 


Zyt+Zo+Z4 a” 
ratio 2:1. Since, affix of G is and C is the 


origin. Therefore, by section formula, we get 


1 C 


27 G 


Z+Z,.+2Z3 2:04+1:z 
=> ——— = 
3 2+1 
=> Z)+Z, +23 =2 


Therefore, z, +z, +z; —z=0 


[| Example 78. Let z,,z2 and z; be three complex 
numbers and a,b,c ER, such thata+b+c=0 and 
az, +bz,+czz=0, then show that z,,z2 and 2; are 
collinear. 


Sol. Given, atb+c=0 (i) 
and az, + bz, + cz, =0 (ii) 
=> az, +bz, -—(a+b)z,=0 [from Eq. (i)] 
az, + bz, 
or 24 =——_ 
a+b 


It follows that z; divides the line segment joining z, and z, 
internally in the ratio b: a. (If a, b are of same sign and 
opposite sign, then externally.) 


Hence, z,,z, and z, are collinear. 


(d) Area of Triangle 


Ifz,,z2 and z, are the affixes of the vertices of a triangle, 
e241 
then its area ae Z2 Z21)| 
23231 
A2;) 


B22) C(2a) 


Remark 
The area of the triangle with vertices z,wz andz + wzis at | Zz f. 


where w is the cube root of unity. 


| Example 79. Show that the area of the triangle on 
the argand plane formed by the complex numbers z, iz 


ol 2 ; 
and z+ iz is5|z | where ij =,/~1. 
‘ Z z 1 
Sol. Required area = ri iz iz 1|| 


ztiz zt+iz 1! °: 


Zz z 1 
1 ' ~ 
=—|| iz iz 1|| 


z+iz z+iz 1 
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z 2 I 
= 2) iz -iz 1 
4 - Se ae 
zi 2=-tz 1 
On applying R; > R; —(R, + Rz), we get 
Zz Zz 1 


1 - 1 - 
Area=-—jjiz -iz 1 =-—- {- 1)(- izz -—izz 
A |= = (- 101 | 


0 0 -1 
= +|aiez | =2|i||22|=2|2[ 
4 2 2 


Aliter 


We have, iz= z (cos(1/2) + isin(1/2)) = ze?) iz is the 


vector obtained by rotating vector z in anti-clockwise 
direction through (1/2). Therefore, OA 1 AB, 


Imaginary axis 


Now, area of AOAB= — OA x AB=—|2 || i| 


1 : 1 
= Le |fillz lef 


(e} Equation of a Straight Line 


(i) Parametric form 


Equation of the straight-line joining the points having 
affixes z, and 22 is 


z=tz, +(1—-t)z,, where te R~ {0} 
Proof 
_ tz, +(1-t)z, 
| 7 t+(1-t) 
Hence, z divides the line joining z, and z, in the ratio 
1-t:t. Thus, the points z,,Z»,z are collinear. 


z=tz, t(1-t) z, 


(ii) Non-parametric form 


Equation of the straight line joining the points having 
affixes z, and zz is 


Z 2 i 
Zz, Z,; 1} =0 


Zo Z, 1 


or 2(2; —2,)—-Z(z, —z2.)+2,Z, -Z,2, =0 
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Proof Equation of the straight line joining points having 


affixes z, and 2, is 
z=tz, +(1—t) z., where té R ~ {0} 


> Z—2Z, =t(z, —Z2) 
and Z—-Z_ =t(z, —22) 
or Z—Z, =t(Z, ~Z,) 
From Eqs. (i) and (ii), we get 
22) 2) — 25 2=Zy . 2-22 
Z-Z, 2-2, Zy~Zq «22, -Z 
2=2, 2-2, 0 
=> 21} 72, 2,-2Z, O| = 
Zo Zo 1 


(ii) 


Now, applying R, — R, +R; and R, > R, + Rj, we get 


e 2 1 

Z, 2, 1) =0 

Z2 22 1 
or z(2, —Z.) -—Z(z, —Z2) +Z,Zz, —2,2Z2 =0 
Aliter 


Let P (z) be an arbitrary point on the line, which pass 
through A (z,) and B(z,). 


ZBAP =0ort 
/ \ 
z-2, . 
arg| ———-|=0orz [by rotation theorem] 
2 721) 
Z-Z1. 
=> |_ is purely real. 
22-2 
\ Tea, = = 
fa -| 8 = Zz 72 a2 
22 21) Zz. -2y Zg—2,; 22 — 2 
A(z1) 
B22) 
P(2) 
z(Z, -Z,) -Z(z, —22) +2122 —Z122 =0 
zg 2 1 
or zy Z, 1 =0 
22 Z2 1 
Remark 
| 
If 2;, 2) and Z,arecollinear,|Z, 22 1)=0 
23° «23 1 
or Y2(Z2-23) = 0. 
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(iii) General form The general equation of a straight 
line is of the form @ z +aZ +b=0, whereaisa 
complex number and b is a real number. 


Sol. The equation of a straight line passing through points 
having affixes z, and z, is given by 


z (z, —Z2)—2 (2, -2_) + 2,22 — 2,22 =0 ssa) 


On multiplying Eq. (i) by i (where, i = ¥-1), we get 
zi (2; —Z2)—Z i(z,—22)+i(z,2, — Zz.) =0 
> 2 {> iz - 22)} +z {i(% — 22)} + i (zz, — Zz) =0 
= 2 {-i(Z — z2)} +z {-i(z,-2z2)} + {i(2ilm (z,2,))} = 0 
= Z{- i (2, -22)} +z {- i (z — z2)} + {(— 21m (z,22)} =0 
=> Zat+zat+b=0 
where, a = —i(z, — z2),b = —2Im(z,z,) 
Hence, the general equation of a straight line is of the form 
az+az+b=0, 
where a is complex number and b is a real number. 
(iv) Slope of the line @z+aZ+b=0 
Let A (z,) and B(z,) be two points on the line 
az+az+b=0,then 
@Z,+azZ, +b=0 
and GZ, +az.+b=0 


a(z, —2Z>) +a(Z, —Z,)=0 


“ = - = — = [Remember] 
21 —2Z2 a 
Complex slope of AB = whe: = coefficient of Z 
a coefficient of z 


Thus, the complex slope of the line @ z +aZ+b=0Ois 
a 


a 


Remark 
The real slope of the line az + a2 + b=Ois 
Re (a) Bas Re (coefficient of Z) 


Im(a)._—«sIm(coefficient of 7) 


Important Theorem 
Ifa, and a, are the complex slopes of two lines on the 
argand plane, then prove that the lines are 
(i) perpendicular, ifa, +a. =0. 
(ii) parallel, ifa, =O. 
Proof Let z, and z, be the affixes of two points on one 


line with complex slope o, and z and z, be the affixes of 
two points another line with complex slope 2. Then, 


2472 

—Z 3 4 . 

0, = 717 "2 and a, =— eai(l) 
Zz; —~24 324 


(i) If the lines are perpendicular, then 


= (Z3 -z4) im 

(2; -22)(Z,; -Z_)  (z3 —Z4) (Z3 —Z4) 

- (2; —Z2) _(z3 —24) ~1) 
(2; -Z2) (Z3 -—Z4) 

= Q, =-Q, [from Eq. (i)] 
O, +a, =0 


=> 


(ii) If the lines are parallel, then 
2, ~22 _ 23724 0 


—_—- = e 

|z1 -22 | |z3 -z, | 
2 2 

(Z; —Z2) (Z3-—Z4) 


=> Ed 
2 2 
[z1-z2[ |zs-24| 
2 2 
(z; —2Z2) te (z3 —Z4) 
(Z; —Z2)(Z; ~Z2) (Z3 —Z4)(Z3 —Z4) 


(21-22) _ (3-24) 


> — ——s — — 
(Z, -Z) (23 —Z,) 
=> QO, =, 
Remark 


1. The equation of a line parallel to the lineaz + az + b=(is 
azt+az+A=0,wheredA ER 


2. The equation of a line perpendicular to the line 
az+azt+tb=O0isaz-az+irA=0 
where, AeRandi=J-1 


(v) Length of perpendicular from a given point ona 
given line 
The length of perpendicular froma point P (z, ) to the 
line 


| az, +azZ, +b| 


2|a| 
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az+az+b=0(is given by 


Proof Let PM be perpendicular from P on the line 
@z+az+b=0and let the affix of M be z,, then 


P(2Z1) 


M(Zo) 
PM =|z, -2, | 
azt+az+b=0 
and Mz.) lies ona z+az+b=0, then 
@2z,+az,+b=0 ..(i) 
Since, PM perpendicular to the line (@ z+aZ+b=0). 


2,72 a 
— = + paca =0 
23 2) a 


=> @2,+aZ, +b=2a7,+a2,-azZ,+b 


=2azZ, — az, +(@Z, +b) 


Therefore, 


. =2aZ, -aZ,—-aZz [" @ z2+b=-aZ,] 
=2a(Z, -Z2) 
or |@z,+az, +b|=2/a||z, -z, | 
-2/allz,-22| (-lzl=l21] 
=2|a|PM 
Jaz, +02, +5 


PM = 
2|a| 


j Example 80. Show that the point a’ is the reflection 
of the point ain the line zb+2b+c=0, if 
a’b+ab+c=0. 

Sol. Since, a’ is the reflection of point a through the line. 

So, the mid-point of PQ 


B A(z) 


+a’. ~ = 
lies onzb+zb+c=0 


w i(22t)os(2E) soa 
2 2 


= b(a+a’)+b(ata’)+2c =0 ...(i) 
Since, PQ 1 AB. Therefore, 
Complex slope of PQ + Complex slope of AB = 0 
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=~ a +(-Z}=0 
a-a b) 
= b(a-a’)-b(a-a’)=0 (ii) 
On subtracting Eq. (ii) from Eq. (i), we get 
a’b+ab+c=0 
Aliter 
Equation of perpendicular bisector of PQ is 
z(a’-a)+z(a’-a)-a’a’ +aa=0 (i) 
and given line zb+zb+c=0 .. (ii) 
Since, Eqs. (i) and (ii) are identical, we have 
a’-a a-a aa-a‘a’ 
= = ——_ = ————_ =k Sa 
; ; P [say] 
a’ -a=bk,a’ -—a=bk 
and aa —a@’a’=ck 
Now, bet=la(8 4). a{#=2hh 
k ik J 
= {a’a’ - aah =o (- =-¢ 


Hence, a’b +ab + c=0 


(f] Circle 


The equation of a circle whose centre is at point affix z 
and radius r, is| Z—-2 |=r. 


P(2) 


C20) 


Remark 
1. If the centre of the circle is at origin and radius r, then its 
equation is| Zz | vA 
Z - 29 |< represents interior of a circle] 2 - 29 |= rand 
Z - 29 |> r represent exterior of the circle| Z - 2 |=r. 
3. 6 <|Z-2Z9|<A. this region is known as annulus. 


2 


(i) General Equation of a Circle 


The general equation of the circle is 
zzZt+az+az+b=0, 


| where a is a complex number and b€ R, having centre at (— a) 


and radius = ,/ | 4 F -b. 


Proof The equation of circle having centre at z) and 
radius r is 
| y aa A o| =r 
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2 2 
=> |z-29 | =F 
= (z-z9)(Z-Z9) =r’ 
= £2 —Z225 —Zyz +220 =r? 


- si iz 2 
= 27 +(-Z))z+(-Z9)Z +| Zo | -r? =0 


=> zz+az+az+b=0 

2 
where, a=-—Z, and b=|z, | -r? 
=> zz+az+az+b=0 


where, b € R represents a circle having centre at (~a@) and 


radius = || zo |’ —b = yla/? —b. 


Remark 
Rule to find the centre and radius of a circle whose equation is 
given 
1. Make the coefficient of zz equal to 1 and right hand side 
equal to zero. 
2. The centre of circle will be = (-a) = (- coefficient of Z). 


3. Radius = ,(|a|?~constant term) 


| Example 81. Find the centre and radius of the circle 
2zz+(3-i)z+(3+i)z—7=0, where j = V-1. 


Sol. The given equation can be written as 


= (342) (24): 7 
zz +| —— |z+|—|z-—= 
2 Ns 2 


\ 


’ 


; . 3+i. 
So, it represent a circle with centre at ~ ( —. } and radius 


.2J 
| (34i)P 7) fsa .7) 
: HS) ie carer ana 
(ii) Equation of Circle Through Three 
Non-Collinear Points 


Let A(z; ), B(z2),C(z3) be three points on the circle and 
P(z) be any point on the circle, then 


P(z) 


A(2}) 
ZLACB=Z.APB 
Using Coni method, 
= BC 
in AACB, of ad Wanker (i) 
24 = 7 3 CA 
- P sg 
in AAPB, Aa e® (ii) 


From Eqs. (i) and (ii), we get 
(2-21) (zz -Z3) = Peal 
(2 ~22)(z, -Z3) 


Aili) 
Remark 
lf four points 2), Zo, Z3, Z, are concyclic, then (24 — 2)) (Zo = 23) _ 
(Z4 — 2p) (2; — 23) 
real [replacing z by 2, in Eq. (iii)] 


(Zp - 23) (2 - 2) 
(2) 23) (Z4 — 22) 


or 9] 


(iii) Equation of Circle in Diametric Form 


If end points of diameter represented by A(z, ) and B(z,) 
and P (z) is any point on circle. 

js, ZAPB =90° 

‘. Complex slope of PA + Complex slope of PB =0 


= [2-21] ,(2-22 | aq 
be ey). ee 20g 
Hence, (z —z,)(Z—-Z,)+(z—z,)(Z-Z,)=0 
which is required equation of circle in diametric form. 
(iv) Other Forms of Circle 
(a) Equation of all circles which are orthogonal to 
|z-2, |=r and |z—Z, |=". 


Let the circle be | z-O | =r cut given circles 


orthogonally. 

: r? tr, =| -Z, [ (i 
and rtp” =| -Z, f (ii) 
On solving, 


i: -r, =O (Z, —Z.) +0 (Zz, —22)+| 22 f —| 2, f 


and leta.=a+ib,i=./-1,4,bER 


(b) Apollonius circle =k#1 


Zz 29 


It is the circle with join of z, and z, as a diameter, 
+ i 
wieteee 5, 2a 
1+k ink 
for k =1, the circle reduces to the straight line which 
is perpendicular bisector of the line segment from z, 


to Z2- 
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(c) Circular are arg [2 =a =O 
\ 2-22) 
This is an arc of a circle in which the chord joining z, 
and z, subtends angle o at any point on the arc. 


If a=t . then locus of zis a circle with the join of 


Z, and z, as diameter. If ~ =0 or 7, then locus is a 
straight line through the points z, and zp. 


‘ 2 , 
(d) The equation lz - 2z,| + lz - z/ =k, will represent a 


circle, if k>+ lz, -2,)'. 
ra 


[| Example 82. Find all circles which are orthogonal to 
|z|=1and|z-1/=4. 
Sol. Let |z-o|=k .»i) 


(where, & =a + iband a, b,k € Randi = J— 1) bea circle 
which cuts the circles 

|z|=1 
| z—-1 | =4 
Orthogonally, then using the property that the sum of 
squares of their radii is equal to square of distance between 
centres. Thus, the circle (i) will cut the circles (ii) and (iii) 
orthogonally, if 


ii) 
iii) 


and 


k+1=|a-0/ =a0 
k? +16=|a-1|' =(a-1)(a-1) 
= a0 -(a +a)+1 


and 


 1-(4+0)-15=0 > at+ta=-14 
2a=-14 > a=-7 
=> Q=atib=—-7+ ib 
Also, kK =laf -1=(-7) +0? -1=0 +48 
= k = (Bb? + 48) 
Therefore, required family of circles is given by 


|2+7-ib|= (48+). 
(g) Equation of Parabola 


Now, for parabola 


Imaginary axis 


~ Real axis 
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lz-al= 
or 2zz-4a(z ler +(z)"} 


where, a € R (focus), directrix is z +Z + 2a =0. 


[h} Equation of Ellipse 


For ellipse 


Imaginary axis 


SP +S’ P=2a 
=> |z-z, |+|z-z, |=2a 
where, 2a >| 21-22 | [since, eccentricity < 1} 
Then, point z describes an ellipse having foci at z, and z 


and aé R*. ; 


(i) Equation of Hyperbola 


For hyperbola 


Imaginary axis 


SP -S’P=2a = |z-2, |-|z—-z, |=2a 


where, 2a <| Z, 22 | [since, eccentricity > 1] 


Then, point z describes a hyperbola having foci at z, and 
Zo andaeé R*. 


Examples on Geometry 


| Example 83. Let z, =10+ 6i,2z. =4+6i, where 


j = J-1. If z is a complex number, such that the 
argument of (z -2,)/(Z-—22) is 2/4, then prove that 
|z-7-9i |=3 v2. 


% 
Sol. «. ne( 2=#]=% 
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It is clear that z, z,Z2 are non-collinear points. Always a 
circle passes through z, z, and z2. Let Zp be the centre of the 
circle. 


On applying rotation theorem in ABOC, 
2 Fo OF pena [“- OC = OB] 
Zo — Zo OB 
= (2; — 29) = i (zz — 2) 
=> 10+6i-2z) =i(4+6i-2z,) 
= 16 + 2i =(1— i) z 
(16+ 2i) (1 +i) 
(1-i) (1+i) 
_ 16 +161 + 2i + 27” 
2 


Or Zo = 


_ 14 + 18i 


=7+91 


and radius, r = OC =| zy — z, |=|7 + 9 - 10 - 6 
=|-3+3i| 
= (9 +9) =3V2 
Hence, required equation is 
| z— Zo [=r 
> |z-7-9i|=3v2 


| Example 84. If | z—2+i|<2, where i =./—1, then 
find the greatest and least value of | z | 
Sol. -- Radius = 2 units 


ie, AC =CB=2 units 

. Least value of| z |= OA=0C - AC = 5-2 

and greatest value of | z |= OB= OC + CB= 45 +2 

Hence, greatest value of | z is 5 + 2and least value of | z | 
is V5 - 2 


Sol. Let 


| Example 85. In the argand plane, the vector z = 4 — 3i, 
where i = ,/—1, is turned in the clockwise sense through 
180° and stretched three times. Then, find the complex 
number represented by the new vector. 


Sos z= 4-3 | z |=y(4)? +(-3)? =5 
Let z, be the new vector obtained by rotating z in the 
clockwise sense through 180°, therefore 

4-3i)=-443i. 


z,=ze "=-z=-( 


: “4 — : & 8, 
The unit vector in the direction of z, is “= + ze 


{ 4 3 ) 
Therefore, required vector = 3| Zz Il - 7 + a 


3 .\ 
-19(-$ 4 2i]=-1249 


Aliter 

Imaginary axis 
Here, z,=-—4+3i 
Hence,3 z; = -— 12+ 9i 


| Example 86.A8CD is a rhombus. Its diagonals AC 


and BD intersect at the point M and satisfy BD = 2AC. 

If the points D and M represents the complex numbers 

1+i and 2—i, where i =./—1, respectively, find A. 
Aw@z 

BD =2AC or DM =2 AM 


C, B 


(2 -#) 
W2\ / 


D(1 + 3) Al) 


Now, in ADMA, 
Applying Coni method, we have 
z-(2—i)  _ AM m2 1, 
(1+i)-(2-i) DM 2 
- e~de=’ Gime 7 oooeia 
2 2 Pa 
Axi-thers-t 
2 2 


[if positions of A and C interchange] 
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If| zt ae a, then the greatest and least values of | z | ] Example 87. Find the maximum and minimum 
Zz 1 
values of | z | satisfying | z+—|=2. 
wre tt va? +416). at via? +4161) Peasy | Z 
8 2 Sol. Here, b=1 and a=2 
respectively. : ee 
Proof rls \z| _|6 “. Maximum and minimum values of|z|are a 
z Zz 
-24+/(4+4 
Ib| sce ID ie ee and - 1+ ¥2, respectively. 
=> a2 | z | —— 2 
[2| F 
” one bl. | Example 88. If z+— = 2 find the maximum and 
|2| 
io minimum values of |z |. 
Now, aie Sol. Here, b= 4 anda=2. 
-" \2|" —a|z|—|b| <0 .. Maximum and minimum values of |z| are 
-.—— aa 24 V(4+16) 2+ v4 +16) 
- oo ee a Ne ee 
_ anya? +418) ey tM? + 41D 3 ; 3 
2 2 ie.1+ V5 and-14 V5, respectively. 
a+ (a? +4|})) ; 
or a ar ec i) | Example 89. if|z|2> 3, then determine the least 
_ 15 2 _ lue of u 
and |z| eli +a|z|-—|b|20 value or} Z+—|. 
Z Z 
Bs + (a? +4 |b 
Pp i cat) fii) Sok + pea |z1-|2| =||z|-— i) 
2 z [=| 
From Eqs. (i) and (ii), we get é |z|23 = 1.1 ay _i 5 1 
at fla? +410) ¢ at ya" + 416) |z| [z| 3 
2 Y e eer iuz so i 3 
+ (a? + . : 
Hence, the greatest value of |z| is owe P 
or | z |~ oa Pe sili) 
Iz|| 3 


_ 2 
and the least value of |z| is sealed) 


Corollary For b=], zt =a ae oe 
z ron ae: 
2 2 
-at (a +4 at.(a +4 
Then, WE +9 <),)< Se +8 “. Least value of nee is 
4 
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Exercise for Session 4 


1 


10 


11 


12 


13 


14 


4 : 
If Z;,Z2,2Z3 and z, are the roots of the equation z* = 1, the value of 2 z; Is 


(a) 0 (b) 1 (c)i,i = J-1 (d) 1+i,i = f=14 


If Z4,2Z2,Z3,...,Z, aren, nth roots of unity, then fork =1, 2, 3,...,n 


(a) |Z, [=k] Ze 44 | (b)| Ze 41 [=| Ze | 

(C)| Zc 44 ]=|Ze | +[Ze-1| (d)| 2, [=| Zea1| 

If 1, O44, Oo, &3,..., O,_, aren, nth roots of unity, then (1- 04) (1- a2)(1- a3)...(1- &,_+) equals to 
(a) 0 (b) 1 (c)n (d) n* 


: 2nk ) 
The value of sin -i sea —— ||, where/ =./-1,is 
& [sin(2H*) -r08(7 )} 


(a)-1 (b) 0 . (c)-i (d)i 


If « # 1is any nth root of unity, then S=1+ 3 a+ 5a? +... upton terms is equal to 
2n n 

a) —— b) ~- —— c) —— d)- 

as (o)~ aap (d) a 

Ifa and b are real numbers between 0 and 1, such that the points Z,=a +i,Z22 =1+ bi andz3 =0 form an 
equilateral triangle, then 

(aja=b=2+ V3 (b)a=b=2-J3 

(c)a=2-J/3,b=2+ V3 (d) None of these 
If| z | =2, the points representing the complex numbers — 1+ 5z will lie on 
(a) a circle (b) a straight line (c) a parabola (d) an ellipse 
lf| z -2|/|z -3|=2 represents a circle, then its radius is equal to 

1 3 z 

a) 1 b) — c)— d)= 
(a) (b) 3 (c) r (d) ; 
If centre of a regular hexagon is at origin and one of the vertex on argand diagram is 1+ 2/, where i = J-1, its 


perimeter is 

(a) 2 V5 (b) 6/2 (c)4 V5 (d) 6 V5 

If z is a complex number in the argand plane, the equation | z —2|+|z + 2|=8 represents 
(a) a parabola (b) an ellipse (c) a hyperbola (d) a circle 


If|z -2-37 |+|z +2-6/ |=4, where/ = ./-1, then locus of P (z)is 


(a) an ellipse .@ =§6(b)o 
(c) line segment of points 2+ ¥ and — 2 + 6/ (d) None of these 


Locus of the point z satisfying the equation | iz -1|+|z -1|=2, is (where, i = ./-1) 
(a) a straight line (b) a circle (c) an ellipse (d) a pair of straight lines 


If z,iz and z + iz are the vertices of a triangle whose area is 2 units, the value of | z | is 


(a) 1 *(b) 2 (c) 4 (d) 8 
If} z aw |-2 the greatest value of| z |is 
Zz 
(a) 45-1 (b) V3 + 1 (c) 5 + 1 (dy) V3-14 
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Shortcuts and Important Results to Remember 


| 1 |-| 22 |[ S| + Ze [sf zi [+ 22 | 


Thus, | 2, | +| Z2 | is the greatest possible value of 
| z; + 2, |and|| z; |-| Z2 | |is the least possible value of 
| 2 + 22 |. 


if =a, then the greatest and least values of | z | are 


ae CeI 
a -z,° )|+ aaa - 29° | 


=| 2) + Z2|+| 2-2 | 


D 
Zi 
Zz 


goats aD + 4|b]) 


, respectively. 


| 2) + Z2|=| 2 |+| 22] <= arg (2z,)=arg (Zo) 

i.e. Z; and 2» are parallel. 

| 2, + 22 |=| 2 |-| Ze | arg (2,)—arg (22) = 

| 2) + Z2 |=| 2 - Z. |e arg (z,) -arg (z2)=+2/2 


If| Z| =| 22 |and arg (z;) + arg (22) = 0, then z, and Zp are 
conjugate complex numbers of each other. 


The equation] z - z, ee [? =k, k € Rwill 


represent a Circle with centre at — 52 + Z)and radius is 


5 Vek =| 21-2 ij mates ~Zo[° : 


Area of triangle whose vertices are z, iz and 2 + iz, 
‘1 
where / =,/~1, is 5 rae 


Area of triangle whose vertices are 2, az and Zz + wzis 


‘8 | z ?, where wis cube root of unity. 


arg (Z) — arg (- Z)=7 or — m according as arg (2) is 
positive or negative. 


12 


13 


14 


15 


16 


17 


18 


If arg [2 =] = a. (fixed), then the locus of z is a segment 
re 2) } 


of circle. Pie) 
P(2) ee 
A(2,) 
Biz) 
Z-2 ; ‘ : 
If arg (2 ; = + 1/2, the locus of zis a circle with z, 
. 27 22, 


and Zp, as the vertices of diameter. 


If arg (2 _ “ = 0 or 7, the locus of zis a straight line 
Ze 


passing through 2, and Zp. 


If three complex numbers are in AP, they lie on a straight 
line in the complex plane. 


lf three points Z;, Z2, 23 connected by relation 
aZ,+ OZ. +C Z; =0,wherea+ b+c =0, the three points 
are collinear. 


If 2}, Zo, Z3 are vertices of a triangle, its centroid 


2+ Zo+Z Z,|° (Zo -Z. 
Zo = = circumcentre z, = ee 
2(Z2 - 23 


DY 2(Z_ 25) + YI ail? (22 - 2) 
> (2122 — 2)Z2) 


orthocentre 2 = 


, 2 2 1 
and its area = | re cme | 
23 23 1 
If] 2 =| Zo] =Ne,| 23 =3,---4] 2m] = Am 
me ng n2 
then +t. t= 2, 4+ 204+ 234...4 Zp]. 
v4) 22 23 Zm 
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JEE Type Solved Examples: 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. 


aebeiee¢ 
. h oo +—+—=l1+ti 
Each example has four choices (a), (b), (c) and (d) out of Sol. (a) We have t 


a 1 Cc 


which ONLY ONE is correct. 


© Ex. 7 If z, and z, be then th root of unity which subtend 
right angled at the origin. Then, n must be of the form 
(a)4k+1 (b)4k+2 (c)4k +3  (d) 4k 
Sol. (d) The nth roots of unity is given by 
cos( 7) + isin 2 | = ii 
n Ln 
(n-1) 


and z, =e 


where r=0, 1, 2,.. 


2mry,ifn 2mrgi/n 


So, let z; =e , where0 Sn, 72 <7, 
"% + ro. 

It is given that the line segment joining the points having 
affixes z, and z,, subtends a right angled at the origin. 


Therefore, 
i \ 
7 
arg 2. jes +— 
22 2 
= amr, 20r, +2 
n n 2 
=> n=+4(r,—- 71) 


n = 4k, where k = +(r, — 12) 


@ Ex. 2 If|z|=1andw= =~ (where z # —1), then Re(q) is 
Zt 


= 1 
|z +1) 
(c) [2 (d) v2 
[z+] Jz yr [z+ 1° 
Sol. (a) We have, |z| = 1. 
Let where @ € Randi = J-1. 


z=el® 


Re(w) =0 


@ Ex. 3 Ifa,b,c,a,,b, and o are non-zero complex 
ie foes ,, 10 by cy 
numbers satisfying — +— toattiand +242 =0, 
a, b a b c¢ 
a b? 2 
where i = V—1, the value of — + — + — is 
Se” 
a by Gy 
(c) 2 (d) None of these 


(a)2i = (b) 2+ 2 


On squaring both sides, we get 


oF. ee of 22. ab be ca 
Sa ee a 
a bb Cy \ a,b, 


be, cy 
=14+i? +2i 
ob oe abe (cc, a b 
=> ee t— 48 +44 
a bb cy abc, a ob 
=1-1+2i 
2 2 2 : 
a b c 
=> Sp ag oe OH a 
a hb ¢ 
a Ob —_ 
a om Gt 


@ Ex. 4 Let z and @ be complex numbers. If Re(z) =|z -2|, 


Re(w) =|@-—2| andarg(z—W) = , the value of Im{z +) is 


= () v3 


1 4 
(a) 7 (b) a (d) 2 


Sol. (d) Let z=xtiy,x,y€ Randi=y-1 
Re(z) = |z - 2| 
5 er oe 
- y? = 4(x - 1) 


“.2=1+1t? + 2ti, parametric form and let w= p + ig 


Similarly, (= 14s? + si 
z—@W=(t? —s”) 4 2i(t —s) 
=> arg(z — @) = - {given} 
tan™ 20 ee => er 
i+s 3 t+s 
¥ 

= ee a 

V3 
Now, zt+@=2+t? +57 + 2i(t +s) 


Im(z + @) 


=U +5) = 


@ Ex. 5 The mirror image of the curve arg 2 
Zz 


i=~+-1 in the real axis, is 
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z+3)_n z-3)\_n 
ic— b =— 
(a)arg| +i) 6 (ae 23) 6 
» 
z+i| zt+i\) 
aie =— (ars J-3 
Lens, 6 6 
Sol. (d) *. The image of z in the real axis is z. 
The image is given by 
(z-3 T 
arg | — =— 
Lead 6 
(z t 5 
=> a2) |= (. arg(z) = — arg(z)] 
Fi aa | 6 


(zt n | 2 Zo 
=> arg =— |: arg (2) = —arg (=| 
LSS} 6 22 2, 
f 


a iat 
@ Ex. 6 The mirror image of the curve arg z+) =—, 
2-1) 4 


i=~<-1 in the line x —y =0, is 
f AN ( \ 
ar Sala (b) arg "|= 
\Z+1) 4 2k). @ 
(z-i\ z+i) Tm 
c) arg] —— |=— d) arg) —— 1=— 
«) 42 4 ” (2%!) 4 


Sol. (c) «: The image of z in the line y = x is iz. 
”. The image of the given curve is 


arg EH |_% 
liz-1) 4 
eS T 
> alg) Se = 
\Z +i} 4 
(241 tT 
=> —arg )-2 [‘ arg(z) = — arg(z)] 
\z—-i} 4 
a 
- ae ot \=2 p(t) =~ an 2) 
\z+1) 4 Zo) \ 2,, 


© Ex. 7 Ifz ++ =tanda=z™" + andb is the last 
~ 7207 


digit of the number ” —1, when the integer n >1, the value 
ofa? +b? is 


(a) 23 (b) 24 (c) 26 (d) 27 


1 
- Sol. (c)szt+—-=1 = 22 -7+1=0 


z 


a =(=1) =a 2 = .. o,- 0 


[Wis cube root of unity] 
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‘ 


a J =-(0++}=-(w+o%)=1 


z \ Ww) 
and 2?" =2?""* = 162""" has last digit 6. 
b=6-1=5 
Hence, a? + b? =17 +5? =26 


@ Ex. 8 If w is complex cube root of unity anda, b,c are 


such that 1 fia. + ! =2w? and 
a+@ b+W c+@ 
1 1 
>t ad = 2), then the value of 
atm bt+o* cto 
1 1 rE +; 
—— +—— + —— Js equal to 
at+1 b+1 ctl 
(a)-2  (b)-1 (c) 1 (d) 2 
Sol. (d)- : 2 : =2u7 = 4 
atm b+W c+ Ww 
a 2 i La Late 
at+@m b+ c+Q w” 


It is clear that, and a” are the roots of the equation 
1 1 1 2 


+ + =— ...(i) 
b+x ctx x 


atx 
=> xd(b+x\c+x)=Aat x)(b+ x)(c+x) 
=> x>-(ab+ be +ca)x -2abe =0 
Coefficient of x = 0, the sum of roots = 0 

=> ato+o=0 > a-1=0 
uy a=1 
“. Third root is 1. 
From Eq. (i), we get 

a + i + a =2 

atl b+1 ctl 


@ Ex. 9 Ifa, b andc are distinct integers and w(#1) is a 

cube root of unity, then the minimum value of 

la + bw +cw?|+|a+ bw? +co|, is 
(a) 2V3 (b)3 (c) 4V2 


Sol. (a) Letz=a+bwt+ec w’. Then, 


(d) 2 


{z|* =2z=(a+ bw+ a’ )(a + bw + cw") 
=(a+ bot aw’ )(a + bo’ + ow) 
=a’ +b? +c? -ab-be-ca 
=< [(a- by +(b-c) +(c-a)’] 
v atb#e 
“ |a-bl21,)b-cl21 
and |a—c|22 
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1 
=> le 25 x6=3 


48 Textbook of Algebra . 


|z] = V3 Sol. (b) [3 - i(z - 1)| =|-i(z - 1-33) = |-il|z — 1-37] 
la+ bot cw |+lat+ bo + cof =|z-1-3i| wali 
=|a + bw+ ow’|+|a+ ba’ + cl and |z—1—3i]=|(z — 2i) + (-1—i)| $|z —2i|+|-1-j] 
2 
=|a + bo+ ow] + lat bo+ an'| [-]z + 25] Slzy/ + [zal 
= ay > 23 
2la + bot aw'| = 2|z|2 * |z=1-3i]s|z—2i| + V2 
vende 2 2 _ - 
Hence, the minimum value of |a + bw + cw"| +|a+ bw" + co eae lz -1-3i]< /2 + V2 fe |z—-2i| < V2] 
is 23. 
= |z-1-3i|<2v2 
© Ex. 10 if|z —2i|< V2, where i =-J-1, then the maximum From Eq. (i), we get 
value of |3 —i(z —1)|, is [3 — i(z - 1)| < 2v2 
(a)V¥2— (b) 2V2 (c)2+V2 (d)3+2V2 Hence, the maximum value of |3 — i(z — 1)| is 2V2. 


JEE Type Solved Examples: 
More than One Correct Option Type Questions 


one ee eee mes EP AG A CC NT I LCT ET LE CE CIC LE LLL LOL A LEAL LE AA CL OTP 


= This section contains 5 multiple choice examples. Each ~ (z_ — 23) =(1 + i)(z, — 23) 
example has four choices (a), (b), (c) and (d) out of which : B(zs) 
more than one may be correct. 


@ Ex. 11 Ifz, =a+ibandz, =c+id are complex numbers 
such that|z,|=|Z2|=1andRe(z,z,) =0, wherei= J-1, 
then the complex numbers ®, =a + ic and@, =b+id 


ti. m2 
sy or) Al) 
 (a)[@)=1 (b)|@,] =1 | 
(c) Re(@, a2) =0 (d) None of these sae (Zz — 21) = i(z, - 23) 
‘> Z, —-Z,)=—i(z,; -—z 
Sol. (a, b, ¢) * ce Ps af 
lml=1l|=1 S 4=C80.2,=Cso . “ aoe 
Re(z,Z,) = Re(CiS(@ - $)) =0 [given] = el 
7 a ag % 
=> cos(0-9)=0 => O-O= 2 = oR 2 AC is obtained by rotating AB about A through ~ — 
and a=cos0,b=sin0,c =cos¢,d =sing anti Clossswase 
@, = a + ic = cos@ + icos¢ = cos + isin® AB= AC, ZCAB =~ 
o=0- iad | Hence, Z;, Zz, 23 form isosceles right angled triangle. 
2 . 
and =) = b+ id =sin®@ + ising = sin® — icos® @ Ex. 13 If z satisfies the inequality|z ~1|<|z +1], then 


<" 
[v¢-0- one has 
‘ (a)|z-2-i|<|z+2-i,i=V-1 


|| = 1,]@|=1 
and Re(w,@,)= Re(cos@ + isin6)(sin® + icos8) =0 (b) Jarg(z + i)| < > joa] 
@ Ex. 12 The complex numbers z;, Z2, Z3 satisfying (c) Rez) 0 = 
(z> —2z3) =(1+ f(z, — z3), where i =/-1, are vertices of a (d) Im(iZ) > 0, i = V-1 
Sol. (a, b, @) 


triangle which is 
On putting z = x + iy in the given relation, we have 


(a) equilateral (b) isosceles ae -— 
(c) right angled (d) scalene (x= 1) by <ieely ty 
Sol. (b,c) x>0 
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i.e. Re(z) > 0 --(i) Case II When y = - x, then 2xy =(x — 1)* + y? reduces to 
and on putting z = x + iy in alternate (a), then -2x? =(x-1) +x? 
2 2 2 _ 49 

ene Nala a => (x - 1)’ +3x? =Owhich is not possible. (ii) 
=> x>0 [from Eq. (i)} 1+i 
which is true. a From Eqs. (i) and (ii), we get z = 5° 
..Real part of (z + i) = x > 0, ie., no real and no purely imaginary roots 

Tt T 
th + i) lies between —— and — ’ 1 
en arg(z + i) lies between ; an ; ane l= <1 


ay, OE 
and hence |arg (z + i)|< = 
@ Fx. 151 d 
ad Tatts inlltx -apyetniye | si and z, be two complex numbers represented 
by points on circles|z|=1and|z|=2 respectively, then 


=x>0 [from Eq. (i)] 
sie. (a)max.| 2z;+2,|=4 (b)min.|z,- z,|=1 
, 5 See $3 djle e = <2 
@ Ex. 14 The equation z? - i|z -1|* =0, where i= J-1, has | z, Z2 
(a) no real root Sol. (a, b, c, d) ’ 
(b) no purely imaginary root \ _ (z,,)=1 and |z,|=2 
(c) all roots inside | z| = 1 “ |2z, + z2| S|2z,| + [z2|= 2|z,| + {z2| 
(d) atleast two roots => |2z,; + Z| $2|z,|+|z.|=2+2= 4 
Sol. (a, b, c) | oe |2z, + 22/54 
On putting z= x + iy, we have > max.|2z, + Z| = 4 [alternate (a)] 
. (x + iy)’ — ilx + iy - 1]? =0 and [2 — Z| 2 [l2;] — [zal] =|1- 2] =1 
a ae be de = |Z) -22[21 
~ y? + dixy - i((x - 1)? + y*) =0 
= ae eye ee min.|z, — Z2|=1 [alternate (b)] 
On comparing real and imaginary parts, we get 
x2 - 29 and 2 =(x-1)? + 2 Mie eel acl Mega! eg 
y* a . 4 , 2,| [| [21| 1 
Case I When y = x, then 2xy =(x - 1)" + y" reduces to a 
2 2. 2 z,+—41S3 {alternate (c)] 
2x" =(x-1)° +x . 2,| 
=> 0=-2x+1 3 
1 * and el cote late 2 a? 2p 
x=-=y Z2| \z9| Iza 2 
2 
7 ‘c= z,+—1S82 [alternate (d)] 
= a ae (i) z,| 
JEE Type Solved Examples : 
Passage Based Questions 
= This section contains 2 solved passages based upon each (b) (ab + ab) (bc. + bc) +(ca - Ca)’ =0 


of the passage 3 multiple choice examples have to be 


“ar we 
answered. Hach of these examples has four choices (a), (b), (c) (ab - ab) (be — be) + (ca + cay’ =0 


(c) and (d) out of which ONLY ONE is correct. (d) (ab + ab) (be — bc) + (ca - €a)* =0 
Passage I (Ex. Nos. 16 to 18) Sol. (6): az’ +bz+c=0 voli) 
Consider a quadratic equation az” + bz + c = 0, where a,b andc i¢ az? + be4e=0 
are complex numbers. = a(z)y +bz +e =0 
16. The condition that the equation has one purely For purely imaginary root, 
imaginary root, is _ 2s-2 
a = =a = _ Se 
(a) (ab - ab) (bc + bc) + (ca - Za)’ =0 Then, az —bz+c=0 ...(ii) 
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From Eqs. (i) and (ii), we get 


a ae 1 
be+be ca-ca -—ab-ab 
be + be ca — ca 
= Ca Ee 
ca-ca -—ab-ab 


(ab + ab) (be + bc) + (ca — Ca)’ =0 


17. The condition that the equation has one purely real 
root, Is 
(a) (ab + ab) (be — bc) = (ca + fa)? 
(b) (ab - ab) (be + bc) =(ca + ca) 
(c) (ab - Gb) (be — bc) = (ca — Ca)’ 
(d)(ab - ab) (bt — be) = (ca + Ca’ 


Sol. (c)-" az? +bz+c=0 ..-(i) 
=> az? +bz+c=0 
= a(z)? + bz +2 =0 


For purely real root, z =z 


Then, az? +bz+e=0 (ii) 
From Eqs. (i) and (ii), we get 


z? Zz ] 


-ohe Git ép—Eb 


_be-be _ ca-ca 


ab -ab 


=> z 


ca — ca 
= (ab —ab)(be - be) =(ca - ca)!’ 


18. The condition that the equation has two purely 
imaginary roots, is 


abe a bc 
ayr-=e=- b)-—=22-— 
( 5 boc ) abe 
a 5b a b ¢ 
cj-==ts-— d)—=-==+-— 
( )= ae (d) = os 
Sol. (a) °- az? +bz+c=0 ...(i) 
az’ +bz+c=0 
=> a(z)’ + bz +e =0 
Since, both roots are purely imaginary. 
# Z=-2Z 
Then, az? —bz +c =0 (ii) | 
Hence, Eqs. (i) and (ii) are identical. 
cata 
a bo c¢ 


Passage II (Ex. Nos. 19 to 21) 


Let P be a point denoting a complex number z on the complex 
plane. 


i.e. z= Re(z)+iIm (z), wherei = J-1 
If Re(z) = x and Im(z)=y, then z=x + iy 


19. If P moves such that 
|Re(z)| +|In(z)| =a(ae R*) 
The locus of P is 
(a) a parallelogram which is not a rhombus 
(b) a rhombus which is not a square 
(c) a rectangle which is not a square 
(d) a square 
Sol. (d) *- |Re(z)| + |Im(z)| = a 
=> |x| +Iyl=a 


.. Locus of P is a square. 


20. The area of the circle inscribed in the region denoted 
by |Re (z)|+|Im(z)|=10 equals to 

(b) 100 7 sq units 

(d) 110 sq units 


(a) 50 7 sq units 
(c) 55 sq units 
Sol. (a) From above, a = 10 
Diameter of circle = Distance between sides of square 
= Length of side of square = a2 = 10V2 
or 2r = 10V2 
=> r=5J2 


.. Area of a circle = mr? = 50m sq units 


21. Number of integral solutions satisfying the inequality 
|Re (z)| +|Im(z)| < 21, is 


(a) 841 (b) 839 
(c) 840 (d) 842 
Sol. (c)* |x| +|y|<21 = 0S|x|+|[y|s 20 
If x>0y>00Sx+ys20 
Number of solutions = 71C, = ees 210 
2 


“. Total integral solutions = 4 x 210 = 840 
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JEE Type Solved Examples: 
Single Integer Answer Type Questions 


LLL ALLA OLE AA OC CO CCE TET A A LLC nn PET ALT CRD TOGO ATTEN TOTIEES ERA ON a 


= This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 

@ EX. 22 Ifz,,z7,€C,z2 +22 €R,2z,(z7 -3z3) =2 and 


z, (3z7 —z?)=11, the value of z? +z} is 


Sol. (5) We have, z, (27 — 323) =2 ..(i) 
and z,(327 -2z4)=11 .(ii) 
multiplying Eq. (ii) by i (./-1) and then adding in Eq. (i), we Also, |z~(3+5i)| +|z~(5+ 11i)| = 45 
get represents an ellipse. 
3 = 3222 +1 (9422) - 23) =2 + 111 * ((3-+5i)—(5 + 11i)| = 4 +36 = V40 < 4y5 
~ (z, + iz, =2+1li (iii) with foci S,(3, 5) and Sp (5, 11). ~ 
Again, multiplying Eq, (ii) by (- #) and then adding in Eq. (i), Distance between foci = 5,5, = 40 =2V10 = Diameter of 
we get circle 
z - 32,25 - i (3z;z, ~23)=2-1li Heh dae = 2/10 _ 
=> (z, — iz,)) =2-11i ...(iv) = ae = vi10 = 2a=4V5 = a=2v5 
ae 
Now, on multiplying Eqs. (iii) and (iv), we get . SS 
2 23 3 a v2 
(z; +22) =4+121=125=5 ae nD 
2422 =5 Now, b = ay|(1 -e’)= nf “3 )Fai0 = Radius of circle 
© Ex. 23 The number of solutions of the equations . Centre of the ellipse = Mid-point of S, and S, 
|z-(4 +81)| = 10 and|z —(3 +5i)| +|z —(5 +11/)| = 4V5, Ft tl 4g ie. (4,8) 
where i = aj tt 
aiedin which coincides with the centre of the circle and length of 
Sol. (2) Here, |z — (4 + 81) = minor-axis is equal to the radius of the circle. Hence, there 
represents a circle with centre (4, 8) and radius V10. are only (2) two solutions of the given equations. 


JEE Type Solved Examples: 
Matching Type Questions 


ee ene tne ae ee mt ree ene ee 8 re eer 


= This section contains 2 examples. Examples 24 and 25 have three statements (A, B and C) given in Column I and four 
statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 


statement(s) given in Column II. 


© Ex. 24 
Column | Column Il 
(A) | IfAandy are the greatest and least values of |z — 1], if |z + 2+ i|< 1, where i = J], then | (p) | A +p = rational 


@) If Aand p1 are the greatest and least values of |z - 2|, if |z + i| $1, where i = 1, then (q) A +p = irrational 


© If ha and [Ul are the greatest and least values of |z + 2i], if1<|z—-1|$ 3, wherei=J-I, then | (r) | i -p = rational 


(s) |A—p = irrational 
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Sol. (A) > (q, 1); (B) > (q, 1); (C) > (p, s) 


(A) |z+2+i[S1 
=> (z-1)+(3+i)[S1 
— |w+ (3 + i)| $1 where, w=z—-1 


From the figure, the greatest value of 
|z —1|=|o/=|@-0| = OB= OP + PB =V/10 +1 


A=V10+1 


and the least value of |z — 1] =| 
=|w-0| =OP- AP= 10-1 
e p=V10-1 
=> A+tp=(V10 +1)+(710 - 1) =2V10 = irrational 
and = =A-p=(V10 +1)-(v10 - 1) =2= rational 


|z+2+i]<1 
=> \((z-1)+(3+i|/S1 
=> jw+(3+i))/ $1 ...(i) 


where, ®=z—1 
2 [w+ (3 + i) 2 ||] —|3 + il] 
or (w+ (3 + i] 2 |lw} — v10] ...{ii) 


From Eqs. (i) and (ii), we get 
{lol - ¥10] <|w +34 i] <1 


= \lo| - V10] <1 
or ~1<|o|- 10 $1 
or V10 -1S|aj< V10 +1 


A=V10+1 and p=Vi0~-1 
anh A+p=2V10 = irrational 
and A-p=2=rational 


(B) *." lz+i{S1 
=> \(z -—2)+(2+i)| <1 
= |jw+(2+i)|S1 
where, W=z-2 


From the figure, the greatest value of|z — 2] =|| 


=|m-0| = OB 
= OP + PB=V5 +1 
A=V5 +1 


and the least value of |z — 2| =|a| 

=|w@-0| =OA=OP- AP= 45-1 
; p=v5-1 
am A+p=(V5 +1) +(V5 1) = 25 = irrational 
and A-p=(V5 +1)-(V5 - 1) =2= rational 
Aliter 


5 |jz+i[<1 

= (z-2) + (2+ i) <1 

= Jo+(2+i)|S1 

where, @=z-2 ..{i) 
|o+ (2 + i)| 2 |]o|-|2 + ill 

or {+ (2+ i)| 2 |]ol - V5] ..Aii) 


From Eggs. (i) and (ii), we get 
Ilo - V5|S|m4+24 i] <1 


= [|| - ¥5| <1 

or ~1S|o|- v5 <1 or V5 -1S5|o|< V5 +1 
A=V5+1 and p=V5-1 

=> 0 +p =2v5 = irrational 

and A -=2=rational 

(C) 1<|z-1|/<3 

=> 1S |(z + 2i) — (1+ 2i)| <3 

— 1<|@—(1+2i)| $3 eli) 

where, Q=z + 2i 


From the figure, the greatest value of |z + 2i| =|| 
=|w-0| =OA=OP+ PA = 7543 
A=34+45 


and the least value of |z + 2i| =|] 
=|-0| = OB= PB- OP=3- V5 


p=3-5 
= A+y=(3+ ¥5)+(3- V5) =6 =rational 
and = A~p=(3+ V5) - (3 - V5) = 2V5 = irrational 
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(a) lif {(— 41 + J(—3—4i) =z the principal 


value of arg (z) can be (where i = one 


value of arg (z) can be (where i i= fl 1) 


Sol. (A) > (q, s); (B) > (q, s); (C) a r) 


" [|z| + Re (z) ' t= Bet) 
pis +| (EEE [eRe mz) >0 
_4( flzl+ Rel) _, {some zal) sitebice 
\V 2 
aes FE = +(2-i) 
¥ 2 2 
——— _,{ [s-3_, [5+3° f 
e-a=4[ : ips J- + (1-2i) 


z= (3-41) + /(-3- 4i) 


z=+(2-i)+(1-2i) 


JEE Type Solved Examples : 
Statement and Il Type Questions 


Nn Ore ee ee ee nee ee ee ee we) 
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=331,1+i1,-1-1<34 31 


*. Principal values of arg (z) = — 7 = —— 


N 


rr 


(B) [erie = 4{ JP* +i 
+1 


= +(3 + 2i) 
JC 5+ 128) =+ foe 2 ee 
LE 2 2 
= +(2+3i) 
z= (5+ 12i) + J(-5 + 12i) 
=+(3 + 2i) (2+ 3i) 
=5+5i,1-i,-1+i,-5—5i 
Tl T 3% 31 
*. Principal values of arg (z) = —,- —, —, - — 
P g (2) rae or ae 
—— 17-15 17+15 
C) j-15+8i=+ jase ei ee 
9 ( 2 V2 
= +(1+ 4i) 
and 4-15-81 = J-15+8i =+(1+ 4i) 
= +(1- 4i) 


z= J(- 15+ 8i) + J(— 15 - 81) 


=+(1+ 4i)+(1- 4i)=2,8i, - 8i,-2 


‘. Principal values of arg (z) = 0, -. - > Tt. 


emt nm ee ae Ne ce 


® Directions Example numbers 26 and 27 are Sol. (c) Statement-1 


Assertion-Reason type examples. Each of these examples 
contains two statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


® Ex. 26 Consider four complex numbers z, = 2 + 2i, 

Zo =2—-2i, Z3 =-2-2l andz, =—2 + 2i, where i=./—1. 
Statement-1 z,,Z,,2Z3 and z, constitute the vertices of a 
square on the complex plane because 


Statement-2 The non-zero complex numbers z, Z,- Z,—Z 
always constitute the vertices of a square. 


AB =|z, — z2| =|4i| = 4, 
C =|z2 - z3|=|4] = 4, 
D =|z; —z,|=|-4i|=4 
A =|z, -2,|=|-4]= 
AC =|z, - 25|=[4 + 4i] = 4V2 
and BD =|z, - z,|=|4 - 4i| = 4v2 
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It is clear that, AB = BC = CD = DA and AC = BD 

Hence, z;, Z>, 23 and z, are the vertices of a square. 

*, Statement-1 is true. 

Statement-2 If z=a+ ib 

Ifa#b 

Then, AB =jz — 2z| =|(a + ib) —(a— ib)| = 2|b| 

=|Z -(-—z)|=|z +z|=|a-—ibt+a+tibl= 
AB # BC 

Statement-2 is false. 


2a 


@ Ex. 27 Consider z, and z, are two complex numbers 

such that|z, +z 2|=|z,|+]z2| 

Statement-1 amp(z,)—amp(z,)=0 

Statement-2 The complex numbers z, and z, are collinear 

with origin. 

Sol. (b) Statement-1 
lz + 22] = lal + [22! ---{i) 

If amp(z,) = 0, and amp(z,) =8,, then 


lz +z2[° =|z/° +|z,? + 2[z,||z2| cos (8, — 82) 


Subjective Type Examples 


® In this section, there are 24 subjective solved examples. 
© Ex. 28 if| z—iRe(z) |=| z —Im(z) then prove that z 
lies on the bisectors of the quadrants, where i = J-1 : 
Sol. Let z = x + iy, where x,ye€ Randi=,-1 
‘ Re (z) = x and Im (z) = y 
Then, |z-iRe(z)|=|z-Im (z) | 
|xtiy-ix|=|x+iy-y| 
|x-i(x-y)|=|(x-y) + iy| 
yx? +(x-y)? =y(x-y)? ty’? 
x? 4(x-y) =(x-y) ty’ 
<=y ory=tx 


YuUdyeudy 


Hence, z lies on the bisectors of the quadrants. 


@ Ex. 29 Find the greatest and the least values of | z,+ Za) 
ifz,;=24+7i and| 22 |=6, where i =./-1. 


Sol.) 2; =24+7i 
*» | 2 [= y(24)? +(7)" = 25 
|| 21 |-| 22 I| S| 21 + 22 [S| 2 [+] 22 | 
=» |25-6|<| 2, +z, |<25+6 
or 19 $| Zz, +z, |$31 


Jz)" +[z2|? + 2|z1 |z2| cos (8, — 82) 
[from Eq. (i)} 


= (l4{+|z21)’ = 


=> |z,|? + |zo[? + 2[z,| |z2| 
= |z,|? + |z2|° +2|z,||z2| cos (8, — 6) 


cos (8, —8,)=1 


Z, 29 O 


=> 6, -8, =0 

or amp(z,)— amp(z,)=0 

*, Statement-1 is true. 

Statement-2 Since, z;,z, and O (origin) are collinear, 


then 
am ea ) =0 
O = 22 
=> amp{ 2 =0 
(22, 
> amp(z;) — amp(zz) = 0 


‘, Statement-2 is true, which is not a correct explanation of 
Statement-1. 


Hence, the least value of| z, + 22 |is 19 and the greatest 
value of |z, + Z,| is 31. 


@ Ex. 30 Let S denotes the real part of the complex number 
5+2i ‘ 20+5/ 
2-5i 7+6I 
of the imaginary parts of the roots of the equation 

2 _8(1—-i) z +63 —16i =0 and G denotes the value of 


, +3), wherei= JA, K denotes the sum 


2012 = 
X i", where i =~—1, find the value of S- K +G. 
r=4 
Sol. For S, 
_~Ot2i) , (20+5i) | .. 
(2-5i) (7 +6i) 
(5-+2i)(2+5i) , (20+5i)(7-6i), 
Seo er 
29 85 
gp OPO 4. 170 - 851 43 
29 85 
=i+2-i+3i=2+3i 
”. Re(z) = . S=2 
For K, 


Put z = x + iy in the given equation, then 
(x+ iy)’ -8(1- i)(x + iy) + 63 - 161 =0 


WWW.JEEBOOKS.IN 


On comparing the real and imaginary parts, we get 
x’ —y* -8(x+y)+63=0 ..(i) 
and xy +4(x-y)=8 ...(ii) 
On substituting the value of x from Eq. (ii) in Eq. (i), we get 
yi + l6y’ +...=0 


K=-— 16 
2012 2009 
For G, G=a bred fret * +021 
r=4 r=] 


S-K+G=2-(-16)+1=19 


© Ex. 37 if| z-1 | =1, where z is a point on the argand 


a =i tan(arg Z), wherei=~/-1. 


plane, show that 


Sol. Given, |z-1|=1 => |z-1f =1 


=> (z-1)(Z-1)=1 > zz7-z2-Z=0 


=> (z+z)=zz => ~tisz 
Z 
= -=z-1 ..i) 
‘ ‘Im (z)) 
Now, RHS = i tan (arg z) =i 
a , Re (z) ; 
=i . 
asi 2i_ ay oe 
» |Z42Z i(z+2zZ), 
2 
z 1 
-zZ > eh =9 
Se a Ma aa [from Eq. (i)] 
zZ+zZ fi (z-1)+1 z 
Z 
= LHS 


Aliter 

We have, | z-1 | = li.e.(z — 1)is unimodular, so we can take 
z-l1=cos@+isin8 
z-2=-1+cos0 +isin® 


ee ee 
2 2 2 
= 2? gig? Cop Oe @ 
2 2 2 


or z-2=2isin AG = +isin 8) ...({i) 


2) 


and z=1+cos8 + isin8 
=2 cos? S aide eee 
2 2 2 
2= 2 cos Z ieee a + isin 8) ..(ii) 
Zt @ 2) 
From Eqs. (i) and (ii), we get 
z=2 


a Aiea 
z 2 


Therefore, aa i tan (arg z) [- arg (z)= 0/2 from Eq. (ii)] 
z 
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@ Ex. 32 Ifarg(z") =o arg (z? +2 2 "3), find the value 
of|2| 


Sol. We have, arg (z'’*) = arg (z? +z z!/) 
=> 2 arg (z'!*) = arg(z? +z 2°) 
=> arg (z?!*) = arg (z? +z 27) [by property] 
=>  arg(z? +z 2"3)—arg(z?/3)=0 
2, 5,"3 
z +22 
=> arg a | =0 [by property] 
aay 2) 
= arg (- so “| =0 


473 4 2s 
=> 2 +B is purely real. 


=> =0 
2i 
ink gid 4 = =(z)"3 Lie 
z (z) 
a3, (Z) (Zz)? _ (zyel3 z(z)" 
“ & ; 2/3 eer 2/3 
|= | |z| 
[23 Zyl? = (2 7) =| 2 [°°] 
= 1 = 
= z4f3 —(zji3 — = (z)3 -(z)'/4)=0 
| z 
= fet zy] 1 Jao 
213 
[z| 
JzPr* =1 [z#z] 
Therefore, | Zz | =1 


@ Ex. 33 C is the complex numbers f:C — R is defined by 
Fila =| z>-z+2 Find the maximum value of f (z), if 
| z |=1. 
Sol. *. | z |=1 
z=e® 
: f(e*)=|e-e% +2| =|e7®(e®—e°*) +2| 
=| 62/9. 2i sin® +2| 
= | (cos26 + i sin26)-2i sin® +2 | 
= | (2—2sin26 sin®) + 2i sin® cos20 | 
=2| (1 -—sin20 sin6) + i sin® cos20 | 


=2 y(l —sin20sin@)’ +(sin®@ cos20)’ 
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=2,(1+sin? 6 —2sin@ sin26) 


=2 1 +sin’6 (1— 4 cos6) 
= 2/1 + (1 — cos) (1+ cos®) (1 — 4 cos6) 


1 it 
For maximum value, cos9 = — - E cos8 #-1,1, 7 | 


“. Maximum value of f (z) =2) + (2) = (3) = 13 


@ Ex. 34 Prove that the complex numbers z, and z, and 
— ’ ‘ : ‘ 20 
the origin form an isosceles triangle with vertical angle a if 


2 2 
21 +Z +Z1Z2 =(,. 


2 2 
Sol. Given, Zj)+2Z2 +2,z, =0 
=> (z, = WzZ>) (2, = wz.) =0 
=> 2 = WZ5 or 2 = wz, 


In the first case, |z,|=| oz2| => [z)|=|cllzo|_ = :| = [22 | 


Hence, two sides equal 
amp (z,)= amp(@)z2 = amp() + amp (zz) 


an 
= amp (z;)= = + amp (Z2) 
2m 
= amptas) amp ten) 


So, the angle between two sides is =. 


Similarly, the other case 

I. Aliter 

Given, Zz, + Zo" + 2,2, =0 
= * (z, — Wz) (z, — w°z,) =0 
a> 2, = Wz, orz, = Wz, 


In the first case, z, = Wz, 


si? 

=> (z, — 0) =(z, —0) e?"!/? “o=e 3 
sor : : 

= OA = OBe?™/3 


—_ —_ 20 
i.e., OA is obtained by rotating OB through angle of a 


0 
on/3 
B(Z2) A(z;) 
2 
es OA = OB and ZAOB = = 


Thus, triangle formed by z,, z2 and origin is isosceles with 


on 
vertical angle = 


II. Aliter 
Here, OA = OB .. (i) 
From Rotation theorem, 


%-0_ OA e2nil3 


Zo 0 OB 
_ 2m | : 
=> A = ee ak + isin 7") [from Eq. (i)} 
Zo \ 3 3 . 
=> a =— 1 + iva 
22 2 2 
= ae Ai) 
Z2 2) 2 
On squaring both sides in Eq. (ii), we get 
= a 114.2 
Z 4 2% 4 
Zz 
=> 1 4+—+41=0 
2 
Z2 22 
2 2 
=> Z, +2,22 +2, =0 


2 2 
Z +2, +2,2) =0 


@ Ex. 35 Ifa =e7™"", where i =./—1 and 
20 
f(x)=Agt dL Ay x, then find the value of 
k=1 
f (x) + f (ax) + f (a?x) +...+ f (0°x) independent ofa. 
Sol.s a =e?™!? 
a’ =e?" =cos2n +isin2n =1+0=1 or a =(1)"7 
”. 1,a,07,a°,a*,a°,a° are the seven, 7th roots of unity. 
20 20 
o f(x)= Ag + Y Age = YS Ayx® 
k=l k=0 
Now, f (x) + f (ax) + f (a?x) +... + f (a°x) 


= y Ayx*[(( (aE + (ak + (2) +... + (05 )*] 
k=0 

= Ag x°(7)+ A; x’ (7) + Ay, x" (7) 

=7(Ay +A, x’ + A,, x4 


“(1 + ay + (a? +... + (0 
7 [i k is multiple of 7 


7 | 0, k is not multiple of 7 


© Ex. 36 Show that all the roots of the equation 

Q,z°> +@, 2° +43z +a, =3, (where| a; |S1,i=1, 2, 3, 4) lie 
outside the circle with centre at origin and radius 2 / 3. 
Sol. Given that, a,z* + a, Z* 4 Q3;Z +a, =3 
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We have, 3 |=| a2" + Q2z" + az +a4| 


3S|az*|+| a,27|+| a2 |+| a | 


[~ 1a] $1] 


> 3S|a,||z*]+| a2 |[z?]+|as |] z [+] a4 | 
= 3s|alfz[ +{a ||zf +o ||2|+]a 
=> 3< |zf+|z[+|z|+1 
=> 3sit|z|+|zf +|zf <1t|z|+|z| +|z/ +... 
=> 3<i¢|z|+]z[ +z) +.. 
- 1 
1-|z| 1-|z| 


= 1-|z[<+ = 2-|2/<0 
ss 3 


= |z|>2/3 or|z-0|>2/3 
Hence, all the roots lie in the exterior of circle, 
|z-0|=2/3. 


@ Ex. 37 If A,BandC represent the complex numbers 
Z;,Z2 andz; respectively on the complex plane and the 


angles at B andC are each equal to > (1 —Q), then prove 


that(z, —z3)? =4(z3 —Z,)(z;—Z2) sin’ (= 


Sol. It is given that, 


PARE = ZACR =a 

| 2 2 
=> LA=a 
AC = AB 


So, A ABC is an isosceles triangle. 
Considering rotation of AB about A through anglea, we get 


A(z1) 


B(Z2) 
Z,—-Z 
nl, 3 ge pte 
22-2 
Z4—-Z 7 
> 3! = cosa t+isina 
Z2 7 2 
Z4—-Z a 
3} _ 1 =cosa —1+isina 
2272 
Z4—Z . 9 ., a a 
=> “3 "2 ~~ 2sin? — + 2i sin— cos — 
22 ky 2 2 2 
23-22 <i, & a .. @ 
or —— = 2i sin —| cos ~— + isin — 
“ 22-2) yy 2 2) 


..{i) 


...(ii) 


21 7 22 
2] + Z2 
number. Find the angle between the lines from the origin to 

the points z, + Z, and z, —Z, in terms of k. 
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On squaring both sides, we get 


(Ge —3,)" in? & oe ay 
———~ = -4sin® —| cos — + isin — 
(z2 - 24)’ 2, 2 2 
=-4sin’ (cos Qa + isin &) 
[from De-Moivre’s theorem] 
— 2 — 
{yr Za) =-4 sin? ¢ a5 = Fi {from Eq. (ii)] 
(z2 — 2) a\ 22-2 
Therefore, (z, — 23)’ = 4 sin? (a /2)(z3 — z,)(z, —z2) 
Aliter bis 
‘o ZABC = ie = 


23 en, 22 BC 
\ 
and ZACB = (= ai =| 
2 2 
From Coni method, we have 
(nx 
faa iy BE N19) ii) 
2) = 24 AC 
On dividing Eq. (ii) by Eq. (i), we get 
(zz —z)° = (BC)? -(22) [: AB = AC] 
(23 -—%)(2)-z,) AB-AC \ AB 
2 
— [using sine rule] 


. (a) 
' (2 | 


Therefore, (z, — 23)” = 4(z3 — z,)(z, —Z2) sin? a /2 


@ Ex. 38 If z, and z, are two complex numbers such that 


iz ; 
=1, then prove that — =k, where k is a real 
Z2 


7 2-2 
Sol. (i) Given, ee | 
2 1 22 
z 
1-1 
=> 72 =1 
Fad 
22 
z z 
= 4-1}/=|++1 ..(i) 
22 22 
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On squaring Eq. (i) both sides, we have 


2 2 Z 
+1-2Re| |= +14 2Re( 2] 
Z2 22 
4 Re 21 \=0 
22 


z; 


22 


2 


22 


=> 


Bi ee 
=> — is purely imaginary number 
22 


z ; Zz 
=> — can be written as i— = k, where k is a real number. 
22 Zo 


(ii) Let @ be the angle between z, — z, and z, +z, , then 


Q(z; +22) 
8 
O P(Z4-Z2) 
a _ 
Z) + Z2 a ao 
6 =ar = arg = arg | — 
Z;— 22 Fi a3 \~ik-1 
\ 22 / 


err (k? — 1+ 2ik 
= ar = arg ; ——————_ 
1+ ik | ke 44 


‘\ 


Therefore, 8 = al is 
k* -1 


, hahaa | i 4 
Aliter (i) Given, | +2 |=1 
2, +22 
4-2 cosa +isina 
Let fat > —______...... 


Z; +2 1 
(zZ; — Z2) + (Z, + Z2) _ 1+ cosa + ising 


(2, + 22) —(Z - 22) 
componendo and dividendo] 


a, cos" 4 + 2i sin (=) cos (=) 

2 ) —2i sin (=) cos (=) 

zeta G))) 
~2i sin{ ©) (cos (=) +isin (= 


[ by 


1-— cosa -—isina 


ae % 


colt a) 
~~ 4e-_\2) 
29 i 
=> 1 = t (%) = k (say) = real 
22 
Hence, Piok 
22 


(ii) Now, let the angle between OB and OA be 8, then from 
Coni method, 
ray + 227 0 = OB “ Ft) 


2; + Z2 id 
2, — 22 
_ Zz, + ) 2f [from Eq, (i 
41 — 22 
Alyy Bac 
~ |% gO a SES oe (from Eq. (ii}] 
A ‘ -—ki-1 
22 / 
B(z, + Zo) 
6 
O A(Z1-Z2) 
- -1+ki = 8 
1+ki 
(1 + ki)(1 - ki) 
m (k? -1) 2ki _,8 
(k° +31) 14k? 
-1 
. a Re (e ®) = cos0 = a = 
..(i) ie 
and Im(e®) = sin® = 
k? +1 
tan 6 = 
ap | 
2k 
Therefore, @ = tan”! 2 
k* -1 


@ Ex. 39 ifz=x + iy isa complex number with rationals x 
and y and| Zz | =1, then show that | z7" 4 | is a rational 
number for every ne N. 

Sol. Since, | zZ |= 1, where z is unimodular 


z=cos@ + isinO 
As x and y are rational, cos@,sin6 are rationals 


"(2 --) =|2f' [2-2 


= 1| 2isinn6 | 
= 2| sin 0 | 


a | 22" -4 
I 


Since, sin 8 is rational, therefore | go = 1 | is a rational 


number. 


wafii) 
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@ Ex. 40 Ifa is a complex number such that| a [=1 then 


find the value of a, so that equation az? + z +1=0 has one 
purely imaginary root. 
Sol. We have, az?.+z+1=0 sieht) 
On taking conjugate both sides, we get 
az? +z+1 =0 
= az)’ +Z+1=0 
=> a (-z)? +(-z)+1=0 
[since, z is purely imaginary, z = — z] 
or a@z*-z+1=0 .».(ii) 
Eliminating z from Egg. (i) and (ii) by cross-multiplication 
rule, we get 
| (a -a)’+2(at+a)=0 
On dividing each by 4, we get 


or — (Im (a))* + Re(a)=0 iii) 
Given | a | =1 
Let a=cosa +isina 


| f Re (a) = cosa, Im (a) =sina 
| Then, from Ea. (iii), we get 
| —sin? @ +cosa =0 or cos*a + cosa ~1=0 
-1tJ1+4 

2 


V5 -1 


cosa = 


Only feasible value of cosa = 


Hence, a=cosd@ tisina 


* 
= 5-1 
where, a =cos™ fe 
q 2 


© Ex. 41 Ifne N >1, find the sum of real parts of the roots 


of the equation z" =(z +1)". 
Sol. The equation z” =(z +1)" will have exactly n — 1 roots. 
We have, 
\a n 
(72) er (=) =|1| 
a | 2 ) 
\z+1 | 
=> 
|z| 
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Therefore, z lies on the right bisector of the segment 
connecting the points 0 + i-0 and ~ 1 + 0-i. Thus, 

Re(z) =— 1/2 Hence, roots are collinear and will have 
their real mene equal to - 1/2. Hence, sum of the real parts 


f: 
of roots is fe (n —1) } 


Aliter 
z" =(z+1)" 
z+1)" z+ 
=> ( | =1 or ——=(1)'" 
z} z 
= (cos0 + isino)'”” 
=(cos2rn + isin2r mn)" 
1 arm 
= 142 cos) 4 isin( *) = anne 
Z n) ) 
1 m 1 
or —=(e7™/" _4) =e" .2isin (=} 
z n 


tre 
1}. ] aon 
or Z=-j-|i-———~e " 
2 (tr 
sin | — 
ta 
tr =) 
cos — — isin — 


git 


sin : 
Re(z)=~ = [here r #0] 
where, r = 1,2,3,...,.2—-1 
Sum of real parts of 2 =~ > ~——<—..~(n~ 1) times 
1 
=n oat) 


@ Ex. 42 Prove that the angle between the linea z +a Zz =0 


and its reflection in the real axis is 
| 2Re(a)im(a) __ | 


[{im(a)}? ~ {Re (a)}*| 
Sol. Let z = x + iy, then equation a z + az =0 can be written as 
(a+a)x+i(a-a)y=0 


sé (222}<+ (4 ]y=0 

2 2i 
= {Re (a)}x + {lm (a)} y =0 
{Re (a)} 
{Im (a)} 
(Re(a)} 4 - Re(a)} 
{Im (a)} {Im (a)} 
Hence, angle between the given line and its reflection in 
real axis 


8 =tan 


‘. Slope of the given line (m) = — 


Then, tan (180°-9) = —- 
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F Zp =20(c080 + isin@) =20(2+ 4 
=. 5 65) 
oO ° 
5 ee Zp =12+ 161 

a e Similarly, Zg =— 12 + 16i 


From the figure, E is the point with least modulus and D is 


the point with maximum modulus. 
Real axis on Seem) eee 


S 
A & 
4S 
o/s 
<= 


Hence, Ze = OE = OC — EC = 25i — 153 = 10 
o> oO 
and Zp = OD=O0C + CD = 25i + 15i = 40i 


_ = i me =i ( 2 tan 0) | 
=a) tan saneey= ten la — tan? 6 @ Ex. 44 Two different non-parallel lines meet the circle 


‘ |z|=r in the points a, b and c,d, respectively. Prove that these 
gue ¢ ’ a‘+b'-c'-d" 
a {Im(a)} -1| 2 Re(a) Im (a) | lines meet in the point z given by z = a 
= tan ee =tan -: ee aoe Ow | ap" =e" 
_— Re(a)} | {im (a)}? - {Re(a)}? | 
{Im(a)}? where a, b, c,d are complex constants. 


Sol. Let two non-parallel straight lines PQ, RS meet the circle 
|z|=r in the points a, b and c, d, then 
@ Ex. 43 Among the complex numbers z which satisfies la|=r,|b|=r,|c|=r and|d|=r 


|z —25i| $15, find the complex numbers z having 
(i) least positive argument. 
(ii) maximum positive argument. 


(iii) least modulus. 


(iv) maximum modulus. 


Sol. The complex numbers z satisfying the condition or lal? =|b[? =|c|? =|d |? =r? 
|z-— 251] $15 ..{i) => fia hpad Pad a ae" 
2. 22 2 er: 
fo ha Fae and = 
Tangent from a b E d 
origin For line PQ, points a, band z are collinear, then 
z 2 1 
aa 1;/=0 
bob 1 
=> z(a—b)-2Z(a-b)+(ab — ab) =0 


2 2 2 2\ 
> z ree aa -Z(a-b)+ ar® _ br” =0 
a b b a } 


are represented by the points inside and on the circle of 


radius 15 and centre at the point C (0, 25). On dividing both sides by (b — a), we get 
The complex numbers having least positive argument and r? . 
maximum positive arguments in this region are the points an ner ab (a+ b)=0 
of contact of tangents drawn from origin to the circle. - 
zz (a+b) , 
Here, 8 = Least positive argument = ae © at aS a =0 i) 
and = Maximum positive argument . Sinilafly,AelineRSweget 
-. In AOCP, OP = (OC)? - (CP)*= (25)* - (15)* = 20 2 = (e+d) = 
—+— = = eel 
‘ OP 20 4 cdr? cd 
and sin 9 = —~ = — =— 
OC 25 & On subtracting Eq. (ii) from Eq. (i), we get 
-1{ 4 
aie = =tan*(4) [5-2 )-G29 648, 
3 3 ab cd ab cd 
Thus, complex number at P has modulus 20 and argument = (ab! — ed) = a4 pt - et gt 
sage | —l pol nel 
Cate (£) Therefore, 7 Sie it Ai 


a hn goa 
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@ Ex. 45 ifn is an odd integer but not a multiple of 3, then 
prove that xy (x +y)(x* +y’ +xy) is a factor of 
(xty)" -x"-y". 
Sol. We have, xy(x + y)(x? +y? + xy) = xy (x+y) 
(x - wy) (x — w*y) , 
and let f(xy)=(xt yl -x"-y" ..(i) 
On putting x = 0 in Eq. (i), we get 
f@y)=y" -0-y" =0 
.. x —Ois a factor of Eq. (i). ‘ 
On putting y = 0 in Eq. (i), we get 
f(x, 0)=x"-x" =0 
*. y—0Oisa factor of Eq. (i). 
On putting x =— yin Eq. (i), we get 
FRPP ty Fy ey 
=0-(-y)’ -y"=y" -y" =0 [because n is odd] 
. x + yis a factor of Eq. (i). 
On putting x = wy in Eq. (i), we get 
f (wy, y) = (wy + y)" -(@yy’ —y 
=y" [(@+1)" -@" - 1] 
=y" [(- @ - a -1)} 
=-y" {o"" +o" +1} 
Since, n is odd but not a multiple of 3, then n = 3k + 1 or 
n = 3k +2, where k is an integer. 
wo" +o" +1=0 


f(ay, y)=0 
x — @y is a factor of Eq. (i). 


n 


[1+ + =0] 


[because n is odd] 


[in both cases] ...(ii) 


On putting x = wy in Eq. (i), we get 
f (o*y, y) = (ay + y)" -(w'y)* = y" 
ay" {(a Ae 1)" = wo" = 1} 
= y" {(- a)" - wo" - 1} 
=-y" {oe + 0°" +1} [because, n is odd] 
=0 [from Eq. (ii)] 
. x — @’y is a factor of Eq. (i). 
Combining all the factors, we get 
(x -0)(y -0)(x + y)(x — wy) (x — wy) 
Therefore, xy (x + y) (x? + xy + y’)is a factor of 
f(x,y) = (x+y) — x8 -y" 
@ Ex. 46 Interpret the following equations geometrically on 
the Argand plane. 


(i) |z-1,t]z+1|/=4 (ii) arg(z +i) -arg(z-i)=" 


Tl 

(iii) 1<|z-2-31| <4 (iv) © <arg(2)< > 
‘ectlea’ 

iz-te9 | 


(Vv) 10g cos m3 |3|z-1|-2| 
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Sol. (i) Since, |z-1]+|z+1|=4 
i.e., (distance of z from the point 1 + 0- i) + (distance 
of z from the point — 1 + 0-i) = 4 (constant) 


ie., The sum of the distances of z from two fixed 
points 1 + 0-i and — 1 + 0-iis constant, which is the 
definition of an ellipse. 

Therefore, locus of z satisfying the given condition 


will be an ellipse with foci at 1+ 0-i and —1+0-i and 
centre at origin. 


(ii) Given that, 


Tv 
re ae came le 
(z+i\ nm 

or arg| Sloe ..(i) 
(\z-ij} 2 


‘\ 


Let the points A and B have affixes i and ~ i and the 
point P has affix z. Then, Eq. (i) can be written as 


ZBPA=~ | ZBPA= see = 
2 \z-i 

Thus, locus of P(z) is such that the angle subtended at 
P by the line joining points A and B is - This is the 


definition of a circle with diameter AB. 


Therefore, locus of point z is a circle with diameter AB 
and centre at origin with radius 1. 

(iii) We have, 1 <|z — 2 —3i| < 4 represents a circle with 
centre at (2,3) and radius r € (1, 4). 


Since, |z —2-3i|> 1 represents the region in the 
plane outside the circle. 


|z-2-3i|=1 (i) 
and |z —2—3i|< 4 represents the region inside circle. 
|jz-2-3i|=4 iii) 


Hence, 1 <|z — 2—3i| < 4 represent the angular space 
between the two circles (i) and (ii). 
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Tl 
(iv) We have, 7 < arg (z)< ri 


Let z=x+iy = arg(z)= tan! (2) 
x 


The given inequality can be written as 
T < ™ 
—<tan™ (2} == 
4 


ae 
=> tan << tan= 
4 x 3 
=> <2 <8 
x 
=> x<y<v3x 
This inequality represents the region between the lines 
y=xand y= 13x 
z-1]+4 | 
(v) We have, lo Jiz-il+4) 
Scos 1/3 |3}z-1{-2] 
| iz-1]+4] 
or logy;2 1; > 1 
Bi/2 3\z—-1]-2| 
[z-1]+4 (1 
= ————— <- 
3|z-1|-2 2 
or 2|z—-1|+8<3|z—-1|-2 
=> lz-1|>10 


Hence, the inequality represents exterior of a circle of 
radius 10 with centre at (1, 0). 


@ Ex. 47 Show that the triangles whose vertices are 
Z1,Z2,Z3 and z,,Z,’,Z3' are equilateral, if 
(2) 22) (24 — 22") =(Z2 ~ 23) (Za - 23°) 
=(Z3 —Z)(Z3’- 2") 
Sol. From the first two relations, we have 


2— 22 _ 22723 


, 
Z2/ — 23" Zz, — 22 


_ (z- 22) + (22 —%) 2s 
: (z2 — 23°) + (a — 22°) - zy’ — 23" 
a a (i) 
Zy/ 23° 4-23 
Also, from the last two relations 
(22 = 23) (Z2’ — 23) = (23 ~ 2) (z3° — 2’) .»(ii) 


On multiplying Eqs. (i) and (ii), we get 
(z — 22) (Zz — 25) =(z, - 24)" 
or Zz," + Zo + zs = 2122 + Zo 23 + 232 


Hence, the triangle whose vertices are z,, 2, and 2z; is 
equilateral. 


Similarly, it can be shown that the triangle whose vertices 
are z,’,Z,’and Z,’ is also equilateral. 


@ Ex. 48 Show that the triangle whose vertices are 
Z1,Z2,Z3 and Z,’,Z2°,2Z3’ are directly similar, if 
é 
Z, Z; 1 


Zo Z>’ I\=0: 


23 z3° | 


So 


. 


Let A, B,C be the points of affix z,, z2,z; and A’, B’,C’ be 
the points of affix z,’,z,’,z3’. 


Since, the triangles ABC and A’ B’C’ are similar, if 
BC= AB’C’ 


ie., (z3 — 22) =A(zq’ — 22’) (i) 

— — 
and CA=iC’‘A’ 
Le., (z, ~ 23) = A(z,’~— zs”) (ii) 

A’ (21) 
A(1) 
a o 
BE) Cizs) B ') C’ (za) 


On dividing Eq. (i) by Eq. (ii), we get 
Z3— Zz _ 23-29" 
21 — 23 - 2,’ — 23" 
= 23 (2, — 23) — 22 (2% - 23) 
= 2, (23 ~ 22’) — 23 (23 — 22’) 
=> 24(Z2" — 23°) — Zz (z)" — 23") + 23 (z,' —Z2") =0 


ZZ 1 
Hence, Zo 29° 1|=0 
23 ae ] 
Aliter 
Since, AABC and AA’ B’C’ are similar. 
AB B 
et ee oes and ZABC = ZA’ B’C’=a {say] 
A’B BC’ 

Then, from Coni method in A ABC and AA’ B’C’, we have 
Zi — 22 _ AB a (i) 
2g =25 BC 

and i a wdii) 

23 — Z2 B id 
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; AB BC AB A’‘B’ 
Since, —_ = ——  “.. — = — 
A‘’B’ B’C’ BC BC 
Z; — 22 2" — 22", 


From Eqs. (i) and (ii), we get : ; 
23—22 23 —22 


a | 
On simplifying as in Ist method, we get] z. z2° 1}=0 
24 2° 1 
@ Ex. 49 If w is the nth root of unity and z,, 2 are any two 
complex numbers, then prove that 


=1 
y lz, +0" z, j =n{| zy ’ +| Z2 \"} where n€ N. 
k=0 


Sol. If 1, @ @’, w”,..., @" ~' are the n, nth roots of unity, then 


an a-l _ 
z w =0 and & (ow) =0 ...(i) 
k=0 k=0 
n-1 
LHS = X |2+0 2 | 
k=0 


= 2 (z, + of Z2)( 2; +(B) Z2) 


n-]1 


= 2 {Z,Z, + 2,22 (@)* +22, w + 222, (a) (G)*} 
20 


ani 


n-l n-1 n-1l 

= Db jal + L zz, (Oo + L z2,0+ L |z/ 
k=0 k=0 k=0 k=0 

1 n- 


n- n-l 
Zz 1+ 2,z 
{Z| keo 2 | 


1 n-} 
(@) +72, D (a) +\z,/? 2 1 
=0 k=0 k=0 


=n|z|?+0+0+n|z [? 


=n {||° +|z2|’}= RHS 


[from Eq. (i)] 


4 4 
@ Ex. 50 Let X a; =Oand 2 a; z; =0, then prove that 
i=l jel 


Z1,Z2,Z3 and z, are concyclic, if 
a 2 
@,Q_ |Z; —-Z2|" =a3a4|Z3 —Z4 |. 


4 
Sol. te py Q; = 0 
ae P(21) 


R(23) 
a, + a, + Q, + Q, =0 
= (a + a3) = —(a) + a4) ses(i) 
and Dy a,z,=0 


j=l 
Q;2, + Az Zz + A324 + A4Z, =0 
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=> (a;2, + 0425) = — (AgZq + G4Z4) ...(ii) 
On dividing Eq. (ii) by Eq. (i), we get 
Q;Z, + 0423  & Zo + A424 adlii) 
a, + a, a, + a, 


Eq. (iii) implies that point O divides PR in the ratio a, : a, 
and O divides QS in the ratio a, : a. 
Let OR = a,k, OP = a,k, OQ = al, OS = az 1 


Now, in AOPQ, 
(PQ)? =(OP)’ + (OQ) - 2(OP)(0Q) cos 8 
= |z, — z2|? = a3k? + a2l” — 2a,a,lk cos 8 


Qa, |z, — 22 |? = a,a,a5k? + aa, ail’ 
—2a,a,a,a,lk cos 8 
ss ait 2p2 
Similarly, a,a, |z5 — z, |* = a3aga7k? + a,a,a51” 
— 2a,a,a3a,lk cos 8 
From given condition, a,a2 |z, — 22 |” = a,a, |z3 — 2, |’ 


2)2 
!. Q,02 ak? + aa, al? = a,ayark? + a,a,a3 1? 


> kaa, (a2 a3 — 4,44) = Pa, Gy (a2 3 — aa) 
=> (a;k) (a3k) = (a2!) (a4!) 
= OP:-OR = 0Q-OS 


So, P, Q, Rand S are concyclic. 


®@ Ex. 51 Ifa and are the roots of 
yep 28 cos Ot siti): where0 <@<m andi=V-1, 
show that |x -i|=|B —i| 


Sol. Since, z + : = 2(cos 6 + isin®) 
z 


1 
zt+—-=2e" = z? —2e "2 4+1=0 
Zz 


A "2180 
2e" +./(4e -4 
=> poet tyise*!* = 4) ) 


2 
=> z=e® + (e?® -1) => z=e'°+ Je'®.2i sind 
=> z-ize!®-itJe'® 2isind 
= (2! — ei?) 4 Jeil*/2). o5ing 


(242) E 57 012+ R/4 
=e? 4/.9isin\? 47 tei ). /2sin® 
Q (072+ 14) 970 (9_), Psi 5 | 

e ie 4) 2sin | 


\ 
Tl . 
|z—-il=1- tsin'($—©) asin ) 
2 4 


/ ( Tt 
- hy 1=coo(0-2) 425m 6 
VE 2 


= /2-2sin6 + 2sin® = V2 


=> ja-ij=|B-il= 2 [here, a, are two values of z ~ i] 
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=| Complex Numbers Exercise 1: 
Single Option Correct { Type Questions © 


Oe a ee ee ne meee 


= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct 


1. If cos (1—-i)=a+ ib, where a, be Randi=-1, then 


1 

a)a=2(e-1) cos, ee e+) sint 
2\ fe 2\ 
1 

wya=t{e++ sJeweo=a(e-)am 
(es 1) 1 

c)a=- 1,b=- 1 

(c) li =} eos aly +2) sin 
1 \ \ 

(aya=7(e-*) cos1,b=2(e—2)sin 
2h & 2 e) 


2. Number of roots of the equation z'” —z° —992=0, where 
real parts are negative, is 
(a) 3 (b) 4 (c) 5 (d) 6 


3. If z and Z represent adjacent vertices of a regular 
polygon of n sides with centre at origin and if 


ll = /2- 1, the value of n is equal to 
Re(z) 
(a) 2 (b) 4 (c) 6 (d) 8 


4. If II e '® — 1, where I I denotes the continued product 


pal 

and i = ./—1, the most general value of @ is 

(a) am nel aah nel 
r(r-1) r(r+1) 

(c) 4nt net 4nt 


d) nel 
r(r-1) r(r+1) 
(where, n is an integer) 


5. If(3 + i)(z +z) —(2+ i)(z-Z) +141 =0, where i = J 1, 


then zz is equal to 
(a) 10 (b) 8 
()=9 (d) - 10 


6. The centre of a square ABCD is at z = 0, A is z,. Then, 
the centroid of AABC is 


(a) z, (cos m + isin 1) (b) 7 (cos t +i sin 1.) 


Zz 14 . & 
21( cos —tisin *) 
2 2 


*.,.% 
(c) 2, [cos isin *) (d) si 


(where, i = J-1) 
V3 


i. lfz= 7 where i= a, then (i!°! + 211)! equals 
to 
(a) iz (b) z 
(c)zZ (d) None of these 


a eee ee 


8. Let aand b be two fixed non-zero complex numbers and 
z is a variable complex number. If the lines 
aZ +G@z+1=O0andbz+bz-1=0are mutually 
perpendicular, then 
(a) ab + ab =0 
(c) ab —ab =0 


| e.= cos (%* +n (ote 1, then 
il 


Re(ata’? +a°+a' +a°)is 
1 1 


(a) ; (b) - ; (c) 0 


(b) ab — ab =0 
(d) ab + ab =0 


© 


(d) None of these 
10. The set of points in an Argand diagram which satisfy both 
|z|S 4and0S arg (z)s = is 


(b) a radius of a circle 
(d) an infinite part line 


(a) a circle and a line 
(c) a sector of a circle 
11. If f(x) = g(x*)+ xh(x°)is divisible by x? + x +1, then 
(a) g(x) is divisible by (x — 1) but not A(x) 
(b) A(x) is divisible by (x —1) but not g(x) 
(c) both g (x) and h (x) are divisible by (x — 1) 
(d) None of the above 
12. If the points represented by complex numbers 
z,=a+ib,z, =c +id andz, —z, are collinear, where 
i=J-1 ae 
(a) ad + be= 
(c)ab+cd = ; 


(b) ad — bc =0 
(d) ab —cd =0 


13. Let C denotes the set of complex numbers and Ris the 
set of real numbers. If the function f :C > Ris defined 
by f(z) =|z|, then 
(a) f is injective but not surjective 
(b) f is surjective but not injective 
(c) f is neither injective nor surjective 
(d) f is both injective and surjective 


14. Let o and B be two distinct complex numbers, such that 
|| =|B |. If real part of is positive and imaginary part 
of B is negative, then the complex number 
(a + B)/(a —B) may be 
(a) zero 
(c) real and positive 


(b) real and negative 
(d) purely imaginary 
15. The complex number z, satisfies the condition 


25 
zZ-— = = 24. The maximum distance from the origin of 
Z 


coordinates to the point z, is 
8 : o 30 
(d) None of these 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


The points A, Band C represent the complex numbers 
Z1,Z2,(1—i)z, + iz, respectively, on the complex plane 


(where, i = V- 1 ). The AABC, is 
(a) isosceles but not right angled 
(b) right angled but not isosceles 


(c) isosceles and right angled 
(d) None of the above 


The system of equations|z +1-i|= 2 and|z|=3 has 


(where, i = J-1) 


(a) no solution 
(c) two solutions 


(b) one solution 
(d) None of these 


Dividing f(z) by z — i, we obtain the remainder 1 —i 
and dividing it by z + i, we get the remainder 1 + i. 
Then, the remainder upon the division of f(z) by z? +1, 
is 
(ajit+z 
(c)1-z 


(b)1+z 
(d) None of these 
The centre of the circle represented by |z + 1|=2|z-1| 


on the complex plane, is 


5 
(a) 0 (b) 5 


(c) ; (d) None of these 


Ifx=9'3 9/9 .gl/27 co ya ...coand 


= >. (1+ i)", where i= J-1, then arg (x + yz) is 


r=] 


equal to 


(a) 0 


ow (3) 


If centre of a regular hexagon is at origin and one of the 
vertices on Argand diagram is 1 + 2i, where i = V- i, 


then its perimeter is 


(a) 2v5 (b) 45 

() 6v5 (d) 8v5 

Let|z, -rjsr,V r=1,23,...,”, then y z, is less than 
r=1 

(a)n (b) 2n 

(©) nin + 1) @ 2 
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z 
Zz -— —. 
23. If arg eee = and 7 -z)= =3, then |z,| equals to 
= 2 |l2| 
tia). 
(a) V3 (b)2v2_ (ce) V0. = (d) 26 
\ 
24, If|z-2-i|=|z| sin ®— args) , where i = /— 1, then 


25. 


26. 


27. 


28. 


29. 


30. 


locus of z, is 
(a) a pair of straight lines (b) circle 


(c) parabola (d) ellipse 
If 1, Z,,29,23,---,2,-, are the n, nth roots of unity, then 
the value of _is 
x (3-z Jy 

anal - 

je oa 
1 2 

anal 

(c) (d) None of these 


Ifz=(3+7i)(4 +i), when A,wel~ {0} andi=,/-1, 
is purely imaginary then minimum value of |z|? is 
(a) 0 (b) 58 


(c — (d) 3364 


Given, z = f(x) + ig(x), where i= J—1 and 
f,g:(0,1)— (0,1) are real-valued functions, which of the 
following hold good? 


1 { ol 
@e-+i(] (b) z 


a +i | Chae } 
+x 1 + ix 1 — ix aa 
Ifz> +(3+2i)z+(—1+ ia) =0, where i = /-1, has one 
real root, the value of a lies in the interval (a € R) 


(a) (- 2, -1) (b)(— 1, 0) 
(c) (0, 1) (d) (1, 2) 


If m and n are the smallest positive integers satisfying 


/ m { a 
the relation 2 aiS *) = (4 ciS *) , where i =./- 1, 


ims 


(m + n) equals to 


(a) 60 (b) 72 (c) 96 (d) 120 


Number of imaginary complex numbers satisfying the 
I-l2l ig 


(c) 2 


equation, z’ =2-2 


(a) 0 (b) 1 (d) 3 
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=| Complex Numbers Exercise 2 : 
More than One Option Correct Type Questions 


LE OE ET TS TS TS ENE FN 


s This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


which MORE THAN ONE may be correct. 
+1 ' ma 
31. If a. is a purely imaginary number (where i = /- 1), 
zti 


then z lies ona 
(a) straight line 
(b) circle 


(c) circle with radius = a 
v2 


(d) circle passing through the origin 
32. If z satisfies |z —1|<|z+3|, then =2z +3—i (where, 
i= J-1) satisfies 
(a)|@ —5-i|<|o+3+i| (b)|o-5|<|o+3| 
(d) jarg (@ 


(c) Im (ico) > 1 =I <> | 


33. If the complex number is (1 + ri)? = (1+ i), when 
i= ./-1, for some real A, the value of r can be 

nt 

(a) cos . 


3 
(b) cosec = 


7 T 
c) cot — d) tan — 
(c) 7m (d) e 


34. If ze C, which of the following relation(s) represents a 
circle on an Argand diagram? 


(a)|z -1[+|z+1]=3 (b)|z -3|=2 
(le-24i]=2 ()@-344)(F-3-)=5 
(where, i = J-1) 


35. If 1, z,,Z2,23,-+-)Z,—, be the n, nth roots of unity and @ 


n-1I 


be a non-real complex cube root of unity, then 


n-1 
II (@ -z,)can be equal to 
r=] 


(a)1+@ 
(c) 0 

36. If zis a complex number which simultaneously satisfies 
the equations 
3|z—12|=5|z—8i|and|z — 4|=|z —8|, where 
i=f-1 , then Im (z) can be 
(a) 8 (b) 17 
(c)7 (a) 15 

37. If P(z,), O(z2), R(z3) and Sz, ) are four complex 
numbers representing the vertices of a rhombus taken in 
order on the complex plane, which one of the following 
is hold good? 


(b) -1 
(d) 1 


38. 


39. 


40. 


41, 


42. 


43. 


44, 


45. 


+ eee. 


POS SO NE PATS ete er SS 


4 4 


= _ te purely real 


(b) = 


2 is purely imaginary 


le, aren 


es 
ie a5 


If|z —3]= min {z—1|,|z-5]} then Re(z) is equal to 
(a) 2 (b) 2.5 (c) 3.5 (d) 4 


ifarg (2 +a) =~ and arg (2 ~ a) =" (ae R*), then 


(a) |z| = 
(c) arg (z) = — 


(b) |z| = 2a 

1 
d =— 
(d) arg (z) ; 
Ifz=x + iy, where i= J-1, then the equation 
(2z—i) 
(z +i) 


1 
(a) A (b) 1 


= mrepresents a circle, then mcan be 


(c) 2 (d) € (3, 2V3) 


Equation of tangent drawn to circle |z| =~ at the point 
A(z,), is 


(a) Re [=] =] 
20, 


\ 


(c) Im @ =1 
Zz ; 


z, and z, are the roots of the equation z’ — az + b=0, 


m(Z.\= 
(b) I es 1 


29 


(d)zZ)+z)Z=2r° 


where |z,| =|z,| = 1and a, bare non-zero complex 
numbers, then 
(a)|a| <1 

(c) arg (a) = arg(b’) 


(b) |a| <2 
(d) arg (a”) = arg(b) 

If is a complex constant, such that az? +z2+0=0has 
a real root, then 

(aja+a=1 

(b) a + & =0 

(c)a+Q=-1 

(d) the absolute value of real root is 1 

If the equation z* +(3+i)z? —3z—(m +i) =0, where 
i=J-1 and me R, has atleast one real root, value of mis 
(a) 1° (b) 2 (c) 3 (d) 5 

If z> +(3+2i)z+(-1+ ia) =0, where i = ./—1, has one 
real root, the value of a lies in the interval (ae R) 


(a)(-21) — (b)(-1,0) (ce) (0, 1) (d) (- 2, 3) 
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=) Complex Numbers Exercise 3 : 


Passage Based Questions 


OO ree een en ome mee are en er ee eee 


« This section contains 4 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 


(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 46 to 48) 


arg (Z)+ arg (— ja if arg (z)<0 


. , where 
|- nm, ifarg(z)>0 


~t<arg(z)St. 
46. If arg (z)> 0, then arg (— z) — arg(z) is equal to 
(a) -n (o) -= 


(c) ; (d) x 


47, Let z, and z, be two non-zero complex numbers, such 
that |z,|=|z,|and arg(z, z,)=7, then z, is equal to 


(a) 2, (b) Z, 
(c) -z, (d) -Z, 
48. If arg (4z,)— arg(5z,)=1, nen || equal to 
Z2 
(a) 1 (b) 1.25 
(c) 1.50 — @) 250 
Passage II 


(Q. Nos. 49 to 51) 
Sum of four consecutive powers of i (iota) is zero. 
ied" 4"! pe? a = 0 Vel. 


25 
49. If D i™! =atib, where i = J-1, thena- }, is 
n=l 


(a) prime number 
(b) even number 


(c) composite number 
(d) perfect number 


95 50 
50.uf 2 i’ + 2a =a + ib, where i = J-1, the unit place 
r=~2 
digit of a2" 4 oe 
(a) 2 (b) 3 
(c) 5 (d) 6 
100 101 
51.16 2 i” +H =a+ ib, where i= JI, then a + 75, is 
r=4 
(a) 11 (b) 22 
(c) 33 (d) 44 


Ra os en es 


Passage II 
(Q. Nos. 52 to 54) 
For any two complex numbers z, and z,, 
{lz |- |Z, | 
[lz I= 1411 
and equality holds iff origin z, and z, are collinear 
and z,,Z, lie on the same side of the origin. 


|Z, — Z, |2 


52. If} z— us 2 and sum of greatest and least values of |z| 
z 
is A, then 2”, is 
(a) 2 (b) 4 (c) 6 (d) 8 
53. If] z+ 2]=4 and sum of greatest and least values of | z| 
z 
is A, then 27, is 
(a) 12 (b) 18 (c) 24 (d) 30 
BA il ee le 6and sum of greatest and least values of |z| is 
Zi 
2X, then 2’, is 
(a) 12 (b) 18 (c) 24 (d) 30 
Passage IV 


(Q. Nos. 55 to 57) 


Consider the two complex numbers z and w, such that 
w= =— = a+ ib, where a, be R and i= =I. 


Zt 


59. If z=C iS 6, which of the following does hold good? 


9b 
@ = 
(a) sin ae 
1—Sa 
pie 
2) ee 1+ 4a 


(c) (1 + 5a)? + (3b)? =(1 - 4a)? 
(d) All of these 


56. Which of the following is the value of — : whenever it 
a 


exists? : 
(@ Lisgl® | 

(a) 3tan(> (b) + tan(2} 

() ~ cot 8 (d) 3 cot = 


57. Which of the following equals to|z|? 
(a) |w| (b) (a+ 1)? +B 
(c) a? +(b +2) (d) (a+ 1) +(b +1) 
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a, Complex Numbers Exercise 4: 
Single Integer Answer Type Questions 


— seeemeupaee a ee mm ty ce eee es ee ED 


each question is a single digit integer, ranging from 0 
to 9 (both inclusive). 


, where i = =i, 


s This section contains 10 questions. The answer to ~Jni  <Vn-i : 
63. If zo 7 (14 i)* 


Vn +i 1+Vni) 


bs 


[z| 
98. The number of values of z (real or complex) then amp (2) equals to 
simultaneously satisfying the system of equations : : . 
2. 3 G 64, Suppose A is a complex number and n€ N, such that 
L242" tS tights SU a err -_ 
and 14+z+2z° 42° +...42z" =0is =( ) Seep ieeaste ue Ooms 


se 65. Let z,;r =1,2,3,...,50 be the roots of the equation 
59. Number of complex numbers z satisfying z* = is 


60. Let z =9 + ai, where i = ,/— 1 and a be non-zero real. 


If Im(z”) = Im (z?), sum of the digits of a? is 


- i =—5,, then A equals to 


32 p 
66. If P= oor, (on 2 io) , where 
p=l 11 11) 


=a i= — Land if(1+i) P=n(n!),neéN, then the value of n is 
67. _ red positive integer: n for which 
Fie ae dates 


vi 


61. Number of complex numbers z, such that |z]|= 1 
. = 
a a 
: a 


and 


62. If x =a+ ib, where abe Randi=.f—1and x’ =3+ 4i, 
x? =2+411i, the value of (a + b) is 


5 = wete>Oand = Vis 
x 


a] Complex Numbers Exercise 5: 
Matching Type Questions 


———s Ct ewer nn eeea EE TA en ec hs SET ne: 


a ee es tree ee ee 


# This section contains 4 questions. Questions 68 and 69 have three statements (A, B and C) given in Column I and 
four statements (p, q, r and s) in Column II and questions 70 and 71 have four statements (A, B, C and D) given in 


Column I and five statements (p, q, r, s and t) in Column II. Any given statement in Column I can have correct. 
matching with one or more statement(s) given in Column II. 


68. Column I Column II 
(A) |If}z- LU = 2 and if greatest and least values of |z| are G and L respectively, then G — L, is natural number 
Z 
(B) {If|z+ 2 = 4 and if greatest and least values of |z| are G and L respectively, then G — L, is prime number 
Z 
(C) |If}z- 2 = 6 and if greatest and least values of |z| are G and L respectively, then G — L, is composite number 
Zz 
perfect number 
69. 


Column I 


Column Il 
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een 


Column I 


If A and p are the unit’s place digits of | (p) 
(143)%6! and (5273) !358 respectively, 


then A + p is divisible by 


If A and pl are the unit’s place digits (q) 
of (212)78*° and (1322)!5"4 


respectively, then A + 1 is divisible 


If A and pt are the unit’s place digits of | (r) 
(136)'®° and (7138)'4"! respectively, 


then A + pis divisible by 


Statement | and | Type Questions 


oe eee oe SE ee eee Spe ee ee eee ee een br mo res mee nr ene ert ee ee re es ee ee — ee 


# Directions (Q. Nos. 72 to 78) are Assertion-Reason 

type questions. Each of these questions contains two 
statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these questions also has four alternative 
choices, only one of which is the correct answer. You 
have to select the correct choice as given below. 


(a) 
(b) 


(c) 
(d) 


72. 


73. 


14, 


Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


Statement] is true, Statement-2 is false 
Statement-1 is false, Statement-2 is true 


Statement-1 3+7i>2+ 4i, where i= j- 1: 
Statement-2 3>2and7>4 


Statement-1 (cos 8 + isin 0)° =cos 30 +isin 30, 
i= f-1 


2 
Statement-2 (cos . +isin *) =f 
4 


Statement-1 Let z,,z, and z, be three complex 
numbers, such that |3z, + 1|=|3z, +1|=|3z, + 1|and 
1+2z, +z, +2, =0, thenz,,2,,2Z, will represent vertices 
of an equilateral triangle on the complex plane. 
Statement-2 z,,z, and z, represent vertices of an 
equilateral triangle, if 

ze +2; +25 +22, +252, +242, =O 


it, 


Complex Numbers Exercise 6 : 


75. 


76. 


7 


78. 
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Column I Column II 


(4) | if 


6 ; 
z~-—|=5and maximum and 
z 


minimum values of |z|are A and pt 
respectively, then 


(B) )| ap =7 


If} z- i = 6 and maximum and 
z 


minimum values of |z|are A and pt 
respectively, then 


(C) (rt) | AM +p =7 


zZ- : = 7 and maximum and 


Zz 
minimum values of |z|are A and 
respectively, then 


If 


em ee ee 


Statement-1 Locus of z satisfying the equation 
|z-—1|+|z—8|=5is an ellipse. 


Statement-2 Sum of focal distances of any point on 
ellipse is constant for an ellipse. 


Let z,,Zz, and z, be three complex numbers in AP. 


Statement-1 Points representing z,,z, andz, are 
collinear. 


Statement-2 Three numbers a, band c are in AP, if 
b-a=c-b. 


Statement-1 If the principal argument of a complex 
number zis 9, the principal argument of z” is 20. 


Statement-2 arg(z’)=2 arg (z) 
Consider the curves on the Argand plane as 


4 
3 
C, a 


and C, :arg(z-5—5i)=1, wherei= V-1. 
Statement-1 Area of the region bounded by the curves 
C,,C, andC, Be. 


Statement-2 The boundaries of C,,C, andC, constitute 
a right isosceles triangle. 
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Complex Numbers Exercise 7 : 


Subjective Type Questions 


= In this section, there are 24 subjective questions. 
79. If z,,z, and z, are three complex numbers, then prove 
that z, Im(z, z,)+z, Im(z, z,)+z, Im(Z, z,)=0. 
80. The roots z,,z,. and z, of the equation 
x? +3ax? +3bx +c =0in which a, band c are complex 


numbers, correspond to the points A, B,C on the 
Gaussian plane. Find the centroid of the A ABC and 
show that it will be equilateral, if a? = b. 


81. If 1,0,,@,,0, and a, are the roots of x > —-1=0, then 
prove that 
o-a = : 
; “+ ———4.. 3. _—_—4._ = @, where @ is 
O° -O, O° -a, wW*-a, W -aO, 


a non-real complex root of unity. 


82. If z, and z, both satisfy the relation z + Z = 2| z—1|and 
arg (z, -2)=4, find the imaginary part of (z, + z,). 
83. Ifax +cy+bz=X,cx+by+az=Y, bx +ay+cz=Z, 


show that 
(i) (a? +b? +c? —be -ca—ab)(x? +y’ 


+2z° —yz—2x —xy)=X*4+Y* +Z* -YZ-ZX - XY 


(ii) (a2 +b? +c? —3abc)(x? +y° +z° —3xyz) 
=X*°+y*4+Z? -3XYZ. 

84. For every real number c 2 0, find all complex numbers z 
which satisfy the equation {z|* — 2iz + 2c (1+ i) =0, 
where i=V-1 . 

85. Find the equations of two lines making an angle of 45° 
with the line (2 — i) z+(2+i)Z +3=0, where i mf —1 
and passing through (— 1, 4). 

86. For n> 2, show that 


Sear ea 


2 


Az 
Jie) -01+9{1-<2} whee 215 


87. Find the point of intersection of the curves 


arg (z —3i) =3n/4 and arg (2z+ 1 -2i) = ? where 


i=/-1. 


88, 


89. 


90. 


91. 


92 


93. 


94. 


95. 


Show that if a and bare real, then the principal value of 
arg (a) is 0 or 7, according as ais positive or negative and 


Tt t ; ii 
that of bis A or — a according as b is positive or negative. 


Two different non-parallel lines meet the circle |z|=r. 


One of them at points a and band the other which is 
tangent to the circle at c. Show that the point of 
2c7' —q! —b" 


intersection of two lines is ———————_—_-. 
cg fag py" 


A, Band C are the points representing the complex 
numbers z,,Z, and z, respectively, on the complex 
plane and the circumcentre of AABC lies at the origin. If 
the altitude of the triangle through the vertex A meets 
the circumcircle again at P, prove that P represents the 

Zo4 
complex number | — ao 

2 

If|z|<1and|@|< 1, show that 
|z—@|’ <(Jz|-|o|)° + {arg (z) — arg (w)}?. 


Let z,Z, be two complex numbers. It is given that |z|=1 
and the numbers z, z,, ZZ, , 1 and 0 are represented in an 
Argand diagram by the points P, P,, Q, A and the origin, 
respectively. Show that APOP, and AAOQ are 
congruent. Hence, or otherwise, prove that 

|z— 25 |=|2%, -1| 

Suppose the points z,,Z2,...,Z, (z; #0) all lie on one 
side of a line drawn through the origin of the complex 


planes. Prove that the same is true of the points 


1 1 1 
—,—.,...,——. Moreover, show that 
2, 22 Zn 
1 ] 1 
Z,+Z.+...+z, #0and —+— +...4+— #0. 
2 Zo Zn 


If a, band c are complex numbers and z satisfies 


az” +bz+c=0, prove that |a||b|= Ja(b)*c and 
jal=|c||z|=1 
Let z,,z, and z, be three non-zero complex numbers 
lz:] |z2] [23] 
andz, #z,.If||z,| |z3| |z,|}=0, prove that 
Iz3] [2] |z2| 
(i) Z,,Z2,Z, lie on a circle with the centre at origin. 


\ 2 
(ii) arg B = arg E maa 
z 


"2 2 22 741, 
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96. Prove that, if z, and z, are two complex numbers and 


rf * 
1 
c>0,then|z, +z, |? $(1+c)|z, | +[1+ Ile, oa 
\ Cc 


97. Find the circumcentre of the triangle whose vertices are 
given by the complex numbers z,,z, and z,. 


98. Find the orthocentre of the triangle whose vertices are 
given by the complex numbers z,,z, and z3. 


99, Prove that the roots of the equation 
7m 3n St 
8x° —4x* — 4x +1=0are cos —, cos — and cos —. 
7 7 4 
Hence, obtain the equations whose roots are 
30 St 
pas eee? = 
7 7 


das TC 
(ii) tan? ® tan? oF tant on 
7 7 7 


‘ T 
(i) sec? a sec 


(iii) Evaluate sec a +sec an +sec 5m 
i | 7 
100.Solve the equation z’ +1=0and deduce that 


. ns 30 51 1 
(i) cos — cos — cos —- =-- 
7 7 7 


8 
- 7 
(ii) cos 2 ays sil COs aE as v7 
14 14 14 8 
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(ein ne eae 
141 14 8 

(iv) tan = tan ot tan ahs ee 
4 14 #14 V7 


Also, show that 


\ 


2 2 3 2 2 4 
+tan” — + tan” — 
[ ly 14 


and then deduce that 


2( 7) 4 tan? (3%) 4 tan? (5%) 
tan (= }+tan (25) + tan ca) 5 


101. If the complex number z is to satisfy 
|z]=3,|z—{a(1+i)—i}|$3 and z+2a—(a+1)i|>3, where 
i = ./— 1 simultaneously for atleast one z, then find all 
aeR 


102. Write equations whose roots are equal to numbers 
2 me . 2 2 . 2 3 . 2 Mn 


(i) sin ,sin ,sin eee , 
2n +1 2n+1 2n +1 2n+1 


si tT 20 31 ni 
(ii) cot? ———., cot? Cor = ..t0k . 
+1 an +1 2n+1 2n +1 


Complex Numbers Exercise 8 : 


~ Questions Asked in Previous 13 Years’ Exams 


« This section contains questions asked in IIT-JEE, 
AJEEE, JEE Main & JEE Advanced from year 2005 
to year 2017. 


103. If w is a cube root of unity but not equal to 1, then 
minimum value of |a + bw + cto? |, (where a, bandc are 
integers but not all equal), is 


(a) 0 (b) = (c) 1 


[IT-JEE 2005, 3M) 
(d) 2 


104. PO and PRare two infinite rays. QAR is an arc. Point 


lying in the shaded region excluding the boundary 
satisfies [IIT-JEE 2005, 3M] 


ee ee ee 


(le -11> 21 ange D1 <2 
(b) lz ~ 1] >2ilarg (@ - 0] <> 
(c)lz +1] >2larg (e+ 0] <= 
(d)|z + 1]>2larg(e +N] <> 


105. If one of the vertices of the square circumscribing the 
circle|z—1|= V2 is 2+ V3i, where i= Jn 1. Find the 


other vertices of the square. [IIT-JEE 2005, 4M] 


106.1f z, and z, are two non-zero complex numbers, such 
that |z, +z,|=|z,|+[z, |, then arg (z,) - arg(z, )is 


equal to [AIEEE 2005, 3M] 
(a) -1% (b) -n/2 
(c) m/2 (d) 0 


107. If 1,” are the cube roots of unity, then the roots of 


the equation (x — 1)’ +8=Oare [AIEEE 2005, 3M] 
(b) —1,1-20, 1-207 


(d) None of these 


(a) -1,14+20,1+207 
(c) -1,-1,-1 
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108. Ifw = = 


(a) a straight line 
(c) an ellipse 


Textbook of Algebra 


and|q@|=1, where i= J- 1, then z lies on 


z—-—-i 


[AIEEE 2005, 3M] 


(b) a parabola 
(d) a circle 


109. If =o. + iB, where B #0,i= Jol and z #1, satisfies the 


condition that (= =) is purely real, the set of values 
—z 

of z is [lIIT-JEE 2006, 3M] 

(a) {z:|z|=1} (b) {z:z =Z} 

(c) {z:z #1} (d) {z:|z|=1,z #1} 


10 / \ 
110. The value of 2 [sin = +i cos ad (where i = ./— 1) 
=1 


111. 


is 


(a)i (b) 1 
(c)-1 (4) — i 
Ifz* +z +1=0, where zis acomplex number, the value of 


z 2 2 / 2 
1)° 1 1 1 
Ga +(#+4) +(# +) tant et 44) 
zZ} Z z 4 Z 


is [AIEEE 2006, 6M] 
(a) 18 (b) 54 
(c) 6 (d) 12 


112. A man walks a distance of 3 units from the origin 


113. 


114, 


towards the North-East (N 45° E) direction. From there, 
he walks a distance of 4 units towards the North-West 
(N 45° W) direction to reach a point P. Then, the position 
of Pin the Argand plane, is [IIT-JEE 2007, 3M] 
(a)3e™/4 + 4i (b) (3- 4i) e™/* 

(c)(4+3i)e™/4 (d) (3 + 4i)e™/ 

(where i = ¥~1) 


If|z|=1and z# +1, then all the values of 


lie on 
1-2? 
[IIT-JEE 2007, 3M] 
(a) a line not passing through the origin 
(b) 2 | = v2 
(c) the X-axis 
(d) the Y-axis 
If|z+4|<3, the maximum value of |z + 1|is 
[AIEEE 2007, 3M] 
(a) 4 
(c) 6 


(b) 10 
(d) 0 


Passage (Q. Nos. 115 to 117) 


Let A, B andC be three sets of complex numbers as defined 


below: 


A= {z:Im(z)2 }} 
B= {z:|z-2-i|=3} 
C = {2:Re ((1- i) z)= V2}, where i= J- | 


[ITJEE 2008, 4+4+4M] 


[AIEEE 2006, 3M] 


115. 


116. 


117. 


118, 


119. 


120. 


121. 


122. 


The number of elements in the set A 7 BOC, is 


(a) 0 (b) 1 
(c) 2 (d) 20 


Let z be any point in AM BOC. Then, 
|z+1—-i|? +|z—5—i|’ lies between 

(a) 25 and 29 
(c) 35 and 39 


(b) 30 and 34 

(d) 40 and 44 

Let z be any point in AM BOC andw be any point 
satisfying |@ —2-—i|<3. Then, |z|—|@|+3 lies between 
(a) —-6 and 3 (b) -3 and 6 

(c) —6 and 6 (d) -3 and 9 

A particle P starts from the point z) =1+2i,i= J=1.It 


moves first horizontally away from origin by 5 units and 
then vertically away from origin by 3 units to reach a 
point z,. From z,, the particle moves /2 units in the 


direction of the vector i + j and then it moves through 
an angle z in anti-clockwise direction on a circle with 


centre at origin, to reach a point z,, then the point z, is 


given by (IIT-JEE 2008, 3M] 
(a) 6 + 7i (b)—7 + 6: 
(c)7 + 6i (d) -—6 + 7i 
If the conjugate of a complex numbers is — where 
q _ 

i = ./— 1. Then, the complex number is [AIEEE 2008, 3M] 

al 1 
oF yee 

=I 1 
(c)-— — 

i+i Bae | 


Let z = x + iy be a complex number, where x and y are 
integers and i = 1. Then, the area of the rectangle 
whose vertices are the roots of the equation 

zZ>+Zz° =350, is [lIT-JEE 2009, 3M] 
(a) 48 (b) 32 

(c) 40 (d) 80 

Let z= cos 6 + isin 6, where i = J-1. Then the value of 


15 
LY Im(z2"~") at@=2° is 
m=1 [IIT-JEE 2009, 3M} 


1 1 
b 
(a) sin 2° ) 3sin 2° 
1 
d 
¢) 2sin 2° 4sin 2° 
If aoe | = 2, the maximum value of |z|is equal to 
4 [AIEEE 2009, 4M] 
(a)2+ v2 (b) Ree 
(c) V5 +1 (d) 2 
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123. Let z, and z, be two distinct complex numbers and 
z=(1—t)z, +iz,, for some real number t withO<t<1 
and i= J-1 . If arg (w) denotes the principal argument 
of a non-zero complex number w, then [IIT-JEE 2010, 3M] 
(a) |z — z,| + |z —2,| =|z, -22| 
(b) arg (z -z,) = arg (z — 2.) 


Z-2 2-2) _ 


(c) _ _|{=0 
Bg 2 2% 


(d) arg (z — z,) = arg (z, —z,) 


2m 
124. Let w be the complex number cos a +isin a where 


i=./—1, then the number of distinct complex numbers z 
z+1 © @’ 
satisfying) @ z+@’ 1 |=0, is equal to 
«’ 1 z+@ 
[T-JEE 2010, 3M] 
(a) 0 {b) 1 
(c) 2 (d) 3 
125. Match the statements in Column I with those in 
Column II. 


[Note Here, z takes values in the complex plane and Im 
(z) and Re (z) denote respectively, the imaginary part 
and the real part of z.] 


[lIT- JEE 2010, 8M) 


Column I Column II 


The set of points z satisfying 
|z-i|z||=|z+ i |z |, where 
i=./— 1, is contained in or equal to 


an ellipse with 
eccentricity 4/5 


The set of points z satisfying 
|z+ 4|+ |z-—4]|=10is contained in 
or equal to 


the set of points z 
satisfying 
Im (z) = 0 
the set of points z 
satisfying 

\Im (z)| <1 


(C) 


, ] 
If |w| = 2, the set of points z = w—- — 
w 


is contained in or equal to 


,; 1 the set of points 
D _— = — 
(D) | If |w| =, the set of points z = w+ . seeheing 
|Re(z)|<2 


is contained in or equal to 


the set of points z 
satisfying |z|< 3 


126. Ifo and are the roots of the equation x? — x +1=0, 


0120? 4. 2009 i equal to [AIEEE 2010, 4M] 
(a) - 1 m1 


127. The number of complex numbers z, such that 
|z-1js=|zt+1[/=|z- i], where i = /— 1, equals to 
[AIEEE 2010, 4M] 
(a) 1 (b) 2 
(c) c (d) 0 
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128. If z is any complex number satisfying | z — 3 - 2i|< 2, 
where i = ./—1, then the minimum value of | 2z — 6 + 5i|, 
is {IIT-JEE 2011, 4M] 


129. The set 


is 


2iz ; 
ne 7} 2 compe number |z|=1,z#+1 
1-z 


[lIT-JEE 2011, 2M] 


(a) (— 9, — 1] A [1, ©) (b) (— 2, 0) U (0, o) 


()(-,-1)U(,~) — @) [2 &) 

130. The maximum value of| arg ft for|z|=1,2#1,is 
given by [IIT-JEE 2044, 2M] 
@= mt @F @ = 


131, Let w=e™!>, where i=./—1 anda, b,c, x, yandz be 
non-zero complex numbers such that 
at+b+c=x 
at+bw+cw’ =y 
a+ bw? +cw=z. 
The value of [al #lyi al is 


2 2 es 
[a]" +[ |" +c] [IIT-JEE 2011, 4M] 


132, Let o and B be real and z be a complex number. If 
z’ +az +B =0has two distinct roots on the line 
Re(z) =1, then it is necessary that [AIEEE 2011, 4M] 
(a) B €(- 1, 0) (b)| Bj =1 
(c) B € (1, °) (d) B € (0, 1) . 

133. If m(#1)is a cube root of unity and(1+)’ = A + Ba, 
then (A, B) equals to [AIEEE 2011, 4M] 
(a) (1, 1) (b) (1, 0) 

(c) (-1, 1) (d) (0, 1) 

134, Let z be a complex number such that the imaginary part 

of z is non-zero and a=z? +z +1is real. Then, a cannot 


take the value [IIT-JEE 2012, 3M] 
1 1 3 
= a = d)— 
(a) -1 (b) ; (c) ; (d) ; 


2 

135. Ifz#1and =< is real, the point represented by the 

z- 

complex number z lies {AIEEE 2012, 4M} 

(a) ona circle with centre at the origin 

(b) either on the real axis or on a circle not passing through 
the origin 

(c) on the imaginary axis 

(d) either on the real axis or on a circle passing through the 
origin 
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136. If z is a complex number of unit modulus and argument 


0, then arg (#2) equals to : 
1+2Z [JEE Main 2013, 4M] 


(b) 8 
(d) -8 


tt 
a: 
(a) ; 
(c)x -8 
137. Let complex numbers @ and ks lie on circles 
a 
(x- x9)" +(y—yo)’ =r” and 
(x=x,)* +(y-y,)? =4r? 


Zp =Xq tiyg satisfies the equation 2 |z,|? =r? +2 , 
then |c| equals to [JEE Advanced 2013, 2M] 


, respectively. If 


1 1 J 1 
(a) 5 os (c) G (a2 
138. Let w = ss and P= {w” :n =1,2,3,...}. Further, 


H, = jrecsRele)> 1} and H, =e c:Rea)<{-2}, 


where C is the set of all complex numbers. If 
z,€POH,,z, € POH, and Orepresents the origin, 
then 2z,Oz, equals to 

[JEE Advanced 2013, 3M] 


Tt T 
(a) Fy (b) re 

20 51 
(c) 3 (d) % 


Passage (Q. Nos. 139 to 140) 


Let S=S, VS,0S8S;, where 
S, ={zeC:|z|< 4}, 
$y =4zeC:im| 2144311, 9 
CL ea | 
and S§;={zeEC:Re z> 0}. [JEE Advanced 2013, 3+3M] 
139. min|1—3i—2| equals to 
ze 
2a py 2453 
2 2 
3-3 3443 
ee Fl 
ee er 
140. Area of S equals to 
107 207 
aes 5) = —— 
sar aes 
161 327 
cll jo 
(c) ; id) = 


141, If zis a complex number such that |z|2 2, then the 


7+(2)| 
\2)] 


minimum value of is 


[JEE Main 2014, 4M] 


142. Let z, = cos( EE |+ isi 


(A) 


143, 


144, 


145. 


(a) is strictly greater than ; 
‘ 5 
(b) is equal to 5 


(c) is strictly greater than ; but less than ; 


(d) lies in the interval (1, 2) 


nee. 


.. 9. Then, 
"Ut0 S 


match the column. 


Column I Column II 


For each z, there exists a Zz; such that (1) 
%°Z; =1 


There exists ak € {1, 2,..., 9} such that 
z;°2= 2, has no solution z Z in ‘ie set of 
complex numbers 


[1 — z, |] — zy]... | — 29] 
10 


equals to 


2 2kn) 
1— > cos; — | equals to 
»» 10) 


Codes 

A BCD ABCD 

(aj1 2 4 3 (b)2 1 3 4 

()1 2 3 4 (d)2 1 4 3 

A complex number z is said to be unimodular if| z | = 1. 


Suppose z, and z, are complex numbers such that 
2-22, 


is unimodular and z, is not unimodular. Then 


the point z, lies ona 

(a) circle of radius z 

(b) circle of radius V2 

(c) straight line parallel to X-axis 
(d) straight line parallel to Y-axis 


[JEE Main 2015, 4M] 


Let @ # 1 be a complex cube root of unity. 
If (3-30+207)*"** +(2+3m-307)"*3 
+{-3+20+3«")*"*? =0, then possible value(s) of nis 


(are) [JEE Advanced 2015, 2M] 

(a) 1 (b) 2 

(c) 3 (d) 4 

For any integer k, leta, = coal =) +i sin( | where 
\7 wa 


Yes — a, | 
i = -J-1. The value of the expression “im 


Y | ae-1 — gyal 
k=1 


1S [JEE Advanced 2015, 4M] 
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146. A value of 6 for which opens is purely imaginary, is (a) the circle with radius 7 and centre & o fora>0,b #0 
fie [JEE Main 2016, 4M] F ‘i 
4 acoll v3 (b) the circle with radius — x and centre (- Ls 7 for 
(a) Z (b) sin es 2a 2a 
ss a<0,b+0 
(c) sin” (=. (d) vd (c) the X-axis fora #0,b=0 
3 (d) the Y-axis fora =0,b #0 
147. Let a,be Randa? +b’ #0. 148. Let w be a complex number such that 20 + 1 = z, when 
_| _ 1 oo / & 4 
a a \*s a or aad setae z= J-3if|1 -w?-1 w?|=3k,thenkis equal to 
: ; 2 7 
i= V-1.Ifz=x+ iy and ze S, then (x, y) lies on I n ® {JEE Main 2017, 4M] 
; [JEE Advanced 2016 4M] (a) 1 (b)-z (c)z (d) ~1 
Exercise for Session 1 71.A— (rn); B(p, s); C 5 (q, t) 
72.(d) 73.(d) -74.(c)~—s75.(d)~—s-76.(a)~—s- 77. (d) 
1.(d) 2. (c) 3. (b) 4.(b)  5.(c) _—6..(b) 78. (4) 
7.(d) — 8.(a) ~~ 
Exercise for Session 2 84. z=ct i(-lt v(1 -¢* -2c)) for 0S cs V2 -1and no solution for 
1.(b) 2. (b) 3. (b) 4.(b)  5.(b) ~~ 6. (0) c>V2-1 
7.4) &(C) 9.(b)  10.(b) 1. (a) 12.(c) 85. (1—3i)z+ (1+ 3i)z- 22 = Oand (3+ i)z+ (3—-i)z+ 14 =0 
. 4, Bie 
egy Sel) 87. No solution 97. De P(@- 4) 
Exercise for Session 3 212\(2)- 25) 
1.(a) 2. (b) 3. (d) 4.(a)  5.(b) ~— 6. (a) 98. D232 - 23) + Llz\1" (2, - 25) 
7. (c) 8. (b) 9. (c) 10. (d) Ii.(c) ‘12. (a) (z,% - 2%) 
a) NS) te) 99. (i) x? —24x7 + 80x- 64 = 0 
Exercise for Session 4 (ii) 2° - 217 + 35x-7=0 
1.(a) 2. (d) 3. (c) 4. (d) 5.(b) 6. (b) (iii) 4 
7.(a)  8.(d) 9.(d)  10.(b) 11. (b) 12. (a) , 
13.(b) 14, (c) 100. Roots of z?+1=0 are—1, a, 0°, a5 G, &, &, where 
a eee: 
Chapter Exercises | a la | 
1.(b) 2. () 3.(d) 44d) 5.(a)-6.(d) J -1-4/i1) (-14+ 411 1+ V7) 
7.(b)  8.(d) 9.(b)  10.(c) I1.(c)  12.(b) BeOS a ee SF] 
13.(c) 14. (d) 15. (a) 16.(c)  17.(a) = 18. (c) : ‘ Bs ™ 
19.(b) 20.(b)  21.(c) 22. (c) 23.(c) 24. (c) 102. (i) **'c,a—x"-""'C,(1-x)" x t..+ (CI = 0 
25.(d) 26.(d)  27.(b) =. 28.(6) 29. (b) 30. (c) Gr a ee Cr 40 


31. (b,c,d)32. (b,c,d) 33. (b,c,d) 
39. (a,c) 
42. (b,d) 43. (a,c,d) 44, (a,d) 


37. (a,b,c) 38. (a,d) 


46.(a) 47.(d) 48. (b) 
52.(d) 53.(c) 54. (a) 
58.(1) 59.(5) 60. (9) 
64.(6) 65.(5) 66. (4) 


40. (a,b,d) 41. (a,d) 


45, (a,b,d) 

49.(a) 50. (c) 
55.(c) 56. (d) 
61.(8) 62. (3) 
67. (4) 


68. A (p,q); B- (p, r); C (p, r, s) 
69. A (q); B= (q, 1); C (q, s) 
70. A— (p,q, 5, t); B- (p, s); C (p, r) 


34. (b,c,d) 35. (a,c,d) 36. (a,b) 


51. (b) 
57. (b) 
63. (4) 


103.(c) 104.(c) 105. (1— V3) + é, -iv3, (V3 + 1) — i 106. (d) 
107.(b) 108.(a)  109.(d) 110.(d) 111. (d) 112. (d) 
113.(d) 14. (c) 118.(b) M6. (c) 7. (d)—s118. (d) 
119.(c) 120.(a) 121. (d) 122. (c) 123. (a,c, d)_ 124. (b) 


125. A> (q, 1); B (p); C (p. 8); D3 (q,1,5,9 126. (b) 127. (a) 


128. (5} 129. (a) 130.(c)  131.(3)  132.(c) 133. (a) 
134.(d) 135. (d) 136.(b)  137.(c) 138.(c) 139. (c) 
140. (b) 141. (d) 142.(c)  143.(a) 144. (a, b, d) 

145. (4) 146. (c) 147. (a,c,d) 148. (b) 
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Solutions 


1. We have, 
a+ ib=cos(1 —i)=cos1lcosi+sin1 sini 
= cosl cosh 1 + sin 1 isinh 1 
[’ cos i = cosh 1, sinj-1=isinh 1] 


‘ «i -1\ 
ete oe e-e | 
=cos 1 +isin1 
; 2 | 
re 


cosl1+i-- 2 (e—2) sin 
e) 


i 
e 
q 


1 
and =ife-1 sinl 
2. Given that, z!°-z* —992 =0 
Let t=2° 
=> t?-1-992=0 
1+ f1+3968 1463 
=> = = 32, - 31 
2 2 
z°> =32 
and z>=-31 


But the real part is negative, therefore z* =32 does not hold. 
*. Number of solutions is 5. 
3. From Coni method, 


0 
\ / n \ 
\ - \ 
A,(2) A,{2) 
z-0 yp BRllA oe Z  genun i) 
Z-0 
But given om V2 -1 
Re(z) 
* 
z-Z - 
= zi_=J2-1 = -|2 = 2-1 
z+zZ j|z 
= +1 
2 Zz 
e2ktin _ 
= [Sn ain, |= i (V2 1) [from Eq, (i) 
= itan( )-i08-» 
= aia | (=| = tan (] 
n=8 


r , 
4. We have M el? =1 | 
p= 
= 18 | 218 | -318 rid oy | 
0(") | 
= edt 2t3tn tig = ¢ 2 =] 
| 
+1 +1 ; | 
or cos {At Nol + isin {#26} 1 41-0 | 


On comparing, we get 


cos {#1 Hr+ ol _, and sin |E* Dg) 0 


J 
= a =2mm and ROE Uo a rae 
2 2 
wi = 4m ei 7 2m, 
rr +1) r(r +1) 
where, m, m, € I 
Hence, 6 = am nel, 
r(r+1) 


5. Letz =x + iy, then 
(3 + i)(z + Z) -—(2 + i) (z —Z) + 141 = 0 reduces to 
(3 + i) 2x —(2 + i) (2iy) + 147 =0 


=> 6x + 2y + i(2x - 4y + 14) =0 
On comparing real and imaginary parts, we get 
6x + 2y =0 
=> 3x+y=0 wi) 
and 2x—-4y+14=0 
=> x-2y+7=0 ...{ii) 


On solving Eqs. (i) and (ii), we get 
x=-1 and y=3 
z=-14+3i 
zz =|z|* =| -1 + 3i|? =(-1)? + (3)? =10 


6. Since, affix of A is z,. 


—" — — _—— 
“. OA =z, and OB and OC are obtained by rotating OA 
— — 
through 7 and n. Therefore, OB = iz, and OC = -z,. 


z, + iz, + (-z,) 
3 


i 4 ( nm ., =) 
=-z, =—|cos— + isin — 
3 3 2 2, 


If A, B and C are taken in clockwise, then centroid of AABC 


Hence, centroid of AABC = 


1 ( mn .. 0) 
=—2z, | cos——isin—! 


a ae: 2) 
Centroid of AABC = 2 [cos =o sin®) | 
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7. 


Se ed 
—-_ |= 10 
2 é 

7). = (ia?) = jlo «2°? =io 

101 


Given that, z = wnt = { 


=i + im = i(-w’) 
i a ga mies p19 @7"* —_ i? w? = iw? =z 


Now, i227! + z 


» The complex slope of the line aZ + @z + 1=0isa = ae 
a 
and the complex slope of the line bz + bz -1=0isB =- 2 
Since, both lines are mutually perpendicular, then 
a+B=0 
a b 
=> —— ee 
a b 
= ab +ab=0 


10. 


11. 


12. 


. Wehave, a = cos (=) + isin (=) 


11 
Now, Re(a +07+07+a' +) 
_atartor+at+a°+ 0407+ 0°+0'+G) 
2 


_-1t(tatartart+as+art+a+G'+0°+E5+G? 


2 
= [sum of 11, 11th roots of unity] 


[z|<4 ..(i) 


and 0 < arg(z) < = .» (ii) 


m3 ; 
—_ a Real axis 


\ O 


ae 


which implies the set of points in an argand plane, is a sector 
of a circle. 


Since, x” + x + 1 =(x —@) (x — *), where @ is the cube root 
of unity and f (x) = g (x*) + x h(x°) is divisible by x? + x +1. 
Therefore, w and w” are the roots of f (x) =0. 


=> f (@)=0and f (w’) =0 
= g(w*)+ @h(w’) =0 
and g ((w”)’) + w7h (w*)? = 0 
> g(1)+@h(1)=0 
and g (1) + w*h (1) =0 
> g(1)=h(1)=0 


Hence, g (x) and h (x) both are divisible by (x — 1). 


Since, 2,, Z, and z, — Z, are collinear. 


Zz, 2, 1 
Zo zZ, 1/=0 
2 —Z, 2, — 2s 1 


13. 
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Applying R,; > R,—R, + R,, then| z, 


Baws. O wal 
Expand w.r.t. R,, then 


=> 2,2, -(z,Z>) = 0 
> Im (z,Z,) =0 
=> Im ((a + ib) (c + id)) =0 
=> Im ((a + ib) (c — id)) =0 
=> be-ad =0 => ad -be=0 
Let z=a+ib 


os. f (a+ ib) = y(a? + b?) 


14. 


15. 


16. -. 


=> f= f@)= fz) = f(z) = Ya? + 8) 
f is not injective (i.e., it is many-one). 

but|z| >Oie f(z)>0 = f(z) eR (Range) 

= RER . 

.. f is not surjective (i.e., into). 

Hence, f is neither injective nor surjective. 


Let a=re® ,B=re® [-“|o.| =|B], given] 


f ‘N 


where, 6 € [- - | and $ € (- 7, 0) 


® Liga -2 cos (252) 


a-B re®-re® (84% _ 
a : | a sin(2=2) 


Q- os 
=~ cat =) = Purely imaginary 
3 2 2 2 
We have, |z| = + BBle).4% + : 
z z{ |-z 
25 
= |z| $24+ — 
|z| 


=> |z|?-24|z|-25<0 = (|z|—25)(|z] +1) <0 

Jz} -25<0 [- |z]+1>0] 
=> |z| $25 or {z —0| $25 
Hence, the maximum distance from the origin of coordinates 
to the point z is 25. 


A#z,, B22z,,C B(1—i) z, + iz, 
AB =|z, —2,| 
BC =|z, —(1 —i) z, — iz,|=| (1 — i) (z, —z,)| 
= 2|2, -Z,| 
and CA =| (1 —i) 2, + iz, -z,|=| -i(z, -—z,)| 


=|-i]|% -z,[=] 2, -2,] 
It is clear that, AB =CA and(AB)’ + (CA) =(BC)? 
”. A ABC is isosceles and right angled. 
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17. Centre and radius of circle | z | =3 .»{i) 


are C, = 0, 5 =3 
and centre and radius of circle 


|z+1-i|= 2 a(t) 
and C,=-1+i,7,= 2 
ICC, |=|-1+i|=v2 
and ICC,1<4-% 


Hence, circle (ii) completely inside circle (i) 
. Number of solutions = 0 


18. We have, f(z) = g(z)(z” + 1) + A(z) 


where, degree of h (z) < degree of (z 2 +1) 
= h(z)=az+b;a,bEC 

f(z)=g(z)(z? +1) +az4+b;a,bEC 
=> f(z)=g(z)(z-i)(z+i)t+az+b;abec 
Now, f(i)=1-i 
=> aitb=1-i 
and f(-i)=1+i [given] 
=> a-i)+b=1+i [from Eq. (i)] ...(iii) 
On solving Eqs. (ii) and (iii) for a and b, we get 

a=-landb=]1 

.. Required remainder, h(z)=az+b=-z+1=1-z 


wall) 
[given] 


19. We have, |z + 1|=2|z —]] 


Put z=xt iy, we get 
(x +1)? + y?=4[(x-1)? + y?] 
=> 3x?+3y?-10x+3=0 


10 : 
=> eS ar x+1=0 wi) 


On comparing Eq. (i) with the standard equation 
x+y’ +2gx+2fy+c=0 


“. Required centre of circle = (—g, — f) = (:. o 


i.e. eee eee 
3 3 
20. °° x =9'9.9'9 gl? 00 


1/3 


= 9/34 1/9 + 1/27 +...0 =9!-13 = gi/? =3 


[from Eq. (i)] ...(ii) 


= 4s ‘ 47 1/9 . qil27 4gifs- s+ 1/27... ¢ 


y 


1/3 
= qit3 — gis =/2 


oi 1 1 1 
dz= 1+i)'= + ——- + ——_—— +, 
saad 2 i) (i+i) (1+i)? (+i) 
1 
(1 + i) a1__; 
—_— : 
(1 + i) 
Now, x + yz =3-i V2 
alae 
oe arg (x + yz) =arg (3 -i ¥2)=—tan™ 2 


21. °° A, =1 + 2i 


A, =(1+2i) e™” 


4 MB)! 


ma +an( 248 


u1, N35 18 
2 2 


* |AA, |= 


1+21-(2--8)-i[S 01 


Perimeter = 6| A,A, | =6V5 
22. We have, 


n 
d 
r=) 


T@&-)+r 


r=) 


a Qn n n 
=¥ lz-rit+ Viris¥r+ ¥ irl 
r=1 r=] r=} 


r=) 


<¥ dz -rl +r) 


bal ea eee 
2 2 
n 
és yt Sn(n+1) 
r=) 
f \ 
z 
Z,-— 
23. We have, arg sol) oe dog =3 
2 2 fll 
Iz| | 
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smRiSrinuhte Br 


See eee ieee se emem) fee 


24. 


25. 


26. 


which implies the following diagram 


Letz = x + iy =r(cos@ + isin 6) 
.. |z| =r, arg (z) =6 


( 
Given, |z —2-i|=|z| | sin & — arg 1) 


/ 
T 
sn(=-0)| 
\4 


= |(x-2)+i(y-1)|=r 


=> |x+iy-2-ij=r 


Jz (0050 -sin6)| 


as Ver-2 + -1? =F ]x-y! 


On squaring both sides, we get 
2(x? + y? —4x —2y +5) =x" + y? -—2xy 


=> (x + y)’ =2(4x + 2y —5) 
which is a parabola. 


Since, 1y2), 2923 cesnj 2 _, are the n, nth roots of unity. 


“ @"-1)=(@ -1)(z - 2%) (@ — 22) (@ — 23)... (@ — 24-4) 
=@-1) TI @-2) 


Taking log on both sides, we get 


n-1l 
log, (2” ~1) = log, (z -1)+ } log,(z-z,) 
r=l 
On differentiating both sides w.r.t.z, we get 


nz"7! i: 4 


@-) @-) (z —2,) 


Putting z =3, we get 


> i we 
r=1 G=2,) (3" -1) 2 
We have, 
z=(3+ 7i)(A + ip) 


=(3A —7) + i (7A + 3p) 
Since, z is purely imaginary. 
3A -7 =0 
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Xn 7 
= —=- 
Hh 3 
A,p € I — {0} 
For minimum value A =7, =3 
[z|? =| +71) (A+ im)? 
=|3+7i|’ [A + in|? =58 (A? +p?) 
= 58 (7? + 3”)=(58)? = 3364 
27. We have, 
z = f(x) + ig(x) 
where, i = J-1 and f, g:(0,1) — (0,1) are real-valued 
functions. 


Ee EE A Ve + x) 
l+x? 14+’ 1+ x’ 
1+x 1+<x 
5 and g(x) = r 
1+x 1+<x 


But for x = 05, f(0.5) > 1 and g{0.5) > 1, which is out of 
range. 


= f(x)= 


Hence, (a) is not a correct option. 


1 ‘ 
(b) z= 2+ (2) 
1 a l= i, 
l-ix (i-x) paae { 1-x 
ee a," 2 
Lee eS lt x, Lex 
1- 1- 
=> f(x)=——> and g(x)=——~ 
1+x Les 


Clearly, f(x), g(x) € (0,1), if x € (0,1) 
Hence, (b) is the correct option. 
1-ix ~ i(1 — ix) _ (1+ x) ‘ i(1 -— x) 


(c) z= 
1+¢x?7 14x? (14x?) (14x?) 
Hence, (c) is not a correct option. 
tix iti 
@ 2 Lae 
1- \l-ix}) 14+x° (1+>x°) 
_(i-x) | il +x) 


(+x?) (1+ x?) 
Hence, (d) is not a correct option. 
28. Let z =a be a real roots of equation. 
z> + (3 + 2i)z +(-1 + ia) =0 
= a? + (3 + 2i)a +(-1+ ia) =0 
=> (a? + 30-1) + i(a +20) =0 
On comparing the real and imaginary parts, we get 
a? +3a-1=0 and at+2a=0 


a 
3 a=-- 
2 
3 
=> er, 
8 2 
= a’ +12a+8=0 
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Let f(a) =a? + 12a +8 
=> f(-1) < Oand f(0) > 0 
D a €(-1,0) 


29. Cis Hees Sian = 
6 6 6 
-(e! _i(-1+i3)_o__ 
_—- it 2 i 


/ Tq \ 
ef [2 cis = } = (—2iw)” = ((-2iw)*)" = (gi)? 


and cis) -(« [cos : +isin *)) =(2V2 (1+ i)" 
4 4 4 


= (8(1 + i)’)"”? =(161)"” 
Thus, (8i)”? =(16i)"? 
which is satisfy only when m = 48 and n = 24 
aH m+n=72 
30. Wehave, z?=7-2'~!4 
Taking modulus on both sides, we get 
lz? =|2|-2'-"4 


= lz|(z|-2'-'") =0 (i) 
and arg (z*) = arg (z -2)-l4ly 

= 2 arg (z) = arg (Z) = — arg (2) 

= 3 arg (z) =0 

oe arg (z) =0 

Then, y= 0 [e Z=x+ iy] 
From Eq. (i), |Z} =0 => x=0 [- y =0] 


One solution is z=0+i-0=0. 
Also, from Eq. (i), 
y = 


9 “x 


{z| =2'-ll jW=2* 


= La 22-* ay (say) 
Hence, total number of solutions = 2 
+ 
31. +: 7 : is a purely imaginary number. 
z 
z+1 aay Z +1 z+1 
ee el = =— 
(E) fea real (=) 
=> (Z +1) (z +i) +(Z -i)(z+1)=0 
=> azz +Z(1+i)+2z(1-i)=0 
. ewe (=) 
=> zz +| ——|z +|—|z=0 
2 2 


32. 


33. 


which is a circle and passing through the origin 


2 
l= 1+ 1 
andidiisecRe | a eee 
2 2| 2 
Given, |z-1|<|z+3| 
rae [z-1]? <|z+3/ 
= |z |? + 1-2 Re (z) <|z|? +9 +2 Re (3z) 
ad 2 Re (4z) > -8 
> Re (4z) >-4 
4z + 4z 
> = 
2 
z+Z>-2 


and @=2z+3-i 

; O+@=22+3-i+27+3+i 
=%Az+Z)+6>-4+6 

= O+@>2 

Option (a)|m@-5-i|<|@+3+i| 

= |22+3-i-5—-i|<|2z+3-i+3+i| 


=> |2z -2-2i|<|2z +6| 
=> Jz—-1-i[<|z+3] 
which is false. 


Option (b)|@-5|<|@+3| 
= |2z+3-i-5|<|2z+3-i+3| 
= |2z-2-i|<|2z+6-i| 


& leniet |e 243-2 
2 2 
=> Jz—-1]<|z+3] 
which is true. 
Option (c) Im (i) >1 
iw — iw 
> —— >1 
2i 
io + i@ 
=> —— >l 
2i 
= O+@>2 
which is true. 
Option (d) | arg (o-)I1<> 
: Tt 
=> pee ears ses 
a: 
=> ag ene) |S 
= inv (meet2-a) ak 
 Re(2z + 2—i) 2 
Re(2z + 2—-i) >0 
2z+2—-i)+(27+2+i 
3 (2z i) + (2z Do 
2 
=> Z+Z+2>0 
= z+Z>-2 


which is true. 
“(1+ riP =A(1 4+ i) 
=> 1+(ri) +31) + X1)(ri)* =A (1+ i) 
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35. 


36. 


= 1-r'it¢3ri -3r°=A4+iA 


On comparing real and imaginary parts, we get 


1-3r°=A 
and —-r4+3r=A 
Then, -r4+3r=1-3r? 
=> r? —3r? -3r+1=0 
=> (r? +1) -3r(r +1) =0 
> (r + 1)(r? -r+1—3r) =0 
= (r+ 1)(r? - 4r +1) =0 
r=-1,2+3 
=> r=cosec en tan > cot x 
2 12 12 


Option (a) |z-1]+|z+1[=3 
Here, |1-—(-1)| <3 

i.e. 2 <3, which is an ellipse. 

Option (b) | z -3| =2 

It is a circle with centre 3 and radius 2. 


Option (c) |z-2+i|=- 


—— ' fen 
It is a circle with centre (2 — i) and radius ; 


Option(d) (z-3+i)(7~3-i)=5 
=> (z-3+i)(2-3+i)=5 
=> | |z-3+i|?=5 
=> |}z-3+i|=V5 


It is a circle with centre at (3 — i) and radius V5. 
Since, 1, Z,, 2, Z3,..-,2Z,-, are the n, nth roots of unity. 
Therefore, 

z”" —1=(z -1)(z -z,) (z —2,)... (2 —2,-}) 


- 7 =(z —2,) (2 24): @ = Zp,24) 


= 
= Tl @-z) 
r=] 


Now, putting z = @, we get 


n-1 n 
wo -1 

IT (w -2,) = 

r=) oO-1 


0, ifn=3r,rEZ 
=+ | ifn=3re+1,reZ 
1+, ifn =3r+2reZ 
3|z-12)=5|z—-8i] 
“.9[z—-12[? =25|z-8i[ 
= 9(z — 12) (Z — 12) = 25(z —8i) (Z + 8i) 
=> 9(zzZ —12(z + Z) + 144) =25(zZ + 8i(z —Z) + 64) 
= 162Z + 108 (z + Z) + 200(z -Z) i + 304 =0 
= 16(x? + y”) + 216x — 400y + 304 = 0 
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= Ax? + y?) + 27x —50y + 38 =0 ..(i) 
and |z-4|=|z-8| >{z-4/?=|z-8/" 
= |z|? + 16-2 Re(4z) =|z|? + 64 —2 Re(8z) 


=> 8 Re (z) = 48 
, Re (z) =6 
=> x=6 asl) 


From Eqs. (i) and (ii), we get 
2 (36 + y”) + 162 ~50y +38=0 


=> y? -25y + 136 =0 
=> (y - 17) (y -8) =0 
=> y =17,8 
ca Im (z) = 17,8 
37. 
Q 
ye P(2)) 


38. 


(z4)R S(Z,) 
Option (a)*.- PS||QR 
arg (: _- | =0 
a 
=> 71774 ig purely real. 
ays 


Option (b) °. Diagonals of rhombus are perpendicular. 


{ 
= T 
Then, arg a a 
Zo 24 2 


=> Ais purely imaginary. 
ay 24 
Option (c) ~- PR # QS 
“s |Z ~Z5|#] Z2 — 24 | 
Option (d) ‘- ZQSP = ZRSQ 
ait [2=%) = ane ae zs) 
21 — % 2, — 24) 
= al ifs ZA (2: a 24] 
lz, - z4) a aig 


| z—3]=min {/z -1],]z—-5]} 

Case! If|z-—3|=|z-1| 

On squaring both sides, we get 
|z-3[=|z-1 

=> [z |? +9-2Re(3z) =|z|’ + 1-2 Re(z) 

=> 4 Re(z) =8 

=> Re (z) =2 
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Casell If |z-3]=|z-5] 

On squaring both sides, we get 
|z-3[?=|z-5/? 

=> |z|?+9-2Re(3z) =|z|? + 25-2 Re (5z) 


=> 4Re(z)=16 => Re(z)=4 
39. 
From figure, it is clear that z lies on the point of intersection of 
the rays from A and B. 
‘: ZACB = 90° and OBC is an equilateral triangle. 
Hence, OC =a 
= |z-O|=a or |z|=a 
tT 
andarg (z) = arg (z —-0)= = 
40. -: a ae 
zt+i 
z-i/2} om 
=> ——_|= 
z+i 2 
For circle, ; #1 
=> m#2andm>0 


41... A(z,) lie on|z|=r 


=> lzl=r => [zl =r? => Zo%0 =’ 


A(Zo) 


P(2) 


Let P(z) be any point on tangent, then 


T 
ZPAO =— 
2 
Complex slope of AP + Complex slope of OA = 0 
= Z,-0 
> plea! Pe ahr 
#=%o «62g 0 
=> ZZ) t+ ZZ =2ZZy 
=> 2%, + zz = 2r° 
=> 2Zy =Z2y 
Also, =e + =. =2 
r r 
Za . Zee 
=> ———— 2 
Zq%q = 20% 


42. . 


43. - 


44, 


45. 


Z, + 2, =@,2,2,=b 


and given | z,| =|z,|=1 


Let . 


z, = ¢l@ and z, =e 
|a|=|z, +2,]S|z|+|z./=1+1=2 
Ja] <2 | 
Also, arg (a) = arg (z, + z,) = arg (e° + e’®) --it : 
and arg (b) = arg (z,z,)= arg (e®*®) =O + 


2 arg (a) =arg(b) => arg (a”) = arg (b) 


az?+z+a=0 (i) 
Then, azt+z+a=0 
= O(z)°+Z7+a=0 
=> Gz? +z+0=0 { Z =z)...(ii) 


On subtracting Eq. (ii) from Eq. (i), we get 
(a -@) z’-(a -&) =0 
=> Oo -& =Oandz? =1 
z a =Q andz=+1 
Put z = + 1 in Eq. (i), we get 
ata=+1 
and absolute value of real root = 1 


i.e, Lz) =j21|=1 
Let z = & be a real root of equation 

2° +(3+i)z’ -3z -(m+ i) =0 
=> a? +(3 + i)a? -30 -(m+i)=0 
=> (a> + 3a? -3a -m) + (a? -1)=0 


On comparing real and imaginary parts, we get 
a? +30°-3a-m=0 

and oe? -1=0 > a=t1 
For a = 1, we get 

1+3-3-m=0 => m=1 
For a =— 1, we get 

-1+3+3-m=0 => m=5 
Let z =@ be a real root of equation 

z>+(3+2i)z+(-1+ ia) =0 
= a? +(3+2i)a +(-1+ ia) =0 
=> (a> + 3a -1)+ (a +20) =0 
On comparing real and imaginary parts, we get 

a? +30-1=0 


and a+2a=0 
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_ _ 4a 50 
aaa ol Oe eee Te 
a? 3a nas ‘ r=4 , 
> = =e 1=0 = a? +12a+8=0 ; 
= = = (i? + 71 + 0)+ Meta taies pie” 
Let f(a) =a? + 12a +8 = 
f(-1) < 0, f(0) > 0, f(-2) <0 s(-1=0909 (1-1 
f(1) > Oand f(3) >0 a 
— a €(~2,1) or a & (-1,0) or a € (-2,3) + +i +i +... 47 times) 
Sol. (Q. Nos. 46 to 48) =(~1-i) + (2i -2 + 47) 
46. °. arg(z)>0 =44+i=a+ ib [given] 
arg (z) + arg (-z)=-1 a= 44,b=1 
> — arg (z) + arg (-z)=-1 Unit place digit of a7"! = (44)?! 
= arg (-z) — arg (z) =~ = (44) ((44)°)'%* = (44) (1936)' 


47. -- arg (z,z,.) = 
=> arg (z,) + arg (z,)=% 
=> arg (z,) — arg (Z,) =% 
Given, | z,| =| 22] 
| 21 =1 Zl =1 201 
Then, z,+Z,=0 
=> z,=-Z, 
48. arg (4z,) - arg (5z,)=1 
is possible only when | 4z,| =| 5z,| 


= a € 
Z| 4 
and also 4z, + 5z, =0 
Z 5 
=> —=-— 
Zo 4 
41) =? 21,25 
Z| 4 


Sol. (Q. Nos. 49 to 51) 


= (Unit place of 44) 
x (Unit place digit of (1936)'"”) 
= Unit place of (4 x6)= 4 
and unit place digit of b7? =(1)?"? =1 


Hence, the unit place digit of a7"! +b" =4+1=5. 


101 


“yeeHe 


.) jr + 3)! $p.72-3.. 2% 
r= 
=(i° + i° + i° +... 97 times) + it 24 At t 8 
=97 + (°!=974 (3 =97-i 
a=97andb=-1 
Hence, a + 75b =97 —75 =22 


Sol. (Q. Nos. 52 to 54) 
If 


zt $|=b,whereab>0 
z 


t2]siel4 
v4 


49. -: n'is divisible by 4, Vn 2 4. [2] 
25 a 
> ae) = ae 
— => |z[*-biz|+a20 
=i? + i°+i°+... (22 times) =22 Ai) 
b—,/b? - 4a 
25 25 | z| < —————_ 
i" =) + tie yy : 
n=] n=4 b +b? - 4a ’ 
«csi. att : ; and a von) 
=iti° +i? +22 [from Eq. (i)] 
=i-1-14+22=20+i Also, zt” afer 
a=20,b=1 
a-—b=20-1=19 . a b2|izi- | 
which is a = number. 
= = -bs|z a Zh 
» v4 asi ial |z| 
a = -b|z|<|z\?-asb|z| 
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Casel -b|z|<|z|’-a 
=> |z[+b|z|-a20 


—-b-b? +4 

wigs 
2 

and piety =e 


Casell |z|?-asb|z| 
= |z|?-b|z|-as<o0 


b -4[b? + 4a b+ fb? + 4a 
(2 


From Case | and Case I], we get 
—b +b? + 4a <j2ps ett 4 
2 2 
From Eqs. (i) and (ii), we get 


—b+ yb? + 4a Zi b+ lb? + 4a) 


z 
2 | 2 
b+ Jb? +4 
.. The greatest value of| z | is b+ yb' + 4a 
~b+b? + 4a 


and the least value of | z | is 


52. Here, a =1and b =2 


A =Sum of the greatest and least values of | z | 
a Feuajar ands 
i? =8 
53. Here,a =2andb=4 
A =Sum of the greatest and least value of |z|. 
= Vb? + 4a = V16+8 = 24 
1? =24 
54. Here, a =3 and b =6 
A =Sum of the greatest and least value of | z | 
= fb? + 4a = 36 + 12 =V48 = 43 
=> A=2V3 
& Kei 
Sol. (Q. Nos. 55 to 57) 


. yr aaa te 
2 


zt+ 
55.°: z=CiS@=e® 
a_ 


=atib 


eo” 42 


=>(cosO + isin® — 1) =(a + ib) (cos + isin® + 2) 
On comparing real and imaginary parts, we get 
cos8 —1 =a cos@ + 2a — bsin® 
= (1-a)cos@ + bsin8 =2a +1 
and sin@ =a sin® + b cosO + 2b 
(1 — a) sin® — b cos6 = 2b 


. (ii) 


.-(i) 


56. 


i) aa 


58, °. 


On squaring and adding Eqs. (i) and (ii), we get 
(1 - a)? + b? =(2a +1)? + (2b)* 
=> 3a’ + 3b? +6a =0 
=> a’ +b? +2a=0 
From option (c), 
(1 + 5a)? + (3b)? =(1 - 4a)? 
=> 9a” + 9b? + 18a =0 
a’? +b? +2a=0 
From Eq. (i), we get 
( -a{! LIE n | 2 tanO/2 |= ; 
l+tan’0/2) = \1+ tan?6/2 
= (1-a)-(1-a) tan? = + 2b tan = 
=(2a + 1) + (2a + 1) tan? : 


=> (@ + a)tan? 2 —2b tan = +3=0 


2b + 4b? ~ 12a (2 + a) 
Wea) 
_ abt (40? — 12(-b?) 

2 -2b*/a 
_(2b+4b)a_ 6ba 
= Db? = 2h? 


6 
an—= 
2 


[: a? + b? + 2a 


-2ab_ 3a_a 


aa Oh 


6 b ob b 6 ) 
cot -=-—-—or- or-—-— =3 cot —or-cot — 
2 3a sa a 2 2 


a’ +b? +2a=0 = (a+1)? +b? =1 
Now, |z|=1=(a +1)? +b’ 
1tz¢z°¢z°+...42" =0 
1:(1—z'*) 
“(-2) 
=> 1-z=0,1-z#0 
z'§=1,7#1 
and 1+z4¢z°4+2z°+,..4z%=0 
iwfli=2") 4 


(=) 
= 1-z'4=01-z#0 
z4=17241 


From Eqs. (i) and (ii), we get 
z4.zf=1 = 1-24 =1 


z*=1 
Then, z=1,-1,i,-i 
= z#1 
z=-1,i,-i 


Hence, only z = —1 satisfy both Eqs. (i) and (ii). 
. Number of values of z is 1. 
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= 0] 


.-i) 


.»(ii) 


59. 


60. 


61. 


We have, z= wali) 
=> Iz =|Z|=12| 

= [z|(jzf?-1)=0 

~ |z|=Oand|z|?=1 

Now,|z |? =1 

=> z=1> Ree 


Zz 

On putting this value in Eq. (i), we get 
z= 

Zz 

=> z=] 

Clearly, Eq. (ii) has 4 solutions. 

Therefore, the required number of solutions is 5. 


We have, 
=> z’ =(81 —a’) + 184i 
z? =(729 — 27a”) +(243a — a’) i 


z=9+ai 


According to the question, we have 
Im (z?) = Im (z’) 


= 18a =243a-—a® => a(a? —225)=0 
> a= 0ora’ =225 
But a#0 

a” =225 


The sum of digits of a? =2+2+5=9 


let z=x+iy 
ii ..-(i) 
x+y?=1 
and <+2}=1 
ze. 2 
m x+iy . x-ly =] 
x-iy x ly 
aa _ ey? 
= [ator +e-oy sy 
x+y 
2.2 
= ay) aa {from Eq. (i)] 
a ee i 
<3 iP way tinge © ..(ii) 


From Eqs. (i) and (ii), we get 


= Shien esse ge 
4 4 2 2 

1 3 : 

Eon ay! mid = [from Eq. (i)] 


[from Eq. (i)] 


62. 


63. -. 


64. -. 
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Forx=2,y a2! [from Eq. (i)] 
For x =— By = ; [from Eq. (i)] 
i ia 
. Solutions are - 28 agit 1, M341 N34 


“2° 2°22) 2°2 
Hence, number A sie is 8. 


We have, x=atib 
=> x? =(a? — b*) + 2iab =3 + 4i [given] 
a’ — b* =3and ab =2 ail) 
and x? =x- x’ =(a + ib) [(a? — b?) + 2iab] 
=(a? — ab” — 2ab”) + i[2a°b + ba? — b”)] 
=(a? -3ab’) + i(3a°b — b°)=2 + Li [given] 
a> —3ab? =2 
and 3ab - b* =11 ..(ii) 
From Eq. (), we get 
a’ +b? = (2 —b*)? + 4a7b? =5 
Then, 2a” =8, 2b? =2 
a’ =4 57 =1 
=> a=2,b=1 
and a=-2,b=-1 [" ab =2] 
Finally, a = 2, b =1 satisfies Eq. (ii). 
Hence, at+b=24+1=3 
(i+ i)’ =[((1 +i)? 
=(1+ i? + 2i)? =(1-1 +4 2i) 
=4i7=-4 (i) 
Pe 1-Vni, Vn-i 
Vn+i 1+ Vn i 
_-vx i)(vm-i) | We -i)a-V0 i) 
T+1 1+7 
_vn-i-ni-Vn+ vn -ni-i-vx 
T+) 
pS ati) 
mr+1 


Vn i 


Gi ® 1 +i)! VR = 
iven, z= Fi nt er led8i, me 
= 7 (—4) (-2i) =2ni [from Eqs. (i) and (ii)] 


Now, lz gee 
amp (z)) 1/2 


A= 
=> Az=(1)!" =e!" 7 =0,1,2,...,n-1 
A=1, enn ene. ae e2k(n-t) isn 


and (A + 1)" =1> A +1 =(1)"" = e2h pilin 
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=> A = er* Plia -~ 1 = ePRiin 2 2i sin (*2} 
n 


p=012...2-1 
) 
n\ » an 
A=0,e"!" - 2i sin (= | et" 23 sin (*)... 
. n) n 


erila-in - 2i sin (: (n =) 


n 
For n=6, 
i / 
et ktin — QARI6 _ Q2n1/3 


20 aig 


7) | re 
ee eS 
3 3 


and e*!" .. 2i sin() = eo . 95 sin () 
n 6 

' 

eal 


“a 
V3 i), 1, iB 
[Bei 


2° 2 


tt ) 
cos +isin =| +i 
6 6) 


Hence, the least value of nis 6. 


65. Given, z,, Zz, Z3)..-,Z59 are the roots of the equation 


50 
‘. (z)' = 0, then 


r=0 
50 50 
Ley =(z -z,)(z — 22) (z —2;)...(z —Z59)= TT (z -z,) 


‘ Taking log on both sides on base e, we get 


en 
log. | ¥ (zY |=}. log, (z -z,) 


wr 0 i a? | 
On differentiating both sides w.r.t. z, we get 


50 a 
Xe) g 
¥ ey 2 ea 


r=0 


On putting z = 1 in both sides, we get 


50 
a a 
r=0 ait 1 
50 ~ 
] re] (i z,) 
r=0 
50 
ee ay 1 
51 ani 
=-(-5A) [given] 
3 x51 
= 2 =5A 
51 
=> A=5 
10 f qn. 2qr 
66. °° 2 sin 9 i cos 7) 
<n, At 11 
10 2an 
=-j E (cos 22% + isin) 
qzl\ 11 11 


10 
= 113 {cos 2 + isin 22) -1| 
q ol 11 


=~ i {(sum of 11, 11th roots of unity) — 1} 
=-i(0-1)=i 


32 Ly ee 2a 
P= 3p +2 ( — pte le 
XS p y{ (sin 7 i cos = 


32 
= 2 Gp + 2)(i)? 
p=l 
32 32 
=3 > pli)? +2 (i)? 
p=l p=) 
32 
=3 D p(i)? + 0 =38S (say) 
p=l 


32 
where, S= & p(i)? 
p=l 


Sasi > Bei? +907? 4.6.4 31°72 s+ 32-1" 


S=1-2 +2: +... 431-1" + 321” 


(Q-i)SH(i+P? ++... +i?) -32i” 


=(0) -32i 
_ 32i - (1 + i) 
(1-i)-(1 +i) 
=~- 16 (i -1) =16(1-i) 
P =3S = 48 (1 -i) 
Given, (1+i) P=n(n!) = (1+ i)-48(1 -i) =n(n!) 
= 96=n(n!) => 4(4!) = n(n!) 
n=4 
i+t (1+ i)? 1+ i? +2i 
i= G<iten 2 ~ 
Given, (+4) seg a 
=e 7 . 2x 
1+ x? 
= i7=—sin ( 
T 2x 
1 1+x° _ Xin 
= sin +=) 7 
2 
=> ssa =sin( £07) i) 
2x 2 
Now, AM2 GM 
ae x+ls, 
2x 


[.-1 Ssin@ $1] 


=> n= 4,8, 12, 16,.. 
. Least positive integer, n = 4 
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68. (A) — (p,q), (B) > (p,r),(C) > (p,7,) 
If 


zt *| =o, where a > 0 and b > 0, then 
Zz 


~b+ b> + 4a <| bt bt + 40 
—_—_—_————— §/7 ———————————s 
2 2 


(A) Here, a =1 and b =2 

Then, - 1+ 72 $|z|<1+ V2 

G=1+4 v2 

and L=-1+ 42 

=> G-L=2 _ [natural number and prime number] 
(B) Here, a =2 and b=4 

Then, -2+ V6 <|z|<2+ V6 

3 G=2+ 6 

and L=-2+ V6 

= G-—L=4 [natural number and composite number] 
(C) Here, a =3 and b =6 

Then, —3 + 2¥3 <|z| $3 + 2v3 


G=3+2v3 
and L=-3+2N3 
= G-L=6 


[natural number, composite number and perfect number] 
69. (A) > (q), B > (q, r), C > (q,s) 
We know that, 


tes +(e ~Re(z) | \z| - ee 


2 2 


if sees EERE, EE 


4 


If Im(z) <0 


wn seraes 
= + (2V2 + iv2) 
=+ 2 (2+ i) 


Toe 10+6 
wovHi=x[ EE as J) 


\ 


=+ (V2 + i2v2)=+ V2(1 + 2i) 
z= 6+ 8i + J-6+ 8! 
= + J2 (2+ i) + V2 (1 +2i) 
= 32 (1 + i), ¥2 (1-i), 32 (1 + i), v2 (-1 +3) 
z, = 32 (1 +i), z, = V2 (1-3), 
z, =~ 342 (1+ i) 
and z, = /2(-1+i) 
*. fayl? + [zal? + les!” + leg)? 
= 36 + 4 + 36 + 4=80 which is divisible by 8. 
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(B) simi =4[ EES - j= )- + (3 ~2i) 
and “som -e[ BSS 1 P*8) 0s 
2 2. 


z =V5-12i + /-5—-12i= + (3 — 2i) + (2 -3i) 
=§ =9),.- 1 =i, =5 451,141 

2, =3-5i, z,=-1-i, 

Z,=-5+5iandz,=1+i 


*. |z,[ + [zal? + |z3? + [z,|? =50 + 2+ 5042 


= 104=8 x 13 


: 


=t£ 643) 45 6- 5i) 


2= 6 -2i), 5 (-2-8i), 
1 . . 
pr ore Oren) 
z, = 2 (4~-i), z, = v2 (-1~-4i) 
z, = V2 (-4+ i)andz, = V2 (1+ 4i) 


*. |z |? + [z9|? + |z3l? +z, |? =34 + 34 + 34 4 34 
= 136 =17 x8 


70. (A) > (p,q,r,t);(B) > (p,s);(C) > (p,r) 
(A) Here, the last digit of 143 is 3. The remainder when 861 is 


divided by 4 is 1. Then, press switch number 1 and we get 
3. Hence, the digit in the units place of (143) is 3. 
A =3 


Next the last digit of 5273 is 3. The remainder when 1358 
is divided by 4 is 2. Then, press switch number 2 and we 


get 9. Hence, the digit in the units place of (5273)*™ is 9. 
“. w=9 

Hence, A+H=3+9=12 

which is divisible by 2, 3, 4 and 6. 


(B) Here, the last digit of 212 is 2. The remainder when 7820 


is divided by 4 is 0. Then, press switch number 0 and we 
get 6. Hence, the digit in the unit’s place of (212) 7° is 6. 


A =6 


Next, the last digit of 1322 is 2. The remainder when 1594 
is divided by 4 is 2. Then, press switch number 2 and we 
get 4. 
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Hence, the digit in the unit's place of (1322)! is 4. 
2 yw=4 
Hence, A + 1) =6 + 4 =10, which is divisible by 2 and 5. 
(C) Here, the last digit of 136 is 6. Therefore, the unit's place 
of (136)”* is 6. 
Bi A =6 
Next, the last digit of 7138 is 8. The remainder when 
13491 is divided by 4 is 3. Then, press switch number 3 
and we get 2. Hence, unit’s place of (7138)'**”" is 2. 
p=2 
Hence, A+ =64+2=8 
which is divisible by 2 and 4. 


71. (A) > (r); (B) > (p,s); (C) > (q,t) 
If 


z~£]=bwhere a >0 an b > 0, then 
z 


—b+ Jb? + 4a b+ Jb? + 4a 
2 2 
_-b+ Jb? + 4a 


b? 
on ee 


(A) Here, a= 6 and b=5 


dX =6andp =1 
=> AM +p =6l 418 =7 
and AM —p* =6!-1% =5 
(B) Here, a@=7 and b=6 
: XA =7andp =1 
Yap a7 417? =B 
and AH —u* =7!-17 =6 


(C) Here, a =8 and b =7 
a5 4 =8andp =1 
=> Map xsl 41% =9 
and eg Ss) a1" 7 


72. Statement-1 is false because 3 + 7i > 2+ 4i is meaningless in 


the set of complex number as set of complex number does not 
hold ordering. But Statement-2 is true. 


73. Statement-1 is false as 
(cos 8 + i sin 6)" # cos nO + i sin nd 
a ee: 
Now, cos — + isin —| =cos — + isin —- 
\ 4 4)" 2 2 


“a [by De-Moivre’s theorem] 
.. Statement-2 is true. 
74. We have, 
[3z, + 1| =|3z, + 1] =|3z, + 1| 


site 1 ; 
.. Z,, Z, and z, are equidistant from | — 7 0 | and circumcentre 
Sct afeell aaa 
of triangle is | --, oy 
. so 


Also, 1+2,+2,+2,=0 ' 


75. 


76. 


TT. 


78. 


1+2Z,+2,+ 2, 
is cy 
3 
yt Zp +2, 1 
3 3 


=> 


=> 


. Centroid of the triangle is (- 7 0), 


) 


So, the circumcentre and centroid of the triangle coincide. 
Hence, required triangle is an equilateral triangle. 
Therefore, Statement-1 is true. Also, z,,z, and z, represent 
vertices of an equilateral triangle, if 

zy +25 +25 — (2,2, + 225 + 252,) = 0. 


Therefore, Statement-2 is false. 


We have, 
|z —1)+]z —8|=5 a ()) 
Here, z, =1,z, =8 and 2a =5 


ms ° 2a=5<7 

Therefore, locus of Eq. (i) does not represent an ellipse. Hence, 
Statement-1 is false. Statement-2 is true by the property of 
ellipse. 


Since, z,, Z, and z, are in AP. 
22, =2, +2, 
z, +2, 
=> Z, = —— 
2 


It is clear that, z, is the mid-point of z, and z;. 

.. 2), Z and Z, are collinear. 

Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation of Statement-1. 

Principal argument of a complex number depend upon 
quadrant and principal argument lies in (- 1, 77]. 

Hence, Statement-1 is always not true and Statement-2 is 
obviously true. 


We have, C,: arg @)=7 
=> tan 1(¥).% [letz =x + iy] 
\x) 4 
=> Epneei 
x 4 
= y=x 
Cyiy=x ..{i) 
C; angle) = 
=> t -1fy) 3% [letz =x + iy] 
\x)/ 4 
=> Reign ecy 
4 
y=-x 
Caye-* ..(ii) 


and C,: arg (z-5-5i)=7 


=> tan [228] 5 
\x-5, 


[letz =x + ty] 
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na ys a ee On putting x = in Eq. (i), we get 
oP w=! @ a,)(w -a,)(w -a,) (w-a,) 
Cay= ...(iii) @-1 ; : ? . 
We get the followin oe e. w* - s 
. Bees = = =( - a,)(@ - a,)(o - a) (@ - o,) Ail) 


and putting x = @” in Eq. (i), we get 
w'? -1 


>= —+ =(0* ~a,) (* -a,) (0* -a,)(0" -a,) 


= =(? -0,)(@? -a,)(@* -0,)(@? -a,) ii) 


On dividing Eq. (ii) by Eq. (iii), we get 


.. Area of the region bounded by C,, C, and C, @’-0, @-a, @-a, o-a, (-1) 
si) 5-0 Sie 01 _ of +1-207 _w+1-20" 
2-5-0 s—o| @+1-20 w'+1-20 
.. Statement-1 is false. _— a" - 20° _- 30" - 
Now, OA =54/2, OB = 52 and AB =10 -0-20 -30 
(OA)? + (OB)* = (AB)? and OA = OB Bo. tees Seep then sx 


Therefore, the boundary of C,, C, and C, constitutes right 


: . A i relation, 
isosceles triangle. Promigivenifeial, On, WEiECE 


Hence, Statement-2 is true. = x=|[x+iy-1| 
ne es ae => x =|(x-1)+ iy | 
. Since, Im (2,25) = ER a feats 20s) => x?=(x-1)'+y? = 2x=1+y" 
_ a _ ; If z, =x, + iy, and z, =x, + iy, 
z, Im(Z,2z3) = pas 23-2225} wi) Then, teeta fi 
= 2 a 
Similarly, z, Im (Z,z,) = 144, Z,—222,25} ...(ii) and 2x, =1+ y2 »-(ii) 
2i On subtracting Eq. (ii) from Eq. (i), we get 
~ 1 2 = oe 
and z; Im(Z,z,) = pra) Z,Z_—Z42,2,} ...(iii) 2(x,~x,)=y, - ye" 
t eae 
2 (x, — x2) =(y, + ¥2) (y,- ¥2) .»{iii) 


On adding Eqs. (i), (ii) and (iii), we get 
z, lm(Z,z,) + Z, Im(Z,z,) +z, Im(zZ,z,) =0 
Therefore, this is proved. Then, tan” 


But, given that arg (z, -z,)=/4 
\ 
(ys ~¥2 lees <5 ag 


; x, = % 4 x,-%x 
. Since, z,, 2, and z, are the roots of \ a) _ (iv) 
3 2 ee, Y y, — y2= — xX; = xX, ewAlV 
x" + 3ax" + 3bx +c =0, From Eqs. (iii) and (iv), we get 
we get Te ¥, + y2=2 [- ¥, —¥2 #0] 
= “ a 732-4 “s Im (z, + 22) =2 
Hence, the imagin: art (z, + z,) is2. 
and Z12Zy + 2925 + 2,2, =3b . ena pete) 


83. (i) LHS = (a? + b? + c? — be — ca — ab) 
(x? + y? +z? — yz -2x- xy) 
=(a + bw + cw?) (a + bo® + cw) 
(x + yw + 20*) (x + yo? + 20) 


Hence, the centroid of the AABC is the point of affix (— a). 
Now, the triangle will be equilateral, if . 


a va 
Zy +22 + 23 = 2,2, + Z_2Zq4 + 252, 


=> (z, + Z, + Z4)* =3z,Z, + ZpZ4 + Z52;) = {(a + bo + an”) (x + yo + 207)} 
=> (— 3a)” =3(3b) {(a + bw? + ow) (x + yn” + z)} 
Therefore, the condition is a” = b. = fax + cy + bz + @ (bx + ay +z) 


+o” (cx + by +.az)} x{ax + cy +bz + 0? 
P (bx + ay +cz) + (cx + by + az)} 
“(x -1) = (x - 1) (x — 0) (x - 2) (x — 3) (x — 4) =(X +@Z + @7Y)(X +0°Z + oY) 


= RHS 


x° —1=0has roots 1, 011, &,, 5, Oy. 


5 — 
= * =) (¢~a,)(x-a,)(x-0)(x-0,) Ai) 
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(ii) LHS =(a°+ b> + ¢° ~3abc) (x°+ y® + z° —3xyz) 
=(a + b+ c)(a? +b? +c? —ab—be- 5 ca)x 
(x + y+ z)(x74 y? +27 - xy — yz ~ 2x) 


=(at+b+c)(xt+ytz) 
Ss + b? +c? — ab — be —ca)x 


(x? + y? +z? — xy — yz—zx) [using (i) part] 
=(ax + ay + az + bx + by + bz + cx + cy + cz) 
(X? + Y? 4 Z°-YZ - 2X —- XY) 
= {(ax + cy + bz) + (ex + by + az) + (bx + ay + cz)} 
(X?+Y? + Z?-YZ -ZX — XY) 
=(X + ¥+Z)(X?+Y°+Z?-YZ-ZX - XY) 
=X°4+Y*+ Z°-3XYZ=RHS 
z=xtiy 
jzPPax2+y? 
x? + y? —2i (x + iy) + 2c(1+ i) =0 
(x? + y? + 2y + 2c) + i(-2x + 2c) =0 
On comparing the real and imaginary parts, we get 
x? + y? + 2y + 2c =0 ...(i) 
and —2x+2c=0 ...(ii) 
From Egg. (i) and (ii), we get 
y? + 2y +07 +2c=0 
—2+ J 4- 4c? + 2c) _ 


2 


-1+ Ja —c? -2c) 


= y= 


‘’ xand y are real. 
1-c?-2c20 or c? +2c+1S2 


(c +1)? s(v2)? = -V2-1scS 2-1 

0<cS 2-1 [." given c 2 0] 
Hence, the solution isz =x +iy=c+i(-14J1-c¢? — 2c) 
for 0ScS$42-1 
and z = x + iy =no solution for c > V2 -1 
Letz =x+iy 

Re(z)=x= ae .»(i) 

and Im(z)=y = pce .. {ii) 


The equation (2 — i) z + (2 + i) Z + 3 = 0can be written as 
Az+zZ)—-i(z-Z)+3=0 

or 4x+2y+3=0 

.. Slope of the given line, m = —2 

Let slope of the required line be m,, then 


ease) ep) TE ee 
1+ mm 1-—2m, 1-—2m, 
1 
=--,3 
" 3 


. Equation of straight lines through (— 1, 4) and having slopes 
~ Sand 3 arey —4=—2 (x4 1) and y —- 4 =3(x + 1) 


=> x+3y-11=0 and 3x-y+7=0 


Using Eqs. (i) and (ii), then equations of lines are 


+ 

z+z gees 3(z -Z) wit 
20 2i 

rr 3(@2+27)_@-Z)7_, 
2 2i 

FEE. (1 -3i)z + (1+ 3i)Z —22=0 

and 3+i)z+(3-i)7+14=0 


86. Putting — = x in LHS, we get 


LHS =(1+ x)(1+x2)(1¢ x? )...(1+ x7) 
(=x) 4x) 4 x2) 4x?')... (1+ 2?) 
- (1 - x) 
(la x4)(14 x2) 4 x?) (14 2") 
- (1-x) 
(ax 04x"). 0+ 2") 
- (1- x) 
(=x atx) _1-(°)" 
(lea) (1 - x) 


87. Since, arg (z —-3i) =32/4 is a ray which is start from 3i and 
makes an angle 3/4 with positive real axis as shown in the 
figure. 


‘, Equation of ray in cartesian form is 
y -3 = tan (3/4) (x —- 0) 

or y-3=-x or x+y=3 

and arg (2z+1-—2i)=n/4 


eta 


/ 1 * 
or arg(2)+ arg|z+--il=n/4 
\ 2 4) 


or 0+ arg(z+1-i]=n/4 
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or arg(z-(-2+1))=n14 


which is a ray that start from point — : + i and makes an angle 
m/4 with positive real axis as shown in the figure. 
.. Equation of ray in cartesian form is 

y-1=1[x-(-1/2)] > y=x+3/2 
From the figure, it is clear that the system of equations has no 
solution. 


Let a=rcosaand0=rsina (i) 
So that, a+0=r* 
S r=|a| 
Then, a=|a| cosa [from Eq. (i)] 


cosa=+1 


Then, cos & = 1 or — 1 according as a is + ve or - ve and 
sin & = 0, 


Hence, & = 0 or m according as a is + ve and - ve. 


Again, let 0 =7, cosBorb =n, sinB ..-(ii) 
So that, 07+ 67 =2" 
ae n=|5| 
From Eq. (ii), we get b =|b| sinB 
sinB=+1 


Then, sin B = 1 or — 1 according as b is + ve or - ve and cosB=0. 


T tT ‘ 2 
Hence, B = 5 or -— according as b is +ve or —ve. 


Let two non-parallel straight lines PQ, RS meet the circle 
|z | =rin the points a, b and c. 


R~ 


Then, |a|=r,|b|=rand|c|=ror |a|? =|]? =|c|? =r’ 


2 2 2 
thn a= —, b= and@=— 
a b c 
z zi 
Points a, b andz are collinear, then|a @ 1/=0 
bb 1 


z(@—b)-z(a—b)+ ab —-ab=0 


Zz -] -1 ° 
—+— =a +b eee | 
abr’ 0 
For RS, replace a = b = c in Eq. (i), then 
z Z aif 7 
=+=+—=2c (i 
a og (ii) 
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On subtracting Eq. (i) from Eq. (ii), we get 
z(c* —a'b") =2e71 -a! pb"! 
et =a" -e* 


v4 — 
c =a 


Hence, 


which is a required point. 


90. «.« AD L BC 
.. AP is also perpendicular to BC. 
A(2,) 
| ke | 
Z2)8 p / C@4) 
P() 
Y os ‘ 
Then, ate | 22-4 Jk 
\23 722, 2 
Re ( a =0 
\z, — 22) 
iz . mae 
= 23 22 23-22 
2 
= a Hie =0 


But O is the circumcentre of AABC, then 
OP = OA = OB =OC 
|z| =|z,|=[z2|=[z5| 

On squaring the above relation, we get 
lz |? =l2y? =|z21° =|25 |? 


=> 2Z =2,2, =22, =242, 


a 
From first two relations + = — 
ZR 
a . Zz, Zz 
From first and third relation = = — 
7 2 
. 2 
and from first and fourth relation = = — ie 
Z 2, 
Z,—Z ot 
From Eq. (i), we get ——— + 2 —— =0 
Z3—Z, 73 _ 22 
a 
From Eqs. (ii), (iii), (iv) and (v), we get 
4 
=i 
m4-z % si 
ty-Zy 6 ok, 
Z3 22 
VI, 4, 22a - 
=> [2-2 \h4 2731 =0 | ad 
23 — 227 | a2, | oe 
222 ZZ 
=> 1+—— =0 z=-—3 
22, zi 
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...(ii) 


(iii) 


(iv) 
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91. From the figure, 


a =(arg (z) — arg (w)) ...(i) 


2 
and for every a, sin” " < (2) ..{ii) 


Imaginary axis 


Real axis 


In AOAB, from cosine rule 
(AB)? = (OA)? + (OB)? — 20A-OB cos a 
= |z-o|? =|z |? +|o|? —2|z||o@| cosa 
= |z-o|’ =(|z|-|@])? + 2[z||@| (1 — cos a) 


20 
= |z-a|? =(|z|-|o|)’ + 4[z || |sin’ 


2 
= je -wf? s(z| fo)? + 442 (10 |(] [from Eq. (ii)] 


=> |z-ol? <(\z|-|@|)? +a? [|z| $1, Jo[s 1] 


Jz - |? $(\z |-lo |)’ + (arg (2) - arg (w))’ [from Eq. (i)] 
I. Aliter 
Let z =r (cos + i sin 8) and@ =», (cos 8, + i sin®,), 
then|z|=rand|@|=7, 
Also, arg(z)=8 and arg (w)=8, 
and rSiand rS$1 ['.: given |z|<1,|@| <1] 
We have, z -@=(r cos 8 —7, cos 6,) + i(r sin ® —F, sin8,) 

Iz -o|? =(r cos 8 — 7, cos @,)? + (rsin@ —, sin 0,)? 
=>  |z-ol? =r? +1? -2r, cos (0 -8,) 

=(r—1)° + 2m, —2n, cos -8,) 
=(r—1)* + 2m, (1 — cos (0 —8,)) 


=(r-— ay + 4n, sin? =") 
~ <0 
<(r—1) + 4n, =") [." |sin@ | <|6|) 


=(r- 7)? + 730-6," 


<(r—r)? +(0-8,)’ (er, $1) 
=> |z-o]? $(jz|-|o|)? + (arg z - arg)” 
II. Aliter 
Let z=rcos8 
and @ =F, cos Q, 
r? +r? —2rr, cos(0—-0,) Sr’? + 1° — 2n7, + (0 -8,)" 
si 29-7 nn ; 
=> rm, sin’ (25) <(**) : 5 ; 
2 2 and sin xSx" 
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92. Given, OA =1 and |z|=1 


Y 


Po(zo) 


OP =|z -0|=|z|=1 
OP =OA 
OP, =|z - 01 = 129 | 


and © OQ =| 22) ~ 0| = |2Zq| =|2 | |Zol= 1 [ol = 120 

* OP, = OQ 

Also, ZP,OP = arg (2 a 0) = arg (2+) = arg (£2 
z-0) Zz 22 


= arg (22) = alg (722) =— arg (Z Z,) 
z | , 4 


= — arg (z Z)) = arg (| 


0 


= arg , }=2A09 
\ZZ,-0 


Thus, the triangles POP, and AOQ are congruent. 
; PP, = AQ 
|z - Z| =|z 2 —]| 
Let the equation of line passing through the origin be 
az+az=0 ..{i) 


According to the question, z,, Z,,...,Z, all lie on one side of 
line (i) 


az, + az, > Oor< 0 for all i =1, 2,3,...,7 ee (1) 
n A 
=> a 2z,+a %,>0or<0 ...{iii) 
i=1 i=l 
n f n n 
=> LY z, #0 slf % z,=0, then » Z,=0, 
i=1 | i=l i=l 
a a 


From Eq. (ii), we get 
az,+azZ, > Oor<0 for alli =1,2,3,...,n 
Q2z;Z,  az,z 
ty ts dor<0 
2; 2; 
3 : 
=> ela eiebed 
lz, z,| 


=> + 2 > 00r< 0 for alli =1,2,3,....7 
2; 


=> La ae Sip on one side of the line @z + az =0 


2, 22 Z, 
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a J 


giig 


La | Le | 
or ay} —+a ZX —>0or<0 
i=1Z, j=1 2; 
n 1 | a 1 an ] 
Therefore, } —#04If © —=0, then Y —=0 
1=1 2, | i=1 2, (=1Z, 
1 ai1_| 


94. Given, |a | |b| = Vab’c ;]a| =|c|;az? + bz +c =0, then we 
have to prove that |z | =1 
On squaring, we get 
la)? |b|? =a bc andJa|’ =|c|? 
=> aabb=ab% and aad=cé 
=> @b=be and aad=cé wai) 
Ifz, andz, are the roots of az? + bz +c =0 


Then, z, and Z, are the roots of 2 (z)+bz+2=0 w(A) 
b c | 
a ag ae 
PS = .. (ii) 
and te Zz. ms 
ee 
1 a b-—- — 
2% 2%, 0% 2 c/a c a 
, [from Eqs. (i) and (ii)] 
and pe ak ea 
% 2, 22, 
b a be b 
a ee Sa Pe 
y caa a 


[from Eqs. (i) and (ii)] 


wiseg 1 
Now, it is clear that z, = — andz, = — 
am 43 


Then, |z, |? =1and|z, |* =1 


Hence, \z|=1 
Conversely For az’ + bz + c = 0, we have to prove 


Iz|=1=]a||b| =a b2c 


and jaj=|c| 


|zj=1 > |zP=1 > zZ7=1>2= 


Nf 


From Eq. (A), we get 


2 
a(?) Pelee ee eee me 
: (7) 


Also, az* + bz + c = 0, on comparing 


1 
> 
aI 


a@=céanda b=b cs 
=> |a|=[c|and|a||b| = Ja b’e 
95. (i) Let z, = (cosa + ising), 
Z, =r, (cosh + isin B) and z, =r, (cos y + i sin y) 
“(42h lz2l=al31=% 
and arg (z,) =a, arg (z,) =, arg(z,) = 
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23 
From the given condition, 
a | 
rm My }=0 
a 4 B 


> i Be iB Ge a —37nHr, =0 
1 2 2 2) _ 
=a +H+n) {ih -m) +(_ -4) +( -5)"} =0 


Since, 


then (5 - RP +(n- r,)° +(%- nr) =0 


R+n+r#0, 


It is possible only when 
,-G-h-G-5-47=0 
fi Hy 
and lz, |=|z2]=lz5)=r [say] 


Hence, z,, Z2,Z3 lie on a circle with the centre at the origin. 


(ii) Again, in A oz,z, by Coni method 


arg [2 = ) = 22,02, => arg [2] = £702, --(i) 
In A z,z,z, by Coni method 
arg Z,—% = Les Z, 2, = 22, 0Z, [property of circle] 
22 7 21) 2 
= Lu arg [22] [from Eq. (i)] 
2 ied IP 
us{ 32) =2a0g f= 
Pt F2 7A, 
(2 \ (z —2Z ‘ 
Hence, arg ey | = arg; ~—! 
21) Ne 


96. We know that, 
Re (z,Z,) $ |z,2, | 
. lz,/? + [z,|" + 2Re (z,Z,) S|z,|’ + \z2|" + 2|z,Z,| 
= |z, +z, ? S|z, |? +|z, (? + 2|z, ||z2| ssf) 
Also, AM > GM 


’ 2 
1 

(ve ia? +(4le] i ; 

——_$__ "—-"__._£. » c-lz, |"-— Iz. |* 

{Veta yr le 


1 
ad elayl? + — Lael 222 [2 


i 


; f {cc > 0] 


2 2 2,1 
oe laf + lg? +2lz tz2l sla lt leet + lz, | + = lz2f 


= fz,[? +z, |? + 2}z|[z.1 $1 +o) lz |? + (1 +c) (Iz, |) 


..(ii) 
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From Eqs. (i) and (ii), we get 98. Let z be the complex number corresponding to the orthocentre 
[z,+z,[?s(+e)|z, 2 +(1+e7)|z, (? O, since AD 1 BC, we get 
A(z 
Aliter (2) 
Here, (1 + c)|z, |? + (1 + c7') [z2 |? —|z, + 2, |’ F 
1) BN 
=(1+c)2z,%, + [1+ —] 2,7, —(z, + 22) (Z, + Z) 
c (2) 
4) 
\ Cc) 
et a ee 2 B(z2) D C(23) 
= Cz, 2 +- Z2Z> — 22 = 292) 
c 
a ite eee ok a arg | —1-|== 
me {c°2,2, + 222, — ZZ, — C227} en 
= 1 = = = z . Zz —~Z . a 7 
=~ {cez, (cz, — Z,) - 2, (cZ, —Z,)} i.e. is purely imaginary. 
1 1 = 
= — (cz, — Z,) (eZ, -Z,) = — (cz, — Z2) (cz, — 22) - a 77 
= 17 #2) (21 — 2, a i.e Re 2 i.) =< or = Lp SL 4 =0 wl) 
Z,—-Z Zo—-Z,  2,-2Z 
=+ cz, -z,|?20ase>0 = 7S ee 
c — 
, Similarly, 72, 27 *2 <9 [. BE LCA] ...(ii) 
. (lt c) {z,|’ + f + 1) |Z. ~(z, + 2, 20 237% 237% 
Yc} 
1) From Eq. (i), we get 
Hence, |z, + z *<(1+¢ a+ (142 z,|* 7 5 _F)\. 
|z, + 22|° $(1 + ¢)|z,| rs 2 z=7,-& Z,) ( Z) — 23) i 
97. If z be the complex number corresponding to the circumcentre (22-23) 
O, then we have From Eq. (ii), we get 
OA = OB = OC = 
Zz =Z,- (2 = 22) (23-2) (iv) 
A(z.) (23 ~ 2) 


Eliminating z from Eqs. (iii) and (iv), we get 

5 Fe C22) ye _s _& — 22) (Z5 — 2) 
us (z2 - 25) a (z - 2) 

or (z — z,) (Z, — 25) (25 — 2,) —(z — Z2)(Z5 — 2) (22 — 23) 


=(Z, — Z,) (z2 — 23) (z3 —2,) 


=> |z -z, P =|z -z, |? =|z-z, |” = (Z, —Z,) (2, — 23) (23 — 21) + 2, (Z, — 23) (23 ~ 2) 
= (2 —2,)(F -%,) =(z —z,)(Z -Z,) a ae ~ #2 Bs —%) Ge ~ 45) 
=(2-2,)(%~-¥,) Ai) => 2 [2,25 — 2,2, — 2525 + ZyZ, — ZyZ_ + Zy2Zq + 7,2, — 2,75] 
(7 —F mines = ee 

From first two members of Eq. (i), we get = (2 ~ 22) {2225 — 222 — 23 + 252) 

Z (z, -z,) =, (z —2,) — Z (z - 2) ..(ii) + (Z, ~Z,) (zyz, — 27) + (Zs — 2) (2225 — 23) 
and from last two members of Eq. (i), we get =~ {z? (Z, —Z,) + 23 (Z,—-%) + 23 (% -Z,)} 

(23 — 22) =, &@ — 22) - 25 @ ~23) (iii + {2,225 ~2,2,2, + 252,2, + 222,23 
Eliminating Z from Eqs. (ii) and (iii), we get ~ 2,245 + Zphyhy - F,2,25}-z D (2% -2,3,) 
(z, —2,) [Z (z — 22) — 23 (2 ~ z3)] =(z3 — 22) =-} z (2, —%,)~2 2,2, (z2 ~ 23) 

[zZ, (z 2) 24 (z ~2z,)] ee > a? (Z, -%;) ra r lz, (z, ~z,) 

or 2 (2, (22 — 2) — 23 (22 — 2) — Z (23 — 22) + 2, (23 -22)] D (2,2 — 222;) 


= 222, (22 — 2) — 2323 (22 — 2) — 2,2,(2, ~ 22) + 22 2, (23 — 22) 99. Let ® a(n +1) m, where n = 0, 1, 2, 3,...,6 
7 


or z 2, (z,—23) = 2,2, (z2 - 23) 
oi Gants ” 7=(2n+1)" or 40 =(2n+1) 2-30 


2 
or = Ela | - 2s) or cos 48 =—cos38 
a or 2 cos’ 26 ~1=—(4cos* @ —3 cos 6) 
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or 2(2cos? @ —1)? -1 = —( 4cos* 6 —3 cos @) 
or 8 cos’ 6 + 4 cos’? @ -8 cos’? @ —3 cosO+1=0 


Now, if cos 8 = x, then we have 
8x‘ + 4x? —8x? -3x+1=0 
or (x + 1) (8x? — 4x? — 4x +1) =0 
x+1#0 [8 #7] 
8x° — 4x’- 4x +1=0 (i) 
Hence, the roots of this equation are 
ns 3% 51 
cos—, cos——, cos—. 
7 7 


: 91 5% 11% 
[ since cos— = are, oar 


13% 


T ea , 
= coe cos— = as and Eq. (i) is cubic] 


(i) On putting a =yorx= oe in Eq. (i), then Eq. (i) becomes 
x vy 


84 a 


= a ot 
yy y vy 
‘2 [ f 
=~ (-J-1b-5) 
\ sy vy y, 
146 68 = 16 4 4 
or 181 £8) 
y y yy y y 
or y> —24y” + 80y -64=0 ...(il) 
1 1 2 
where =— =—— =sec’8 
- x? cos*0 
Thus, the roots of x? — 24x” + 80x -61 =0 


21 2 31 291 
are sec ae ls — 


(ii) Again, putting y=1+zie.z=y—-1 
=sec”6 — 1 = tan’@, Eq. (ii) reduces to 
(1+ z)°—24(1+z)° + 80(1+2z)-64=0 
or z>—2iz? +35z -7=0 ...(iii) 


nt 3n 5X 
Hence, tan” = tan? —., tan” = are the roots of 


x? —21x? + 35x-7=0 
(iii) Putting x = — in Eq. (i), then Eq. (i) reduces to 
u 
u>? ~ 4u* — 4u + 8 = 0 whose roots are 
T 3m 51 
sec —,sec —~, sec —. 
7 7 7 
Therefore, sum of the roots is 
Tt 31 Tl 
sec — + sec — + sec — =4 
7. 4 7 
100. Let roots of z’ + 1=Qare—-1,0,0°,0°,0,0°,@°, 
mr ..t 
where & = cos— + isin — 
7 7 


(z’ +1) =(z + 1)(z-a@) (z -&) (z -@’) 


(z -@°)(z -a°)(z -@’) 
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2 (z7 +1) 
(z + 1) 


= zo—-z5 474 -273477-741 


=(z -0)(z -@) (z -0’)(z —&?) (z -a*) (z -@) 


P 
=|2?4+1-22 cos] [= 1-22 gee 
\ 7 7) 


nt \ 
[2741-22 ose | ...(A) 
\ ia 


Dividing by z’ on both sides, we get 

1 1 

(+4)-(#+4)+(2+4)-1 
z z z 

/ 
1 

=[2+ 5-2 cos] [z+ 4-2 cos }( oe, cos =] 

F 4 ce z Lan 2 74 


On putting z + _ 2x, we get 
z 
(8x 3 —6x) —(4x* —2) + 2x-1 


( =) **)( =") 
=8!x—-—cos— || x —cos—]|]| x - cos— 
\ 7 7 7 


/ 
T 
or gx? —4x?—4x+1=8{x— cos] 
\ 


31 51 \ ; 
x — cos— || x — cos— | sult) 
7, 7) 
So, 8x? — 4x* — 4x + 1=Oand this equation has roots 
TT 3r 5n 
cos—, cos—, cos — 
7 7 7 
tT 3m 0 OO Constant term 
COS Coss — A 
7 7 7 Coefficient of x 
5% 1 . 
cos— cos — oF, =- " { proved (i) part] 


{ T 31 51 
1=8|1-—cos— || 1—cos— ]|]| 1 —cos— 
\ ‘i? 3 7 


or =8| 8sin Lie oe i =) 
14 1 : 


...{ii) [ proved (iii) part] 
Again, putting x = — 1 in Eq. (i), we get 


f *)( *=)( **) 
ipa | deveas™ 1 + cos— |] 1 + cos— 
4 7, er 7; 


j 37 51 
7=8 (s cos” i: cos? — cos” **) 
"4a 


Since, cos > 0 for 0 <8 < 1/2, we get 


7 = 
cos ene cos = o ...(iii) [ proved (ii) part] 
On dividing Eq. (ii) by Eq. (iii), we get 
rf 3K 51 1 
tan— tan— tan— =—= roved (iv) part 
ia ide A ae L praved (ty) part] 
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On putting z = ue in Eq. (A), we get 
d=y) 


bn nat ano 
(i+ y)' +(1-y)’ _ 144 14 
2(1-y)° : a 


& + tan’— i y* + tan in) [y’ + tan?) 
( ae" 4 


(1+ y)’ +(1-y)’ =2’- rr a + id 


Using result (ii), we get 


(1+ y)’ +(1- y)’ =14[y! + tan eo 


Equating the coefficient of y* on both sides, we get 
[ 23m, 25 | 


1 
7C, + 7C, =14) tan? — + tan?— + tan?— 
[or 34 14 14, 
‘19 31 51 
Therefore, tan? — + tan? — + tan? — =5 
14 14 4 


101. Equation| z | =3 represents boundary of a circle and equation 


| z - {a (1 + i) — i} | $3 represents the interior and the 
boundary of a circle and equation | z + 2a —(a + 1)i|>3 
represents the exterior of a circle. Then, any point which 
satisfies all the three conditions will lie on first circle, on or 
inside the second circle and outside the third circle. 


For the existence of such a point first two circles must cut or 
atleast touch each other and first and third circles must not 
intersect each other. The arcABC of first circle lying inside the 
second but outside the third circle, represents all such possible 


points. 
Let z = x + iy, then equation of circles are 
x? + y? =9 (i) 
(x -a)?+(y-a+1)?=9 w.(ii) 
and (x + 2a)*+(y-a- 1)’ =9 (iii) 


Circles (i) and (ii) should cut or touch, then distance between 
their centres Ssum of their radii 


=> \(a - 0)? + (a-1-0)? $3 +3 


=> a’ +(a—-1)° $36 
= 2a* ~2a -35 50 
| 
+71 1--+71 
=> ota 3 s00r{ a1 \[e- 2) <0 


~ 
_ 1471 
1 WT cas V71 


2 


Again, circles (i) and (iii) should not cut or touch, then distance 
between their centres > sum of their radii 


\(- 2a - 0)? + (a + 1-0)? >3+3 


or 5a? + 2a+1 >6 

=> 5a? + 2a+1>36 

or 5a’ + 2a-35>0 
2 

= a + -7>0 


4h) Aa a" 
or |a—-————— || a--————— | >0 
Coa a 
ae —— 
a E| — 0%, ———_—_ | U| ——_ ,~ AV) 


5 5 


Hence, the common values of a satisfying Eqs. (iv) and (v) are 


(4 a er ao 


2 5 5 2 


102. (i) From De-moivre’s theorem, we know that 


sin (2n + 1)a= iis (1 -sin?a )" 
sina - "*'C, (1 -sin?a)"~’ sin’. 


2ntl 


+...+(-1)" sin” ” a 


It follows that the numbers 


. on ; 
, sin——-,..., sin 
2n+1 an+1 en +1 


sin 
are the roots of the equation. 
eC eee ygeet” Cate ~-1 e+. +c re 
= 0 of the (2n + 1) th degree 


Consequently, the numbers 


sin? a sin? = yews, SiN? are the roots of the 
an +1 an+1 2n+1 
equation 
atIC (L— x) — ™*1C, (1- x) xt... + (-1)"x" = 0of 
the nth degree 
(ii) From De-moivre’s theorem, we know that 
sin(an + 1)a="*'C(cosa)™ sina 


—**1C (cosa)? sin?a +... + (—1)"sin”"*!a 


or sin(2n+1)a=sin"™*) a 


{**°'C, cot™a -—"*'C, cot™~720 +""C, cot” ‘a -...} 
Tt 27 37 nit 
on+1 Intl n+l n+l 


It follows that a = 


Therefore, enue) holds 
mC cota, — HC, cot™ a0 +"C, cot” *a-...=0 
It Fallows that the numbers 


27 nq 
cot” aig Bat 


; are the roots of the 
an+1. an+1 2n+1 


cot? 
equation 
ile 8 og = pee Gu = -..=0 


of the nth degree. 
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103. Let y =|a + bw + cw’|. For y to be minimum, y’ must be 
minimum. — 
y’ =|a + bw + cw? |? =(a + bo + cw’) (a + bw + cw’) 
=(a + bo + aw’) (a + DO + cO*) 
y? =(a + bw + cw’) (a + bo? + cw)3 
=(a? + b? +c? — ab — be — ca) 
=5(a-0)" + (b-0)? +(c~a)"] 


Since, a, b and c are not equal at a time, so minimum value of 
y’ occurs when any two are same and third is differ by 1. 
= Minimum of y = 1 (asa, b, c are integers) 

T 


104. Equation of ray PQ is arg (z + 1) = 4 


Equation of ray PR is arg (z + 1) =—- 7 


Shaded region is- = < arg (z + 1) <7 => |arg (z + 1) <7 


|PQ| = y(v2)? + (v2)? =2 


So, arc QAR is of a circle of radius 2 units with centre at 
P (—1, 0). All the points in the shaded region are exterior to 
this circle |z + 1| =2. 


T 
ie. |z + 1[>2and|arg (z + 1)| a 


105. In AAOB from Coni method, apt Wt 4 
ZA — 


A(2 +V3i) = z, 


Zh -1=(z,-1)i 
zp =1+ (2+ V3i-1)i=1+(1 + iv3) i 


=1+i-v¥3=1-V3+i 
zo =2-2,=2-(2+ V3i)=- V3 i 
and Zp =2-z, =2-(1-V3 + i)=1+ V3 -i 


Hence, other vertices are (1 — V3 )t+i,- 3i, (1+ 3) -i. 
106. Let z, = 7, (cos ®, + isin 8,) and z, =r, (cos 9, + i sin®,) 
2, + Z| =[(; cos @, + r,cos 0,)* + (r, sin ®, + 7, sin @,)?]"” 
= [In + 12 + ri cos (8, - 8,)]"?=[(5 + )°]” 
vs [2 + 22] = 12, + [zal 
Therefore, cos (8, -6,) =1 
= 6, =8, 
Thus, arg (z,) ~ arg(z,) = 0 
107.(x-1)?=-8 = x-1=(-8)? 
= x-1=-2,-20, - 207 
= x=-1,1-20, 1-20’ 
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108. — =1 = |z|= 
a. 
3 


Zz=-- 
3 


Clearly, locus of z is perpendicular bisector of line joining 
points having complex number 0 + i 0 and 0+ ; 
Hence, z lies on a straight line. 


109. Given, 2-2} purely real => z #1 
\ 1-z 
(w-0z)_(w-@2z) O-w7 
1-z =e) 1=2 


=> (@ -@z)(1-—Z) =(1 -z)(@ -Z) 
=> (zZ -1)(@-@)=0 


= (|z|’ - 1) (2iB) =0 [-o=a + B] 
\z|?-1=0 
=> \z| =1landz #1 [. B #0] 
2k. \ 
110. in} —|+i oe 
> sin FE] + tos ) 
10 » = 
=i) {cos (2) -isin(2)} = ve ‘ 
reel 11 11 pe) 
f : -2kKi 
1 
=i Ye —1} =i(0—1) [- sumof 11, 11th roots of unity= 0] 
k=0 


z=0,0 
1 1 
z+—=0+—=0+@'=-1 
z ® 
1 l 
=> z+ =0'+—=0'+0=-1 
z ® 
1 1 
z°+—=0°+—=14+1=2 
z w 
1 1 1 
z44+—=0! + —=0+—=-1 
z ) ® 
1. l 
z°+—=0° +—=0'+@=-1 
z w 
1 1 
and z°+—=0°+—=2 
z rn) 


. Required sum = (—1)?+ (—1)? + (2)? + (-1)? + (-1)? + (2)? = 12 


112. Let OA =3, so that the complex number associated with A is 
3e*/* Ifz is the complex number associated with P, then 


N (North) 
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a~de" 4 =n 4H 
0-3e" 3 3 
=> 3z —9e™* =12ie™* = z=(3 + 4i)e™" 
173. Let z =cos@ + isin@ 
z cos 8 + isin 8 


—- 
— 


“1-2? 1-(cos20 + isin 20) 


= cos§ + isin® 

~ 2sin? @ —2 isin @ cos® 

7 cos§ + isin® es. 0 

~ =2isin@(cos@+isin®) 2sin@ 


Hence, : 5 lies on the imaginary axis ie. x = 0 or on Y-axis. 
1-z 
Aliter 
z 1 1 1 
1-2? 23-2" F-z 2-2 (254}2 
F 2i 
= which is imaginary. 
2 Im |z| 
114.|z + 4| $3 


=>2z lies inside or on the circle of radius 3 and centre at (- 4, 0). 
Maximum value of |z + 1] is 6. 


115. Let A =set of points on and above the line y = 1 in the argand 
plane. 
. B =set of points on the circle (x — 2)” + (y - 1)? =3” 
C=Re(1—i)z=Re [(1-i)(x tiyJ=x+y 
=>, xt+y= 2 
Hence, (A M B MC) has only one point of intersection. 
116. The points (— 1+ i) and (5 + i) are the extremities of diameter 
of the given circle. 
Hence, |z +1-i|? +|z —5-i|*? =36 


117. |z - w| $||z|-|w|| 


and |z — w| =distance between z and w 
z is fixed, hence distance between z and w would be maximum 
for diametrically opposite points. 
=> jz-—wl|<6 => |lz]/—-|wl| <6 
=> -6<|z|-|w)<6 = -3<|z|-|w|/+3<9 
118.:° z,=1+ 2i 


1 =645i = 2, 5-647i 
119. Put (— i) in place of i. 
Hence, oe 
i+1 


120.°: zz (z? +z”) =350 
Put z=xt+iy 
2.42 2.9 
=> (x° + y°)-&x° — y") =350 
=> (x? + y*) (x? —y?) =175 =25 x7 
=> x? + y? =25,x°-y? =7 
=> x? =16,y? =9 


x=t4y=1£3,x,yel 
Area of rectangle =8 x 6 = 48 sq units 


15 15 15 
127. 5 Im (z?"~!) = Ss. Im [e (2m-0 8) ¥, sin (2m —1)6 


m=l1 m=) m=1 


iE sete . 
-v 2 sin (2m —1)@sin@ 


ai 2 sin 8 
a < cos (2m — 2) 8 — cos 2m8 
at 2sin 6 


m=1 
_ cos 0°—cos308 1 ~cos 60° 
2 sin 8 2 sin 2° 


fee 
ae 


~ 2sin2° 4sin2° 


C 8 = a} 


122. => 22 


4 
z-‘)2 
z |z| 


4 
= Scala la = -2|2z|<|z)?-4s2|z| 
Zz ° 


4 
ai- 4] 


4 
Z| = 
[2| 


— |z|? + 2|z|-420 

and 1? -2|2]-450 

=> (\z| +1)? 25 and (|z]-1)* $5 
~V5 s|z|-1s V5 and izi)+12V5 

= V5 -1S|z/sv5 +1 


123. As z =(1-t)z, + tz, 
2 t 1-t Zp 
=> z,,z and z, are collinear. 


Thus, options (a) and (d) are correct. 


Also, lie 2A. 
Hence, option (c) is correct. 
ue 2n 2m 1 3 
124. = cos — + isin? --14 8 
3 3 2 2 
@ is one of the cube root of unity. 
2 


z+1 w @ 
®o zto’ 1 |{=0 
w? 1 z+Q 


Applying R, > R, + R, + Ry, we get 


Zz Zz Zz 
mo z+m 1 |=0 [-1+0+'=0] 
wo 1 z+o 
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Now, applying C, > C, -C,,C,;- C, —C,, we get 


z 0 0 
® z+@*?-@ 1-@ |=0 
mw 1-w? z+0-0 
=> z[(z + @? —@) (z + @-@’) -(1 -@) (1 -0”))=0 
= z[z? —(w* - w)* - (1 -@? —w + ’)] =0 
=>  2(z7-( +? -2w*)-14+ 0? +@-')=0 
=> : z=0 
ss z=0 
125.|z - i| z ||=|z + i] z|| 
(A) Putting z = x + iy, we get yy x" +y’=0 
i.e. Im(z)=0 
(B) 2ae=8,2a=10 = 10e=8 =e == 
(0, 3) 
(5,0) oo) 16,0 
(0, - 3) 
\ 
2 95 (1-16 =9 
\ 25 
2 
a a 
2. 9 
(C)z =2(cos 8 + i sin 6) -_——_—______ 
2 (cos 6 + i sin 8) 
=2(cos 6 + i sin @) ~~ (cos 6 ~ isin @) 
222 cos a 14nd 
2 2 
(39-484 
Letz =x + iy, then 
Ge cos Onde aint 
2 2 
2 2 
- J 
3 5 
2 2 
= 4x Se 
9 25 
2 2 
= Lees See 
9/4 25/4 
9 25 4 
=> -=—(1- 
P i’ ) 
‘ 9 16 4 
e=-|--—-—-=-— e=-— 
25 25 5 
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(D) Let w =cos 0 + i sin, then 
eee, ees 
w 


=> x + iy =2 cos® 
x =2cos@ and y =0 


126.°. x? -x+1=0 
pa ltvi-4 itis 
2 2 
1+i¥3  . 1-iN3 
= ———— and 
2 
x=-0',-@ 


a=-0',B=-@ 


01,2009 4, (52009 _ _ gy #018 _ 62009 


=-@-w? =-( + @?) 
=-(-1)=1 
127.|z —1,=|z + 1|=|z -i| 
=> = |z-1]? =|z +1]? =|z -i|? 
=> (z-1)(Z —1) =(z +1) (Z + 1)=(z-i) (Z +i) 
= 22 -z2-Z+1S=7274+72+7%+1=4B727 + iz -iZ +1 
= —-Z-Z=z+Z=i(z-Z) 
From first two relations, 
a(z+z)=0 => Re(z)=0 (i) 
From last two relations, 
z+zZ=i(z-Z) => 2Re(z)=-2 Im(z) 
Im(z) =0 
z = Re(z) + i Im(z)=0+i-0=0 
Hence, number of solutions is one. 


From Eq. (i), 


128. We have, [z-3-2i| <2 
=> j2z -6—4i| $4 ...(i) 
Now, |2z -6 ~ 4i{=|(2z - 6 + 5i) — 9i| 
2 ||2z -6 + Si] —9| ...{ii) 


From Eqs. (i) and (ii), we get 
\2z ~6 +5i|-9|<4 
=> ~4$|2z-6+5i]-9<4 
=> 5 $|2z -6 + 5i] $13 
Hence, the minimum value of |2z —6 + 5i| is 5. 
129... |zj=1  «. z=e® 


ae. :) ‘ 

2iz die 2i 
Re =Re| =Re|—-2 
( 2 2S] ts) 


eae 
—2i sin 8 , sin 6 | 


~ cosec@<—1 = cosec821 
=> —cosec@>1 => —cosec6S$-1 
=> —cosec 8 €(—~, —1] O[1, ») 


re ae Jee= alot =) 


12" 
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130.°° |z| =1. Let z =e'® 
ES z-1=e*% -1=¢°”.2) sin (6/2) 
1 1 je7 82 


=> —_—_— = 
z-1  2ie*’.sin (6/2) 


l pg (8! 1 (; =| 
> —=———__ .. arg] —— | =|—--- 
1-z 2sin(6/2) 1-z 2 2 


and be 
o 1~z 


(1 
ue i) 


2 sin (8/2) 


=> 


”. Maximum value of 


x 
2 


131.2 |x =x%=(atb+c)@+b +2) 
=(a+b+c)(a+b +2) 
=|al? +|b|? +I cl? + ab + 4b + be + bc+ ca + Za ...{i) 
ly? =yy =(a + bw + ow’) @ + bw + Cw’) 
=(a + bo + ow?) (4 + DW + 20’) 
=(a + bo + cw’) (a + bw? + w) 
=|a|? + |b]? +e]? + abw? + abw 
+ bew’+ baw + caw*+ Faw ...(ii) 
and|z|? =z =(a + bw’ + cw) (a + bw” + cw) 
=(a + bw+ cw) (a + b@? + ZO) 
=(a+ bo” + ow) (7 + bw + Zw’) 
=lal? + |b]? + fc? + abo + abo” 


+ biwt bow? + caw+ ean’ _...(iii) 
On adding Eas. (i), (ii) and (iii), we get 
[xl + ly)? + z[? =3 (Jal? + |b)? + el”) 
+04+0404+04+0+40( 140+? =0) 
[xl +Iyl? + [27 
ja + [Of + Ice 
z+Z 


132.°: Re(z) =1 21 = 2+Z7=2 


Since,a,B eR 

. The complex roots are conjugate to each other, ifz,, z, are 
two distinct roots, then z, =2, or Z, =2, 

. Product of the roots =z,z, =f 


= 2,2, =B 
B =|z,|’ =[Re(z,)}° + Im|z,|’ 
=1+Im|z,|’>1 
[‘. roots are distinct .". Im (z,) # 0] 
B>1 or BEI, %) 
133.-. (1+ 0)’ =(-0’)’ =-o" =-@’? =14+0 
Given, (1+@)’ =A+ BO => 14+@=A+ Bo 


On comparing, we get A =1, B=1 
(A, B) = (1, 1) 


134. Given, z?+z+1l=a => z+2z4+1-a=0 
-1+ (4a -3) 
Zz = —_—_——_ 


2 
Hence, az ; [for a =3/4, z will be purely real] 
135. Let z = x + iy, then 
z* (x + iy)? _ (x? =y? + 2ix) 
z-1 (x+iy-1) (x-1+ iy) 


_(x? ~y? + dixy) (x -1 - iy) 

(x -1+4 iy) (x -1-iy) 
_ (x= 1) (x? —y”) + Oxy? + i [2xy (x ~1) -y (x -y")] 
(x1)? + y’ 


2 
in 2 J=0 
z-1 


=> — axy(x-1)-y(x?-y’) =0 
=> y (2x? ~2x~-x? + y*)=0 
= y (x? + y?-2x)=0 
=> 


Now, 


y=0 or x*+y’?-2x=0 


Hence, z lies on the real axis or on a circle passing through the 


origin. 
136. Given, |z|=1and arg (z) =8 (i) 
=> jz\*=1=> 2¥=1 
=> Zz ee .. ii) 
Zz . 
y +Z é z 
arg | ——— | =ar from Eq. (ii 
re(224) (224) [from Ea, i] 
= arg (z)=8 [from Eq. (i)] 
Aliter I 
Given, |z|=1and arg (z) =8 
= z=e! 


\ i 
arg (| = arg [+s] arg (e'*) = arg (z) =0 


Aliter II Given, |z|=1and arg (z) =8@ 
Let z = @ (cube root of unity) 


me crs pn ea 
eliaz elisa 


(=) 
= arg | —— 
-@ 


= arg (0) = arg (z) =6 


= ar 


f 
1+@ - 
; (. @ =o’) 
140 


(1+ 0+ =0) 


1 
Qa 
2|z,|?=r? +2 
i/ 1/ 1 | 
RA aaa - 2 =r°+2 >212a0-—| =la-—| +2 
Ce a a 


1 1 1 
=> 7\a|?+—,-8=0 = |a|?=1or— = |a|=10r— 
| 7 v7 
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138. 


P = ¢ als 


eo; 


W4t nis 
2 


As z,E€POH, > 2, =1,e7/¢ go" 


15/6 


~ i5n/6 


22,02, = 21/3, where z, =e*!6 z, =e'*/6 


Sol. (Q. Nos. 139-140) 
Letz=x+iy,S,:x?+y’?<16 
Now, Im| Z—D+#y + ¥9)], 
| 1 - V3i | 


> S,:vBx+y>0=> S7tx> 0 


139. min |1 -—3i - z| = min|z -1+3i| 


= perpendicular distance of the point (1, — 3) from the straight 
ine Fir+y=0=] 92 ene 


1) 2,{1 2 
140, area of =(+)n x4 +(2}nx4 =— 
\4 6 


141. Since, |z| 22 is the region lying on or outside circle centered at 


(0, 0) and radius 2. Therefore, |z + (1/ 2)| is the distance of z 
from (— 1/ 2, 0), which lies inside the circle. 


Hence, minimum value of |z + (1/ 2)| 


= distance of (- 1/2, 0) from (— 2, 0) 


1 2 
= (-$+2 +|0-0]? =3/2 


1 
2--~ ‘sizi22 
| [2122] 


Aliter 


1 
+ [z+ (/2)|2][2|~=)2 


[z+ (1/2) 23/2 


142. Clearly, ze = 1, V k, where z, #1 
(A) z,-z, =e @RAE+) <1 if(k + j) is multiple of 10 


i.e, possible for each k. 
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(B) z,-z =z, is clearly incorrect. 


z- 4 
lim -——— 
z>l z-1 
(C) Expression = ae 1 


9 
(D) 1+ Zz,=0>1+ 2 cos 2) = 


k=l 


.. Expression = 2 


143.:. 


= |2z,-22, |? =|2-2,2, |’ 
= (z, —22,) (z, —2z,) =(2 -—2,2,) (2 —2z,Z,) 
=> (% — 222) (% — 22) =(2 —z,2,) (2 - 2,22) 
= |z|’ + 4]z,/?+4+]z, Plz. 
=> (2 [°-4)(-lz,|’)=0 
|z,|#1 
| 2, ?=4 or |z,|=2 
=> Point z, lies on circle of radius 2. 
144. Let a =3, b =-3,c =2, then 
(a+ bo + a?)*"*? + (c+ am + b’)"* 9+ (b+ cw + aw 
=0 
=> (a+ bw + cw’) 
f 4n+3 
i e+ aos boty) - (ee 
| at bo + cw’ La+bo+ an? 
= (a + bo + cw?)*"* 3.1 + '"* 34 (W?)'"* 3) =0 
=> 4n+3 should be an integer other than multiple of 3. 
*. n=1,2,4,5 
in ' 
145." a, = cos] + sin( = @ Mk 


asi 3 


4n+3 


4n+ " 


L=0 


ie Chegs ~ak= e Mk+)I7_ , aki = e M1) ®/7_ 1) 


: ; Tt 
= @ MRI, 9 RNA 9; sin =) 
14 


=> |o a [= 2sin{ =] 
k+1 k 14 


12 


: ns , tT 
Flees ~Q,|= 12 x 2sin (=) = 24 sin (=] 
14 14 
k=l 
and O4,-;—-@4,-2 = e RUMk~1)/7_ , H(Ak-2)/7 g B4K-2/7(/7_y) 


in (4k - c meen (Be. 
= 9 R(4k 68 .aisn( =) 


‘ ‘19 
=> [Ob yyy — Opa] = 2 sin 4 


; =925in{ =) =6sin( 5) 
> 10. ge — %ae-21= ae \i4) sin 


k=l \14) 
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2 A = 
Vileee ial ey a : 
Hence, nT ; ; (4 
3 “. Locus of z is a circle with centre| —. 0 
Yet ae-1 Gaal ‘ — 
wea and radius = 5 a>0. 
2+ 3i sin® a 
EE nine Also for b = 0, a # 0, we get y =0. 
: dip enoas locus is X-axis and for a = 0, b # 0, we get x =0 
z is purely imaginary . ; 
“ ne a locus is Y-axis. 
Z=-2z 
2+3isin@) (2+ 3isin® 1 61 1} jl 1 1 
a 1 -2isin® 7 1—-2isin® 148. LetA=|1 -w?-1 7 /=/1 © @ 
2 7 2 
2 2-3isin@) _(243isin@ ee Sh eee 
1+ 2isin@ 1 -2i sin ® (140 + @ = 0 and @* = 1) 
=> (2—3i sin 6) (1 —2i sin @) + (1 + 2i sin 8) (2 + 3i sin@) =0 Applying C, > C, + C, + C;, then we get 
1 
=> 4-12sin?@=0 or sin’ @=~ es | 
@=sin™ (+ A=|0 ry a? (14+ +0? =0) 
1 
147.°- xt+iy= 2 @ 
Z a + ibt 2 
a —ibt =3 (0? -o*) 
=> 4h; 
+b't =3(-1-w-) (: @=1and1+@+@=0) 
a bt 
=> x=——>:dOd SY E- S =—3(1+ 20) 
2a paz a 308 
+ + b't 
ad 6 Me ) = — 3z = 3k (given) (.. 1+ 2@ =2) 
ee 
or x+y = =— = 
sf a’ +b*t? a k=-z 
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Session 1 


a TS SE ee Se —— = =e > 


¥ = NS aoe eee) 


Polynomial in One Variable, Identity, Linear Equation, 
Quadratic Equations, Standard Quadratic Equation 


Polynomial in One Variable 


An algebraic expression containing many terms of the 


form cx", n being a non-negative integer is called a 
polynomial, 
ie., f(x)=ag-x" +a,-x""'+a,-x"~? 

+... $G,-1°X EQy, 


where x is a variable, ag, a), @2,...,@, are constants and 


Ay #0. 


1. Real Polynomial 


Let ao, @,@2,...,@, be real numbers and x is a real variable. 
Then, 

f(x) =a): x" +a,-x 
is called a real polynomial of real variable (x) with real 
coefficients. 


“1 ba,- x"? 4... 44,_) x $a, 


For example, 5x° ~3x? +7x —4, x? -3x +1, etc., are real 
polynomials. 


2. Complex Polynomial 


Let a9, @},@2,...,@, are complex numbers and x is a 


varying complex number. 
Then f(x) =ag: x"+a,- x oe 


FT page tay XA, 


is called a complex polynomial or a polynomial of complex 


variable with complex coefficients. 
For example, x* —7ix” +(3 —2i)x +13,3x? —(2 +3i)x +5i, 
etc. (where i = /—1) are complex polynomials. 


5. Rational Expression 


or Rational Function 


oC , where P (x) and Q(x) 
x 


An expression of the form 


are polynomials in x, is called a rational expression. As a 
P(x) 


particular case when Q(x) is a non-zero constant, 
O(x 


reduces to a polynomial. 


Thus, every polynomial is a rational expression but a 
rational expression may or may not be a polynomial. 
For example, 


(i) x? -7x +8 (ii) : 
x= 
any X° 6x? + 11x —6 ; 3 x? +3 
(itt) ————__—_—__ (iv) x +— or 
(x - 4) x x 


4 Degree of Polynomial 


The highest power of variable (x) present in the 
polynomial is called the degree of the polynomial. 


For example, f(x)=a)-x" +a,-x"~' +a,-x"~? 
0 1 2 


+... $+@,.;°X +a, is a polynomial in x of degree n. 


Remark 


A polynomial of degree one is generally called a linear 
polynomial. Polynomials of degree 2, 3, 4 and 5 are known as 
quadratic, cubic, biquadratic and pentic polynomials, 
respectively, 


5. Polynomial Equation 


If f(x) is a polynomial, real or complex, then f(x) 
called a polynomial equation. 


=0 is 


(i) A polynomial equation has atleast one root. 
(ii) A polynomial equation of degree n has n roots. 


Remarks 


1. A polynomial equation of degree one is called a linear 
equation i.e. ax + b= 0, wherea b EC, set of all complex 
numbers and a # 0. 

2. A polynomial equation of degree two is called a quadratic 
equation i.e. ax’ + bx + c,wherea b,c eCanda<0. 

3. A polynomial equation of degree three is called a cubic 
equation i.e., ax> + bx? + cx + d = 0, where a, b,c, d eCand 
a0. 

4. A polynomial equation of degree four is called a biquadratic 
equation i.e. ax* + bx? + cx? + dx + e=0, where 
a6.c,d.eeCanda#0. 

5. A polynomial equation of degree five is called a pentic 
equation i.e. ax” + bx’ + cx? + dx? + ex + f =0, where 
ab,c,d,efeCanda<0. 
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6. Roots of an Equation 


The values of the variable for which an equation is 
satisfied are called the roots of the equation. 


If x =a is a root of the equation f(x) =0, then f(a) =0. 


Remark 
The real roots of an equation f(x) = 0 are the values of x, where 
the curve y = /(x) crosses X-axis. 


7. Solution Set 


The set of all roots of an equation in a given domain is 
called the solution set of the equation. 

For example, The roots of the equation 

x° -2x? -5x +6 =O are 1, —2, 3, the solution set is 

{1, ~ 2, 3}. 


Remark 


Solve or solving an equation means finding its solution set or 
obtaining all its roots. 


Identity 


If two expressions are equal for all values of x, then the 
statement of equality between the two expressions is 
called an identity. 


For example,(x +1)? =x? +2x +1is an identity in x. 


or 
If f(x) =0 is satisfied by every value of x in the domain of 
f(x), then it is called an identity. 
For example, f(x) =(x +1)? —(x* +2x +1) =0is an 
identity in the domain C, as it is satisfied by every 
complex number. 

or 
If f(x) =ag +x" +a,-x" | +a,°x 
+...+4,_)+X +a, =0 have more than n distinct roots, it 
is an identity, then 

Ay =Q, =Qy =...=A,.) =A, =0 

For example, If ax” + bx +c =0 is satisfied by more than 


two values of x, then a=b=c=0. 
or 


n-2 


In an identity in x coefficients of similar powers of x on 
the two sides are equal. 
For example, If ax’ +bxi +cex? +dxte 


=5x‘—3x°+4x? —-7x—-9 bean identity in x, then 
a=5,b=-3,c=4,d=-7,e=-9. 
Thus, an identity in x satisfied by all values of x, where as 


an equation in x is satisfied by some particular values of x. 
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| Example 1. If equation 
(A? — 5A4+6)x7 4+ (A? — 30 +2)x 4 (A? —4)=0 is 
satisfied by more than two values of x, find the 
parameter A. 


Sol. If an equation of degree two is satisfied by more than two 
values of unknown, then it must be an identity. Then, we 
must have 


0 -5046=0,A7 -3142=0,A° -4=0 
= X=2,3 and A=2,1land A=2,-2 
Common value of A which satisfies each condition is A = 2. 


| Example 2. Show that 
(x+b)(x+c) (x+c)(x+a) (x+a)(x+b) _ 


+ ——_—__. + ——___—— = 
(b-a)(c—a) (c-b)(a-b) (a-c)(b-c) 
is an identity. 


Sol. Given relation is 
(x +b)(xte) , (xte)(x +a) , (x +a) (x +5) _ 


..(i) 


(b-a)(c-a) (c-b)(a-b) (a-c)(b-c) 
__ y = (0a) (¢ - @) _ 
When x = — a, then LHS of Eq. (i) b=aie =a) 
= RHS of Eq. (i) 
When x = — b, then LHS of Eq. (i) 
ad 2) cod) 
= eo ban) 1 = RHS of Eq. (i) 
and when x = — c, then LHS of Eq. (i) = ct a 1 


(a-c)(b-c) 

= RHS of Eq. (i). 
Thus, highest power of x occurring in relation of Eq. (i) is 2 
and this relation is satisfied by three distinct values of 
x (= —a,—b,-c). Therefore, it cannot be an equation and 
hence it is an identity. 


| Example 3. Show that x? — 3|x|+2=Ois an 


equation. 
Sol. Put x =0 in x?-3|x|+2=0 
=> 0° -3|0|+2=240 


Since, the relation x? -3 |x| +2=Ois not satisfied by x = 0. 
Hence, it is an equation. 


Linear Equation 


An equation of the form 
ax +b=0 (i) 
where a,be€ R and a #0, is a linear equation. 


b 
Eq. (i) has an unique root equal to -—. 
a 
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fen a WO X 
| Example 4. Solve the equation — + _ 1-= 
2 6 2 
Sol. We have, ~ ere 22 
2 2 
oe x 1 
or —~+-4+-=1+- 
2° 2 2 6 
ax. F 
or —=- 
2 6 
7 
or x= 
9 


| Example 5. Solve the equation (a- 3)x+5=a+2. 


Sol. Case I For a#3, this equation is linear, then 
(a-3)x =(a-3) 


Dae! oe 
~ (a-3) 
Case II For a =3, 
O-x +5=34+2 
=> 5=5 


Therefore, any real number is its solution. 


Quadratic Equations 


An equation in which the highest power of the unknown 
quantity is 2, is called a quadratic equation. 


Quadratic equations are of two types : 


1. Purely Quadratic Equation 


A quadratic equation in which the term containing the 
first degree of the unknown quantity is absent, is called a 
purely quadratic equation. 

Le; ax’? +c=0, 

where a,c€ C anda #0. 


2. Adfected Quadratic Equation 


A quadratic equation in which it contains the terms of 


first as well as second degrees of the unknown quantity, is 


called an adfected (or complete) quadratic equation. 
Pes ax’ +bx +e =0, 
where a, b,ce€ Cand a#0,b #0. 


Standard Quadratic Equation 


An equation of the form 

ax* +bx +¢=0 
where a, b,c € Cand a 40, is called a standard quadratic 
equation. 
The numbers a, b,c are called the coefficients of this 
equation. 


A root of the quadratic Eq. (i) is a complex number a, such 
that aa? + ba +c =0. Recall that D = b” — 4ac is the 
discriminant of the Eq. (i) and its roots are given by the 
following formula. 


—b+t 
= —bavD [Shridharacharya method] 
a 


Nature of Roots 


1. If a,b,ce€ Randa #0, then 
(i) If D <0, then Eq. (i) has non-real complex roots. 


(ii) If D >0, then Eq. (i) has real and distinct roots, 
namely 


~b+VD -b-VJD 


x, =————_, X, = ————__ and then 
2a 


ax” + bx +c=a(x —x,)(x — x2). -,..{ii) 
(iii) If D =0, then Eq. (i) has real and equal roots, then 
X, =Xe nit and then 
2a 
ax’ +bx +c=a(x-—x,)’. 
(iii) 
To represent the quadratic ax* + bx +c in form 
Egs. (ii) or (iii), is to expand it into linear factors. 
(iv) If D 20, then Eq. (i) has real roots. 
(v) If D, and D, be the discriminants of two 
quadratic equations, then 
(a) If D,; + D, 20, then 
e atleast one of D, and D, 20. 
e if D, <0, then D, >0 and if D, >0, then 
D, <0. 
(b) If D, + D2 <0, then 
e atleast one of D, and D, <0. 
e If D, <0, then D, >0 and if D, >0, then 
D, <0. 

2. Ifa, b,c € Qand D is a perfect square of a rational 
number, the roots are rational and in case it is not a 
perfect square, the roots are irrational. 

3. If a,b,c € Rand p + ig is one root of Eq. (i) (q #0), 
then the other must be the conjugate (p — iq) and 
vice-versa (where, p,q Randi= at }s 


4. Ifa,b,ce Qand p+ Vq is one root of Eq. (i), then the 
other must be the conjugate p — vq and vice-versa 
(where, p is a rational and Vq is a surd). 


5. Ifa =1and b,c € I and the roots of Eq. (i) are rational 
numbers. these rants must be intecers. 
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6. Ifa+b+c=0and a,b,c are rational, 1 is a root of the 
Eq. (i) and roots of the Eq. (i) are rational. 


7a +b? +¢? ab — be ~ ca == 


{(a~b)? +(b-c)* +(c—a)} 
=~ {(a—b)(b-c) +(b-c)(c —a) +(c—a) (a—b)} 


| Example 6. Find all values of the parameter a for 
which the quadratic equation 


(a+1)x? +2(a+1)x+a-2=0 


(i) has two distinct roots. 
(ii) has no roots. 
(iii) has two equal roots. 
Sol. By the hypothesis, this equation is quadratic and therefore 
a#-—1 and the discriminant of this equation, 
D=4(a+1) - 4(a + 1)(a—-2) 
= 4(a+1)(a@+1-—a+2) 
= 12(a + 1) 
(i) For a>(-1), then D > 0, this equation has two distinct 
roots. 
(ii) For a <(- 1), then D <0, this equation has no roots. 


(iii) This equation cannot have two equal roots. Since, 
D =0only for a = —1 and this contradicts the 
hypothesis. 


' Example 7. Solve for x, 
(5+ 2/6)" ~34+(5-2V6)* 73 =10. 


Sol. -- (5 + 2V6) (5 - 2V6) =1 
1 
5 - 26) = 
( (5 + 2v6) 
(5 + 2V6)* ~3 + (5-2v6)* ~3 = 10 
. ( 1 yx? =3 
reduces to (5 + 2V6)* oe aha oe = 10 
\5+2v6 
Put ; (5+26)"°"? = t,then t + =10 
> t? -10f +1=0 
100 — 4 
or p= EO" 8) 226) 
=> (5+ 2y6)" ~3 =(5 + 2V6) =(5 + 2V6)*! 
x?-3=41 
=> x? -3=1 orx?-3=-1 
=> x? =40r x?=2 
Hence, x=2, + /2 
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| Example 8. Show that if p,g,rands are real numbers 
and pr =2(q+ 5s), then atleast one of the equations 
x? + px+q=Oand x* +1™+5 =O has real roots. 
Sol. Let D, and D, be the discriminants of the given equations 
x? + px+q=0 and x’ +rx +s =0, respectively. 
Now, D, + D, = p?-4q+r’ - 4s =p +r? — 4(q +s) 
[given, pr =2(q + s)] 
[. p and q are real] 


= p’ +r? - 2pr 
=(p-r) 20 
or D, + Dz 20 
Hence, atleast one of the equations x* + px + q =Qand 
x’ + x +s =0has real roots. 


| Example 9. If «,B are the roots of the equation 


(x -a)(x-—b)=c,c #0. Find the roots of the equation 
(x-a)(x-B)+c=0. 
Sol. Since, a, 8 are the roots of 


(x -a)(x-b)=c 
or (x —a)(x -b)-c =0, 
Then (x -—a)(x —b)-c=(x-«a@)(x-B) 
=> (x —a)(x -B)+¢ =(x -a)(x—-b) 


Hence, roots of (x —-a)(x —B) +c =Oarea, b. 


| Example 10. Find all roots of the equation 
x4 42x} —16x? —22x+7=0, if one root is 2+ V3. 


Sol. All coefficients are real, irrational roots will occur in 
conjugate pairs. 
Hence, another root is 2 - 73. 
. Product of these roots = (x — 2- ¥3)(x -2+ v3) 
=(x-2)?-3=x"°-4x41. 
On dividing x* + 2x° - 16x? — 22x +7 by x” — 4x + 1, then 
the other quadratic factor is x” + 6x +7. 
Then, the given equation reduce in the form 
(x? — 4x + 1)(x? +6x+7)=0 
x? +6x+7=0 


~6 + (36 — 28 
Then, xo EWE se 


Hence, the other roots are 2 — a3. -3+ alo. 


Relation between Roots 
and Coefficients 
1. Relation between roots and coefficients of 
quadratic equation If roots of the equation 
ax” + bx +c =0(a #0) be real and distinct and a <8, 
=b+VD B= =b-VD 
2a 


then a = 
2a 
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(i) Sum of roots 
b__ Coefficient of x 


a Coefficient of x” 
(ii) Product of roots 


c 
=P= ap =—= oe 
@ Coefficient of x 


Constant term 


(iii) Difference of roots 
=’ 2a -pe 2 = VDistininant_ 
a@ Coefficient of x 


Formation of an equation with given roots 

A quadratic equation whose roots are & and 8, is 
ae by (x -a) (x —B) =0 or x? —(a + B)x +aB =0 
i.e. x? — (Sum of roots) x + Product of roots =0 


—— 
v Discriminant 


x? -Sx+P=0. 


Symmetric function of roots A function of @ and 
B is said to be symmetric function, if it remains 
unchanged, when & and B are interchanged. 


For example, a.° +3a” B +308" +B° is a symmetric 
function of & and B, whereas a* —B* +5 is not a 


symmetric function of & and B. In order to find the 
value of a symmetric function in terms of « +B, a8 
and & —B and also in terms of a, b and c. 


(i) a? +B? =(a +B)? -208 
[ sy (= b? -—2ac 
=| —— =?) —|=—_., 
a a) a’ 
(ii) a” -B? =(a +B) (a -8) 
-(-*) ¥D\__bvD 
, @ a a’ 
(iii) a? +B? =(a +B)? -30B8(a +8) 
-(-2) -3() 4) (> 
a a} @ t a? 
(iv) a? -B* =(a -B)* +30B(a -8) 
: WD (2(2 _¥D(D +3ac) 
a a}\ a a? 


(v) a +B* =(a? +87)? 


—20 B? 


, ‘2 2 
_{ b? -2ae -(£) _ 64 +2a°c* — 4acb? 
E: m as 


(vi) a* ~B* =(a’ +B*) (a -B) 
__ bVD(b? -2ac) 


4 
a 


(vii) a. +B° =(? +B") (a? +B°) ~ a” B’(a +B) 


_{ b? -2ac Pet) 2 
a” a° a’\ a, 


4 


~(b° —5ab*c +5a*bc’) 


a 


(viii) a” -B° =(a? +B”) (0° —B*) +a B(a -B) 
ei sae) (\(2 
ED, 


Ae ~2ac ) 
i 2 
ae a° 


_ VD (b* —3acb? +3a?c?) 
a 
a 


} Example 11. If one root of the equation 
x? — ix —(14 i) =0, (i= -J-1) is 1+ i, find the other root. 


Sol. All coefficients of the given equation are not real, then 
other root #1-i. 


Let other root be @, then sum of roots = i 
i.e. l+ita=i => a=(-1) 
Hence, the other root is (—1). 


| Example 12. if one root of the equation 
9+v5 
x? -J/5x-19=Ois , then find the other root. 


Sol. All coefficients of the given equation are not rational, 


then other root # its v5 , 


Let other root be &, sum of roots = V5 


tS on =9 $45 


= a= 


-9 +5 
_ 


Hence, other root is 


| Example 13. If the difference between the 
corresponding roots of the equations x* + ax+b=0 


and x? +bx+a=0(a#b) is the same, find the value 
of a+b. 


Sol. Let a, B be the roots of x” + ax + b=0 andy, 5 be the 
roots of x” + bx + a=0, then given 


a-Bp=y7-8 
; , ‘ 
= eae : vate fsa-p=2 
= a’ —4b=b* - 4a 
=> (a -b*)+4(a—b)=0 = (a-b)(a+b+ 4)=0 
a-b#0 


at+b+4=0 or at+b=—4. 
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| Example 14. 1f a+b+c=0 and a,b,c are rational. 
Prove that the roots of the equation 
(b+c-—a)x?+(c+a—b)x+(a+b-c)=0 
are rational. 
Sol. Given equation is 
(b+c-a)x? +(c+a—b)x+(a+b-c)=0 .. (i) 
w(b+c-a)+(cta—b)+(atb-c)=atb+c=0 
. X =1is a root of Eq. (i), let other root of Eq. (i) isa, then 


Product of roots = a da 
+c-a@ 
=> 1xg@s——< [watb+c=0] 
-a-a 
=f [rational] 
a 
Hence, both roots of Eq. (i) are rational. 
Aliter 
Let b+c-a=A,ct+ta-b=Batb—-c=C 
Then, A+B+C=0 [at+tb+c =0) ...(ii) 
Now, Eq. (i) becomes 
Ax? + Bx +C =0 ...(iii) 
Discriminant of Eq. (iii), 
D=B’-4AC 
=(-C - A)’ -4AC [A+ B+C=0] 
=(C + A)? — 4AC 


=(C - A)* =(2a- 2c)’ 
= 4(a—c)’=A perfect square 
Hence, roots of Eq. (i) are rational. 
[ Example 15. If the roots of equation 
a(b-c)x? +b(c-a)x+c(a—b)=0 
be equal, prove that a,b,c are in HP. 


Sol. Given equation is 


a(b—c)x? + b(c —a)x +c(a— b)=0 (i) 
Here, coefficient of x? + coefficient of x + constant term = 0 
ie., a(b-—c)+ b(c —a)+c(a— b)=0 


Then, 1 is a root of Eq. (i). 
Since, its roots are equal. 
Therefore, its other root will be also equal to 1. 


Then, product of roots = 1x1= c(a— b) 
a(b-—c) 
= ab-ac=ca-—bec 
fies 2ac 
atc 


Hence, a, b and c are in HP. 
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| Example 16. If « is a root of 4x” +2x -1=0. Prove 
that 40.° — 3a is the other root. 


Sol. Let other root is B, 
2 1 1 
then a0+B=--—=--or B=---oa eal 
4 2 2 (i 
and so 40” + 20 — 1=0, because & is a root of 
4x? +2x-1=0. 


Now, B=40?-30 =a(407 - 3) 


=a(1—-2a —3) (4a? +20 -1=0] 
=—-207 -2a 

hin, a2 
=--(4a°)-2a 

2 ) 
oR ere (407 4+2a-1=0] 
= -5-a=8 [from Eq. (i)] 


Hence, 4a° — 3 is the other root. 


| Example 17. If a, are the roots of the equation 
A(x? —x)+x+5=0. If A, and A, are two values of A 


for which the roots a, B are related by “i = 3 find 


the value of a 7 


Sol. The given equation can be written as 
Ax? -(A -1)x+5=0 


‘a, B are the roots of this equation. 


=I i) 
+ B = ——andap = — 
a+B and aB 
But, given ye 
Bb ec. 5S 
2 2 
oi a° +B if 
ap 5 
(A-1)* 10 
; ines 
ap 5 > 5 
ns 
2 
= a EWN 68 pe PAL e i od), 
5A 5 
=> ? - 164 +1=0 


It is a quadratic in A, let roots be A, and A2, then 
Ay + Aq = 16 and A,A2 =1 
he Ay Aire AiA2 


_ (16° = 201) _ 954 
: 1 
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[ Example 18. If «,B are the roots of the equation =(a +B) (a —B)’ (a +B)’ - oB} 
ete px + qg=0, find the quadratic equation me 10s = p(p* - 4q)(p? - q) 
of which are (a? -B”)(a*-B*) and a°B* +a“ B°. and 038? +02B? = a2B2(a +B)= pq” 


Sol. Since, a, 7 _ px +q=0. 
ince, &,B are the roots of x“ — px + q SeSumteodto=sao? agile? aie on? 


a+B=p,ofR=q 4 2 2 
——— = p(p -5p'q + 5q°) 
ad a -B=y(p’ - 49) 


P = Product of roots = p’q°(p’ — 4q)(p? - q) 
2 R2\/~3 _ R3 
Now, (a* - B*)(a° - B°) ”. Required equation is x? - Sx + P=0 


= (a + B)(a -B)(a -B)(a? + of + B’) ie. x” — p(p* —5p7q + 5q7)x + p°q°(p? - 4q)(p? — q)=0 


a Exercise for Session I 


ox 


1. \f(a? -1)x? + (a -1)x + a? — 4a + 3 =0 be an identity in x, then the value of a is/are 


(a) -1 (b) 1 (c) 3 (d)-1,1,3 
2. The roots of the equation x? + 2/3x +3 =Oare 

(a) real and unequal (b) rational and equal 

(c) irrational and equal (d) irrational and unequal 


3. ifa,b,c € Q, then roots of the equation (b + c -2a)x* +(c+a-2b)x +(a+b —2c)=Oare 
(a) rational (b) non-real (c) irrational (d) equal 
4. If P(x)=ax? + bx + cand Q(x) =-ax” + dx + c, where ac #0, then P(x) Q(x) =O has atleast 


(a) four real roots (b) two real roots 
(c) four imaginary roots (d) None of these 


5. If roots of the equation (q —r)x? + (r -p)x +(p —q) =0 are equal, then p.q,r are in 


(a) AP (b) GP (c) HP (d) AGP 
6. If one root of the quadratic equation ix? - 2(i + 1)x + (2- i)=0,/ = V-1is 2 -i, the other root is 
(a)-i (b)i (c)2+i (d 2-j 
7. \f the difference of the roots of x? - Ax + 8 =0 be 2, the value of Ais 
(a)+ 2 (b) + 4 (c)+ 6 (d)+ 8 
8. If3p? =5p + 2 and 3q* =5q + 2where p #q, pq is equal to 
(a) = (o) -= (5 ()-3 
9. If a,Bare the roots of the quadratic equation x? + bx -c =0, the equation whose roots are b andc, is 
(a) x? + ox -B=0 (b) x? - [(a+ B) + oB)x - aB(a+ B) =0 
(c) x? + [(a+ B) + aB]x + aB(a+B)=0 (d) x? + [(a + B) + of]x - aB(a+ B) =0 


10. Let p,q € {1,2,3,4}. The number of equations of the form px? + qx + 1=0 having real roots, is 
(a) 15 (b) 9 (c) 8 (d)7 

17. Ifaand B are the roots of the equation ax? + bx +¢=0 (a #0, a,b,c being different), then 
(1+ a+ a?)(1+B + B)is equal to 


(a) zero (b) positive (c) negative (d) None of these 


WWW.JEEBOOKS.IN 


| 
| 


Session 2 a ee 


Transformation of Cundeatis Equations, Condition 
for Common Roots 


Transformation of | Example 19. if «,B be the roots of the equation 
Quadratic Equations x? ~ px+q=0, then find the equation whose roots are 
Let a, B be the roots of the equation ax’? +bx +c =0, then x 2 and oe 


the equation lia p-B 
(i) whose roots are a + k,B + k, is Sol. Let 
a(x —k)’ +b(x -k) +c=0 [replace x by (x —k)] 


(ii) whose roots are a —k,B —k, is 


d =x > a=p-+ 
p-a x 
q 


So, we replacing x by p — — in the given equation, we get 
x 


/ \2 f \ 
a(x +k)? +b(x+k)+c=0 [replace x by(x +k)] [e-4) -plp-2|4+q=0 
(iii) whose roots are ak, Bk, is 2 
‘z > p pi hn gig a6 
ax’ +kbx +k?c=0 replace x (2) xe x 
2 
(iv) whose roots are a B is wad q- Fis i a 
k k ; x x 
2 2 
ak’ x” + bkx +¢=0 [replace x by xk] or = qx — px tq’ =0 or x — px +q=0 
(v) whose roots are -a, —B, is is the required equation whose roots are q and —2 5 
ax* —bx +c=0 [replace x by (— x)] pms te 
(vi) whose roots are La La is | Example 20. \f a and B are the roots of 
ax’ + bx+c=0, then find the roots of the equation 
cx? +bx +a=0 replace by *) én Ie ax ain a ad =0, 
— bx(x -—1)+¢e(x-1)? =0 ately 


(vii) whose roots are = - = is 
a 


2 
; => o( | =f -|+e=0 
cx” —bx +a=0 replace xby[ -+) i - ae. 
x i 
i kk, or a +b -——]4ce=0 
(viii) whose roots are —,—, is 1-x 1-x 
a B / \ 


Now, ,, f are the roots of ax”? + bx +c =0. 


cx? +kbx +k’a =0 replace x by (*) 
x 


Then, = ; 
(ix) whose roots are pa + q, pB +g, is me 3 * 
2 7 —_— => x= and x = —— 
xg +9( 2-2} se=0 rece = ] a+ B+ 
Py vg . be Hence, — XA are the roots of the Eq. (i). 


(x) whose roots are a”, B", ne N, is 1B+1 
a(x’)? +b(x'™)+e=0 — [replacexby(x!”)] | Example 21. if a, be the roots of the 7 


(xi) whose roots are 01", BI", ne N is 3x? + 2x+1=0, then find value of (=z) (t -By 
a(x")? +b(x")+c=0 — [replace x by(x")] ia*¥ 
Sol. le =x > a= 
i+a@ 1+x 
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eae 
So, replacing x by * in the given equation, we get 
+x 


r \2 
3]: x 


ore 
1 ei a=6 > 2? sora ...(i) 
Liszt, 


(1+ x} 
= 


are the roots of Eq. (i). 
7B q. (i) 


+ (+8) =2 ii) 
and feats =3 ... (iii) 
pe so) “Ce ss 4 
Ll Fe 1+8 1+a 1+) 
1-B)\(1 
Ged tra lteraee aa 


Roots Under Special Cases 


Consider the quadratic equation ax” + bx +c =0 welt) 


: 1- 1 
It is clear that and 


= 2? -3-3-2=8-18=—10 


where a, b,c € R and a #0. Then, the following hold good : 


(i) If roots of Eq. (i) are equal in magnitude but opposite in 
sign, then sum of roots is zero as well as D > 0, i.e. b =0 
and D >0. 


(ii) If roots of Eq. (i) are reciprocal to each other, then product 
of roots is 1 as well as D >0i.e.,a =cand D2>0. 


(iii) If roots of Eq. (i) are of opposite signs, then product of 
roots <0 as well as D>Oi.e.,a>0,c <0 and D>0or 
a<0,c>0and D>0. 


(iv) If both roots of Eq. (i) are positive, then sum and product of 
roots >0 as well as D 20i.e.,a>0,b <0,c >0 and D20or 
a<0,b>0,c<0and D20. 

(v) If both roots of Eq. (i) are negative, then sum of roots <0, 
product of roots >0 as well as D 20ie.,a>0,b>0,c>0 
and D20ora<0,b <0,c<Qand D20. 

(vi) If atleast one root of Eq. (i) is positive, then either one root 
is positive or both roots are positive i.e., point (iii) U (iv). 

(vii) If atleast one root of Eq. (i) is negative, then either one root 
is negative or both roots are negative i.e., point (iii) U (v). 

(viii) lf greater root in magnitude of Eq. (i) is positive, then 
sign of b = sign of c # sign of a. 

(ix) If greater root in magnitude of Eq. (i) is negative, then 
sign of a = sign of b #sign of c. 

(x) If both roots of Eq. (i) are zero, then b =c =0. 


(xi) If roots of Eq. (i) are 0 and (-2} then c =0. 
a 


(xii) If roots of Eq. (i) are 1 and © thenat+b+c=0. 
a 


| Example 22. For what values of m, the equation 
x? +2(m—-1)x+m+5=0 has (meR) 
(i) roots are equal in magnitude but opposite in 
sign? 
(ii) roots are reciprocals to each other? 
(iii) roots are opposite in sign? 
(iv) both roots are positive? 
(v) both roots are negative? 
(vi) atleast one root is positive? 
(vii) atleast one root is negative? 
Sol. Here, a=1,b=2(m-—1)andc=m+5 
= b* - 4ac = 4(m— 1)? - 4(m+5) 
= 4(m? ~ 3m — 4) 
D= 4(m — 4)(m+1)and herea=1>0 
(i) b=Oand D>0 
=> 2(m—-1)=0Oand 4(m — 4)(m+1)>0 
=> m=land me(--, —-1) U(4, ) 
i med (null set} 
(ii) a=candD20 
=> 1=m+5and 4(m—4)(m+1)20 
= m=-4 and mé (-~,-1}] U[4, e) 
m=-4 
(iii) a>0,c <Oand D>0 
=> 1>0,m+5<0Oand 4(m-— 4)(m+1)>0 
=> m<-—S5andm€(-%, —1)U(4, ©) 
m & (—09, — 5) 
(iv) a>0,b<0,c >Oand D20 
=> 1>0,2(m-1)<0,m+5>0 
and 4(m-4)(m+1)20 
= m<i,m>-—S5and me (-» -1] U[4,~) 
= meé(-5,-1] 
(v) a>0,b>0,c>Oand D20 
=> 1>0,2(m-1)>0,.m+5>0 
and 4(m—4)(m+1)20 
=> m>1,m>-—-5and mé (-»%, —1] U[4, ©) 


m €[4, o°) 
(vi) Either one root is positive or both roots are 
positive 
Le., (c) U (d) 


= meé(-, -5)U(-5,-1] 
(vii) Either one root is negative or both roots are 
negative 
i.e., (c) U (e) 
m & (-0, —5) U [4, 09) 
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Condition for Common Roots 


1. Only One Root is Common 


Consider two quadratic equations 
ax* + bx +c=0 anda’x? +b’x +c’ =0 
[where a, a’ #0 and ab’ — a’ b #0] 
Let & be a common root, then 
aa’ +ba+c=0anda'a? +b’a +c’ =0. 


On solving these two equations by cross-multiplication, 
we have 


of .' @ .~ 4 
be’-b’c ca’-c’a ab’-a’b 
From first two relations, we get 
ie pee wii) 
ca’—c'a 
and from last two relations, we get 
ca’-c’a 
eee ee wii 
ab’ —a’b 
From Eqs. (i) and (ii), we get 
‘be’ -b'c _ ca’=c'a 
ca’—c’a ab’—a’b 
> (ab’ — a’ b)(bc’ — b’c) =(ca’ —c’ a)’ 
2 
or eae x =| ° [remember] 
a’ b’ b’ c’ c’ a’ 
This is the required condition for one root of two 
quadratic equations to be common. 
2. Both Roots are Common 
Let a, 6 be the common roots of the equations 
ax’ + bx +c =Oanda’ x? +b’ x +c’ =0, then 
en ee ae 
a a a 
and op =< == => aa ...{iv) 
a a a’ oc 
an b “ec 
From Egg. (iii) and (iv), we get —= 7 =— 


This is the required condition for both roots of two 
quadratic equations to be identical. 


Remark 

To find the common root between the two equations, make the 
same coefficient of x? in both equations and then subtract of the 
two equations. 
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| Example 23. Find the value of A, so that the 
equations x? - x-12=0 and Ax? + 10x + 3=0 may 
have one root in common. Also, find the common root. 


Sol. -. x? -x-12=0 
= (x -— 4)(x +3) =0 
: x=4,-3 


If x = 4 is a common root, then 
4(4)? + 10(4) +3 =0 


and if x = —3 is a common root, then 
4(-3)? + 10(-3) +3 =0 
A=3 


43 ; 
Hence, for A = — ie common root is x = 4 


and for A = 3, common root is x = —3. 


| Example 24. If equations ax? + bx + c = 0, (where 
a,b,c ER and a#0) and x*+2x+3=0 have a common 
root, then show that a:b:c =1:2:3. 
Sol. Given equations are 
ax? + bx +c =0 ...(i) 
and x? +2x+3=0 ...{ii) 


Clearly, roots of Eq. (ii) are imaginary, since Eqs. (i) and (ii) 
have a common root. Therefore, common root must be 
imaginary and hence both roots will be common. 


Therefore, Eqs. (i) and (ii) are identical. 
f tat OF a:b:e@=1:223 
2 3 


| Example 25. If a,b,c are in GP, show that the 
equations ax? + 2bx +c = 0 and dx? + 2ex+ f =O have 


,abc 
a common root, if —,—,— 


are in HP. 
de 
Sol. Given equations are 
ax’? +2bx +c =0 (i) 
and dx? + 2ex + f =0 ...(ii) 


Since, a, b,c are in GP. 
b? = ac orb=Vac 
From Eq. (i), ax* + 2Vacx+c=0 
- 
or (Vax +c)? =0 or ees 
| Va 


*. Given Eqs. (i) and (ii) have a common root. 


de 
Hence, x = - La also satisfied Eq. (ii), then 
va 
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ve d f _2e 
a(< ~2e—+f=0 or ms aa 
) va f aoc b 
=> d_ 2 ry oer, ‘, Ge atein ap. 
gta ge abe 
a Vac c 
abe ; 
or 2 Loy (b= Vac] aaa Lr aa in HP. 
a bic 


a Exercise for Session 2 


tos 


1. If cand are the roots of the equation 2x” — 3x + 4 =0, then the equation whose roots are a” and B%, is 
(a) 4x2 +7x+16=0 (b)4x?+7x+6=0 (c) 4x? + 7x + 1=0 (d) 4x? - 7x + 16=0 
1 4). 
—— Sian ls 
a-2 B-2 
(a)x? + x-1=0 (b) x7 +x+1=0 (c) x?-x-1=0 (d) None of these 


2. \fo,Bare the roots of x? -3x + 1=0, then the equation whose roots re 


3. The equation formed by decreasing each root of ax? + bx + ¢ =0 by 1 is 2x” + 8x + 2 =0, then 
(aja=-b (b)b =-c (c)c =-a (d)b=atc 
2 — — 
iat =u : are equal but opposite in sign, then the value of m will be 
ax-c m+1 


a-b b-a a+b b+a 
= b 
are rr: : ee a= 


4, If the roots of equation 


5. If x? + px +q =Ois the quadratic equation whose roots are a - 2 and b - 2, where a and are the roots of 
x? -3x +1=0,then 


(a)p=1q=5 (o)p=1q=-5 (c)p=-1q=1 (d) None of these 
6. If both roots of the equation x? —-(m -—3)x +m =0(m eR)are positive, then 
(a) m € (3, ~») (b) m €(-», 1] (c)m € [9, ~) (d)m € (13) 
7. Ifthe equation (14+ m)x? —2(1+ 3m)x + (1+ 8m) =0, where m ER ~ {—4, has atleast one root is negative, then 
(a)me(-«,-9) (b)m {-3.-] (c)m e(-1-3} (d)meR 
8. If both the roots of A(6x? + 3) + x + 2x? -1=0 and 6A(2x? + 1) + px +4x? -2=0 are common, then 2r - pis 
equal to 
(a)-1 (b) 0 ~ (¢)1 (q) 2 
2 2 a?+b?+c° 
9. Ifax? + bx + c =O and bx? + cx +a =0 have a common root a #0, then ——_————_is equal to 
a 
(a) 1 (b) 2 (c)3 (d) None of these 
10. ifa(p+q)* + 2bpq +c =Oanda(p +r)* + 2bpr +c =0, then qr is equal to 
(a) p? +2 (b)p? +2 (c)p? +2 (a) p? +2 
a Cc b a 
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Session3 = ~~ 


Quadratic Expression, Wavy curve Method, Condition 
for Resolution into Linear Factors, Location of Roots 


— a 


Quadratic Expression a iitetseetonseitiuaies 
An expression of the form ax” + bx +c, where a, b,c€ R (i) Intersection with X-axis 
and a #0 is called a quadratic expression in x. So, in For X-axis, y =0. 
general quadratic expression is represented me Pe a ae ee -b+VD 
f(x) =ax’ +bx +c ory=ax’ +bx tc. 2a 
For D > 0, parabola cuts X-axis in two real and 
Graph of a Quadratic Expression distinct points 
We have, y =ax’ +bx +c= f(x), [a #0] \ ) 7 SS . D>0O 
F X-axis 
=> y=a € + LA = D 
2a } 4a’ X-axis 
i : a>Q0, ioe >0 
D\_ (by) 
or [y + 2] =a} x+—| For D =0, parabola touches X-axis in one point 
4a \ 2a) 
ie, x =-—. 


Now, let y+2=Yandx + =X 


a a a<0, D=0 
ie Y= ax’ > X-axis 
> x? at. ‘ 
a X-axis 


1. The shape of the curve y = f(x) is parabolic. a>0, 0=0 
b 
2. The axis of parabola is X =0 or x + i. 0 For D < 0, parabola does not cut X-axis i.e., 
" ' imaginary values of x. 
or x =—— ie. parallel to Y-axis. a<0,D<0 
2a —_— -axis 
3. (i) If 2 >0=>a>0,the parabola open upwards. 
a 
———_—___——__—_——*X- axis 
a>0,0<0 


(ii) Intersection with Y-axis 


1 For Y-axis, x =0. 
(ii) If - <0 =a <0, the parabola open downwards. . yee 

a x = 
5. Greatest and least values of f{x) 


ae 
Vertex of the parabola X” =—Y is 
a 


X =0,Y =0 
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> Pe ee eee, 
2a 4a 


or x =-—,y=-— 


D 


Hence, vertex of y = ax’ +bx + cis [-2,-2} 


2a 4a 


Z (- 


Vertex 


For a > 0, f(x) has least value at x =—- ~ 
a 


This least value is given by f (-2. =e D 


4a 
or Yeast eee, 
2 Pe eee eee 
”. Range of y=ax" +bx +c is} -—,|. 
4a) 
For a <0, f(x) has greatest value at x oa 
a 


This greatest value is given by f ( A 


D \ a 4a 


OF = Yereatest = — — 
ee 4a 


. Range of y =ax* + bx +c is [= -?} 
a 


Sign of Quadratic Expression 


Let f(x) =ax? +bx +c or y=ax* +bx +c, 


where a, b,c € Rand a #0, for some values of x, f(x) may 
be positive, negative or zero. This gives the following 


cases : 
1.a>Oand D<0O. 
So, f(x) >0 for all x € R, 
i.e. f(x) is positive for all real values of x. 


Le 


2.a<0and D<0. So, f(x) <0 for all x€ R, 
ie. f(x) is negative for all real values of x. 
— Xaxis 


X-axis 


3.a>Oand D=0.So, f(x) 20 for all x € R, 


i.e. f(x) is positive for all real values of x except at 
vertex, where f(x) =0. 


a>0 


= X-axis 


4.a<0and D=0. So, f(x) sOforall xe R, 


ie. f(x) is negative for all real values of x except at 
vertex, where f(x) =0. 


= Xaxis 


5.a>QOand D>0. 


Let f(x) =0 have two real roots & and B (a <f), then 
f(x) >0 for all x €(—-9,a) U (B, ©) and f(x) <0 for 
all x € (a, B). 


a>0O 
ees ae 9X) 
IE > X-axis 


6.a<Oand D>0 
Let f(x) =0 have two real roots « and B (a <8), 
then f(x) <0 for all x € (—-, a) U (8, 2) 
and f(x) >0 for all x € (a, B). 


Wavy Curve Method 
(Generalised Method of Intervals] 


Wave Curve Method is used for solving inequalities of the 
form 
= ky = ko =o km 
fx) _ (x ai) = 60) ale mag) >0 
(x — by )P*(x — bz)??...(x — by)?” | 
(<0,20or<0), 


where, ky, ko, ...sK ms Pi» Pas» Pn are natural numbers and 
such that a, #b;, where i=1,2,...,mand j=1,2,...,n 
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We use the following methods: 
1. Solve (x - a, )*(x -a,)*? ... (x -a,)" 
(x — b,)P!(x — a,)P? ...(x - b,)?" =0, then we get. 
Gn, Oh: Bogcceait, [critical points] 
2. Assume @; <@2 <...<Q_ <b, <b, <...<5, 


Plot them on the real line. Arrange inked (black) 
circles (@) and un-inked (white) circles (O), such 
that 


=0 and 


X = Q),Q>,...,; 


Oy OS cc Dy Dyce Dy 
If fixj>0 O@,,0 ©O02.0 
f(x)<0 00..0 00,.0 
f(x)20 @@..@ 00..0 
f(x)<0 @@..@ 00.0 


wes 


. Obviously, b, is the greatest root. If in all brackets 
before x positive sign and expression has also 
positive sign, then wave start from right to left, 
beginning above the number line, i.e. 


(x —a,)*(x -a,)* 


(x — b,)?'(x — bp )??... 


| de 


bp 


+ 


and if in all brackets before x positive sign and 
expression has negative sign, then wave start from 
right to left, beginning below the number line, i.e. 


_ (x= a(x = 02) = an) 


SN h 
(x—bP'(x—by)P*.(x-2,P" 


4. If roots occur even times, then sign remain same 
from right to left side of the roots and if roots 
occur odd times, then sign will change from right to 
left through the roots of 
Xi AeeiengGins Dis Opp ccxy Dic 


5. The solution of f(x) >0 or f(x) 20 is the union 
of all intervals in which we have put the plus sign 
and the solution of f(x) <0 or f(x) $0 is the 
union of all intervals in which we have put the 
minus sign. 
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Important Results 


1. 


2. 


s 
[—| 


=k 
ell, 


_ 
RN 


—_ 
w 


The point where denominator is zero or function approaches 
infinity, will never be included in the answer. 


Forx? <a’ orlx|<a ee -a<x<a 


Le, 


t—} 
i.e., 


i.e., 


1.e., 


i 


i.e., 


SS 
i.e, 


—) 
i.e. 


S 
i.e, 


i.e. 


then 


i.e. 


then 
i.e., 


x €(-@ a) 


. For0 <x? <a or0 <|x| <a 


-a<x<a~ {0} 
x €(-a a) ~{0} 


. Forx?2a’orlxjz2a @ x<-aorx2a 


x E(-— 0 ~ a] U[a &) 


. Forx?>a’orlx]>a @ x<-aorx>a 


x €(-- — a) U(a ~) 


. Fora’ sx? < b* oras|x| <b 


asxsbor-bsxs-a 
x e[-},-a] Ufa 0) 


. Fora? <x? <b’ ora<|x| <b 


a<xsbor-bsx<-a 
x e[-b,-a) U(a 5] 


. Fora’ sx? <b’oras|x| <b 


asx<bor-b<xs-a 
x e(-b-a] Ula }) 


. Fora’ <x? <b’ora<|x| <b 


a<x<bor-b<x<-a 
x €(-5,-a) U(a bd) 


.For(x —a)(x — 6) <0 anda<b,thena<x<bd 


x €(a 5) 


wlf(x -—a) (x - 6) sO anda<b, 


asxsb.x efa 0d] 


a lf(x —a)(x - 6) >O anda<b,then x <aorx>b 


x €(- 09 a) U(D, &) 


f(x —a) (x — 0) >0anda<b, 


xsaorx2b 
x €(— 9, a] U[D, ©) 


| Example 26. Solve the inequality 
(x + 3)(3x -2)?(7- x)*(5x+8)? 20. 


Sol. We have, (x +3)(3x —2)°(7 — x)°(5x +8) 20 
=> — (x +3)(3x — 2)°(x — 7) (5x +8)’ 20 
= (x +3) (3x -2)° (x -—7)°(5x +8)? $0 


[take before x, + ve sign in all brackets] 
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| Example 27. Solve the inequality 
971 
(x — 2)'0000 (x 4 v(x ~ ;| (x+8)' 


20 
x ey _ 3)" (x+ Dl 


\971 
(x — 2) (x + v(x - ; | (x +8)! 
} 


Sol. We have, 20 


x 500( = 3)? (x * 2 


The critical points are (— 8), (— 2), (— 1), 0, ; Zi 


(wx #-20,3] 


Hence, x € (~— ~, — 8] U[- 8 — 2) U[— 1, ne a) 
or re(--9U1-20U(03 |UG=) 


(x — 3)(x + 2)(x +6) 
(x+1)(x-5) 
Find intervals, where f(x) is positive or negative. 


Sol, We have, f(x) = 2 — 22279) 
(x + 1)(x -5) 


The critical points are (— 6), (— 2), (- 1),3,5 


; Example 28. Let f(x)= 


For f(x) >0,V x €(-6,— 2) U(— 1,3) U(S, ») 
For f(x) <0,V x € (— », — 6) U(- 2, - 1) U (3,5) 


[ Example 29. Find the set of all x for which 


2x m 1 
(2x? +5x +2) (x +1) 
Sol. We have, a a ee > _ 
(2x° +5x+2) (x +1) 
2x 1 
=> 


a 
(x +2)(2x+1) (x +1) 
(2x? + 2x) —(2x? +5x + 2) 


=> 
(x + 2)(x + 1)(2x + 1) 
(3x + 2) 
= ae a. 
(x + 2)(x + 1)(2x +1) 
(3x + 2) 


i (x + 2)(x + 1)(2x +1) 


( 
The critical points are (- 2), (—1), (- | \- ;| ‘ 


; vac, |X 
the inequality | — 


—F\ ‘fa Lt 
2\ = j-1 25 


Hence pe-edee -}) 
i \ 3° Ly 


2 


| Example 30. For x eR, prove that the given 


34x -71 
expression —; cannot lie between 5 and 9. 
x°+2x—-7 
2 — 
Sol. Let ps! Saal = 

Y 2x —7 

+ a 

5 9 


=> x*(y—-1)+(2y-34)x +71-7y =0 
For real values of x, discriminant 2 0 
(2y — 34)? — 4(y - 1)(71-7y) 20 
By? — 112y + 360 20 
y’ - 14y + 452 0 


(y - 9)(y -5)20 
y €(- ~,5] U[9, 2) 


¥uUdse iy 


Hence, y can never lie between 5 and 9. 


[| Example 31. For what values of the parameter k in 


2 
< 3, satisfied for all real 


values of x ? 
. 2 
+ kx + 
Sol. We have, eae <3 
x“+x+1 
2 
+ kx + 
=> get es 
x +xt1 


1) 
Since, taxtie(xtd) 12 si 
2) 4 


—HAxr? txt <x tke ti< Hx? +x+4+1) 


4x? +(k +3)x+4>0 i) 
and 2x? —(k -3)x+2>0 wii) 
4>0and2>0 


The inequality (i) will be valid, if 
(k +3)? — 4-4-4 <0= (k +3)? <64 
or ~8<k+3<8 
or -11<k<5 ...(Lii) 
and the inequality (ii) will be valid, if 
(k — 3)? — 4:2-2<0 or (k -3)? <16 


or -4<k-3<4 

or -1<k<7 my 

The conditions (iii) and (iv) will hold simultaneously, if 
-1<k<5 
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Condition for Resolution | Example 34. Find the linear factors of 
into Linear Factors x’ = 5xy thy? +x+2y -2 


Sol. Given expression is 
The quadratic function x? —Sxyt4y?+x+2y-2 ..(i) 
f(x, y) =ax? + 2hxy + by’ +2gx +2fy te Its corresponding equation is 


may be resolved into two linear factors, iff x’ —Sxyt4y’ +x+2y-2=0 


= abe + 2fgh — af? — bg” - ch’ =0 o x’ — x(5y—1) + dy’ + 2y-2=0 
a P = OY DE vby — 1 - 4-1-(4y? + 2y-2) 
; . 2 
- | a2 a). _ (5y-1) + (99? — 18y +9) 
gfe = 2 
(5y-1) + J(3y-3) 
| Example 32. Find the value of m for which the —— 
expression 12x — 10xy + 2y* +11x — 5y +m can be _(Gy- sie tiie Dae coicas 
resolved into two rational linear factors. 2 dias 


Sol. Comparing the given expression with . The required linear factors are(x — 4y + 2) and(x — y — 1). 


ax’ + 2hxy + by’ + 2gx + 2fy +c, we have 


a=1h=-Sb=2g=1, f= [-S}e=m Location of Roots 
(Interval in which Roots Lie] 


The given expression will have two — factors, if and 


only if ; 
- d h 
abe +2fgh ~ af? — bg? — ch? =0 Let f(x) =ax* +bx +c, a,b,ce R,a#0 anda, be the 
roots of f(x) =0. Suppose k,k,,k, € Rand k, <k,. Then, 
or — (12)(2)(m) + i - a2 ‘\- 5) - - (10 - 5) the following hold good : 


-(2 (2) } ~(my-s' =0 1. Conditions for Number k 


975 121 (If both the roots of f(x) =0 are less than k) 
=> a ee ge eee 0 or m=2 


J. a>0 | 
: 


A b Z 


l Example 33. If the expression 
ax? +by? +z + 2ayz + 2bzx + 2cxy can be resolved 


into two rational factors, prove that 
a*+b*+c° =3abe. 


f (k) 


X-axis 


b ODO 


\ 2a 4a/ 


Sol. Given expression is 


ax® + by® + cz” + 2ayz + 2bzx + 2cxy anil) 
Pe RB Dah ie pe » (i) D 20 (roots may be equal) 
=z" 2) + b| 2) +c +2a| > | +2b| Z + 2c| 2°) (ii) af(k) >0 

z Lz z) Az) Lievuz 


os b 
=z [aX? + bY? +c +2aY + 2bX + 2cXY] (iii) k >- ef where a $B. 


x y 
where, —=X and “= 

z z | Example 35. Find ithe values of m, for which both 
Expression (i) will have two rational linear factors in x, y roots of equation x? —mx+1=Oare less than unity. 

Asi ; 
an a if ee Sol. Let f(x) =x? -— mx +1, as both roots of f(x)=0 are less 
aX“ + bY" + 2cXY +2bX + 2aY +c will have two linear b 
factors; if than 1, we can take D 20, af (1) >0 and - = <1. 
abc + 2abc — aa® — bb? - cc? =0 + * 
-2 2 


or a+b? +c%=3abe 
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(i) Consider D> 0 (- m)’ - 4-1-:120 


=> (m + 2)(m — 2) 20 


= m & (— 9, — 2} U[2, e) ...(i) 


(ii) Consider af (1)> 0 1(1-m+1)>0 


=> m-2<0 => m<2 


=> m € (- ©, 2) ---(ii) 


b \ 
iii) C ider| -—< 1 
(iii) Consi er( a j 


7 <isem<2 


— m & (— ©, 2) 


Hence, the values of m satisfying Eqs. (i), (ii) and (iii) 
at the same time are m & (— ©, — 2} 


2.Conditions for a Number k 
If both the roots of f(x) =0 are greater than k 


: \ 
! 
nae Kas tf fe 
ir ae £093 ; ‘ 
! 
(bd | ; @eo % 
\ 2a 4a/ 1 | 


(i) D 20 (roots may be equal) 
(ii) af(k) >0 


(iii) k<- La where a $B. 
2a 


| Example 36. For what values of meR, both roots of 
the equation x? — 6mx+ 9m? —2m—2=0 exceed 3? 
Sol. Let f(x) = x* —6mx +9m? ~-2m+2 
As both roots of f(x) =0 are greater than 3, we can take 
D20,af(3) >Oand—- — >3. 
if (3) > Oan * 


(i) Consider D = 0 
(—6m)* — 4-1(9m? - 2m +2)20 > 8m-820 


m21 or mé[l,) (i) 


(ii) Consider a f (3) 20 
"1-(9 — 18m + 9m? - 2m +2)>0 


>. fe 

iL - J 
=> 9m? - 20m + 11>0 
=> (9m —11)(m-1)>0 


..-(iii) 


ss [m-2}(m—1)>0 

2 HEC SiS & -| Ai) 

(iii) Consider [- D. > 3) 
2a 


6m 


>3 
=> m>1i 
— m & (1, c) ...{ili) 


Hence, the values of m satisfying Eqs. (i), (ii) and (iii) 


(11 
at the same time are meé I> =F 


3. Conditions for a Number k 
If k lies between the roots of f(x) =0 


_ 
a<0 
b _D | 
ae) | | 
(i) D >0 (ii) af(k) <0, wherea <B 
| Example 37. Find all values of p, so that 6 lies 


between roots of the equation x? + 2(p — 3)x+9=0. 


Sol. Let f(x) = x? +2( p —3)x +9, as 6 lies between the roots 
of f(x) =0, we can take D > 0 and af (6) <0 
(i) Consider D>0 
+ + 
0 6 


{2(p ~3)}’ — 4-1-9 >0 


=> (p -3)? -9>0 
aad p(p—6)>0 
=> p&(— ~,0) U(6, ) (i) 


(ii) Consider a f (6) <0 
1-36 + 12(p 3) +9} <0 


= 12p+9<0 => pro<o 
3 \ : 
= E|—20,-—| .. (ii) 
pe(-»-3| ( 


Hence, the values of p satisfying Eqs. (i) and (ii) at the 


same tine are p ¢(~ »,~ 2} 
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4 Conditions for Numbers k, and k, 
=0 lies in the interval (k,, kz) 


AON: 


X-axis 


If exactly one root of f(x) 


| 


dat Kk) 


fo) 
ee 
en 


a 
(ka) / 


ky %\ \e kp SB X-axis 


(i) D >0 
(ii) f(ky) f(k2) <0, where a <B. 


[ Example 38. Find the values of m, for which exactly 
one root of the equation x? —2mx +m? —1=0 lies in = 


the interval (— 2,4). 


Sof. Let f(x) = x? —-2mx + m® -1, as exactly one root of 
f(x) =0 lies in the interval (—2, 4), we can take D > 0 and = 


f(- 2) f(4) <0. 

(i) Consider D> 0 
. 2m)’ -4-1(m?-1)>0 = 4>0 

meéR 

ta c Consider f (- 2) f (4) <0 
(4+ 4m +m? -1)(16-8m +m’ -1)<0 
=> (m*> +4m+3)(m? -8m +15) <0 
=> (m + 1)(m + 3)(m — 3)(m —5) <0 
= (m + 3)(m + 1)(m —3)(m - 5) <0 


mé(-3,-1) U(3,5) 


Hence, the values of m satisfying Eqs. (i) and (ii) at the 


same time are me (-3,- 1) U(3,5). 


». Conditions for Numbers k, and k, 
(If both roots f(x) =0 are confined between k, and k,) 


| '‘ 
F(a)! 


ky 


(i) D 20 (roots may be equal) 


(ii) af (k,) >0 
(iii) af (kz) >0 


(iv) k, oa <k,, wherea SB and k; <kp. 


2a 
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| Example 39. Find all values of a for which the 
equation 4x* — 2x +a=0 has two roots lie in the 
interval (— 1, 1). 
Sol. Let f(x) = 4x? - 2x +a as both roots of the equation, 
f(x) =0 are lie between (— 1,1), we can take D 20, 


af(-1)>0, af(1)>0and -1<—<1. 


(i) Consider D2 0 
(- 2)? -4-4-a20 => as- ...(i) 
(ii) Consider a f (- 1) >0 
4(4+2+a)>0 
a>-6 => a€(-6,%) (ii) 
(iii) Consider a f (1) >0 
4(4-2+a)>0 => a>-2 
aé(— 2,0) ...(iii) 
Hence, the values of a satisfying Eqs. (i), (ii) and (iii) at 
( 


: 1 
. the same time are ae eT : 


Ai) 


6. Conditions for Numbers k, and k, 
(If k, and k, lie between the roots of f(x) = 
ty, 
...(ii) 
(i) D>0O 
(ii) af (k,) <0 


(iii) af (k,) <0, where a <B. 


| Example 40. Find the values of a for which one root 
of equation (a — 5)x? — 2ax+a—4 =Ois smaller than 1 


and the other greater than 2. 


Sol. The given equation can be written as 


-4 
x? - mi xa(2 =0,a#5. 
a-5 ,e=5 


Y N 
=| 
La-5/) 


\ 
Now, let f(x) = x? - (2 Ix + 
a 5} 


As 1 and 2 lie between the roots of f(x) = 0, we can take 
D>0,1- f(1)<0and1- f(2) <0 


WwwW.JEEBOOKS.IN 


122 Textbook of Algebra 


(i) Consider D> 0 


>0 Pas] 


or a>— ..(i) 


(ii) Consider 1- f (1) < 0 


1? - 2 + 2-4) <0 >0 or a>5...(ii) 

a=). 1¢~5, (a-5) 

(iii) Consider 1- f (2) < 0 
ea (2-4 <0 

(a-5) \a-5, 
(4a -—20 -4a+a-4) (2-24) 
(a—5) (a5) 
or 5<a<24 ...(iii) 


Hence, the values of a satisfying Eqs. (i), (ii) and (iii) at the 
same time are a & (5, 24). 
| Example 41, Let x? —(m—3)x+m=0(meR) bea 
quadratic equation. Find the value of m for which 
(i) both the roots are smaller than 2. 
(ii) both the roots are greater than 2. 


(iii) one root is smaller than 2 and the other root is 
greater than 2. 

(iv) exactly one root lies in the interval (1, 2). 

(v) both the roots lie in the interval (1, 2). 


(vi) one root is greater than 2 and the other root is 
smaller than 1. 


(vii) atleast one root lie in the interval (1, 2). 
(viii) atleast one root is greater than 2. 
Sol. Let f(x)=x? -—(m-3)x+m 
Here, a=1,b=-(m-3)c=m 
and D= b* - 4ac =(m-3)* —4m 
=m? ~10m+9=(m-—1)(m—9) 


and x-coordinate of vertex = — 2 = n= 
a 
(i) Both the roots are smaller than 2 


D20 


' 
1 
‘ 
‘ 
4 
sy 
4 
\ 
\ 
x 


i.e.,(m—1)(m-9)20 


r A m€ (— , 1] U[9, o) (i) 
f (2) >0 
i.e., 4-2(m-3)+m>0 
=> m<10 

m € (— ©, 10) (ii) 
and x-coordinate of vertex < 2 
i.e., re) <2 =>m<7 

m & (— ©,7) .. (iii) 

On combining Eas. (i), (ii) and (iii), we get 

mé(-%, 1] 


(ii) Both the roots are greater than 2 
D20 


i.e. (m—-1)(m-9)20 


me (-— -», 1] [9, 2) wi) 
f(2)>0 
ie. 4-2(m—-3)+m>0 
= m<10 

m & (— ©, 10) ..{ii) 
and x-coordinate of vertex > 2 
i.e., ee => m>7 

m€ (7, °°) .. (iti) 
On combining Eqs. (i), (ii) and (iii), we get 
mé [9, 10) 


(iii) One root is smaller than 2 and the other root is 
greater than 2 


D>0o0 


i.e., (m-1)(m-9)>0 
m & (— ©, 1) U(9, o2) wi) 
f (2) <0 
ie.4-—A&m-—3)+m<0 
: m> 10 
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oe m & (10, 0) ...(ii) 1 < x-coordinate of vertex < 2 
On combining Eqs. (i) and (ii), we get hes, ie (m — 3) a 
m € (10, -). 2 
(iv) Exactly one root lies in the interval (1, 2) dad SSS e OF SS 
D>0 me (5,7) ...(iv) 
On combining Eqs. (i), (ii), (iii) and (iv), we get 
med 
i ; (vi) One root is greater than 2 and the other root is 
SNC X-axis smaller than 1 D> 0 

ie., (m -1)(m—-9)>0 

é, m€& (— ©, 1) U(9, ©) cel) 

Ff (1) f (2) <0 

(1 -—(m —3) + m)(4 —2(m — 3) + m) <0 
= 4(—m+10)<0 i.e.,(m—1)(m—-9)>0 
=> m-10>0 => m>10 . mé (— -, 1) U(9, ©) ...(i) 
m € (10, ©) .. ii) F(1) <0 
On combining Eqs. (i) and (ii), we get ie., 4 <0, which is not possible. 
m € (10, 2) Thus, no such ‘m’ exists. 
(v) Both the roots lie in the interval (1, 2) (vii) At least one root lie in the interval (1, 2) 

D>0 Case I Exactly one root lies in (1, 2) 

m & (10, -2) [from (iv) part] 
Case II Both roots lie in the interval (1, 2). 

med [from (v) part] 


Hence, at least one root lie in the interval (1, 2) 
me€(10,0) Uo or mé(10, -%) 


viii) Atleast one root is greater than 2 
ie, (m—1)(m-9)20 eval) - 6 


; Case I One root is smaller than 2 and the other root 

m€(- -, 1] U[9, -) (i) . 
f(1)>0 is greater than 2. 

ie, (1-(m—-3)+m)>0 > 4>0 Then, m € (10, e) [from (iii) part] 
x meR ...(ii) Case II Both the roots are greater than 2, then 

— . P ‘5 Hence, atleast one root is greater than 2. 

fe dee eee Sans ¥ m€ (10, 02) (9,10) or me (9,10) U(10, e) 

¥ m€ (— ©, 10) ..(iil) 
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Exercise for Session 3 


1. 


10. 


2 
If x is real, the maximum and minimum values of expression al will be 
x*+2x +3 
(a) 4,-5 (b)5-4 (c)-4,5 (d)-4,-5 
If x is real, the expression = takes all values in the interval 
(2x“ + 3x +6) 
‘ 1 4 11 1 4 ) 
s)i—,.— b)} - —,— c)}/--,— d) None of these 
Or 4 | 13 3] (a 3 13, (¢) 
If x be real, then the minimum value of x? —8x + 17, is 
(a)-1 (b) 0 (c) 1 (d) 2 


{ 
If the expression ere —1+ ;) is non-negative for all positive real x, the minimum value of m must be | 
x 


, 
aye! b) 0 
(a) 7 (b) 

1 1 
(a d)— 
(c) (d) 5 

2 
If the inequality il ca <5is satisfied for all x eR then 
x* 42x +2 
(a) i<m<5 (b)-1<m<5 
71 
c)i<m<6 d)m< — 
(c) (d) F 
The largest negative integer which satisfies i =) 0, is 
(x -2)(x -3) 

(a)-4 (b)- 3 
(c)-2 (d)- 1 
If the expression 2x? + mxy + 3y? -5y -2can be resolved into two rational factors, the value of |m| is 
(a)3 (b)5 
(c)7 (d) 9 
lfc >O and 4a + c < 2b, then ax” — bx + ¢ =0 has a root in the interval 
(a) (0, 2) (b) (2, 4) 
(c) (0, 1) (d) (- 2, 0) 
If the roots of the equation x? - 2ax + a? + a-3=Oare less than 3 then 
(aja<2 (b)2<a<3 
(c)3<as4 (d)a>4 


The set of values of a for which the inequation x? + ax + a” + 6a <Ois satisfied for all x € (1,2) lies in the 
interval 

(a) (4 2) (b) (1, 2] 

(c) [- 7, 4] ; (d) None of these 
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Session 4 


Oe a eet 


Equations of Higher Degree, Rational AMosbreic 
Inequalities, Roots of Equation with the Help of Graphs, 


Equations of Higher Degree 


The equation ay x" +a, x"! nee 


+a, x 
+...4¢4,_; x ta, =0, 
where do, @,,@>,...,@,—},@, are constants but ag #0, is a 
polynomial equation of degree n. It has n and only n roots. 
Let O,,02,Q3,..., &,—3,0, ben roots, then 

© La, =O, +, +05 +... +0,-1 +0, =(-1)! S 

ag 
[sum of all roots] 

© LO, OH, =O4O4, +0103 +... +010, +H, 3 + 

ve $20, +...+0,-10, 


a . 
=(-1)? — [sum of products taken two at a time] 
ao 


a 
¢ 2a, 203 =(-1)" os 
0 


[sum of products taken three at a time] 


a, =(-1)" =) [ product of all roots] 


© 0, Oy 5, «x. 


In general, 20., &, 3 ..., =(-1)? sf 
0 
Remark 

1. A polynomial equation of degree nhas nroots (real or 
imaginary). 

2. If all the coefficients, i.e., a, a, a, .... a are real, then the 
imaginary roots occur in pairs, i.e. number of imaginary roots 
is always even. 

3. If the degree of a polynomial equation is odd, then atleast one 
of the roots will be real. 

4. (x — | )(x — Oy)(x — Oy) ... (X - Gy) 
=x + (~1)'Day-x? | + (= 1)? La, ap-x 


+... + (— 1)? OO Oy... O 


n-2 


In Particular 


(i) For n =3, if a, B, y are the roots of the equation 
+cx +d =0, where a, b, c,d are constants 


anda#0,then Lo =a+B+y=(- ee oe, 
a a 


ax? + bx? 


Lop =a +Py +ya=(-1)? <=5 
a 


and aBy =(-1)° 


-B)(x -y) 
=a(x? -La-x? + Lap: x -afy)] 


or ax? +bx? +ex +d =a(x -a)(x 


(ii) For n = 4, ifa, B, y, 5 are the roots of the equation 
ax’ +bx3 +cx? +dx +e =0, where a, b,c,d,e are 
constants and a £0, then 


La=a+B+y+5=(-1)' an) 
a 


a 
LaB =(0. +B)(y +8) +aB +6 =(-1)? £ =~ 
a’ 


LoaPy =aP(y + §) +y5(a +f) =(-1)° dd 
a 


and aBy8 =(-1)4 = =< 
aoa 
or ax’ +bx> +ex* +dx +e =a(x -a) 


(x —B)(x -y)(x - 8) 
=a(x*-La-x? + LaP- x? - LaPy: x +aPy6) 


| Example a2. Find the conditions, if roots of the 
equation x > — px’ +qx—r =Oare in 


(i) AP (ii) GP 
(iii) HP 
Sol. (i) Let roots of the given equation are 


A-D,A,A+t+D, then 


A-D+A+A+D=p aaAzt 


Now, A is the roots of the given equation, then it must 
be satisfy . 
A> - pA*+qA-r=0 


Fen 


3) 
=> p° —3p° + 9qp -27r =0 
or 2p? -9pq + 27r =0, 


which is the required condition. 
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(ii) Let roots of the given equation are -. A, AR, then 


2 ackeets y*{-£}=7 
R 1 
= A’=r 
‘ 
=> A=r3 


Now, A is the roots of the given equation, then 


A’ - pA? +qA-r=0 


=> r-p(r)?=¢(r)* -r=0 


or p(r)’ 13 = q(r)”? 
or pr’ =q’r 
or pr=q° 


which is the required condition. 
(iii) Given equation is 
x? - px’ +qx-r=0 


On replacing x by a in Eq. (i), then 
x 


) -Ae) eG) r= 


= rx> — gx? + px-1=0 
Now, roots of Eq. (ii) are in AP. 
Let roots of Eq. (ii) are A — P, A, A + P, then 


A-P+AtA+P=2 or A=L 
r 3r 


‘ A is a root of Eq. (ii), then 
rA? —qA* + pA-1=0 


3 2 , 
q q q 
= =|] -gi—| +pi—|-1=0 
(2) (2) . (2) 
=> q? —3q° + 9pqr —27r* =0 


= 2q° —9pqr +27r° =0, 


which is the required condition. 


| Example 43. Solve 6 x* — 11x? + 6x - 1=0, if roots of 


the equation are in HP. 


Sol. Put x = is in the given equation, then 


y 
eee =0 
yx Fy F 
=> y’ —6y’ +11y-6=0 


Now, roots of Eq. (i) are in AP. 

Let the roots bea —B,a,a +B. 

Then, sum of roots=a -B+a+a+ PB =6 

" 30. = 6 
a =2 


...(i) 


Product of roots = (a — B)-a-(a +B) =6 
=> (2-B)2(2+B)=6 = 4-fB? =3 
s p=+1 
. Roots of Eqs. (i) are 1, 2,3 or 3, 2, 1. 


5 , a rem ae | 
Hence, roots of the given equation are 1, 2° a or - r 1, 


| Example 44. if «,B,y are the roots of the equation 
x} — px? +.qx-1=0, find 
(i) Sa?. (ii) La’ B. (iii) La’. 
Sol. Since, o,f, y are the roots of x* — px’ + qx -r=0. 
; La = p,2aP =q and afy =r 
(i) « La-Ya=p-p 
= (a+B+y)a+B+y)=p 
=o? +B? +? +2(aB + By + ya) =p’ 
or Ya? +2da8 = p’ 
or Ya? = p? -29 
(ii) La-LaB = p-q 
= (a +B +y)-(aB + By + ya) = pq 
=> oa’B+aPy +027 +P?a +B’ y + aBy 


...(ii) +y’B+y°a = pq 


=> (0° B+a7a+B?y+Py +y7a + 7°B) 


+ 3aBy = pq 
or Ya’B + 3r = pq 


or La’ B = pq -3r 

(iii) «La? La =(p? - 2q)-p [from result (i)] 
=> (a? +B? +y’)(a+B + y)=p° —2pq 
= a +P +y?+(a’B+a7y+B'a+B7y 

+ "a +B) = p> -2pq 

=> La? + Ya’B = p* -2pq 
=> Da?+pq-3r=p* -2pq [from result (ii)] 
ee La’ = p* —3pq + 3r 


| Example 45. If o,f, are the roots of the cubic 
equation x*+ qx+r=0, then find the equation whose 
roots are (a -B),(B-y), (y -a)?. 


Sol. «a, B, y are the roots of the cubic equation 


i) xi + qx +r =0 ..(it) 


Then, Ya =0, Ya = g,aBy =—-r »»{ill) 
If y is a root of the required equation, then 
y =(a —B)’ =(0 +B)’ - 408 


=(04+B+y-y) ~ 
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=(0-y)* + = [from Eq. (ii)] 
7 
2 4r 
=> y=y + — 
bs 
[replacing y by x which is a root of Eq. (i)] 
2 4r 
ysx'+— 
x 
or x? —yx+4r=0 ...(iii) 


The required equation is obtained by eliminating x between 
Eqs. (i) and (iii). 


Now, subtracting Eq. (iii) from Eq. (i), we get 
(q+y)x-3r=0 
3r 
x= 
qty 
On substituting the value of x in Eq. (i), we get 
/ \3 


3r ( 3r 
eae) “aay 
qty \qty, 


Thus, y> + 6qy” +9q2y +(4q° +.27r°) =0 


or 


+r=0 


which is the required equation. 


Remark 
Ya-B)?=-69, IMa—-fB)? =- (49° + 27r?) 


Some Results on Roots of a 
Polynomial Equation 


1. Remainder Theorem If a polynomial f(x) is 
divided by a linear function x — A, then the remainder 
is f(A), 
ie. Dividend = Divisor x Quotient + Remainder 
Let Q (x) be the quotient and R be the remainder, thus 
f(x) =(x —A) Q(x) +R 
=> f(A) =(A-A)Q(A) + R=0+R=R 


| Example 46. If the expression 2x *+ 3px? -4x+p 


has a remainder of 5 when divided by x + 2, find the 
value of p. 


Sol. Let f(x) =2x° +3px” -4x+p 
F(x) = (x + 2)Q(x) +5 
= f(-2)=5 
= 2-2) +3p(-2) - 4(-2)+ p=5 or 13p =13 
. exe 


2. Factor Theorem Factor theorem is a special case of 
Remainder theorem. 


Let f(x) =(x —A) Q(x) + R=(x —A) Q(x) + f(A) 


If f(A) =0, f(x) =(x -A) Q(x), therefore f(x) is 
exactly divisible by x — A. 
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or 

If A is a root of the equation f(x) =0, then f(x) is 
exactly divisible by (x — A) and conversely, if f(x) is 
exactly divisible by (x — A), then A is a root of the 
equation f(x) =0 and the remainder obtained is f(A). 


[| Example 47, If x? + ax+1is a factor of ax? +bx +c, 
find the conditions. 


Sol. 


sax? + bx +0 =(x? +.ax +1)Q(x) 
Let Ox) = Ax + B, 
then ax? + bx +c =(x? + ax + 1)(Ax + B) 


On comparing coefficients of x?, x”, x and constant on 
both sides, we get 


a= A, -(i) 

0=B+aA, - ...{ii) 

b=aB+A, ..(iii) 
and c=B (iv) 
From Eggs. (i) and (iv), we get 

A=aand B=c 


From Eqs. (ii) and (iii), a? + ¢ = 0 and b = ac + aare the 
required conditions. 


| Example 48. A certain polynomial f(x), x eR, when 


divided by x — a,x —b and x —c leaves remainders a,b 
and c, respectively. Then, find the remainder when f(x) 
is divided by (x — a)(x — b)(x —c), where a,b,c are 
distinct. 


Sol. 


mn 


By Remainder theorem f(a) =a, f(b)=b and f(c)=c 
Let the quotient be Q(x) and remainder is R(x). 
Fx) = (x - a)(-x ~ BM x ~ Q(x) + R(x) 
f(a)=0+ R(a)= Ra)=a 
f(b) =0 + R(b) => R(b) = band f(c) =0 + R(c) 
=> R(c)=c 
So, the equation R(x) — x = 0 has three roots a, bandc. But 
its degree is atmost two. So, R(x) — x must be zero 
polynomial (or identity). 
Hence, R(x) =x. 


. Every equation of an odd degree has atleast one real 


root, whose sign is opposite to that of its last term, 
provided that the coefficient of the first term is 
positive. 


. Every equation of an even degree has atleast two real 


roots, one positive and one negative, whose last term 
is negative, provided that the coefficient of the first 
term is positive. 


. If an equation has no odd powers of x, then all roots 


of the equation are complex provided all the 
coefficients of the equation have positive sign. 
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6. If x =a is root repeated m times in f(x) =0 a 
(f(x) =0 is an nth degree equation in x), then \ B (u(y) 
f(x) =(x 0)" g(x) va 
where, g(x)isa polynomial of degree(n — m)and the root 


x =Qisrepeated(m — 1)timein f’ (x) =0,(m — 2) times 
in f(x) =0,...,(m —(m — 1))timesin f” ~'(x) =0. 


7. Let f(x ) =0 be a polynomial equation and A, p are 
two real numbers. 


Then, f(x ) =0 will have atleast one real root or an 
odd number of roots between A and y, if f(A) and 
f(u) are of opposite signs. 


But if f(A) and f(u) are of same signs, then either A (A. fQ) B (u, f(y) 
f(x) =0 has no real roots or an even number of roots ) 
between A and wu. (a) In figure (i), (ii) and (iii), f(A) and f(u) have 
opposite signs and equation f(x) =0, has one, 
4 three, five roots between A and i, respectively. 
llustration by Graphs ee aaa 


(b) In figure (iv), (v) and (vi), f(A) and f(w) have 
same signs and equation f(x) =0, has no, four 
and four roots between A and y, respectively. 


Since, f(x ) be a polynomial in x, then graph of y = f(x) 
will be continuous in every interval. 


A(A £(%) 


| Example 49. If a,b,c are real numbers, a #0. If a is 
root of a*x*+bx+c=0, Bis a root of 
2x? _by ~c =O and 0<a <B, show that the 
equation a?x? + 2bx + 2c =O has a root y that always 
satisfies a <y <B. 
Sol. Since, a is a root of a?x? + bx +c =0. 
Then, aa? +ba+c=0 di) 


and B is a root of a’x’ — bx —c =0, 
B (yu. F()) a Het ex (i) 
A(A £(2)) - a.” 
Let f(x) = a?x? + 2bx + 2c 


f(a)=a' a? + 2ba + 2c =a’ a? — 2a°a? 
[from Eq. (i¥] 
augig? 
= f(a)<0 and f(B)=a’B? + 2bB + 2c 
= a’B? + 207? [from Eq. (ii)] 
= 3a’ Bp? 
= f(B) >0 


Since, f(a) and f(B) are of opposite signs, then it is clear 


fa V7 (0,0) (B.0)\~Ay,0) (8,0) : eae that a root y of the equation f(x) =0 lies between o andB. 
A a.) (i (v.0) Hence, a<y<f [a < Bl 
i | Example 50. If a<b<c<d, then show that 
fQTAR.O] + vi) _ (x —a)(x —c)+ 3(x —b)(x —d)=0 has real and distinct 
(A, 0) (u, 0) : roots. 
(iv) Sol. Let f(x) =(x —a)(x —c)+Xx — b)(x - d) 
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Then, f(a)=0+Xa-b)(a-d)>0 [.a-b<0,a-d<0] 
and f(b)=(b-a)(b~c)+0<0 [(.b-a>0,b-c <0} 
Thus, one root will lie between a and b. 

and = f(c)=0+%ce—b)(c-d)<0 [.c-b>0,c-—d<0] 
and f(d)=(d-a)(d-—c)+0>0 [..d -a>0,d-c>0] 
Thus, one root will lie between c and d. Hence, roots of 
equation are real and distinct. 


8. Let f(x) =0 be a polynomial equation then 


(a) the number of positive roots of a polynomial 
equation f(x) =0 (arranged in decreasing order 
of the degree) cannot exceed the number of 
changes of signs in f(x) =0 as we move from left 
to right. 

For example, Consider the equation 

2x3 —x* ~x+1=0. 
The number of changes of signs from left to right 
is 2 (+ to -, then —to +). Then, number of positive 
roots cannot exceed 2. 

(b) The number of negative roots of a polynomial 
equation f(x) =0 cannot exceed the number of 
changes of signs in f(—x). 

For example, Consider the equation 

5x4 +3x° -2x" +5x-8=0 
Let f(x)=4x4 +3x° -2x7 +5x-8 
w f(-x)=5x4 -3x) -2x? -5x-8 
The number of changes of signs from left to right 
is (+ to —). Then number of negative roots cannot 
exceed 1. 

(c) If equation f(x) =0 have atmost r positive roots 
and atmost t negative roots, then equation 
f(x) =0 will have atmost (r + t) real roots, i.e. it 
will have atleast n -—(r +t) imaginary roots, 
where n is the degree of polynomial. 

For example, Consider the equation 
5x° -8x? +3x° +5x" +8=0 

The given equation can be written as 

5x° +3x° -8x° +5x" +8=0 
Let f(x) =5x° +3x° -8x°+5x? +8 
Here, f(x) has two changes in signs. 
So, f(x) has atmost two positive real roots 
and f(—x)=5x° -3x° +8x* +5x* +8 
Here, f(- x) has two changes in signs. 
So, f(x) has atmost two negative real roots. 
and x =0 cannot be root of f(x) =0. 


Hence, f(x) =0 has atmost four real roots, 
therefore atleast two imaginary roots. 
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9. Rolle’s Theorem If f(x) is continuous function in 
the interval [a, b] and differentiable in interval (a, b) 
and f(a) = f(b), then equation f’(x) =0 will have 
atleast one root between a and b. Since, every 
polynomial f(x) is always continuous and 
differentiable in every interval. Therefore, Rolle’s 
theorem is always applicable to polynomial function 
in every interval [a, b]if f(a) = f(b). 


I Example 51. If 20+ 35+ 6c =0;.a,b,ceR, then show 


that the equation ax? + bx + c =0 has atleast one root 


between O and 1. 
Sol. Given, 2a + 3b + 6c =0 


a b 
=> —+—+c=0 wl 
ra (i) 
Let f(x) = ax? + bx te, 
3 2 
Then, fxy= 4 toed 


Now, f(0)=d and f(l)=242 404d 


=O+d [from Eq. (i)] 
Since, f(x) is a polynomial of three degree, then f(x) is 
continuous and differentiable everywhere and f(0) = f(1), 
then by Rolle’s theorem f’(x) = Oi.e., ax” + bx + ¢ = Ohas 


atleast one real root between 0 and 1. 


Reciprocal Equation of the Standard 
Form can be Reduced to an Equation 
of Half Its Dimensions 


Let the equation be 
ax? + bx? 1 gc? te ™ +o text bx +a=0 


On dividing by x”, then 


ax” + bx tee tk tt 


2 
x 
fogs 


x?! 
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seis 1 , ‘ 
Hence, writing z for x + — and given to p succession the. 
x 


values 1, 2,3,..., we obtain 
x? 4+ az? -2 
ae 
Gian ~2)-z=z° -3z 
3 
x 
gf gee (z° —3z) -(z“ —2) =z" -—4z° +2 


j s ‘ 
and so onand generally x” + — is of m dimensions in 
x 


zand therefore the equation in zis of mdimensions. 


| Example 52. Solve the equation 
2x" +x? -11x?4+x+2=0. 
Sol. Since, x =0 is not a solution of the given equation. 


On dividing by x? in both sides of the given equation, we 
get 


a 4. alee yea (i) 
x? x 


Put x Pe = y in Eq. (i), then Eq. (i} reduce in the form 
x 
2(y* -2)+ y-11=0 
= 2y? +y-15=0 
5 
yi = — 3and y, em 


Consequently, the original equation is equivalent to the 
collection of equations 


1 
s+ =— 3 
x 
i a 
x+—=- 
x 2 
we find that, x, = 5 gp SE al cyan 


Equations which can be Reduced 
to Linear, Quadratic and Biquadratic 
Equations 
TypeI An equation of the form 
(x —a)(x-—b)(x-c)(x-d)=A 
where, a<b<c<d,b-a=d -—c, can be solved by a 
change of variable. 
_ (x —a) +(x —b) +(x —c) +(x —d) 
4 
(a+b+ct+d) 
4 


i.e. 


I Example 53. Solve the equation 
(12x — 1)(6x — 1)(4x — 1)(3x -—1) = 5. 


Sol. The given equation can be written as 


( 1 I a 1 \,- —— 7 
x-—Ix--|_x-—- wali, 
L 12 6 4) 3 sf 12-6:4:3 
. 1 1 #1 1 1 1 ] 1 
Since, — <-<—<-an 
12 6 4 3 6 
We can introduced a new variable, 


- (x-2)+(x-2}+(x-2]+(<-3) 
oa 12, 6 4) 3) 
— 3, 

On ge a acre Eq. (i), we get 


b-2freabr-t-2} 


24 )\~ oa) 12-6-4-3 


. > (a) bt - os 


»_ 49 
24° 
‘ 7 7 
Le. y, = — andy, = -— 
/ 24 ; 24 
Hence, the corresponding roots of the original equation are 
_ 1 
12° 2 


Type II An equation of the form 
(x —a)(x — b)(x -—c)(x —d) = Ax’ 
where, ab = cd can be reduced to a collection of two 


quadratic equations by a change of variable y = x + = 
x 


| Example 54. Solve the equation 
(x + 2)(x + 3)(x + 8)(x +12) =4x?, 


Sol. Since, (— 2)(- 12) = 
tion as 


(— 3)(— 8), so we can write given equa- 


(x + 2)(x + 12)(x +3)(x + 8) = 4x? 
= (x? + 14x + 24)(x? + 11x +24) = 4x’ m() 
Now, x = (is not a root of given equation. 
On dividing by x? in both sides of Eq. (i), we get 


[x4 oul x+on)—4 w(it) 
(x x) 
Put x + Pie y, then Eq. (ii) can be reduced in the form 

x 


(y+14)(y+11)=4 or y? +25y +150=0 
y,; =-15 and y, =-10 
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Thus, the original equation is equivalent to the collection of 


equations 
2 
x+ a =-15, 
x 
24 
x+—=-10, 
fs 
x’ + 15x +24 =0 
Le. 


| x” + 10x +24 =0 
On solving these collection, we get 
-15- 129 _ - 15+ V129 
x, = oer aie elma ial 


Type III Anequationof the form(x —a)* +(x-b)* =A 


x3 =-6,x,=-4 


can also be solved by a change of variable, i.e. making a 
(x —a) +(x —b) 


substitution y = 
2 


| Example 55. Solve the equation 
(6- x)* + (8 - x)’ =16. 
Sol. After a change of variable, 
(6 — x)+(8—- x) 
aes = a 
2 
y=7-x or x=7-y 
Now, put x = 7 — y in given equation, we get 

(y -1)* +(y +1)* =16 


=> y' +6y? -7=0 
= (y? +7)(y? -1)=0 
y’ +7 #0 

[y gives imaginary values} 
y -1=0 
Then, y; =—landy, =1 


Thus, x, =8 and x. =6 are the roots of the given equation. 


Rational Algebraic Inequalities 


Consider the following types of rational algebraic 
inequalities 
P(x) 
Q(x) 


PH) 39, HH) gg 
Q(x) Q(x) 
If P(x) and Q(x) can be resolved in linear factors, then use 


Wavy curve method, otherwise we use the following 
statements for solving inequalities of this kind. 


go 2 


Q(x) 
P(x) 


(2) —— <0={ P(x) Q(x) <0=. 


(3) 


(4) ——<0>.: 
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fe 
Fe) (x) >0, Q(x) >0 


(1) aa or 


Pex <0, Q(x) <0 
P(x) >0, Q(x) <0 
or 
P(x) <0, O(x) >0 
P(x) 20, Q(x) >0 


P(x) 
Q(x) 


or 


Ft) 39.90) Q(x)20_. 
|e $0, Q(x) <0 


Q(x) Q(x) #0 


P(x) 20, Q(x) <0 
>: or 
Pte) $0, Q(x) >0 


P(x) 29 _, [P(x) Q(x) $0 


Q(x) || Q(x) #0 


| Example 56. Find all values of a for which the set of 
all solutions of the system 
| x? +ax-2 
Pg ie 
x" -X+1 
x’? +ax-2 
—-— > 


x7 —x+1 


is the entire number line. 
Sol. The system is equivalent to 
x? ~(a+2)x+4 zs 
xe-xtl 
4x? +(a—3)x+1 
x° +(a—3)x ~ 


xr-x +] 


0 


¥ 3 
since, x? = x41=[(x—3) pe esioy sternite 
J 


[ x?-(a+2)x+4>0 


equivalent to 5 
4x" +(a—3)x+1>0 


Hence, the discriminants of the both equations of this 
system are negative. 


(a+2)? -16<0 


i.e., ; => (a+6)(a—2)<0 
(a-3)' -16 <0 
a a 
-6 ~ 2 
ie x €(-6, 2) wilt) 
= (a+1)(a-7)<0 
~ - 
-1 t 
i.e. x € (-1,7) .- (ii) 
Hence, from Eqs. (i) and (ii), we get 
x € (-1, 2) 
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Equations Containing 
Absolute Values 


By definition, |x|=-x, ifx 20|x]=- x, ifx <0 


| Example 57. Solve the equation x? - 5|x|+6=0. 


Sol. The given equation is equivalent to the collection of 
systems 
|x? -5x+6=0, if x20 
|x? +5x+6=0, if x<0 


[(* - (x - 3) =, if x20 
\(x + 2)(x +3)=0, if x <0 


Hence, the solutions of the given equation are 
X,=2,%2,=3,X32-2xX,=-3 


| Example 58. Solve the equation 
x? -8x4+12 x? —8x+12 
x? -10x+21 x? 1004 21. 


Sol. This equation has the form | f(x)|=— f(x) 

x? —8x +12 

x? - 10x +21 

such an equation is equivalent to the collection of systems 
F(x)=— f(x), if f(x) 20 

f(x) = f(x), if f(x) <0 


The first system is equivalent to f(x) =0and the second 
system is equivalent to f(x) < 0 the combining both 
systems, we get 


when, f(x) = 


f(x) <0 
2 
= 8x +12 <0 
x” —10x +21 
- (x ~ 2)(x 6) < 
(x - 3)(x -7) 
+ + / + 
2 3 6 7 


Hence, by Wavy curve method, 
x € (2,3) U[6,7) 


| Example 59. Solve the equation 
[x —]4—x]|-2x =4. 
Sol. This equation is equivalent to the collection of systems 
[|x -(4 — x)|-2x = 4, if 4- x20 
[Ix +(4- x) -2x =4, if4—x<0 


{j2x-4|-2x=4, ifxs4 
| 4-2x=4, if x >4 
The second system of this collection 
gives x=0 
but x>4 


Hence, second system has no solution. 


i) 


The first system of collection Eq. (i) is equivalent to the 
system of collection 

{ 2x-4-2x=4, if 2x24 

|-2x + 4 -2x = 4, if 2x <4 

|-4=4,if x22 
=> ‘ 
|- 4x =0,if x<2 


The first system is failed and second system gives x = 0. 
Hence, x = 0 is unique solution of the given equation. 


Important Forms Containing 
Absolute Values 


Form 1 The equation of the form 


| F(x) +8 (x)=lF (1418 


is equivalent of the system 
F(x) g(x) 20. 
| Example 60. Solve the equation 
2 


= ix 


ee 


Sol. Let f(x)= = and g(x) =x, 
— 


2 


Then, f(x) + g(x)=—_— + x5 i 
x=1 x-1 


.. The given equation can be reduced in the form 


IFC + [gC = 1 F(x) + 8d 


Hence, f(x): g(x) 20 
5 
=> 20 
c= 
a ae: 
- A-S/\ 


From Wavy curve method, x € (1, °°) U {0}. 


Form 2 The equation of the form 


fr + fe (a) +... +1 fr (2) = (x) (i) 
where, f,(x), f2(x),..-, fa(x), a(x) are functions of x and 
g(x) may be constant. 


Equations of this form solved by the method of 
intervals. We first find all critical points of 

fi (x), fo(x),.... f,(x), if coefficient of x is positive, then 
graph start with positive sign (+) and if coefficient of x is 
negative, then graph start with negative sign (—). Then, 
using the definition of the absolute value, we pass from 
Eq. (i) to a collection of systems which do not contain the 
absolute value symbols. 
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| Example 61. Solve the equation 
|x-1]+|7-—x]+2|x-2|= 
Sol. Here, critical points are 1, 2, 7 using the method of inter- 


vals, we find intervals when the expressions x — 1,7 — x 
and x — 2 are of constant signs. 


i.e. ¥< 11 <x<2.2< *<7,257 


(x- 1) 


(7-x) 


(x- 2) 


Thus, the given equation is equivalent to the collection of 
four systems, 


[x<1 [esi 
|-(x -1)+(7-x)-Ax-2)=4 |x=2 
isx<2 fisx<2 
{i (x -1)+(7-x)-Ax-2)=4 |x=3 
26%<7 [2asx<7 
fa (x-1)+(7-—x) +Ax-2)=4 |x=1 
[x27 [x27 
a |x=4 


From the collection of four systems, the given equation has 
no solution. 


Inequations Containing 
Absolute Values 


By definition, |x|<a=>-a<x<a(a>0) 
|[x|\Sa=>-aSxSa 
|x|>a=>x<-aandx>a 

and |x| 2a—xS-aandx2a. 

. ; xX 1 
| Example 62. Solve the inequation |1- x > -. 
1+[x]]} 2 
Sol. The given inequation is equivalent to the collection of 
systems 
1 
ele Pan et fF af xe0 
1+x| 2 Jjl+x| 2 
} : 
poo" SF emo | ~, if x <0 
l-x| 2 Wee: Ae” 
at oF if x20 = * so if x20 
tx 2 1+x 
i 1 += 
2-,if x <0 
Pe ae: =x 
xl cif x20 
ae 
~~" <0,if x <0 
x- 
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For Bot 20 te neeh 
x+1 
+ + 
-1 1 
O0<xSl (i) 
+1] 
For : $0, ifx <0 
x-1 
+ + 
-1 41 
-18$x<0 ...(ii) 


Hence, from Eqs. (i) and (ii), the solution of the given 
equation is x € [- 1, 1} 


Aliter 
h- [x] 


~ 


ae 


Big | 
a, 


2 |1+|x| 
1 

2- => 1+ |x|<2 or |x|S1 
ae 2 


-1S$xS1 or x=>[-1,1] 


2 


Equations Involving Greatest Integer, 
Least Integer and Fractional Part 


1. Greatest Integer 


[x] denotes the greatest integer less than or equal to x i.e., 
[x]< <x. It is also known as floor of x. 


Thus, [3.5779] = 3,[0.89] = 0,{3]=3 
[- 8.7285]=- 9 
[-0.6]=-1 
[-7]=-7 


In general, ifn is an integer and x is any real number 
between nandn+1L 


i.e. nSx<n+l1,then[xJ=n 


Properties of Greatest Integer 
(i) [x tnj=[x]Jtnnel 
(ii) (~x]=—[x], xe I 
(iii) (-x]=-1-[x],x¢I 
(iv) [x] -[-— x] =2n, ifx=nnel 
_(v) [x] -[-x]=2n+Lifx=n+{x},ne land0<{x}<1 
(vi) [x]2n>x2nneElI 
(vii) [xJ>n=>>x2n+1neEl 
(viii)[x]S$n>x<nt+1nel 
(ix) [x]<n=>x<nnel 
(x) np S[x]Sn,j >n, Sx<n, t+in,n, €1 
(xi) [x + y]2[x] +Ly] 


WWW.JEEBOOKS.IN 


134 Textbook of Algebra 


ivf} i +l +— 
n 


neN 
Graph of y = [x] 


= 


' 
' 
4 


Remark 
Domain and Range of [x] are R and /, respectively. 


| Example 63. {f [x] denotes the integral part of x for 
real x, then find the value of 
1 1 1 1 1 ly 2 
—|+]—+— |+] —+ —|+| -+ —— 
3 ; rd ; a ; ssa 
E 199 | 
+|-+—|. 
14 200. 


Sol. The given expression can be written as 


1 te 37.7t. &@ 1-11. 3 
—|+)—+—]4+] —+— | +] -—+ — 
H E | E 200_ E =| 


1 199 
1 
= 200-5 |= [50] = 50 


+...4/—4+ 
4 200 


[from property (xiv)] 


| Example 64. Let [a] denotes the larger integer not 
exceeding the real number a. If x and y satisfy the 
equations y = 2[x]+ 3 and y = 3[x — 2] simulaneously, 
determine [x + y]. 


Sol. We have, y = 2[x]+3=3 [x -2] gif) 
= ax]+3=3([x]-2) [from property (i)] 
=> 2[x]+3=3[x]-6 
=> [x]=9 


From Eq. (i), y=2xX9+3=21 
[x+y]=[x +21) =[x])+21=9 +21=30, 
Hence, the value of [x + y] is 30. 


2. Least Integer 


(x) or [x] denotes the least integer greater than or equal 
to x ie., (x) 2x or [ x | 2 x. It is also known as ceilling 
of x. 
Thus, (3.578) = 4, (087) =1, 

(4)=4 
[ - 8.239 ]=— 8,[-0.7]=0 
In general, if nis an integer and x is any real number 
between nandn+1 


i.e., n<xSntl,then(x)=n+1 


k]=A x=(x] =n+1 


Relation between Greatest Integer and Least Integer 
(x) = [lh xe] 
[[x]+1, xéI 


ie. If x € I, then x =[x]=(x). [remember] 


Remark 
If(x) =n, then(n-1)<xen 


Graph of y = (x) = [ x | 


Y. 
sin (-1) 
grasses ae 
i} 
2}--o--| 


I 
! 
! 
2 


Remark 
Domain and Range of (x) are Rand [x] + 1, respectively. 


[| Example 65. If [x] and (x) are the integral part of x 
and nearest integer to x, then solve (x)[x] =1. 
Sol. Case I If x € I, then x =[x]=(x) 
.. Given equation convert in x? = 1. 
ie x =(+1) 
Case ll If x ¢ I, then(x)=([x}]+1 
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..Given equation convert in 
([x]+1)[x]=1 = [x]? +[x]-1=0 
-1445 
or [x] = ——— 
2 
Then, final answer is x = + 1. 


|Example 66. Find the solution set of 
(x)? + (x +1)? =25, where (x) is the least integer 
greater than or equal to x. 
Sol. Case I If x € I, then x =(x)=([x] 
Then, (x)* +(x +1)? =25 reduces to 
x txt] =25 => 2x? 4+2x—-24=0 
= x? +x-12=0 = (x+4)(x-3)=0 
x=-4,3 
Casi II If x é I, then(x) =[x]+1 
Then, (x)? +(x +1)? =25 reduces to 
{{x] + 1)? + {[x +1) +1)? = 25 
{{x] + 1}? + {[x] + 2}? = 25 
ax] + 6[x]-20=0 
[x]? +3[x]-10=0 
{[x] + 5[x] ~ 2} =0 
[x] =-—5and [x]=2 
x €[-5,- 4) U[2,3) 
x€é I, 
x é(-5,- 4) U(2,3) 
On combining Eqs. (i) and (ii), we get 
x é(-5,- 4] U(2,3] 


3. Fractional Part 


{x} denotes the fractional part of x, i.e.0 S$ {x} <1 
Thus, {2 - 7} = 0.7, {5} =0, {- 3.72} = 0.28 
If x is a real number, then x =[x]+ {x} 
ie, x=n+f,wherene Iland0<sf <1 
Properties of Fractional Part of x 

(i) {xtn}={x},neI (ii) If0<x <1, then{x}=x 
Graph of y = {x} 


Remark 
1. For proper fractionO <{x} <1. 
2. Domain and range of {x } are R and (0, 1), respectively. 
3. {-5.238} = {-5-0.238} = {-5-1+ 1-0.238} 
= {- 6+ 0.762} = {6.762} = 0.762 


YuUdsdy 


> boc 


[impossible] 


__{i) 


= 
ec: 
~—— 
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| Example 67. If {x} and [x] represent fractional and 
integral part of x respectively, find the value of 


igs eer GN 
LXJ+ : 
p=1 2000 
2000 
Sol. [x]+ py Bet at + y [from property (i)] 


= {x} {x} = = 
=([x]+ aaa 2! = =n 090 * 2000= [x] + {x}=x 


J] Example 68. If {x} and {x] represent fractional and 
integral part of x respectively, then solve the equation 
x —1=(x -—[x])(x — {x}). 

Sol. -- x=([x]+{x}0s {x}<1 

Thus, given equation reduces to 

[x] + {x} - 1 = {x}[x] 
= {x}[x] — [x] - {x}+1=0 


= ([x] - 1)({x} - 1) =0 
Now {x}-1#0 [OS {x} <1] 
[x]-1=0 
=> [x]=1 
x é€[1,2) 


Problem Solving Cycle 
If a problem has x,|x|,[x], (x), {x}, then first solve | x |, 
then problem convert in x,[x], (x), {x}. 


x 1X |, Bd. ), {x 


x = |x] + {x} x, [x]. (x), {x} 
[x]. {x} 
x, x], OF 
el 
Secondly, solve (x) = |i : 
|Lx]+1.xe€! 


Then, problem convert in x,[x], {x}. 

Now, put x=[x]+{x} 

Then, problem convert in[x] and {x}. .--(i) 
Since, 0 < {x} <1, then we get[x] 

From Eq. (i), we get {x} 

Hence, final solution is x =[x] + {x}. 
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[ Example 69. Let {x} and [x] denotes the fractional 
and integral parts of a real number x, respectively. 
Solve 4{x}=x+[x]. 

Sol. - x= [x] + {x} sal 

Then, given equation reduces to 


4 {x} =[x] + {x} + [x] 


oo 
~— 


2 - 
ad {x} = -[x] ...(ii) 
3 
0S {x}<190S[x]<1 or 0S [x] <2 
[x]=0,1 
From Eq. (ii), (x) =0.- 


From Eq. (i), x = 0,1 + sie, x =0, > 


| Example 70. Let {x} and [x] denotes the fractional 


and integral part of a real number (x), respectively. 
Solve |2x —1| = 3[x] + 2{x}. 


Sol. CaseI 2x -120 or x2- 


Then, given equation convert to 
2x -1=3[x] + 2{x} seal) 

Ss x =[x]+ {x} (ii) 
From Eqs. (i) and (ii), we get 

2([x] + {x}) — 1=3[x] + 2{x} 
[x]J=-1 
is —-1sx<0 
No solution 


Case ll x ~1<00rx <= 


Then, given equation reduces to 
1 — 2x =3([x] + 2{x} 
x = [x] + {x} 
From Eqs. (iii) and (iv), we get 
1 — 2([x] + {x}) =3[x] + 2{x} 
=> 1—5[x]= 4{x} 


{x}= 
(ier 
1-5[x] aa 

4 


si aa ..(V) 


Os 


=> 

—— 0s1-5[x]<4 

=> 02>-14+5[x]>-4 

=p 125[x]>-3 or ~ =< [x] 
[x]=0 


| Example 71. Solve the equation 

(x)? = [x]? +2x 

where, [x] and (x) are integers just less than or equal 

to x and just greater than or equal to x, respectively. ) 
Sol. Casel If xe] then 


x =[x]=(x) 
The given equation reduces to 
x =x? 42x 
= 2x=0or x=0 Ai) 


Case II If x ¢ I, then(x)=[x]+1 
The given equation reduces to 


({x] +1)? =[x]}* + 2x 


1 
=> 1=2(x -—[x]) or is 
1 1 fs 
ae et ee Sed wii) 
1 
Hence, the solution of the original equation is x =0,n + -) 


nel, 


| Example 72. Solve the system of equations in x, y 
and z satisfying the following equations: 
xt[y]+{z}=3-1 
{x}+ y+[z]=4:3 
[x]+{y}+z=5-4 
where, [-] and {-} denotes the greatest integer and frac- 
tional parts, respectively. 
Lo {x]+{x}=x, Ly] + {y} = y and [z]+ {z} =z, 
On adding all the three equations, we get 
a(x + y +z) =128 
=> xty+z=64 -a(i) 
Now, adding first two equations, we get 
xtytzt[y]+ {x} =7.4 


= 6.4 +[y] + {x} =7.4 [from Ea. (i)] 
= [y] + {x}=1 
‘ [y] =1and {x}=0 ..,(ii) 


On adding last two equations, we get 
x+y+2z+ {y} + [z]=9.7 
{y} + [z] =3.3 [from Eq. (ii)] 
[z]=3and {y} =0.3 (ili) 
On adding first and last equations, we get 
xtyt+z+4+([x]+ {z}=8.5 
=> [x] + {z}=2.1 [from Eq. (i)] 
[x}=2, {z}=0.1 (iv) 
— Eqs. (i), (ii) and (iii), we get 
x =[x]+{x}=2+0=2 
y=[y] + fy} =1+0.3= 13 
and z=(z])+{z}=3+0.1= 3.1 
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Roots of Equation with 
the Help of Graphs 


Here, we will discuss some examples to find the roots of 
equations with the help of graphs. 


Important Graphs 


lL. y=ax?+bx? +ex+d 


a>0oO a<0 


2.x=ay’+by*+cy+d 


a>o a<0 


3. y=ax4+bxit+cex7+dx +e 


a>o a<0 


[Example 73. Solve the equation x*-{x]=3, where 
[x] denotes the greatest integer less than or equal to x. 
Sol. We have, x* —[x]=3 
= x?—3=[x] 
Let f (x)= x*°-3and g(x) =[x} 


It is clear from the graphs, the point of intersection of 
two curves y= f(x) and y= g(x) lies between (1,0) and 


*Y y =f) 


—o 
y = 9) 
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ee 1<x<2 
We have, f(x) =x °-3and g(x)=1 


or e°-321 => x*=4 
Hence, x = 4'? is the solution of the equation x * - [x] =3. 


Aliter 
¥ x=[x]+f,0s f <1, 
Then, given equation reduces to 

x'-(x-f)=3 => x°-x=3-f 
Hence, it follows that 

2<x>-xs3 

= 2< x(x +1)(x-1)S3 
Further for x > 2, we have x(x + 1)(x -1)26>3 
For x < — 1, we have x(x + 1)(x-1)<0<2 
For x = —1, we have x(x + 1)(x -1)=0<2 
For -1< x $0, we have x(x +1)(x -1)S$-x<1 
and for0 < x $ 1, we have x(x +1)(x-1)<x<x'Sl 


Therefore, x must be 1 < x <2 

Sf {x]=1 

Now, the original equation can be written as 
x3-1=3 => x'=4 


4qif3 


Hence, x = is the solution of the given equation. 


[| Example 74. Solve the equation x * - 3x —a=0 for 
different values of a. 
Sol. We have, x°-3x-a=0 = x°-3x=a 


Let f(x)=x°-3x and g(x)=a 


f’(x)=0 
=> 3x7 ~3=0 
=> x=-1,1 
f’'(x) = 6x 
1Y 


f’(-1)=-6<0 and f’"(1)=6>0 
.". f(x) local maximum at x =(-1) and local minimum at 
x = land f(-1)=2and f(1)=—2and y = g(x)=aisa 
straight line parallel to X-axis. 
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Following cases arise 
Case I When a> 2, 


In this case y = f(x) and y = g(x) intersects at only one 
point, so x >— 3x — a = Ohas only one real root. 


Case II When a=2, 


In this case y = f(x) and y = g(x) intersects at two points, 


so x °— 3x — a=Ohas three real roots, two are equal and 
one different. 
Case IIT When -2<a<2 


In this case y = f(x) and y = g(x) intersects at three points, 


so x >— 3x —a=Ohas three distinct real roots. 


Case IV When a= -2, 
In this case y = f(x) and y = g(x) touch at one point and 
intersect at other point, so x 3_ 3x — a =Ohas three real 
roots, two are equal and one different. 

Case V Whena<-—2, 


In this case y = f(x) and y = g(x) intersects at only one 
point, so x 3_ 3x —a=0Ohas only one real root. 


| Example 75. Show that the equation 
x>4 2x?4+ x+5=0 has only one real root, such that 


[a] = - 3, where [x] denotes the integral point of x . 
Sol. We have, x°+2x7+x+5=0 
= x°+2x7+x=-5 
Let f(x)=x°4+2x? 4x and g(x)=—-5 
f'(x)=0 = 3x? 4+4x4+1=0 
=> ' go=nc and f"(x)=6x +4 


f’"(-1)=-2<0 and pi(-f]--2+4=2>0 


. f(x) local maximum at x = —1 and local minimum at 


md si-1y=a,{-z]=-4 


y=") = + 2% +x 
X 


ty 

and f(-2)=-2 and f(-3)=-12 
Therefore, x must lie between (—3) and (—2). 
ie. -3<a<-2 > [aj=-3 


[| Example 76. Find all values of the parameter k for 
which all the roots of the equation 
x" +4x* —8x?+k=Oare real. 


Sol. We have, x ‘+ 4x°—-8x7+k=0 


| x'+4x°-8x?=-k 

Let f(x)=x'4+4x7-8x? and g(x)=-k 
f'(x)=0 

=> 4x?+12x?-16x=0 > x=-4,0,1 

and f(x) = 12x? + 24x - 16 


s. f'(-4) = 80, f"(0) = -16, (1) = 20 
.. f(x) has local minimum at x = — 4 and x = 1 and local 
maximum at x =0 


and f(--4) = — 128, f(0) =0, f(1) =—-3. 

Following cases arise 

CaseI When -k >0i.e.,k <0 

In this case y = x 1+ 4x °- 8x and y = (—k) intersect at 
two points, so x 4+ 4x °- 8x 7+k =0has two real roots. 
Case JI When -k = 0Qand —-k = -3,i.e.k =0,3 

In this case y = x *+ 4x °-8x and y = —k intersect at four 
points, so x ‘+ 4x°-8x7+k =Ohas two distinct real roots 
and two equal roots. 

Case III When -3<-k <O,ie.0<k <3 

In this case y = x‘ + 4x°—8x "and y = —k intersect at four 
distinct points, so x‘ + 4x°-—8x*+k =Ohas four distinct 
real roots. 

Case IV When -128<—k <-3, ie. 3<k < 128 

In this case y = x‘ + 4x°— 8x ?and y =—k intersect at two 
distinct points, so x ‘+ 4x °— 8x °+ k =0 has two distinct 
real roots. 

Case V When -k = —128i.e.,k = 128 


Inthiscasey = x*+4x°- 8x "andy = —ktouchatone 
point, sox‘ + 4x *-— 8x? + k = Ohas two real and equal roots. 


Case VI When —-k < —128, i.e. k > 128 


In this case y = x ‘+ 4x°—8x? and y = —k do not 
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| Example 77. Let -1< p <1, show that the equation 


: 1 
4x° — 3x —p =O has a unique root in the interval fa 


and identify it. 
Sol. We have, 4x° - 3x - p=0 
= 4x°-3x=p 
Let f(x) =4x°-3x and g(x)=p 
f'(x)=0 
= 12x” -3=0 
1 4 ” 
> aa se and f’’(x)=24x 


f(z }=-12<0ana [3] =12>0 
2. 2) 


. f(x) has local maximum at E =- ;| and local minimum 
( \ 

at| x= I 
\ 2 


ae eee ee 
es 2) a2 $F) 32 
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We observe that, the line y = g(x) = p,where-1S p< 1 


: : 1 
intersect the curve y = f(x) exactly at point a € Fe 1 


Hence, 4x °-— 3x — p = 0has exactly one root in the interval 


Ea 


Now, we have to find the value of root a. 
Let a = cos@, then 4cos*@ —3cos@ - p =0 
=> cos30 = p=» 30 =cos (p) or = 5cos(p) 


a = cos8 = cos cos(p) 


Aliter 
. Let O(x)=4x°-3x-p 
1 1 
'(x) =12x?-3= 1a x 4 1, _ 1) 
\ 2) 2) 
+ + 
-1 1 
2 


Clearly, 0’(x) > Ofor x € E | 
Hence, (x) can have atmost one root in z 1 | 
2 «l 
(1. 
Also, OL Jets p and oti) =1- p 


z | 
\3 [(--1s ps1] 


». of £)oa)=--p?)=(p? -1)s0 
Since, { x) being a polynomial, continuous on E | and 


a 
o(5}ou < 0. Therefore, by intermediate value theorem 


(x) has atleast one root in E 7 


Hence, 6(x) has exactly one root in F i} 
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Exercise for Session 4 


1. \fa,B,y are the roots of x 9- x ?-1=0, the value of 3(E2) , is equal to 
-o 
(a) -7 (b) -6 
(c)-5 (d) -4 


2. Ifr,s,t are the roots of the equation 8x °+ 1001x + 2008 =0. The value of 
(r+s)3+(s+t)?4 (t+r)%is 


(a) 751 (b) 752 
(c) 753 (d) 754 
3. Ifa,B, y, 5are the roots of equation x* + 4x 7- 6x + 7x -9 =0, the value of [](1+ a7) is 
(a) 9 (b) 11 
(c) 13 (d) 15 


4, \fa,b,c,d are four consecutive terms of an increasing AP, the roots of the equation 
(x —a)(x —c)+2(x -—b)(x -d)=Oare 
(a) non-real complex (b) real and equal 
(c) integers (d) real and distinct 


5. Ifx?+ px + 1is a factor of the expression ax 3+ bx +c then 
(a) a? -c? =ab (b)a? +c? =-ab 


(c)a* -c? =-ab (d) None of these 


6. The number of real roots of the equation x? - 3|x|+2=0is 
(a) 1 (b) 2 
(c) 3 (d) 4 
7. Leta #0 and p(x)be a polynomial of degree greater than 2, if p(x) leaves remainder a and (-a) when divided 
respectively by x + a and x —a, the remainder when p (x) is divided by x? - a2, is 
(a) 2x (b) -2x 
(c) x (d) -x 


8. The product of all the solutions of the equation (x —2)? -3|x -2/+2=0is 


(a) 2 (b) -4 
(c) 0 (d) None of these 
9. If0<x <1000 and H + H + H = = x, where [x] is the greatest integer less than or equal to x, the 
number of possible values of x is 
(a) 32 (b) 33 
(c) 34 (d) None of these 


10. If[x]is the greatest integer less than or equal to x and (x) be the least integer greater than or equal to x and 
[x}* + (x)? > 25 then x belongs to 


(a) [3, 4} (b) (-2, - 4] 
(c) [4, =) (d) (2, - 4] U [4, ») 
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Session5 


Irrational Equations, irrational inequations, Exponential 
Equations, Exponential Inequations, Logarithmic Equations, 
Logarithmic Inequations 


Irrational Equations This equation is defined for 2x +7 20 
Here, we consider equations of the type which contain the rei 
: : and x+420 >. 2 
unknown under the radical sign and the value under the essed 
radical sign is known as radicand. * an 
e If roots are all even (i.e. vx, al, a etc) of an equation ' 2 
are arithmetic. In other words, if the radicand is negative For x 2 a the left hand side of the original equation 
(i.e.x <0), then the EO = imaginary, if the radicand = is positive, but right hand side is zero. Therefore, the 
zero, then the root is also zero and if the radicand is equation has no roots. 
positive, then the value of the root is also positive. Gi) Wehave ie 225 


If roots are all odd (i.e. 3/x, Vx, V/x,... etc) of an equation, 
then it is defined for all real values of the radicand. If the 
radicand is negative, then the root is negative, if the 
radicand is zero, then the root is zero and if the radicand 
is positive, then the root is positive. 


The equation is defined for x - 4 20 
x24 


For x 2 4, the left hand side of the original equation is 
positive, but right hand side is negative. 


Therefore, the equation has no roots. 


some Standard Formulae to (iii) We have, y(6= x) - fx -8 =2 
The equation is defined for 


Solve Irrational Equations seein onan 
If f and g be functions of x, k € N. Then, [x<6 


1. UF Mle = fe, f 20,g20 eee 


Consequently, there is no x for which both expressions 


2 aif ‘79 tk g= 2k i Fic) fig), f 20,¢>0 would have sense. Therefore, the equation has no roots. 
ee (iv) We have, ,/(-2- x) = 3(x -7) 
3.1 fg ="VF*g), 20 
, g 8),8= This equation is defined for 

4. “i fig) ="*/ FI /7*il gl, fe 20, g #0 -2-x20 => xs-2 
For x S$ —2 the left hand side is positive. but right 

5. 2k | fy = ¢k | fl 2 fg fg > hand side is negative. 
Therefore, the equation has no roots. 

[| Example 78. Prove that the following equations has (v) We have, Vx +(x + 16) =3 
no solutions. 


The equation is defined for 


(i) JQx+7)+J«+4 =0 (ii) (*%-4 =-5 ee ee 
(ii) J(@-x) - f(x -8) =2 (iv) J-2—x = 9x -7) eye sone Oe lageci 


(v) Vx +./(x +16) =3 (vi) 7x +8V=x +2. =98 Hence, x20 
Xx For x 2 0 the left hand side 2 4, but right hand side is 


(vii) ./(x -3) - x +9=,/(x -1) 3. Therefore, the equation has no roots. 


. 15 = 
Sol. (i) We have, (2x +7) + y(x+ 4) =0 (vi) We have, 7Vx + 8V-x + — 
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For x <0, the expression 7x is meaningless, 


For x >0, the expression 8V—x is meaningless 


AS : 
and for x = 0, the expression — is meaningless. 
x 


Consequently, the left hand side of the original 
equation is meaningless for any x € R. Therefore, the 
equation has no roots. 


(vii) We have, V(x -3)-J(x+9)= Bs -1 


This equation is defined for 


biked fo 

“x+920 => ‘x2-9 

|x-120 x21 
Hence, x23 


For x 23,/x-3 <x +9 ie. V(x - 3) - V(x +9) <0 


Hence, for x 2 3, the left hand side of the original 
equation is negative and right hand side is positive. 
Therefore, the equation has no roots. 


Some Standard Forms to 
Solve Irrational Equations 


Form 1 An equation of the form 

f 7" (x)= ¢7"(x),n€ N is equivalent to f(x) = g(x). 
Then, find the roots of this equation. If root of this 
equation satisfies the original equation, then its root of the 


original equation, otherwise, we say that this root is its 
extraneous root. 


Remark 
Squaring an Equation May Give Extraneous Roots - 


Squaring should be avoided as for as possible. If squaring is 
necessary, then the roots found after squaring must be checked 
whether they satisfy the original equation or not. If some values 
of x which do not satisfy the original equation. These values of x 
are called extraneous roots and are rejected. 


| Example 79. Solve the equation Vx =x ~2. 
Sol. We have, Vx = 


On squaring both sides, we obtain 
x =(x-2) 

= x? —-5x+4=0 = (x-1)(x-4)=0 
x, = land x, =4 


Hence, x, = 4 satisfies the original equation, but x, = 1 does 
not satisfy the original equation. 


X2 =1is the extraneous root. 


| Example 80. Solve the equation 


3(x+ 3) - V(x —2)=7. 


Sol. We have, 3,/(x +3) -./x-2=7 
= 3,/(x +3) =7+ (x -2) 


On squaring both sides of the equation, we obtain 


9x +27=49+x-24 14x -2 
= 8x — 20 = 14,/(x — 2) 
(4x -10)=7.Jx-2 


Again, squaring both sides, we obtain 
16x? + 100 — 80x = 49x — 98 
=> 16x’ -129x +198=0 


(_ 33) 
=> (x-6)ix-—/=0 
16) 
33 
x,=6 and x, =— 
16 
33 
Hence, x, = 6 satisfies the original equation, but x2 = 7 


does not satisfy the original equation. 


33. 
“X= ot is the extraneous root. 


Form 2 An equation in the form 


m/f (x) = a(x)neN 
f g(x)20 


is equivalent to the ayaterd 


f(x) =" (x) 
| Example 81. Solve the equation 
\(6-4x- x?) =x+4. 


Sol. We have, (6 —4x-x*)=x+4 
This equation is equivalent to the system 
| x+420 
|6- 4x -x? =(x +4)? 
[x2-4 


= \ a 
|x? +6x+5=0 


On solving the equation x? +6x +5 =0 
We find that, x, = (-1) and x, =(-5) only x, 
the condition x 2 — 4. 


Consequently, the number —1 is the only solution of the 
given equation. 


= (—-1) satisfies 


Form 3 An equation in the form 
3 F(x) + 3/g(x) =h(x) wi) 


where f(x), g(x) are the functions of x, but A(x) is a 
function of x or constant, can be solved as follows cubing 
both sides of the equation, we obtain 


fx) + a(x) +3 F(R) ae) YFG) +91 g62) = 12(x) 


= F(x) + g(x) +3 Y F(x) g(x) (h(x) = A(x) 
[fram Ea. (i)] 
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We find its roots and then substituting, then into the 
original equation, we choose those which are the roots of 
the original equation. 


| Example 82. Solve the equation 


3/(2x —1)+ 3(x -1)=1. 
Sol. We have, 3(2x —1) + (x-1) =1 ..(i) 


Cubing both sides of Eq. (i), we obtain 
2x-1+x-14+3-3(2x -1)(x -1) 


(ax = 1) + Y(x-1))=1 
=> 3x—243-3(ax? - 3x +1)(1)=1 
= 3.x? - 3x +1) =3~3x 
=> 2x? - 3x +1) =(1- x) 


Again cubing both sides, we obtain 
2x” -3x+1=(1- x) 


[from Eq. (i)] 


= (2x -1)(x -1)=(1- x)? 
=> (2x —1)(x -1)=-(x-1)° 
=> (x-1)(2x-14+(x-1)*}=0 

=> (x -1)(x?)=0 


x, =0 and x, =1 
x; =Ois not satisfies the Eq. (i), then x, =0is an 
extraneous root of the Eq. (i), thus x2 = 1 is the only root of 
the original equation. 


Form 4 An equation of the form 
nla — f(x) +b + F@) =g(2). 
Let u="a— f(x), v=abt f(x) 


Then,-the given equation reduces to the solution of the 
system of algebraic equations. 


{ u+ v= g(x) 
lu"+ v"= at b 


| Example 83. Solve the equation 


(2x? + 5x 2) — 2x? + 5x-9 =1. 


Sol. Let u = y(ax? +5x -2) 
and - vy =4(2x* + 5x —9) 

u? =2x7 +5x-2 

and v? =2x? 45x -9 


Then, the given equation reduces to the solution of the 
system of algebraic equations. 
u-v=1 
uw-y=7 
(ut+v)(u-v)=7 


=> 
= u+v=7 [wu-v=]]} 
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We get, u=4,v=3 


2x? +5x-2=4 

2x? + 5x -18=0 
PS x,;=2 and x,=-9/2 
Both roots satisfies the original equation. 


Hence, x, = 2and x, = —9 / 2are the roots of the original 
equation. 


Irrational Inequations 


We consider, here inequations which contain the 
unknown under the radical sign. 


Some Standard Forms 
to Solve Irrational Inequations 
Form 1 An inequation of the form 
2el F(x) <*/g(x),ne N 
[ f(x)20 
g(x) > f(x) 
and inequation of the form *"*Y/ f(x) <™"*Yg(x),neN 


is equivalent to the inequation f(x) < g(x). 


is equivalent to the system : 


| Example 84. Solve the inequation 


3 7 6 
Fp a | 
\ X+1 XxX+2 x-1 


Sol. The given inequation is equivalent to 


3 7 6 
— + < 
x1] £242 . 4-1 
4x? — 15x — 25 


(x +1)(x +2)(x -1) 
(x +5/4)(x -5) 
(x + 1)(x + 2)(x -1) 


From Wavy Curve Method : 


\ 
xe ie ghee hod, 5) 
\ 4) 


Form 2 An inequation of the form 
an! F(x) <g(x),neEN. 
P Feo 
g(x) >0 
f(x) <g"(x), 
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is equivalent to the system | 
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and inequation of the form 2"*Y/ f(x) < g(x),néN 


is equivalent to the inequation f(x) < g7"*1(x). 


i Example 85. Solve the inequation (x + 14) <(x +2). 
Sol. We have, V(x +14) <(x +2) 
This inequation is equivalent to the system 
| x+1420 | x2-14 
x+2>0 => - x >=2 
Lx 414 (x 42) x? +3x-10>0 


| x2-14 | 
=> ‘ x>-2 => x>-2 
(x +5) (x -—2)>0 ieee and x >2 


x2-14 


On combining all three inequation of the system, we get 
x>2, ie. x €(2, 0) 
Form 3 An inequation of the form 
2nl F(x) > a(x), nEeN 


is equivalent to the collection of two systems of 
inequations 
. 
[ g(x) ao a io <0 
f(x) > g2"(x) f(x) 20 
and inequation of the form *"*/ f(x) > g(x),n€N 


ial | 


is equivalent to the inequation f(x) > g ee. 


{ Example 86. Solve the inequation 
f(-x? +4x -3)>6-2x. 


Sol. We have, J(-x? +4x-3)>6-2x 


This inequation is equivalent to the collection of two 
systems, of inequations 


| 6—2x 20 6-2x <0 
le. 4 an 
|-x? + 4x -3>(6- 2x)? |-x? +4x-320 
| x3 [ x>3 
d-4 
(x -3)(5x -13)<0  [(x-1)(x-3) <0 
v= | #33 
=> 113 
5 <**3 lisx<3 


The second system has no solution and the first system has 


cs. i : 13 
solution in the interval}; — < x <3 


Hence, x (2. s is the set of solution of the original 


inequation. 


Exponential Equations 


If we have an equation of the form a* = b(a >0), then 
(i) x € , if b <0 

(ii) x =log, b, ifb>0,a#1 

(iii) x6 ifa=15#1 

(iv) x € R, ifa=1,b =1(since,1* =1=>1=1,x€ R) 


f Example 87. Solve the equation 
2 
(6 = x) (3* -7.2x +3.9 =Q,/3) es 0. 
Sol. We have, 
J(e-x) (3% 77-2 +39 _ 9/3) =0 
This equation is defined for 
6-x20ie,x 36 (i) 
This equation is equivalent to the collection of equations 


je-x =0 and 3° ~721+3-9 _9./3 <9 
x,=6 and gx 772x439 _ 32.5 
then x? -7.2x +39 =25 
x*-7.2x+14=0 
We find that, Xo =: and x3 =7 
Hence, solution of the original equation are 


[which satisfies Eq. (i)] 


m= 6x25 


Some Standard Forms to 
Solve Exponential Equations 


Form 1 An equation in the form af‘*) =1,a>0,a#1 
is equivalent to the equation f(x) =0 


{| Example 88. Solve the equation sere ay, 


Sol. This equation is equivalent to 


x°+3x+2=0 
=> (x + 1)(x +2)=0 
.X; =—1, x2 = —2 consequently, this equation has two 
roots x; =—land x, = ~2. 


Form 2 An equation in the form 

f(a") =0 
is equivalent to the equation f(t) =0, where t =a”. 
If t;,tz,t3,...,t, are the roots of f(t) =0, then 


x 


ae ma” =t.,a” =3,...,@ =t, 
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1 Example 89. Solve the equation 5—24-5* —25=0. 


Sol. Let 5* = t, then the given equation can reduce in the form 
t” —24t -25=0 


a (¢-25)(t+1)=0 = t#-1, 
t=25, 
then 5* =25=5" then x =2 


Hence, x, = 2 is only one root of the original equation. 
Form 3 An equation of the form 
oat) 4 BES) 4 ye fl) =9, 


where a, 8, y € R and a, 8, y #0 and the bases satisfy the 
condition b” = ac is equivalent to the equation 


at? +Bt + =0, where t =(a/)b) I 

If roots of this equation are t, and t,, then 
(a/b)f =, and (a/b)f™ =, 

| Example 90. Solve the equation 

64.9" —84.12* +27-16* =0. 
Sol. Here, 9 x 16 =(12)’. 
Then, we divide its both sides by 12” and obtain 

4" 

3) 

Let (2) = t, then Eq. (i) reduce in the form 


3\* x 
=> oa?) #4 +27 =0 ...(i) 
4) 


64t? — 84t +27 =0 


9 
el and t, = — 
4 16 


ten, (3) = (2) ana(2) =(2) 
4) \4 } 4 4 

; x, =land x, =2 

Hence, roots of the original equation are x; = land x, =2 
Form 4 An equation in the form 

a-at) 48. bf) 4¢=0, 
where a, 8,ce€ Randa, B,c #0 and ab =1(a and b are 
inverse positive numbers) is equivalent to the equation 
at? +ct+B=0, where t=a!", 


If roots of this equation are t, and t 2, then af(*) = t, and 
af) =, 


| Example 91. Solve the equation 

15-2** 4.15-22-* = 135, 
Sol. This equation rewrite in the form 
30.2" + = 135 
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Let pez. 
Then, 30? — 135t +60 =0 
=> 6t? —27t +12=0 
=> 6t? — 24t -3¢ +12=0 
= (t — 4) (6t —3)=0 
Then, t;=4 and =o 


Thus, given equation is equivalent to 


1 
a =A = 


Then, x,=2 and x,=-1 
Hence, roots of the original equation are x, = 2 and 
x2=7 1. 


Form 5 An equation of the form af) + bf) =¢, 


where a, b,c € Randa, b,c satisfies the condition 
a” +b’ =c, then solution of this equation is f(x) =2 and 
no other solution of this equation. 


| Example 92. Solve the equation 3*~" + 5*~" = 34, 
p q 


Sol. Here, 3” + 5° = 34, then given equation has a solution 
x-4=2. 
”. X= 6is a root of the original equation. 


Form 6 An equation of the form {f(x)}*) is 
equivalent to the equation 


{f (x)}§™ = 10& (*) loaf (=) 
where f(x) >0. 


| Example 93. Solve the equation 5* ¥8*~' = 500. 


Sol. We have, 5* gt! = 53.2? 
(x-1 
=> 5% .gh x 7 =5>.2? 
3x-3 
=> 5*.2 * =5°.2? 
(2) 
=> 58 at fed 
=> (52'/*)(z-3) =] 


is equivalent to the equation 
10% ~ 3log (52) 


= (x — 3) log (5-2"*) =0 
Thus, original equation is equivalent to the collection of 
equations 


x -3=0, log (5-2”")=0 
x, =3,5-2/% =1 => 2!* -(2) 
4 X, =— log,2 
Hence, roots of the original equation are x, = 3 and 
Xo =- logs 2. 
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Exponential Inequations 


When we solve exponential inequation 
ad sb (a >0), we have 
(i) x€ Dy, ifb <0 
(ii) If b > 0, then we have f(x) >log, b, ifa>1 
and f(x) <log, b, if0 <a<1fora=1, then b <1. 


Remark 
The inequation a”) ¢ bhas no solution forb<0,a>0,a#1. 


yx 
| Example 94. Solve the inequation 3**? >(3) ; 


Sol. We have, 3%*?>(3°7)'/% = 3%*?>3°2/% 


+ 


Here, base 3 > 1 


2 x? 42x42 
=> x+2>--—- => ——>0 
x x 
(x+I) +1C, = x>0 
x 
x € (0, ) 


Some Standard Forms to Solve 
Exponential Inequations 
Form 1 An inequation of the form 
f(a*)20 or f(a*) sO 
is equivalent to the system of collection 


[t>0, where t =a” 


[f(t)20 or f(t) <o 


[ Example 95. Solve the inequation 
4**! 16% <2log, 8. 


Sol. Let 4” = t, then given inequation reduce in the form 


4t-1? >2-2 
2 
t? -41+3<0 = (t—-1)(t-3)<0 
1<1 <3 [7 t >0] 
1<4* <3 


0< x < log,3 
x € (0, log, 3) 


“UUUY 


Form 2 An inequation of the form 
or cal) 4BbL 4ycF™ <o 


where a, B, y € Rand a, B, y #0 and the bases satisfy the 
condition b* = ac is equivalent to the inequation 


at? +Br+y20 or at? +Pr+y so, 
where t=(a/b)f®. 
Form 3 An inequation of the form 
aa) +BO™ +20 
or aa!) +B) + .<0 


where o, B, Y € Rand a, B, y #0 and ab = 1(a and b are 
inverse (+ve) numbers) is equivalent to the inequation 


at?+Br+y20 or at? +Pt+y<so 


where t =af) 


Form 4 If an inequation of the exponential form reduces 
to the solution of homogeneous algebraic inequation, i.e. 


ag f"(x) +a, f"""(x) g(x) +a, f""(x)g"(x) +... 
+ dns f(x) g" (x) +a, g"(x) 20, 
where ao, @), a>, ,...,@, are constants (ag #0) and f(x) 


and g(x) are functions of x. 


| Example 96. Solve the inequation 
J 2x? 10X43 4 gx? = SKHT  g2x? 10x43, 
Sol. The given inequation is equivalent to 
g.222?-5x) 4g gX7- Sx gx? 5x _ 9g g2(x?-5x) oq 
gr Ph Fa and 3" ala) 
then 8-f7(x)+6f(x)- g(x) —27g7(x) 20 


Let 


On dividing in each by g?(x) [‘- g(x) > 0] 
> * 2 \ 

Then, (2) + f 2 —2720 

&(x) g(x) } 
and let pe t {“ t > 0] 

g(x) 
then 8t? + 6t —27 20 
— [+ Z}ie+9/4) 20 
2) 

=) t23/2andts-9/4 
The second inequation has no root. [‘. t >0] 


From the first inequation, t > 3/2 


2 x? -5x 2\" 
() 2(5) 


a 
a 4 


=> x? -5xS-1 = x7 -5x +150 
- +21 
5 hers! va 


5 fd 5421, 
Hence, xé >; : 
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Logarithmic Equations 


If we have an equation of the form 
log, f(x) =6b,(a>0),a#41 


is equivalent to the equation 


f(x)=a? (f(x) >0). 


| Example 97. Solve the equation 
log3(5+4log (x -1))=2. 
Sol. We have, log;(5+ 4log,(x —1))=2 
is equivalent to the equation (here, base # 1, > 0). 
5 + 4log,(x -1)=37 
= log,(x -1)=1 = x-153' 
oe x=4 
Hence, x, = 4 is the solution of the original equation. 


Some Standard Formulae to Solve 
Logarithmic Equations 


f and g are some functions and a >0, a # 1, then, if 
f >0, g>0, we have 


(i) log, (fg) =log, f +log, g 
(ii) log. (f /g) =log, f —log, g 


(ii) log, f ?* =20.log, |f| (iv) logs f° = 5 8. i 
(v) flees = g bof (vi) qBaf =f 


! Example 98. Solve the equation 
2x'84> 4 304% = 97, 
Sol. The domain of the admissible values of the equation is 
x >0. The given equation is equivalent to 
2.31084 * 4 zl X = 97 [from above result (v)]} 
3,30°84* = 27 
3B. 26 
glee. x - 3? 
log, x =2 
x, = 4° = 16is its only root. 


YyuUuyv sy 


Some Standard Forms to 
Solve Logarithmic Equations 


Form 1 An equation of the form log, a= b,a >0 has 
(i) Only root x =a' > ifa#iandb=0. 
(ii) 
(iii) No roots, if a =1, b #0. 
(iv) No roots, if a #1, b =0. 


Any positive root different from unity, ifa =1and b =0. 
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| Example 99. Solve the equation log jigg, x) 5= 2. 
Sol. We have, logagg, x5 = 2 
Base of logarithm > 0 and #1. 
log, x > Oand log, x #1 


=> x>landx #5 


. The original equation is equivalent to 
log, x =5'/? = V5 
55 


x, = 


‘5 is the only root of the original equation. 


Hence, 5 
Form 2 Equations of the form 
(i) f(log, x) =0,a>0,a#1and 
(ii) g(log,, A) =0, A>0 
Then, Eq. (i) is equivalent to 
f(t) =0, where t =log, x 
If t,,to,t3,...,t, are the roots of f(t) =0, then 
log, x =t,, log, x =tg,...,log, x =ty 
and Eq. (ii) is equivalent to f(y) =0, where y = log, A. 
If ¥1, Yo. ¥3>-++s Ve are the roots of f(y) =0, then 
log, A=y;, log, A=ya,..., log, A= yy 


| Example 100. Solve the equation 
1-2(logx?)? 
logx—2(logx)? 
Sol. The given equation can rewrite in the form 
1-2(2logx)* a 
log x — 2 (log x)’ - 


1-8 (log x)? ee 
log x - 2(log x)’ 
Let logx =f, 
2 2 2 
— 8t —8t° —t+2t 
then ae -1=0> Ss 
t — 2¢? t — 2t 


it og = 2) 


(t - 2t?) t(1—2t) 
_ fe 
7 rr ogx = ; Jxy=107”? 
1 -19)/3 
|t=3 logx = - |x, 10 
3 3 
Hence, x; = —\_ and X2 = ¥/10 are the roots of the original 
v10 
equation. 
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| Example 101. Solve the equation 


F x<1 
log? 10- Glog? 10+ I1log, 10-6 =0. = | (y-4 Ale = 
Sol. Put log, 10=t in the given equation, we get he ILS 
t?-6t? +11t-6=0 = (t —1)(t -2)(t -3) =0, pie P [ xs 1 
=> 1 ‘1 =>. 
‘hee (3) =3{ > +1#0 | x =(-log,3) 
then 4t=2 
| _ Hence, x, = — log,3 is the root of the original equation. 
It follows that | Example 103. Solve the equation log, 24x)7 = | 3 )" 
‘log, 10=1 x =10 i (0) x+l 
‘log, 10=2 =.4 x?7=10 = Jx= 10 [x >Oand#1] Sol. The given equation is equivalent to 
log, 10=3 |x?=10 x = ¥10 2 so 
[x >Oand #1] x+1 iba 
“X= 10, x2 = V10 and x, = ¥/10 are the roots of the a ee 
original equation. ; x+1 : | gas 
Form 3 Equations of the form = ae . 
=] ,a>0,a#1is equivalent t 
(i) aca 0B &(x),a a ial .. X, =3 is root of the original equation. 
F ea SG * Form 4 Equations of the form 
Method I il )1 =| h(x) i se 
Lf) = g(x) (i) log (x) g(x) = log r(,) h(x) is equivalent to two 
ways. 
Method II | a g(x) >0 ( h(x) >0 
Ufa) = 80) Method I ae Method I hye 
(ii) log p(x) A = log ,(,) A, A > 0 is equivalent to two f(x) #1 f(x) #1 
ways. i ie | g(x) = h(x) g(x) = h(x) 
&\x) > ” 2 
| (ii) log , (x) f (x) = log, (,) f(x) is equivalent to two 
Method]; g(x) #1 . ways. 
F(x) = g(x) f(x) >0 
f(x) >0 cng | ROO 
-Method I ; f(x) #1 g(x) #1 
f(x) = g(x) B(x) = A(x) 
f(x) >0 
| Example 102. Solve the equation i 
Ay i‘ Method | M*)>9 
e633) —1|=log,/3 (7) —4). h(x) #1 
| ? (x) = h(x) 
Sol. The given equation is equivalent to ; 
| (1 | Example 104. Solve the equation 
*) -1>0 log .,2_(X° +6) =log, 2 _ (2x" + 5x), 
| af 1) aie (+) a Sol. This equation is equivalent to the system 
\2 4 
; A ax? +5x>0 x<-2 and x>0 
\x 
(=) on j x? -1>0 = Jx<-landx>1 
> AJ oe x?-1#1 oxande 
2 
() a5) -3=0 x° +6=2x" +5x x=-21,3 


Hence, x, = 3is only root of the original equation. 
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| Example 105. Solve the equation 
log 3 46) = 1) 108 52 459y(X” = J) 
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| Example 107. Solve the equation 
2log 2x = log (7x- 2 - 2x’). 


149 


| Sol. This equation is equivalent to Sol. This equation is equivalent to the system 
x? -1>0 2x >0 
2x? +5x>0 (2x)? =7x -2-2x’ 
ax? 45x #1 x>0 
a ” 1. 2 
x" +6=2x" +5x 6x" —-7x+2=0 
x<-landx>1 x>0 
5 => 
a a (x -1/2)(x -2/3)=0 
=> : 
eo x=1/2 
ee rot NB = | 
4 |x=2/3 
xy==245 


Hence, x, =1/2and x, =2/3are the roots of the original 


Hence, x, = 3 is only root of the original equation. equation. 


Form 5 An equation of the form 


Form 7 An tion of the f 
log 4 (x) (log g(x) J (x)) = 0 is equivalent to the system ai epee ee renter 


h(x) >0 (2m +1) log, f(x) =log, g(x),a>0,a#1,mEN 
| >0 
h(x) #1 is equivalent to the system s(x) ; 
q 2m+1 
eyS8 Lf?" (x) = g(x) 
g(x) #1 i Example 108. Solve the equation 
f(x) = g(x) log (3x? + x — 2) = 3log (3x —2). 
| Example 106. Solve the equation Sol. This equation is equivalent to the system 
2 _ 2 = 
0g 2 exp llOB 2 o.49(X” + SX)]=0. | Satta 2>0 
Sol. This equation is equivalent to the system [3x +x -2=(3x -2) 
eats = J (x —2/3)(x-—2)>0 
ee aiene \(x -2/3)(9x" - 13x +3)=0 
2x*-2x-8>0 [esa ee 
ax? -2x-8#1 i jen3. x= BEM 
x? 45x =2x"-2x-8 18 


Solve the equations of this system Original equation has the only root x, = 13 — vol a . 
x<2andx>4 _ 
x#3+-2 Form 8 An equation of the form 
1-17 1417 (dog, f(x) + log, g(x)=log, m(x), a>0,a#1 
=> < and x > ; 
is 2 is equivalent to the system 
+ . 
elit | flx)>0 
x=-1,8 g(x) >0 
x = ~1,does not satisfy the third relation of this system. bg (x) g(x) =m(x) 
Hence, x, = 8 is only root of the original equation. 
Form 6 An equation of the form | Example 109. Solve the equation _ 
amlog, f(x) =log, g(x),a>0,a#1,meEN is 2log , x +log s(x? — 3) =log; 0.5+ 5785183 8) 
equivalent to the system Sol. This equation can be written as 
f(x) >0 logs x” + logs(x? — 3) = log; 0.5 + log,8 
f(x) = g(x) 


log, x” + log;(x” — 3) = log;(4) 
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This is equivalent to the system 


x? >0 x <Oandx>0 
x? -3>0 => x <—~3 and x > V3 
x*(x? -3)=4 (x? ~ 4)(x? +1) =0 
=> x?-4=0 . x=t2butx>0 


Consequently, x, = 2 is only root of the original equation. 


Form 9 An equation of the form 
log .f (x) -log, g(x) = log, h(x) — log,t(x),a>0,a#1 
is equivalent to the equation 
log, f(x) + log, t(x) = log, g(x) + log, h(x), 
which is equivalent to the system 
f(x) >0 
| t(x) >0 
g(x) >0 
h(x) >0 
f(x) > (x) = g(x) - A(x) 


| Example 110. Solve the equation 
sin 1 
log .(3- x)-log, aa ae lopaliet). 


7 
Sol. This equation is equivalent to 
._ 30 
sin—| , 
44 5 OE? + log,(x +7) 
x 


loga(3 - x) = loga| = 


=> log,(3 — x) = log, [z2-5| + log, V2+ loga(x +7) 


which is equivalent to the system 


3-x>0 
1 


ke-x) 
x+7>0 
_ ¥2(x +7) 

a Ga) 
x <3 
| ENS 

Lee] 
(x —1)(x - 8) =0 


Hence, x, = 1 is only root of the original equation. 


Logarithmic Inequations 


When we solve logarithmic inequations 
( |! flx)> logs g(x) 
la>1 
g(x) >0 
=> : a>l 
Lx) > g(x) 
Gi) [!980 2) > logs g(x) 
|0<a<1 
| f(x) >0 
0<a<l 


f(x) <g(x) 


=> 


[| Example 111. Solve the inequation 
log ax43X” <lOga¢43(2Xx + 3). 


Sol. This inequation is equivalent to the collection of the 


systems 
ax t3>1 [ ox>-1 
x? <2x +3 (x -3)(x +1) <0 
3 
— | -3<x<-] 
; 
x>e-l 
q =>-1<x<3 
-1< x <3 
= 3 
—-=-<x<-l 3 
2 =>--<x<-l 
| [x<-land x >3 


Hence, the solution of the original inequation is 


re(2-t}ucas 


Canonical Logarithmic Inequalities 


{loge x >0 [x>1 
| a>l |a>1 
; flog, x >0 Jo<x<1 
“| 0<a<i l\0<a<1 
‘ flog, x <0 [o<x <1 
“| a>l | a>1 
mere - | x>1 
0<a<l lo<a<l 
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some Standard Forms to Solve 
Logarithmic Inequations 


Form 1 Inequations of the form 


| Forms Collection of systems 
| (@) logs f)>0 ,  [S@)>1L/0< f@)<! 
| | g(x)>1, |0<g(x)<1 
| (b) 18cm S20 oy [ f(xy21,(0< f(x) Ss] 
lee) >1,[0<g(x)<1 
(c) log g(x) f(x) <0 <= f(x)>1, [0< f(x) <1 
lo < g(x) <1,| g{x)>1 


(d) log .(x) f(x) $0 © { filme [0<f(x) )s1 
| lo<g(x) <1,| g(x) >1 


| Example 112. Solve the inequation 


( 2x 
log x? =a) loga = x) 50, 


> 
10 


Sol. This inequation is equivalent to the collection of two 
systems 


x? —12x +30 


> 1, 


} 2 
ge lex +30, 
10 


0< loge 22) <1 


On solving the first system, we have 


x? ~ 12x +20>0 


a ex oe 
5 
be (es 10)(x —2)>0 
| x>5 


lx <2and x >10 
oS P 


x>5 


Therefore, the system has solution x > 10. 


On solving the second system, we have 


Josx? ~ 12x +30 <10 
=> 2x 
| (ettee9 
5 
an (x? —~ 12x +30>0and x? — 12x + 20<0 
5/2<x<5 
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[x <6-6 and x>6+ 6 and2<x<10 
| O<x<5 


Therefore, the system has solution 2 < x <6- V6 


combining both systems, then solution of the original 
inequations is 


x € (2,6 ~ V6) U(10, ~), 
Form 2 Inequations of the form 

Forms Collection of systems 
(a) logace) f(x) > loge) g(x)  [f(x)> (x), 
8(x) >0, 
Wx) >1, 
F(x) < g(x) 
| f(x) >0 
lo <Wx) <1 


F(x) 2 a(x), 
g(x) >0, 
Ux) >1, 

f(x) S$ g(x) 
f(x) >0 

r <W(x) <1 


f(x) < g(x), 

f(x) >9, 
| Wx) >1, 
f(x) > g(x) 
g(x) >0 
oq 


a pila 
)>0, 

ie i >, 

f(x) 2 g(x) 
g(x) >0 

0<&x) <1 


(b) log gx) f(x) 2 log g(x) g(x) © 


(c) log (x) f(x) < log 4(x) g(x) ad 


(d) logy.) f(x) Slog gx) a(x) © 


| Example 113. Solve the inequation 
log (.— 3)(2(x? — 10x + 24)) 2 log,,- 3)(X? ~ 9). 


Sol. This inequation is equivalent to the collection of systems 


2(x? - 10x +24) 2 x? -9, 


x? -9>0, 
| x-3>1, 
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2x? —10x +24) x? -9 On solving the second system, we have 
2(x* — 10x +24) >0 <a 
0<x-3<1 

On solving the first system, we have ; ; : 

x? — 20x +57 20, 3 10-/438 4 6 10+ /43 

\(x +3)(x -3)>0, [ee sabeeisia 

| x> 4, (x —6)(x -— 4)>0, 

x € (-0, 10 - 443] U[10 + ¥/43, 0) | 3<x<4, 
x € (—2, ~3) U(3, o) x € [10 — 43, 10 + 443] 

x € (4, 0) ° x €(—-, 4) U(6, 0) 

Therefore, the system has solution x € (3, 4) 


Therefore, the system has solution 


: ‘ 10-V43Sx<4, 
-3 3 10-/48 4 10+/43 ie., x € [10 - 43, 4) 
oe : oe 
x>10+ V43 On combining the both systems, the solution of the origin 
Inequation 1s 
ie. x € [10 + V43, 0) x € [10 - 443, 4) U[10 + ¥43, 0), 


Exercise for Session 5 


1. The equation j(x + 1) - (x —1) = (4x -1) has 


(a) no solution (b) one solution (c) two solutions (d) more than two solutions 
2. The number of real solutions of (x? -4x +3) + (x? -9) = (4x? - 14x +6) is 

(a) one (b) two (c) three (d) None of these 
3. The number of real solutions of ,/(3x? - 7x — 30) ~ (2x? -7x —5) =x -5is 

(a) one (b) two (c) three (d) None of these 
4. The number of integral values of x satisfying (- x? + 10x - 16) <x -2is 

(a) 0 (b) 1 (c) 2 (d) 3 


x 
5. The number of real solutions of the equation & =-3+x-x?is 


(a) 2 (b) 1 (c) 0 (d) None of these 
6. The set of all x satisfying 32% - 3” -6 >0 is given by 

(a)O<x<1 (b)x >1 (c)x > 3? (d) None of these 
7. The number of real solutions of the equation 2” /? + (./2 + 1) =(3 + 2V2)*! is 

(a) one (b) two (c) four (d) infinite 
8. The sum of the values of x satisfying the equation (31+ 8/15)" ~? + 1=(32 + 8/15)" ~ is 

(a) 3 (b) 0 (c) 2 (d) None of these 


9. The number of real solutions of the equation logy x =|x |is 
(a) 0 (b) 1 (c) 2 (d) None of these 


10. The inequality (x - 1)in(2 - x) <0 holds, if x satisfies 
(a)1<x<2 (b) x >0 (c)O<x<1 (d) None of these 
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Shortcuts and Important Results to Remember 


1 ‘0’ is neither positive nor negative even integer, ‘2’ is the 
only even prime number and all other prime numbers are 
odd, ‘1’ (i.e. unity) is neither a composite nor a prime 
number and 1, —1are two units in the set of integers. 


2 (i) Ifa>0,b>Oanda<b = a* <b* 
(ii) Ifa<0,b<OQanda<b = a*>b* 


(iii) If a, ao, 23,...,4, ER 
and af +as+af+...+a%=0 


=> &@ =a =a =...=a,=0 


() Max a,b) == (|a+b| +|a—0l) 


w& 


(i Min @,b)== (a+ b] -|a-bl) 


4 Ifthe equation f(x) = 0 has two real roots a and, then 
f’(x) =O will have a real root lying between a and B. 


5 If two quadratic equations P(x) = 0 and Q (x) = 0 have an 
irrational common root, both roots will be common. 


6 Inthe equation ax? + bx +c =O[a,b,c EF], if 


a+b+c =0,the roots are 1,— and ifa-b+c =0,the 
a 


Cc 
roots are -—1and —. 
a 


™N 


The condition that the roots of ax? + bx +c =0 may be in 
the ratio p:q, is 
pq b* =ac (p + q)° (here, a:B =p :q) 


2 
.e., fe + {2 =+ ie 
Qq ‘YP ac 


(i) If one root of ax? + bx +c =Oisn times that of the 
other, then nb? = ac (n+ 1)?, herea:B=n:1. 


(ii) If one root of ax? + bx +c =Ois double of the other 
here n =2, then 2b? = Qac. 


If one root of ax? + bx +c = Ois nth power of the other, 
1 1 


then acy" + (ac?) =-). 


If one root of ax? + bx +c =Qis square of the other, then 
a’c + ac* + b® = abc. 


fo] 


© 


10 If the ratio of the roots of the equation ax? + bx +c =0is 


equal to the ratio of the roots of © Ax? + Bx+C=Oand 
b? B2 

a#0,Ax0, then — =—. 
ac AC 


11 If sum of the roots is equal to sum of their squares then 


2ac =ab + b’. 


12 If sum of roots of ax” + bx +c =Ois equal to the sum of 


their reciprocals, then 


13 


14 


15 


16 


17 


18 


2a*c = ab* + bc®, i.e. ab*, bc*,ca* are in AP 


2a boc ..c 
—=—+— ; 


or e Oe cine 
bc a abc 


Given, y = ax? + bx +c 


4ac - b® 
(i) If a> 0, Ymin = re 

r 4ac - b* 
(ii) If 2< 0, Vax 7 


If «, B are the roots of ax? + bx +c =OandS, =a" +B", 

then aSp41+ DS, +CSp_; =0. 

lf D; and Dz are discriminants of two quadratics P(x) = 0 

and Q(x) = 0, then 

(i) If D\Dy < 0, then the equation P(x)-Q(x) = 0 will have 
two real roots. 

(ii) If 0,02 > 0, then the equation P(x)-Q(x) = 0 has either 
four real roots or no real root. 

(iii) If 0,02 = 0, then the equation P(x)-Q(x) = 0 will have 
(a) two equal roots and two distinct roots such __ that 

D, > O and Dz =Oor D, =Oand D, > 0. 


(b) only one real solution such that 
D, < 0 and Dz = 0or D, = 0 and D2 <0. 


'a>Oandx=,a+ Jat Jatt, then x= oa a} 


If @, 2, @3,...,@, are positive real numbers, then least 


i(2 1 1 1 
value of (a + 42 + 43 +...+ &)| —-t+#—t+—+..4— 


\&% a a Bp , 
is n?. 
: 1 t. ¥ 
(i) Least value of (a + b +c) atgtglte 9 
a bec 
(ii) Least value of 
@rbectd)(ta+tetet)-# 16 
a bcd 
Law of Proportions If 5 =f =o =...,then each of 
these ratios is also equal to 
0) a+Ctret... 
b+d+f+... 


‘pa’ +qc" + re" + we 
(i) | —————_, — (where, ~,q,/,...,9 €R) 
| pb" +qd" +i +... 


Giiy 220,  Vlece -..) 


Vbd ~ 9(baf ...) 


Lagrange’s Mean Value Theorem Let f(x) be a function 
defined on [a, b] such that 


esc ewe eewsee we eee we eeeeeeeewesee we ewe ewzweezens ene we eeeee k= we we we wee sw ew we eR ell rw Cl lc hl hc hhc ETr—hUhc OChUh RmUh ETCUh Th FF FT VF we he ewe ww wD ere 
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20 


21 


(i) f(x) is continuous on {a, b] and 
(ii) f(x) is derivable on (a, b), thenc € (a, b) such that 
»1.\ _ f(b) - f(a) 
c)= oe 
Lagrange's Identity If a, a, a3, b,, b>, bs € A, then 
(af + a5 + af) (bP + DS + b3)— (ad, + ap by + agb,)” 
= (&jD2 - 2 by)? + (2 Dy — bz)” + (30, - aids)? 


or (af + a8 + a8) (b? + b3 + D5) — (aby + ay by + agby)° 
2 2 2 


- a a a a3 a & 
b, bp by bs} {bg b 
Remark 
If (af + a + a3) (OF + DS + b5) < (ab, + and, + agb,)?, 
then S 2 3. 
Db, bn by 


Horner's Method of Synthetic, Division When, we 
divide a polynomial of degree 2 1 by a linear monic 


polynomial, the quotient and remainder can be found by 


this method. Consider 


f(x) = a x" + ax"! + a x"? 


+... a 


where a #0 and ap, a, ao,....4, ER. 


Let g(x) =(x - a) be a linear monic polynomial « € A. 


When g(x) | f(x); we can find quotient and remainder as 
follows : 


aDy-4 

ao ap t+ Oby_-1 = 0 
ao + Map + bia 

=bo -=b; =bp 


5 f(x) =(X — @) (bp X07 + Bx? + x73 4 ot Bd 
e.g. Find all roots of x?- 6x? + 11x - 6=0. 
"(x —1)is a factor of x? - 6x? +4 11x - 6 then 


x? — 6x? 4 11x — 6=(x - 1) (x? - 5x + 6) 
= (x -— 1) (x -2) (x - 3) 
Hence, roots of x° - 6x? + 11x -6=Oare1, 2 and3 


Ne ee eer ee ne = ee nee A 
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JEE Type Solved Examples : 
Single Option Correct Type Questions 


at Ree Ce me ee 


me mneee eee te 


« This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


@ Ex. 1 Ifo andB(a <B), are the roots of the equation 
x? + bx +c=0, wherec <0 <b, then 


(al0<a<B (b)a <0<B<|a| 
(cla <B <0 (d)a <0<|a|<B 
Sol. (b) a+Bp=-b, oB=c i) 
. c<0 => af <0 
Let a<0,B >0 


“. laj}=-a@ anda <0<f [. a <8) ...(ii) 
From Eq. (i), we get —|a | +B <0 


=> B <|a| ...(iii) 
From Eqs. (ii) and (iii), we get 
a<0<B<|a| 


© Ex. 2 Leta, be the roots of the equation x’ — x + p=0 
andy, § be the roots of the equation x” - 4x +q=0. If 
a, B,y and 6 are in GP, the integral values of p and q respec- 
tively, are 

(a) -2, -32 (b) -2,3 

(c) -6,3 (d)=6.=82 
Sol. (a) Let r be the common ratio of the GP, then 

B =ar,y =ar? andd=ar° 


a+Bp=1>a+ar=1 


or a(i¢r)=1 (i) 
and ap=p > a(ar)=p 

or a’r=p ...{ii) 
and y+5=4 > ar’+ar>=4 

or ar'(1+r)=4 ..-{iii) 
and y= 4 

= (ar? )(ar*)=4q 

or ar =q .-.(iv) 


On dividing Eq. (iii) by Eq. (i), we get 

r=4 => r=- 2,2 
If we take r = 2, then is not integer, so we take r = - 2. 
On substituting r = — 2 in Eq. (i), we geta =-1 


Now, from Eqs. (ii) and (iv), we get 
p=a*r =(-1)*(-2)=-2 
q= ar? = (-1)°(-2)° = -32 

(p,q) = (-2, — 32) 


and 


Hence, 


@ Ex. 3 Let f(x) =[ Ve -t’) dt, the real roots of the 
equation x” — f’(x) =0 are 


(a) +1 (b) t+ 
V2 


(c) t (d)Oand 1 


Sol. (a) We have, f(x)=["(2-t?)dt 


=> f'(x)= y(2- x”) 

x? — f'(x)=0 
=> x? — (2- x?) =0 = x'+x?-2=0 
= x? =1,-2 


= eae | [only for real value of x] 


@ Ex. 4 if x? +3x+5=0andax’ + bx +c=0 havea 
common root anda, b,c € N, the minimum value of a +b+c 
is 

(a) 3 (b) 9 

(c) 6 (d) 12 
Sol. (b) «: Roots of the equation x? +3x +5 =0 are non-real. 


Thus, given equations will have two common roots. 
a bc 


=> -~=—-=-=} Sa 
ee [say] 
at+b+c=9A 

Thus, minimum value of a+ b+c=9 [-a,b,cE N] 


@ Ex. 5 If x,, x2, X3,...,X, are the roots of the equation 
x" tax +b=0, the value of 
(xy — X2)(%y — 3 (x1 — XG) «CX — Xp) Is 

(a) nx, +5 

(b) n(x)" ~! 

(c)n(x,)""' +a 

(d) n(x,)""'+ 
Sol. (c)- x" + ax + b=(x — x;)(x — X2)(x — x3)..(x — x,) 
= (x= m)(e— ag) xm) = EE 


On taking lim both sides, we get 


x- Xx) 


, . x +axt+b10 
(x, — X2)(x, — X3)-.(%, — Xq_) = lim —————— | - form 
x—7X) x- Xx, 
n-1 
= iy ante 4 
xX 1 
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@ Ex. 6 Ifa. B are the roots of the equation ax* + bx +c =0 


and A, =a" +8", thenaA,,. +bA,4;+C¢A, is equal to 
(a)0 (b) 1 (clat+b+c (d) abc 


Soh deadpan” anhepsl 
a a 


A... 20" 40" * 
=(a +B)(0"*'+B"*")-— oP" *!- Bat! 
= (a +B)(a"*' +B" *") - aB(a" +B") 
b 
“a 
=> aA,y2+0An4,+ cA, =0 


c 
Anti ~—An 
a 


@ Ex, 7 If x andy are positive integers such that 

xy +x +y=71,x’y + xy? =880, then x? +y? is equal to 
(a) 125 (b) 137 (c) 146 (d) 152 

Sol. (Qs xytxt+y=71 => xyt(xt+y)=71 
and x*y + xy? =880 => = xy (x + y) = 880 
= xy and(x + y) are the roots of the quadratic equation. 

t?-71t +880=0 

= (t — 55)(t — 16) =0 
=> t =55, 16 
* x+y =16and xy =55 
So, x? +y? =(x+y)? —2xy = (16)? —110 = 146 


© Ex. 8 ifa,B are the roots of the equation x? —3x +5 =0 


and y, 5 are the roots of the equation x? +5x —3=0, then 
the equation whose roots area y +B 5 andasd + By, is 
(a)x? -15x-—158=0 (b)x? + 15x — 158 =0 
(c) x? -15x+158=0 (d)x? + 15x + 158 =0 
Sol. (ds a+B =3, a8 =5, y +6 =(—5), y6 =(-3) 
Sum of roots = (ary + Bd) + (ad + By) 
=(a +B)(y+5)=3x(-5) =(-15) 
Product of roots =(ay + BS) (ad + By) 
=0775 + aBy? + Bad? + B7y5 
= y5(a" +B’) + aB(y? + 8”) 
= - 0." + B*) + 5{y? + 8?) 
= —3[(a + B)’ - 208] + 5[(y + 8)” — 2y8] 
= —3[9 — 10] + 5[25 + 6] = 158 
. Required equation is x? + 15x + 158 = 0. 


@ Ex. 9 The number of roots of the equation 


1 1 30 4 

a, ee 

x (I- x?) 12 
(a) 0 (b) 1 
(c) 2 (d) 3 


= v, then 


Sol. (d) Let + =u and 
x (1~ x’) 


3 
utye and u2 4+? =u?y? 


=> (u + v)? = (=) 
12. 
35) 
=> Waveaw=(3) 
12 
35\ 
> u’y? +2uv = (=) [ wey uy? | 
2 
=> u2y? + Quy - (=) =0 
12 
49 25 \ 
=> uv + — || uv — a! =0 
12 12, 
49 25 
> uv =—-—, uv = — 
12 
Casel If uv = la then 
12 
a eer [here x <0] 
x (1 — x’) 12 
2 
- ws coe = 
(49) 
=> __(6+73) 
25 14 
Case II If uv = — , then 
12 
a ae [here x >Q] 
x V(i-x’) 12 
2 
= xi-x? 4 gy = 
(25) 
Vf \ 
=> [tO Va 10) — J gat 
(as) as) 55 
On combining both cases, 
__(5+¥73) 3 4 
14°55 


Hence, number of roots = 3 


@ Ex. 10 The sum of the roots of the equation 
33x -2 42ixt2 = 2 2x1 +1is 


3 4 
(a) P= (b) — is ie (d) Fa 


Sol. (b) Let 2 a4 given equation reduces to 
3 


t 
—+4t=2t7? +1 

4 

=> t~-8t?+16f-4=0 = ty-te-ty=4 

=» gly jollx2 ollxs 2g my ptt + x2 + x3) = 9? 
=> 11(x; + x, + x3) =2 


2 
X,tX_g +X, =— 
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JEE Type Solved Examples : 
More than One Correct Option Type Questions 
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" This section contains 5 multiple choice examples. Each © Ex. 14 Ifcos‘6@+p,sin‘ 0+ pare the roots of the equa- 


example has four choices (a), (b), (c) and (d) out of which Piet a(2x +1) =0an Base? iss q, eripig: q are the 
more than one may be correct. | 
roots of the equation x’ + 4x +2 =0 thena is equal to 


} 
| © Ex. 11 For the equation 2x? ~6V2x -1=0 (a) -2 (b) -1 (c) 1 (d) 2 
| (a) roots are rational Sol. (b,d) 

(b) roots are irrational 


(c) if one root is(p + V9), the other is(—p + Jq) 
(d) if one root is(p + V4), the other is (p — V9) 


Sol. (b,c) As the coefficients are not rational, irrational roots 
need not appear in conjugate pair. _ 


cos‘@ -sin*®@ = cos20 
=> cos*@ —sin*® = cos?@ —sin?8 
= (cos’@ + p)—(sin‘6 + p) =(cos’6 + q)—(sin’6 +q) 
V 4a" — 4a - vi6-8 


Here, a +B =3v2 andap =—4 : : . 
2 ' => 4a° -4a=8 or a?-a-2=0 
Leto. = p + ,/q, then prove that other root B = — p + /4q. ae (a-2)\(a+1)=0 or a=2-1 
@ Ex. 12 Given thata,y are roots of the equation © Ex. 15 ifa,B,y are the roots of x? — x? +ax +b=0 and 


Ax’ — 4x +1=0 and, & the roots of the equation. 
Bx’ -6x +1=0, such thata, B, y and 6 are in HP then 


(a)A=3 (b)A=4 (c)B=2 (d)B=8 


B,y, 5 are the roots of x° — 4x? +mx +n=0. Ifa,B,y and5 
are in AP with common difference d then 


.a4 ; (aja=m (b)a=m-5 
Sol. (a,d) Since, a, B, y and 5 are in HP, ie es (c)n=b-a-2 (d)b=m+n-3 
a 
are in AP and they may be taken as a -3d,a—-—d,a+d Solwned) 
in 6d Radlans b 1 ah r h *. a,B,y,5 are in AP with common difference d, then 
and a + 3d. Replacing x Po Wee e equation whose B= Ged we etand e047 Ai) 
roots area —3d,a+disx°-—4x+A=0 and equation Given, a,B,7 are the roots of x? - x? +ax+b=0, then 
| whose roots are a— d, a +3d is x - 6x + B=0, then a+B+y =1 (ii) 
(a-3d)+(a+d)=4 => Aa-d)=4 oB+By+ya =a (iii) 
and = (a-d)+(a+3d)=6 => Aat+d)=6 apy =-b (iV) 
ae 1 Also, B,y,5 are the roots of x? — 4x? +mx +n =0, then 
fe 51). B+y+5=4 ..(V) 
Now, A =(a-3d)(at+d)= \27 3\(3+ a 3 By + y5+ 5B =m ...(Vi) 
ae By5 = —-n ..(Vii) 
and B=(a-d)(a+3d)= (5 ~ “(3 +-|=8 From Eqs. (i) and (ii), we get 
\2 222) 30 +3d = 1 (viii) 
© Ex. 13 if|ax? + bx +¢|<1 for all x in [0, 1], then ahdifronvigs: (Wiandily), We get . 
3a +6d = 4 ..(ix) 
(a)|a|<8 (b)|b|>8 From Eggs. (viii) and (ix), we get 
(c)\c| <1 (d)|a|+|b|+l¢|S17 2 
d=10= 3 


Sol. (a,c,d) On putting x = 0,1 and f we get 
2 Now, from Eq. (i), we get 


|c{s1 itt) 
ja+b+c|S1 ..(ii) B=ly=5and3=7 
and = ja+2b+4c|<4 ...{iii) From Eqs. es (iv), Me and (vii), we get 
From Eqs. (i), (ii) and (iii), we get _2 = b= - pe on _ 28 
|b| $8 and |a]<8 a 3 27 
=> Ja| +b] +|c] $17 ee -2andb=m+n-3 
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JEE Type Solved Examples : 
Passage Based Questions 
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® This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 
IfG and Lare the greatest and least values of the expression 


2 
x° -x+1 : 
—__—_—_ ,x€ R respectively, then 


xtxtl 

46. The least value of G? +L? is 
(a) 0 (b) 2 (c) 16 (d) 32 

2 
= 1 
Sol. (b) Let = A 
ob er 
=> xytxyty=x°-xtl 
=> (y—1)x? +(yt+1)x+y-1=0 [x € R] 
(y+1)°-4+(y-1)(y-1)20 = [-b? —4ac 20) 
= (y +1) -(2y - 2)? 20 
> (3y - 1)(y — 3) $0 
Lieuei= G=3andL =~ . GL=1 
5, 75 
G’+L 2(GL)'5 =(1)'? =1 
5. 75 
— ase 2>lorG?+L 22 
-, Minimum value of G° + L’ is 2. 

17. Gand L are the roots of the equation 
(a)3x?-10x+3=0 (b)4x?-17x+4=0 
(c)x?-7x+10=0 (d)x?-5x+6=0 

Sol. (a) Equation whose roots are G and L, is 

x? -(G+L)x+GL=0 
= x?- Sx 4120 or 3x? - 10x +3=0 


18. IlfL <A <GandAEN, the sum of all values of Ais 
(a) 2 (b) 3 (c) 4 (d) 5 

Sol. (b)° L<A<G > 5 <A<3 . A=1,2 
Sum of values of A=1+2=3 


Passage II 
(Ex. Nos. 19 to 21) 


Let a,b,cand d are real numbers in GP. Suppose u, v,w satisfy 


the system of equations u + 2v + 3w= 6,4u + 5v + 6w=12 and 
6u + 9v= 4. Further, consider the expressions 


fesy=(t4i42)s? +[(b- 0)? +(c-a)? + (d-b)7] 
u Vv Ww 
Xtut+v+w= Oand g(x) = 20x? + 10(a-d)’x-9=0 


we 


19. (b—c)? +(c—a)? +(d ~b)? is equal to 
(aja~d  (b)(a~dy (c)a®-d* (d)(at+d)’ 
Sol. (b) Let b =ar,c =ar* andd=ar? 
Now, (b- c)* +(¢ — a)’ +(d - b)? 
= (ar -ar’)’ +(ar? -a)* +(ar® - ar)’ 
=a’r'(1-r)? +a°(r? -1) + a?r?(r? — 1) 
=a@(1—r)*{r?+(r +1) +r7(r +1)7} 
=a’(1-r)*(r‘ + ar? +3r? + 2r +1) 
=a°(1 - rP(1 trt+ r?)? = a’(1 — a 
=(a~— ar’)? =(a—d)? 


20. (u+v +w) is equal to 


1 1 
(a) 2 (b) ; (c) 20 (d) _ 
Sol. (a) Now, ut2v+3w =6 Ai) 
4u+5v+6w=12 ii) 
and 6ut+9v=4 .»{ili) 
From Eqs. (i) and (ii), we get 
2u+v=0 iv) 
Solving Eqs. (iii) and (iv), we get 
a 
3 3 


Now, from Eq. (i), we get w = ; 


1.2.9 
vtutwe=--+-+-=2 
3 3 


3 
21. If roots of f(x) =0 be a, B, the roots of g(x) =0 will be 


(a)a.B (b)-o,-B «2, q@-+,-+ 
a B a 


B 
)< +[(b-c)? 


+(c-a) +(d—b)*]xt+utvtw=0 


1 


f 
Sol. () Now, f(x)=|+++— 
\u vow 


=> f(x)=-—<x" +(a-d)x42=0 
= f(x)=-9x? +10(a-d)’x +20=0 Av) 


Given, roots of f(x) =0are a and B. 


Now, replace x by = in Eq. (v), then 
x 


x _ 2 
= ie d) 
x x 
= 20x? +10(a—d)*x-9=0 
g(x) =0 
11 
Roots of g(x) =Oare —, —. 
g(x) mr 
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JEE Type Solved Examples : 


Single Integer Answer Type ( Questions 
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« This section contains 2 examples. The answer to each 
example is a single digit integer. ranging from 0 to 9 
(both inclusive). 


® Ex, 22 If the roots of the equation 10x°* — cx? 
~54x - 27 =0 are in harmonic progression, the value of c is 
Sol. (9) Given, roots of the equation 
10x? — cx? - 54x - 27 =0 are in HP. (i) 
Now, replacing x by z in Eq. (i), we get 
x 
27x° +54x? +cx -10=0 ...(ii) 
Hence, the roots of Eq. (ii) are in AP. 
Leta~d,aand a+d are the roots of Eq. (ii). 


Then, ee ee ee 
27 
2 i 
=> a=-- ...(iii) 
3 


Since, a is a root of Eq. (ii), then 
27a° + 54a” +ca-10=0 
” a 
me ee }+s( 4) +¢{-2)-10- 0 
ay lay 


=> 6S =o or c=9 


[from Eq. (iii)] 


JEE Type Solved Examples : 
Matching Type Questions 


= eee ee ee ree 


« This section contains 2 examples. Examples 24 and 25 
have three statements (A, Band C) given in Column I and 
four statements (p, q, r ands) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


© Ex. 24 Column | contains rational algebraic expressions 
and Column II contains possible integers which lie in their 
range. Match the entries of Column | with one or more 
entries of the elements of Column II. 


Column II 


Column | 
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e jEx. 23 If a root of the equation 
n? sin? x —2sinx —(2n +1) =0 lies in[0, 1/2], the 
minimum positive integer value of n is 


Sol. (3) °° n’ sin? x — 2sinx —(2n + 1) =0 


2+ y4t4n 2(2n + 1) 
2n? 
[by Shridharacharya method] 


_ 1+,/(2n" +n’ +1) 


n? 


Ossinx <1 


Pr: 
git (2n° +n +1). 


n? 


=> 0514 y(2n? +n? +1) <n? 
=> (an? +n? +1) <(n? -1) 


On squaring both sides, we get 
an? +n? 4+1Sn'—2n? +1 


n‘ —2n> —3n? >0 


=> sinx = 


[- x € [0, 2/2] 


= 


[n> 1] 


= 
= n?—2n-320 = (n-3)(n+1)20 
=> n23 


ms n = 3, 4,5,... 
Hence, the minimum positive integer value of n is 3. 


te cere ee et re ee ewe ee 


Sol. (A) — (p); (B) > (p, a, 1, s); (C) > (p, g 5) 
x? —-2x +9 


ae = x’y + 2xy+9y=x7-2x +9 
x" +2x4+9 
=> (y—1)x?+2x(y+1)+9(y-1)=0 
’ xER 
4(y +1)? ~4-9-(y-1)? 20 
= (y + 1)? —(3y -3)? 20 
a (4y — 2)(-2y + 4) 20 
— (2y -1)(y —2) <0 
5SyS2 => y=1,2(p) 
(B) - pe aa => Ixy-3y=x?-3x-2 
ax -3 
=> x? ~x(3+2y)+3y-2=0 « xER 
(3 + 2y)? — 4:1-(3y - 2) 20 
> 4y’ +1720 


ye R(p,qr,s) 
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2x*-2x+4 
(C)°. 

x°-4x4+3 
= x’y — 4xy +3y = 2x? -2x 44 
= x?(y — 2) + 2x(1—-2y)+3y-—4=0 


xER 
4(1—2y)? - 4(y - 2) (3y -— 4) 20 
=> (4y? -4y+1)-(3y? —10y +8)20 
y? +6y-720 


(y+7)(y-1)20 
y S-7 or y.2 1(p,q,s) 


ae |e 


@ Ex. 25 Entries of Column | are to be matched with one 
or more entries of Column II. 


Column | Column Il 
(A) ‘Ifa + 6+ 2c=Obut c# 0, then | atleast one root in 
jax” +bxt+c= Ohas (p) | (-2, ae 


(B) lIfa, b,ceR such that ag atleast one root in 
2a - 3b+ 6c=0,then equation has |(q)-(-1,0) 
_ Let a, b, c be non-zero real numbers | atleast one root in 


(© beans dian 
| such that Le] (-1, 1) 


Th (1+ cos® x) (ax? + bx + c)dx | (s) | atleast one root in 


(0, 1) 


=f + cos® x) {ax’ + bx + c)dx, 


the equation ax” + bx + c= Ohas 


(t) | atleast one root in 
| i (0, 2) 


JEE Type Solved Examples : 
Statement | and I ‘Type Questions 
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s Directions Example numbers 26 and 27 are 
Assertion-Reason type examples. Each of these examples 
contains two statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 

Each of these examples also has four alternative choices, 

only one of which is the correct answer. You have to select 

the correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


© Ex. 26 Statement 1 Roots of x’ - 2V3x — 46 =0 are 
rational. 
Statement 2 Discriminant of x’ - 2V3x - 46 =0 isa 
perfect square. 
Sol. (d) In ax? + bx +c =0,a,b,cEQ 

[here Q is the set of rational number] 


SO ere ee em ee ee 


Sol. (A) — (r,s, t); (B) > (p,q,r); (C) > (r,s, t) 


(A)Let f(x)=ax’+bx+c 
Then, f(1)=at+tb+c=-c [a+b +2c =0] 
and f(0)=c 

f(0) f()=-c? <0 [--¢ #0] 


. Equation f(x) =0 has a root in (0, 1). 
*. f(x) has a root in (0, 2) as well as in (—1, 1) (r) 


(B)Let f(x)= ax’ + bx +¢ 


ax? bx? 
erie ree re 
f(0)=d 
and f= —S4 brenda {tS ) 4 
3 2 L «6 
=O+d=d ’ [ 2a—3b + 6c =0) 
Hence, (0)= f(-1) 


Hence, f’(x)=0has atleast one root in (—1,0) (q) 
f(x) =0has a root in (-2,0) (p) as well as (—1,1) (1) 


(C) Let f(x)= Ja +cos® x)(ax? + bx +c)dx 


Given, f(1)— f(0) = f(2)— (0) 
= f(1) = f(2) 
= f(x) = Ohas atleast one root in (0,1). 


=> (1+ cos® x)(ax? + bx +c) = 0 has atleast one root in (0,1}. 


=> ax +bx +c =Ohas atleast one root in (0, 1) (s) 
. ax? + bx +¢ =0 has a root in (0, 2) (t) as well as in 


(-1, 1)(r) 


er 


ee ow et ere 


If D >0 and is a perfect square, then roots are real, distinct 


and rational. 
But, here 2V3 ¢ Q 
*. Roots are not rational. 


2V3 + (12 + 184) 


[irrational] 


Here, roots are 


Le, V3 +7. 
But D=12+184=196=(14)' 


*, Statement-1 is false and Statement-2 is true. 


© Ex. 27 Statement 1 The equationa” + b*+c*-d*=0 
has only one real root, ifa>b>c>d. 

Statement 2 /f f(x) is either strictly increasing or decreas- 
ing function, then f(x) =0 has only one real root. 

Sol. (c) «s a* + b* +c* -d* =0 


a® +b* +c* =d"* 
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and f(0)=2 


Subjective Type Examples 


te ew ee 


® In this section, there are 24 subjective solved examples. 


@ Ex. 28 Ifa, B are roots of the equation 

x’ — p(x +1) —c =0, show that(a. +1) (B +1) =1—c. Hence, 
07 +2041 ‘ BP +2B+1_ 
B? +2B+c 


Sol. Since, wand B are the roots of the equation, 


prove that 1, 


a7 +2a¢C¢ 


x’ — px - p—c=0 
a+B=p 
and aB=-p-c 
Now, (a +1)(8 +1)=aB+a+B+1 
=-p-ctptl=1-c 
Hence, (a +1)(B+1)=1-c ..(i) 
_a' +20 +1 6? +2B +1 
a?+2a+c fB*+2B +e 
___(a+1) (B +1) 
(a+1)?-(1-c) (B+1)?-(1-c) 
(a +1) 
(a +1)? -(a +1)(B +1) 


Second Part LH 


(B +3)" from Ea. ( 
"CN saaier 
1 


Hence, RHS = LHS 


® Ex. 29 Solve the equation x * + px + 45 =0. It is given 
that the squared difference of its roots is equal to 144. 


Sol. Let a, B be the roots of the equation x” + px + 45=0 and 
given that 


(a -B)* = 144 
= pt 4-45 = 144 fanpeee 
a 
=> p” =324 
p =(t 18) 
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.. f(x)is increasing function and lim f(x)=-1 
=> f(x) has only one real root. _<—— 

But Statement-2 is false. 

For example, f(x) =e is increasing but f(x) = 0 has no 


solution. 


ee ee ae 


On substituting p = 18 in the given equation, we obtain 
x? + 18x + 45=0 
= (x +3)(x +15)=0 
=> x=-3,5 
and substituting p = — 18 in the given equation, we obtain 
x? -18x + 45=0 
(x —3)(x —15)=0 


=> x=3,15 
Hence, the roots of the given equation are (—3), (—15), 3 
and 15. 


@ Ex. 30 If the roots of the equation ax *+ bx + c=0(a #0) 
bea andB and those of the equation Ax ? + Bx +C =0 
(A #0) bea +k andB +k. Prove that 


b* — 4ac -(*) 
B*-4AC \A; 


Sol. a —-B=(a+k)-(B +k) 


\e? -4ac (B® - 4AC) 2| 
=> eT eee pete 
a A a | 
" pb? ~ 4ac ) (<) 
=> ee =| — 
(B?-4AC} \A 


On squaring both sides, then we get 
b? -4ac _ ( a ) 
B’-4AC \A 
@ Ex. 31 Leta,b andc be real numbers such that 
a+2b+c=4. Find the maximum value of (ab + be + ca). 


Sol. Given, a+2b+c=4 
=> a=4-2b-c 
Let y=ab+be+ca=a(b+c)+ be 


=(4-2b-—c)(b+c)+ be 
= —2b? + 4b-2be + 4c —c? 
=> 267 4+2(c-2)b-d4cetc? +y=0 
Since, b€ R, so 
4(c - 2)? -4x2x(-4c +c? + y)20 
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= (c — 2)? +8 —2c* — 2y 20 
=> c* —4c+2y-4<0 
Since,c€ R,so 16-4(2y-4)20>y4 
Hence, maximum value of ab + be + ca is 4. 


Aliter 
’ AM >GM 
erties (a+b) 40) 
= 22 y(ab+be+ca+b?) [a+2b+c=4] 
=> abt+bet+cas4—-b’ 


”. Maximum value of (ab + be + ca) is 4. 


@ Ex. 32 Find a quadratic equation whose roots x , and x 2 


satisfy the condition 
2 2 5 5 3 3 
x) +x7 =5,3(x) +x; )=11(x> +x, ) (assume that x), x2 
are real). 
Sol. Wehave, 3(x, + x;)=11(x, + x) 
xp +x, 11 
= eh a 
X, +x, 
nag (x, + tg (xy +x) -— x,?x7(x, + x2). 11 
(x + x3) 3 
42 
X, Xo (X, +X 11 
= (x,? + x7)- 1 2x1 2) fee 
(x, + x2)(xp +x2-x4x2) 3 
[oxy +22" =5] 
2.2 
5-— XX, 3 
Bia 
4 XX 
sis 4 X1%2 
3 5~-X;X2 
=> 3x;x5 + 4x,x2 -20=0 


=> 3x2x3 + 10X,X2 — 6X;X -—20=0 


=> (x,xX2 — 2)(3x,x2 + 10) =0 
X 1X2 =a[-2 
Wehave, (x,+x,))=x; + x3 +.2x,x =5 + 2x,X2 
(x, + x2)? =54+4=9 [if xx» = 2] 
X, +X, =£3 ; 
and (x) +x.) =5+ {2} =- Fi X4X2 = zag 
3) 3 


which is not possible, since x), x2 are real. 
Thus, required quadratic equations are x° +3x +2=0, 


© Ex. 33 If each pair of the three equations 

x? ¢-ax+b=0,x? +ex +d =0and x? +ex+ f =0 has 
exactly one root in common, then show that 

(atcte)? =4(ac+cet+ea—b-d-— f). 


So/. Given equations are 


x? +ax+b=0 sali) 
x? +ex+d=0 (ii) 
x +ex+ f=0 {till 


Let a, B be the roots of Eq. (i), 8, y be the roots of Eq. (ii) 
and y, 5 be the roots of Eq. (iii), then 


a+B=-aoBp=b (iv) 
B+y=-c,By=d ..{v) 
Y¥+ta=-eya=f ..(Vi) 


». LHS =(at+e+e)=(-a -B-B-y-y-a) 
[from Eqs. (iv), (v) and (vi)] 
=4(a+B+y) .».{vii) 
RHS = 4(ac + ce +ea-—b-d-— f) 
= 4{(a +B)(B+y¥)+(B+y)(y +a)+(y +) 
(a +B) - a — By - ya)} 
[from Eqs. (iv), (v) and (vi)] 
= 4(a? +B? +7? + 208 + 2By + 2ya) 
=4(a+B+y)’ .- viii) 
From Egs. (vii) and (viii), then we get 
(atc+e) =4(ac+ce+ea—b—d-—f) 


® Ex. 34 Ifa, are the roots of the equation 

x? + px +q=0 andy, 5 are the roots of the equation 

x’? +1x +s =0, evaluate (a —) (a — 8)(B—y) (B —§) in 
terms of p,q,r and s . Deduce the condition that the equa- 
tions have a common root. 


Sol. «a, B are the roots of the equation 


x? +px+q=0 


a+B=-p,aB=q wil) 
and y, 5 are the roots of the equation x? + rx +s =0 
y¥+d=-r,yb=s .»{iil) 


Now, (a — y)(a - 5)(B - y)(B - 5) 

= (a? -a(y + 8) + 78] [B? - Bly + 8) + 78] 

=(07 +ra+s)(B? +rB +s) [from Eq. (ii)] 

=07B? +roB(a +B)+r7a8 + s(a” +B?) 
+sr(a+P)+s" 

=0’B? + roB(a +B)+r?a8 +s[(a +B) - 208] 
+sr(a+f)+s" 

=q’ — pqr +r°q +s(p’ — 2q) + sr (-p) +s? 

=(q-s)* - pq +17q + sp’ — prs 

=(q-s)’ -rq(p—r) + sp(p —r) 


=(q -s)’ +(p—r) (sp - rq) »{iit) 
For a common root (let = y or B = 8), 
then (a - y)(a — 5)(B - y)(B - 5) =0 »-i¥) 
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From Eqs. (iii) and (iv), we get 

(q-s)’ +(p—r)(sp — rq) =0 
=> (q-s)* =(p—r)(rq — sp), which is the required 
condition . 


@ Ex. 35 Find all integral values of a for which the 
quadratic Expresion (x — a) (x —10) +1 can be factored as a 


product (x + a) (x + B) of two factors anda, Be I. 
| Sol. We have, (x - a)(x -— 10) + 1=(x +a)(x+ 8) 
On putting x = —a@ in both sides, we get 
(-a -—a)(-a -10)+1=0 
: (a +a)(a +10)=-1 
a +aandq@ + 10are integers. 
a+a=-landa+10=1 
or a+a=landa+10=-1 
(i) Ifa +10=1 
a =-9, thena=8 


[-a,ae I] 


Similarly, B = -9 
(x -8)(x -10)+1=(x-9) 
(ii) Ifa +10=~1 


Here, 


i a =-11,thena=12 
Similarly, B = 12 
Here, (x - 12)(x -10)+1=(x—-11) 


Hence, a=8 12 


@ Ex. 36 Solve the equation 


yx +3 ~-4,(x—1) +/x +8 —6y(x-1) =1. 
Sol. Let V(x -1)=t 
We have, 


The given equation reduce in the form 


x=t?4+1,t20 


V(t? +4 - 4t) + y(t? +9 -6t) =1 


> jt -2|+|t-3|/=1 
, + 

“7 = [3 

ea, 

ae. 

25ts3 
) = 4st? <9 
=> 4$x-159 
=> 5x10 


‘. Solution of the original equation is x € [5,10} 
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@ Ex. 37 Solve for ‘x’ 
WH 2!+3!+...4(x—Dltxt=k? and kel. 
Sol. For x < 4, the given equation has the only solutions 


x=1,k =t1land x =3,k = +3. Now, let us prove that 
there are no solutions for x 2 4. The expressions 


1!+2!4+3!4 4! = 33 | 
14+ 2!4+3!+ 4!45! = 153 
ends with the digit 
1!$+2!4+3!4+4!45'+6! = 873 
1! +2!4+3!44!)4+5!4+6!+7! = 5913 


3. 

Now, for x 2 4 the last digit of the sum 1! + 2! +...+ x!is 
equal to 3 and therefore, this sum cannot be equal to a 
square of a whole number k (because a square of a whole 
number cannot end with 3). 


® Ex. 38 Find the real roots of the equation 


SSNS 


fu tr feta yet... +2 4x42 V3x =x 


‘ 


n radical signs 


Sol. Rewrite the given equation 


; fx +2 x+2xt..t2jx +2 jx 42x =X sod) 


On replacing the last letter x on the LHS of Eq. (i) by the 
value of x expressed by Eq. (i), we get 


xayxt2yx t2q{x+...4 fx + 2x 
2n radical signa 


Further, let us replace the last letter x by the same 
expression again and again yields. 


xayxt2yx tay t...42 fx +2x 


3n radical signs 


ee 
= x t2yx+2fxt...t2)x+2x =... 


4n radical signs 
We can write, 


xayxt2)x+2 xt... 


= lim yx t2yxt2 fx... +2 yx +2x 
Ne 


N radical signs 


If follows that 


xa fx+2jx+2jet.. 
= fx + 2( fx tafe +...) = Ve + 2x) 


Hence, x? =x+2x 
=> x*?-3x=0 
x=0,3 
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® Ex. 39 Solve the inequation, (x 7 +x +1)* <1. 
Sol. Taking logarithm both sides on base 10, 


then x log(x* +x+1)<0 
which is equivalent to the collection of systems 
|[x>0 2o0 
log (x 24+ x +1) <0, lx 2+ x +1<1, 
|= <0, [x <0, 
[log (x 7+ x +1)>0, |x? +x41>1, 
[x > 0, [x > 0, 
[x(x +1) <0, | -1<x<0 
= |x <0, |x <0, 
[x(x+1)>0 | [x >Oand x <(-1) 
[xed 
|x <(-1) 


Consequently, the interval x € (— ©, — 1) is the set of all 
solutions of the original inequation. 


9 Remark 
When the inequation is in power, then it is better to take log. 


© Ex. 40 Solve the equation 
1+. =x 
1 


When in expression on left hand side the sign of a fraction is 
repeated n times. 
Sol. Given equation is 


/4+—————_ =x 
1 


Let us replace x on the LHS of the given equation by the 
expression of x. This result in an equation of the same 
form, which however involves 2n fraction lines. Continuing 
this process on the basis of this transformation, we can 
write 


[n fractions] 


1 
ad x=1+— => x?-x-1=0 
x 
1+5 
2 —— 
1+ 45 1-5 
1= ,X2= 
2 Z 
satisfy the given equation and this equation has no other 
roots. 


@ Ex. 41 Solve the system of equations 
flx-t1+ly-21=1 
| y=2-|x-1| 


Sol. On substituting | x - 1]|=2- y from second equation in 
first equation of this system, we get 


2=yt|y-2|[=1 
Now, consider the following cases 


If y22, 

then 2-y+ty-2=1 => 0=1 
No value of y for y 2 2. 

If ype 


then 2-yt2-y=1 6 y= >, whichis true. 


From the second equation of this system, 


3 
—~=2-|x-]| 
2 
1 
= ied) oe ta” 
2 2 
= re1tiaxsos 


Consequently, the set of all solutions of the original system 


is the set of pairs (x, y), where x = 7 ; and y = ; 


@ Ex. 42 Leta, b,c be real andax’ + bx +c =0 has two real 


roots a and®, where a <—1andB >1, then show that 
b 


a 


Cc 
1+—+ 
a 


<0. 


Sol. Since, a <-1landB >1 


a+A=-landB=1+p [A,p>0 
Now, 1+—+ 2 |=1 +08 +10 +B 
a a 
=1+(-1-A)(1+p)+|-1-A+1+p| 
=1-1-p-A-Apt+|p-Al 
=-u-A-Aptp—-A [if > A) 
and =—-p-A-Apt+A-yp [if A> w 
oe 2 [=~ 2h Awor—24~ Am 
a a 
¢ 218 
On both cases, 1+-—+|/-—|<0 [ A, p> 0 
a a 
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Aliter 
ax? +bx+c=0,a#0 


b c 
x? +-x4+-=0 
a a 


Let eed ee ee — 


a a Re fe 
f(-1)<0Oand f(1) <0 


b 
=> fat Gee aap and ree 
a a a a 


c 
-=<0 
a 


Then, 1+ 2 
a 


© Ex. 43 Solve the equation “(2 


\ 
Sol. Hence, x +140 


and let (5 


x+ 


=) (3-x 
+x 
+1 xd 


and a he 


aegis] 2-2) + x= 3-x+x=3 
x+1 


u+v=3 and uv=2 
Then, w22,¥=1 Ofe=1~v=2 
Given equation is equivalent to the collection 
(5 x ) ( GSP 
| xvi). ‘ male 
Soe a 


=1 aa 
x+1 x+1 


7_x+2=0 [x? -2x+1=0 


x + 


|x 


= 2 al 
|x —x+2=0 | x —2x+1=0 
VF 2 
Pkg ff ) 7 
x°-x+2=0 1x--| +—#0 
F | 2) 4 


Tee = \ 
|x -—2x+1=0 (x 1)? =0 


(x - 1)? =0 
=> x =1is a unique solution of the original equation. 


®@ Ex. 44 Show that for any real numbers a3,44,45,..., gs, 
the roots of the equation 

dg, x" tag, x" 40+ a3x? +3x? +2x +1=0 are not real. 
Sol. Let P(x) = dys x + agg x 


$i. + 04x > +3x742x41=0 (i) 
Since, P(0) = 1, then 0 is not a root of Eq. (i). 
Let Qj, ,03,...,Qg5 be the complex roots of Eq. (i). 
Then, the B;| let = the complex roots of the polynomial 
, a; 
Q(y) = y® + 2y™ + By + agy? +... + ags 
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It follows that 


Sih eocand > > BB, =3 


i=l 1Si< jf S85 
85 ee 

Then, Ser =| X, -2)' D BB, 
is i=1 1si< jf S85 

. =4-6=-2<0 


165 


Thus, the B;’s is not all real and then c,’s are not all real. 


@ Ex. 45 Solve the equation 
gh! 9" =) = 141 


Sol. Find the critical points : 


“i 0 

x+1=0,27 -1=0 
: x=-1,x=0 
1 consider the following cases : 


x<-1 
gt) oF me —(2* = 1) +1 
= = ies 
~(x+1)= 
=-2 Ai) 
-1Sx<0 
27*!_2* =-(2* -1)+1 
= an") a2 
x+1=1 
x=0 
x #0 ("-1S5 x <0] 
x20 


gttiig*® =97% -141 


= gxtl =2-27 
get =2*t! 


which is true for x20. 
Now, combining all cases, we have the final solution as 
x € [0, 0) u {-2} 


@ Ex. 46 Solve the inequation 


-lyjtx—(x? +y?-1) 21 
Sol. We have, -|y|+x- V(x? +y’-1)21 
=> x—|y|214 (x? +y? -1) 
if x2\yh 
then squaring both sides, 
x? + y® —2x|y]|214 x? +y" = 142y(x? +y? -1) 
=> -xlyl2 yx? +y* =) 
Since, x2|y|20 
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(ii) 


Ai) 
..{ii) 
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Then, LHS of Eq. (i) is non-positive and RHS of Eq. (ii) is 


non-negative. Therefore, the system is satisfied only, when 


both sides are zero. 
. The inequality Eq. (i) is equivalent to the system. 
[ xlyl=o 
[x?+y?-1=0 
The Eq.(i) gives x = 0 or y = 0. If x = 0, then we find y = +1 
from Eq. (ii) but x 2 |y| which is impossible. 
If y =0, then from Eq. (ii), we find 


x = 
x=1,-1 
Taking x=1 [x 2lyI] 


.. The pair (1, 0) satisfies the given inequation. Hence, (1, 0) 
is the solution of the original inequation. 

@ Ex. 47 Ifa,,a2,a3,...,a,(n 2 2) are real and 

(n-1)a? —2na, <0, prove that atleast two roots of the 


equationx” +a,x""'+a,x"? +...+a, =0 are 


imaginary. 
Sol. Let &;,Q@ ,03,...,@, are the roots of the given equation. 
Then, Ya,=0,+0,+0;+...+0, =-Q, 


and §=YO,Q, =Q,4, +0,03 +...+0,-18, =, 

Now, (n— 1)a? — 2na, =(n -1)(Da,)’ —2nLDa,a, 
= n{(Zo,)’ — 220,02} -(La,)’ 
=n Day - (La) 


= Y La, -a,) 


l1si<jSn 
But given that (n — 1)a; — 2na, <0 


=> 


D. E(a,-a,) <0 


isi<jSn 


which is true only, when atleast two roots are imaginary. 


© Ex. 48 Solve the inequation|a?™ +a*** —1|21 for all 
values of a(a >0,a #1). 
Sol. Using a* = t, 
the given inequation can be written in the form 
\t? +a°’t -1]21 
a>Oanda #1, thena® >0 
t>0 
Inequation (i) write in the forms, 
t?+a°t-121andt?+a’t-1<S-1 


ae apt 4 
gu2 ya ay a + ¥(a + 8) 


2 Z 


t 


and -a’ $ts0 
But t>0 [from Eq. (ii)] 
ugh ter 
ince + y(a + 8) 
2 
ii -a’ + Va" + 8) 
2 
For 0<a<i, 
2 4 \ 
~a? + (a +8 
csog| E244 
4 


2 


-a’ + Va‘ + 3] 


X E| —00, | 


; i 4 \ 
and fora>1,x2 | ete 


\ 4 


/ / * 


_ 2 4 
vel a ae Of 


@ Ex. 49 Solve the inequation 


logy. (y(9 -x?)-x-1)21 


Sol. We rewrite the given inequation in the form, 


log, «1( (9 re x") ~x- 1) 2 log; x)(|x1) 


This inequation is equivalent to the collection of systems. 


He x?) —x-12|x|, if |x|>1 


(9 - x?) -x-1S|xif 0<|x|<1 


For x >1 


(9 —~x”)22x+1 


For x <-1 

(9 - x*)21 
For 0<x<l 
isco 
| For-1<x<0 
J(9-x°) $1 


. For x>1 
= ser 
For x <-1 
V9Q-x°)-x-12-x 
For0<x<1 
\(9- x?) -x-18x 
For -1<x<0 
V(9-x?)-x-18-x 


and 


For x >1 
2 _ 
|-=(Vil +1) sx =(Vi1-1) 


| For x <-1 


~2J2 < x <2V2 


For0<x<1 

x S~2(Vi +1) and x 2 (11 - 1) 
For -1<x <0 

| x $-22 and x 2 22 


wWW.JEEBOOKS.IN 


{ xed 
|-2/2<x<-1 
2Wht-sx<1 
Prego 


Hence, the original inequation consists of the intervals 


- 2 
~2/2 <x <-1 and (Wil -1)$x<1. 


Hence, re(-2i,-1)U| Hi - 1), } 


@ Ex. 50 Find all values of ‘a’ for which the equation 
4" —q2* -a+3=0 has atleast one solution. 


Sol. Putting 2“ = t > 0, then the original equation reduced in 


the form 
t? -at-—a+3=0 


that the quadratic Eq. (i) should have atleast one positive 
root (t > 0), then . 


Discriminant, D=(-a)* - 4-1-(-a +3) 20 
=> a’ + 4a-1220 
> (a+6)(a—2)20 


Fy eee 


£ ae (—, ~6] U[2, ») 
If roots of Eq. (i) are t,and t, , then 

| ty + to =a 

[t,t =3-a 
For ae (--, — 6] 


t; +t, <Oand t,t, >0. Therefore, both roots are negative 
and consequently, the original equation has no solutions. 


For a €[2, -) 


t; +t, >Oand t,t, 20, consequently, atleast one of the 
roots t; Or fo, is greater than zero. 


Thus, for a € [2, ), the given equation has atleast one 
solution. 


@ Ex. 517 Find all the values of the parameter a for which 
the inequality a9” + 4(a—1)3* +a>1, is satisfied for all 
real values of x. 
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Sol. Putting t =3* in the original equation, then we obtain 


at? +4(a-1)t+a>1 
=> at? +4(a-1)t+(a-1)>0 [t>0,-73" >0] 
This is possible in two cases. First the parabola 
f(t) = at? + 4(a - 1)t +(a—1) opens upwards, with its 
vertex (turning point) lying in the non-positive part of the 
T-axis, as shown in the following four figures. 
*. a>Oand sum of roots <0 


as aQ=) sound Aolao 

2a ° 
o a>0,a-120anda-120 
Hence, a21 


Second the parabola f(t) opens upward, with its vertex 
lying in positive direction of t, then 
4(a-1) 


a>0,- >OandDs0 
2a 
= a>0(a-1)<0 
and 16a—1)*—4(a—1)aS0 
=> a>0,a<1 
and 4(a-1)(3a-—4)s0 
= a>0a<land1Sas— 


These inequalities cannot have simultaneously. 
Hence, a 2 1 from Eq. (i). 
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Theory of Equations Exercise 1: 
™ Single Option Correct Type Questions 


Se ne ned 


ee re = eee ne 


oN ete — one 


= This section contains 80 multiple,choice questions. 


8. If the roots of the quadratic equation 
Each question has four choices (a), (b), (c) and (d) out of 


(4p — p? —5)x? — (2p ~1)x +3p =Olie on either side of 


which ONLY ONE is correct 
1. If a, b,c are real and a b, the roots of the equation 
2(a—b)x* —11(a+ b+c)x —3(a— b) =Oare 


(b) real and unequal 
(d) None of these 


(a) real and equal 
(c) purely imaginary 
2. The graph of a quadratic polynomial y = ax? 
+ bx +c;a,b,c € Ris as shown. 
Y. 
O 


/ 


Which one of the following is not correct? 
(a) b? - 4ac <0 (b) < <0 
a 

(c) cis negative 


(d) Abscissa corresponding to the vertex is (-2) 
a 


3. There is only one real value of ‘a’ for which the 
quadratic equation ax’? +(a+3)x +a—3=Ohas two 


10. 


11. 


unity, the number of integral values of p is 
(a) 1 (b) 2 (c)3 (d) 4 


. Solution set of the equation 


32x _ 9.3X x46 +32 (x +6) =(is 

(a) {-3,2}  (b) {6,-1} — (c) {-2,3} (dd) {1, - 6} 
Consider two quadratic expressions f(x)= ax’ +bx+c 
and g(x)=ax" + px +q(a,b,c, p,q € R,b# p) such that 
their discriminants are equal. If f(x) = g(x) has a root 
x =a, then 

(a) a will be AM of the roots of f(x) = 0 and g(x) =0 

(b) a will be AM of the roots of f(x) = 0 

(c) & will be AM of the roots of f(x) = 0 or g(x) =0 

(d) « will be AM of the roots of g(x) = 0 

If x, and x, are the arithmetic and harmonic means of 
the roots of the equation ax ? + bx + c =0, the quadratic 
equation whose roots are x, and x, is 

(a) abx? + (b? + ac)x + bc =0 

(b) 2abx ? + (b? + 4ac)x + 2bc =0 

(c) 2abx* + (b? + ac)x + bc =0 

(d) None of the above 


positive integral solutions. The product of these two 12, f(x) is a cubic polynomial x* + ax* + bx +c such that 
ae is fies Ag Anais f(x) =0has three distinct integral roots and f(g(x))=0 
does not have real roots, where g(x) = x* + 2x —5,the 

4. If for all real values of a one root of the equation win aUaluS Shana t due Fe 

x* —3ax + f(a) =0is double of the other, f(x) is equal to (a) 504 (b) 532. (c) 719 (d) 764 

2 2 

(a) 2x (b) x eax (4) 2x 13. The value of the positive integer n for which the 
5. drati tion the product of : 

i — ices = pe aes ee pooletan fens quadratic equation ’ (x +k — 1)(x +k) = 10n has 

X2 is equal to 4 and satisfying the relation Pee 

a. + = 2, is solutions & and a + 1 for some , is 

xy Ps x2 —1 (a) 7 (b) 11 (c) 17 (d) 25 

(a) aarti 2 ens ed 14. If one root of the equation x* — Ax +12=0is even 

ia rea nee Ne See ee prime, while x? + Ax + =Ohas equal roots, then pis 
6. If both roots of the quadratic equation (a) 8 (b) 16 (c) 24 (d) 32 

2 2 ae ee : 

: i dax +a . ae ‘e a which i of the 15. Number of real roots of the equation 

ollowing can be [a]? (where [-] denotes the greatest fe ae ee 

integer function) See ren ae 

(a) -1 (b) 1 (c) 2 (d) 3 (a) 0 (b) 1 (c) 2 (d) 3 

a a 

7. If (—2,7) is the highest point on the graph of 16. The value of 7 +,/7 -f7 +,/7 —... upto ° is 

y =—2x? — 4ax +A, then A equals (a) 5 (b) 4 

(c)3 (d) 2 


(a) 31 (b) 11 (c)-1 (d) “7 
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17. For any real x, the expression 2(k — x) [x + yx? +k? ] 24, The roots of the equation 
cannot exceed (a+ Vb)" —5 +(a~~b)* ~8 = 2a, 
(a) k? (b) 2k? 2 
(c) 3k? (d) None of these where a io b=1, are 
eer (a) + 2, + V3 (b) + 4,+ V14 
18. Given that, for all x € R, the expression a lies (c)+3,4 V5 (d) + 6, + V20 
x" +2xt+4 
1 25. The number of pairs (x, y) which will satisfy the 
between — and 3, the values between which the : 
3 equation 
(92x ax 2 2... = : 
expression eR NSS lies, are my ey =a et Y= Ss 
9.32% — 6.3% +4 (a) 1 (b) 2 
Sand (b) 3 and 2 (c) 4 (d) None of these 
: 26. The number of positive integral solutions of 
(c)-1 and 1 (d) 0 and 2 x! -y' = 3789108 is 


19. Leto, B, y be the roots of the equation (a) 0 (b) 1 (c) 2 (d) 4 


(x — a)(x ~ b)(x — c) = d, d #0, the roots of the equation 27. The value of ‘a’ for which the equation x ? + ax + 1=0 
(x -a)(x-B)(x-y)+d=Oare 


(a) a, b, d (b) b, c,d and x‘ + ax * +1=0, have acommon root, is 
(c) a, b,c (dja+d,b+d,c+d (a)a=2 (b)a=-2 


; =0 d) N: f th 
20. If one root of the equation ix? —2(1+i)x +2-i=0is (c)a pu MoNeOr Mest 


Gi), wheetied =) Meathenmatis 28. The necessary and sufficient condition for the equation 


(1-a*)x? + 2ax —1=0to have roots lying in the 


(a)3+i (b)3 + V-1 Reedy! 
; ‘ interv , 1), 18 
(c)-1+ i (d)-1-i (a)a>0 (b)a <0 
21. The number of solutions of | [x] — 2x | = 4, where [x] (c)a>2 (d) None of these 
denotes the greatest integer < x is 29. Soluti tofx—./1—-I|x| <Qi 
(a) infinite (b) 4 (c)3 (d) 2 oe a ae 
-1+¥5 
22. If x? +x +1isa factor of ax * + bx * +cx +d, the real (a) | ? (b) {-1, 1) 

3 2 —n: ‘ 
ah ti — +cx+d=0Ois () cits (d) 4 tts 
(a) -— (b) — (c) ad (d) None of these a "2 

a a d : 
23. The value of x which satisfy the equation 30. If the quadratic equations ax * + 2cx + b=Oand 


(5x? —8x +3) - 5x2 ~9x +4) = Mo? — 2x) ax 24 2bx + c =0(b#c) have a common root, a + 4b +4c, 
is equal to 
— (2x? ~ 3x +1), 1S _— (a) -2 (b) -1 


(a) 3 (b) 2 (c) 0 (d) 1 
(c) 1 (d) 0 


Theory of Equations Exercise 2: 
~~ More than One Correct Option Type Questions 


a em tee eS 


« This section contains 15 multiple choice questions. 32, If A, Gand H are the arithmetic mean, geometric mean 
Each question has four choices (a), (b), (c) and (d) out of 


ic mean between unequal positive integers. 
which MORE THAN ONE may be correct. and harmoni qual p g 


Then, the equation Ax — |G|x — H =Ohas 


31. If0<a<b<cand the roots a, B of the equation (a) beilucootenrertiaaetoris 


ax’ + bx +c =(are non-real complex numbers, then (b) atleast one root which is negative fraction 
(a) |o| =| B | (b)|a| >1 (c) exactly one positive root 
(c)|B| <1 (d) None of these (d) atleast one root which is an integer 
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33, The adjoining graph of y = ax” + bx +c shows that 


x 
Oly /(c.0) (8,0) \ 


(aja <0 
(b) b? < 4ac 
(c)c >0 
(d) a and b are of opposite signs 
34, If the equation ax” + bx + c =0(a>0) has two roots a 
and B such that a < —2andB > 2, then 
(a) b? - 4ac > 0 (b)c <0 
(c)a+|b] +c<0 (d) 4a + 2|/b/+c¢ <0 


35. If b? 2 4ac for the equation ax‘ + bx * +c =0, then all 


the roots of the equation will be real, if 
(a)b>0,a<0,c>0 (b)b<0,a>0,c>0 
(c)b>0,a>0,c>0 (d)b>0,a<0,c<0 


36. 


rn 


If roots of the equation x * + bx * + cx —1=0from an 
increasing GP, then 

(ajb+c=0 

(b) be (-<2, -3) 


(c) one of the roots is 1 


(d) one root is smaller than one and one root is more than one 


37. Let f(x) =ax * + bx +c, where a, b,c € R,a #0. Suppose 


| f(x)| <1, V x €[0, 1], then 
(a)\a| <8 (b) |b] $8 
(c) el $1 (d) Ja + |b| + |e} $17 
38. cosa is a root of the equation 25x” +5x —12=0, 
-1<x <0, the value of sin2a is 


24 12 

(a) 25 (b) "35 
' 20 
(c) "ae (d) ie 


39, If a,b,c € R(a #0) and a+ 2b + 4c =0, then equation 
ax *? +bx +c =Ohas 
(a) atleast one positive root 
(b) atleast one non-integral root 
(c) both integral roots 
(d) no irrational root 


40. For which of the following graphs of the quadratic 
expression f(x) = ax ? + bx +c, the product ofabc is 
negative 


¥ 


41, Ifa, be Randax? + bx + 6=0,a #0 does not have two 


distinct real roots, the 

(a) minimum possible value of 3a + b is -2 
(b) minimum possible value of 3a + bis 2 
(c) minimum possible value of 6a + bis —1 
(d) minimum possible value of 6a + Dis 1 


42, If x * +3x? -9x +A is of the form(x —a)*(x —B), then 


i is equal to 
(a) 27 (b) -27 
(c)5 (d) -5 
43. If ax ® +(b-c)x +a—b-c =Ohas unequal real roots 
for allc € R then 
(a)b<0<a (b)a<0<b 
(c)b<a<0 (d)b>a>0 


44, If the equation whose roots are the squares of the roots 
of the cubic x? - ax? + bx ~ 1=0is identical with the 
given cubic equation, then 
(a)a=b=0 
(b)a=0,b=3 
(c)la=b=3 
(d) a, b are roots of x°+ x+2=0 


45, If the equation ax” + bx + c = 0(a > 0) has two real roots 


a and B such that @ <-2and > 2, which of the 
following statements is/are true? 


(a) 4a - 2|b| +c <0 
(b) 9a ~3/b| + <0 
(c)a-|b] +¢<0 

(d) c <0, b” - 4ac > 0 
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| {gi Theory of Equations Exercise 3: 
Passage Based Questions 


SR Rr rt ee ne RL Oe RR RE 9 2 ee re eS RE ee ee ee ee ——- =e ee cee 


| « This section contains 6 passages. Based upon each of 52, y= f(x)is given by 
the passage 3 multiple choice questions have to be . x? 
answered. Each of these questions has four choices (a), (a)y=x"-8 (b) y = 22 — 22 
(b), (c) and (d) out of which ONLY ONE is correct. 2 
(c)y=x?-4 (d)y=—-W2 
Passage I 20 


(Q. Nos. 46 to 48) 53. Minimum value of y = f(x) is 


IfG and L are the greatest and least values of the (a) -4./2 (b) -2./2 
. e? =3x 42 (c) 0 (d) 2/2 
expression —-——— , x € R respectively. 4 
2x° +3x +2 54. Number of integral value of 1. for which : lies between 
46. The least value of G'° + L'™ is the roots of f(x) =0, is 
9 b) 10 i1 d) 12 
. 2 (b) 3° (7 (d) None of these «) v (9) @) 
47. Gand L are the roots of the equation Passage Ill 
(a)5x? ~26x+5=0 (b) 7x? -50x+7=0 (Q. Nos. 55 to 57) 
(c)9x°-82x+9=0 = (d) 11x? - 122x + 11=0 Let f (x)=x? + bx + cand g(x) =x? +hxtq. 
48. If L? <A <G?, XEN, the sum of all values of A is Let the real roots of { (x) =0 be a, B and real roots of 
(a) 1035 (b) 1081 (c) 1225 (d) 1176 g(x)=0bea+k,B+k for same constant k. The least value 
Passage Il of f (x) is -2 and least value of g(x) occurs at x = A 


(Q. Nos. 49 to 51) 


If roots of the equation xt -12x? +.cx? + dv +81 =0are 55. The value of b, is 


positive. (a) -8 (b) -7 (c) -6 (d) 5 
49. The value of c is 56. The least value of g(x) is 
(a) -27 (b) 27 (c) -54 (d) 54 1 l 1 
(a) -1 1) Bae (cc) == (d) -- 
50. The value of d is . 2 3 4 
(a) -27 (b) -54 (c) -81 (d) -108 


57. The roots of f(x) =0Oare 
51. Root of the equation 2cx + d =0, is 


(a)3,4 . (b) -3, 4 
@-+~ W-- 1 OF (c)-3,-4 (4)3,-4 
Passage IV 

Passage Il (Q. Nos. 58 to 60) 


(O. Nos. 52 to 54) if ax? — bx + c=0 have two distinct roots lying in the 


In the given figure vertices of AABC lie on interval (0,1); a, b ce N. 
y= f(x) =ax? + bx +c. The AABC is right angled isosceles 


triangle whose hypotenuse AC = 4/2 units. 58. pie least value of ais (b) 4 
Y. (c) 5 ‘ (d) 6 


= f(x) = ax? + bx +c 


59. The least value of b is 


(a) 5 (b) 6 

-X (c)7 (d) 8 
60. The least value of log, abc is 

(a) 1 (b) 2 

(c) 3 (d) 4 
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Passage V 
(Q. Nos. 61 to 63) 


If2x? tax? +bx4+4=0 (a and bare positive real 
numbers) has three real roots. 


61. The minimum value of a? is 


(a) 108 (b) 216 
(c) 432 (d) 864 
62. The minimum value of b? is 
(a) 432 (b) 864 
(c) 1728 (d) None of these 


63. The minimum value of (a + b)° is 


(a) 1728 (b) 3456 
(c) 6912 (d) 864 


Passage VI 
(Q. Nos. 64 to 66) 


Ifa, B, y, Sare the roots of the equation 
xi + Ax? +Bx? +Cx+D=0such that oB = y5 =k and 


A, B,C, D are the roots ofx* -2x° +4x7 +6x-21=0 
such that A+B =0. 


64. The value of . is 


k k 
(a) aes (b) -k (c) 5 (d)k 
65. The value of (a +8) (y + 5) in terms of Band k is 
(a)B-2k (b)B-k (c)B+k  (d)B+2k 


66. The correct statement is 
(a)C? = AD (b)C? = A?D (c)C? = AD? (d) C? =(AD)’ 


a) Theory of Equations Exercise 4: 


~ §ingle Integer Answer Type Questions 


LLL ELLER LA LLL LLL LLL LOLOL LL AA A A A NI NN I cae Os “i tt men a mee tit ai te COR 


s This section contains 10 questions. The answer to 
each question is a single digit integer, ranging from 0 
to 9 (both inclusive). 


sf 67. The sum of all the real roots of the equation 
| |x—2|* +|x-2|/-2=0is 
68. The harmonic mean of the roots of the equation 
(5+ V2) x? -(44+ V5) x+842V5 =0is 
69. If product of the real roots of the equation, 
x? ~ax +30= a(x? —ax + 45),a>0, 


is A and minimum value of sum of roots of the equation 
is . The value of (1) (where (-) denotes the least integer 


function) is , 6 
1 6 1 
pa ea x |e 
oe . x x° ; 
70. The minimum value of a [an 
: | 
LP) ba" 
(for x > 0) x x 


71. Let a, b,c, d are distinct real numbers and a, bare the 
roots of the quadratic equation x” — 2cx — 5d =0.Ifc and 


d are the roots of the quadratic equation 
x? —2ax —5b=0, the sum of the digits of numerical 


values ofa+tb+c+dis 


x? -3xte 


x’? +3xte 


72. If the maximum and minimum values of y = 


1 
are 7 and = respectively, the value of c is 


73. Number of solutions of the equation 
vx? -, x-1)? +(x —2)? = 5 is 


74. Ifo and are the complex roots of the equation 
(1+i)x ? +(1-i) x —2i=0, where i = /-1, the value of 
| -B|? is 


75. Ifa, B be the roots of the equation 
4x *—16x +c =0,ce Rsuch that1<o <2and2<B <3 
then the number of integral values of c, are 


76. Let r,s and t be the roots of the equation 
8x° + 1001x + 2008 = 0and if 
9A =(r+s)? +(s+t)? +(t +r)’, the value of [A]is 
(where [-] denotes the greatest integer function) 
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a| Theory of Equations Exercise 5: 
"Matching Type Questions 


ewe > weer tee wees ee et tak a A I at — 


« This section contains 4 questions. Questions 78 and 80 have three statements (A, B and C) given in Column I and 
four statements (p, g, r and s) in Column II and questions 77 and 79 have three statements (A, B and C) given in 
Column I and five statements (p, q, r, s and t) in Column II. Any given statement in Column I can have correct 
matching with one or more statement(s) given in Column II. 


77. Column I contains rational algebraic expressions and 
Column II contains possible integers which lie in their 
range. Match the entries of Column I with one or more 


78. 


entries of the elements of Column II. 


Column I 


Column I 


If a, b, c, d are four non-zero real 
numbers such that 
(d+a-b)+(d+b-c)* =Oand 
the roots of the equation 

a(b—c)x’ + b(c- a)x + c(a—b)=0 
are real and equal, then 


If the equation ax? + bx +c=0 (q) 
and x° — 3x7 + 3x -1=Ohavea 
common real root, then 


Let a, b, cbe positive real numbers. | (r) 
such that the expression 


bx? + (J(a+ c)? + 4B7)x + (a4 0) 


is non-negative, Vx € R, then 


ie 


(p)jat+ b+ c=0 


Column II 


Column II 


a, b, care in AP 


a, 6, care in GP 


a, b, c are in HP 


79. Column I contains rational algebraic expressions and 
Column II contains possible integers of a 


Column I | Column II 


2 

+ 3x-4 
tee * © ERMA PER 
3x -4x" +a 
_arttx-2 


ee _ jee mend yok 
atx- 


2 
+ 2x + 
y=" xe Rand yER 
x +4x+3a 


80. 


The equation x? - 6x” + 9x + A = Ohave 


exactly one root is (1, 3), then {[A + 1 ]fis 
(where [- ]denotes the greatest integer 
function) 


B 
(B) Tip pet Ot vee Rai: 0 
x-txeil 


|[A.]| is (where [- ]denotes the greatest 
integer function) 


If x? + Ax + 1=Oand 
(b-c)x’ + (c—a)x + (a- b) = Ohave 
both the roots common, then |[A — 1} 


(where [- ]denotes the greatest integer 
function) 
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al Theory of Equations Exercise 6: 


~ Statement | and Il Type Questions | 


® Directions (Q. Nos. 81 to 87) are Assertion-Reason type 
questions. Each of these questions contains two 
statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these questions also has four alternative 
choices, only one of which is the correct answer. You 
have to select the correct choice as given below. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


(c) Statement] is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 
81, Statement-1 If the equation (4p —3)x ” 
+(4q -3)x +r =Ois satisfied by x =a, x= band x=c 
(where a, b,c are distinct), then p =q = - and r =0, 


Statement-2 If the quadratic equation 
ax” + bx +c =Ohas three distinct roots, then a, band c 
are must be zero. 

82, Statement-1 The equation 
x? +(2m +1)x +(2n +1) =0, where m,n€ I, cannot have 
any rational roots. 
Statement-2 The quantity (2m +1)? — 4(2n +1), where 
m,né I, can never be perfect square. 


aan 


sere ee — aod st — 


83. Statement-1 In the equation ax’ + 3x +5=0, if one 
root is reciprocal of the other, then a is equal to 5. 


Statement-2 Product of the roots is 1. 


84, Statement-1 If one root of Ax > + Bx? +Cx+D=0, 


A #0, is the arithmetic mean of the other two roots, then 
the relation 2B° + k, ABC +k, A’D =O holds good and 


then (k, —k,) is a perfect square. 
Statement-2 Ifa, b,c are in AP, then b is the arithmetic 
mean of aandc. 

85. Statement-1 If x, y, z be real variables satisfying 


x+y+z=6and xy + yz + zx =8 the range of variables 
x, y and z are identical. 


Statement-2 x +y+z=6and xy + yz + zx =8 remains 
same, if x, y, z interchange their positions. 

86. Statement-1 ax ° + bx +c =0, where a, b,c € Rcannot 
have 3 non-negative real roots. 
Statement-2 Sum of roots is equal to zero. 

87. Statement-1 The quadratic polynomial 

_y= ax? +bx + c(a#0and a,b,c & R) is symmetric about 

the line 2ax + b=0. 


Statement-2 Parabola is symmetric about its axis of 
symmetry. 


Theory of Equations Exercise 7 : 


Subjective Type Questions 


mee tr nn eee 


« In this section, there are 24 subjective questions. 


88. For what values of m, the equation 
(1+ m)x? ~2(1+3m) x +(1+8m) =Ohas(me R) 
(i) both roots are imaginary? 
(ii) both roots are equal? 
(iii) both roots are real and distinct? 
(iv) both roots are positive? 
(v) both roots are negative? 
(vi) roots are opposite in sign? 
(vii) roots are equal in magnitude but opposite in sign? 
(viii) atleast one root is positive? 
(ix) atleast one root is negative? 
(x) roots are in the ratio 2:3? 


ve mt re ee ee re ee ee eee oe 2 ee eee rere ee 


89. For what values of mm, then equation 
2x? ~2(2m +1)x + m(m+1)=Ohas (me R) 
(i) both roots are smaller tha 2? 
(ii) both roots are greater than 2? 
(iii) both roots lie in the interval (2, 3)? 
(iv) exactly one root lie in the interval (2, 3)? 
) 


(v) one root is smaller than 1 and the other root is 
greater than 1? 


(vi) one root is greater than 3 and the other root is 
smaller than 2? 


(vii) atleast one root lies in the interval (2, 3)? 
(viii) atleast one root is greater than 2? 
(ix) atleast one root is smaller than 2? 


(x) roots & and B, such that both 2 and 3 lie betweena 
and 3? 
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90. If r is the ratio of the roots of the equation 
(r+1)? _ b* 
r ac 


ax” + bx +¢ =0, show that 


1 1 
+ = — are equal 
x+p xtq_r 


in magnitude but opposite in sign, show that p + q = 2r 
2 


91. If the roots of the equation 


a» 


| p+q° 
and that the product of the roots is equal to| — aaa 


\ 4 

92, If one root of the quadratic equation ax’ + bx + c =0is 
equal to the nth power of the other, then show that 

1 1 
(ac")"*! +(a"c)"*! +b=0. 

93. Ifa, B are the roots of the equation ax * + bx +c =Oand 
y, 5 those of equation Ix? + mx +n =0, then find the 
equation whose roots are ay + 85 and 06 + By. 

94, Show that the roots of the equation 

(a? ~ bc) x? +2(b? —ac)x +c” —ab=0 
are equal, if either b=Oora? +b°® +c° —3abc =0. 

95. If the equation x? — px + q =Oand x” —-ax + b=Ohave 
a common root and the other root of the second 
equation is the reciprocal of the other root of the first, 
then prove that (q — b)? = bq(p—a)’. 

96. If the equation x” — 2px + q = 0 has two equal roots, 
then the equation (1+ y)x? -2(pt+y)x+(q+y)=0 
will have its roots real and distinct only, when y is 
negative and p is not unity. 

97. Solve the equation x '°8=" +P 216 


98. Solve the equation 


(24.)3)8 -2t41 4 (2 gy eet = 
, 1072-3) 
99. Solve the equation x’ ‘e =8 
aL 


100. Solve the equation 


(x +8)+2,/(x +7) + (x + 1)- f(x +7) =4, 


101. 


102. 


103. 
104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 
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Find all values of a for which the inequation 
2 2 
4" +2(2a+1)2” +4a? —3>0is satisfied for any x. 


‘(x+4]-[x}’ 


+2x-3 > 0. 
N 


Solve the inequation log 


c= 4 
Solve the system|x? —2x|+y=1,x? +|/y[=1 
If a, B, y are the roots of the cubic x?— px * + qx —r =0. 


Find the equations whose roots are 


(i) By +2.yo+s,ap+2 
a B ¥ 


(ii) (B+y—a),(y +a -B), (a +B -¥) 

Also, find the value of (B + y -a)(y +a -B)(a +B -¥). 
If Ay, Az, A3,---, An, Qj, @2,43,...,8,,4,5,c€ R show 
that the roots of the equation 

Ai, At 


x —@, 


Az 


x-a, 


+ ee 


=ab* +c*x +acare real. 


For what values of the parameter a the equation 
x* +2ax > +x? +2ax+1=Ohas atleast two distinct 


negative roots? 

If [x] is the integral part of a real number x. Then solve 
[2x] — [x + 1] = 2x. 

Prove that for any value of a, the inequation (a’ +3) 
x? +(a+2)x —6<Ois true for atleast one negative x. 


How many real solutions of the equation 

6x” —77[x]+147 =0, where [x] is the integral part of x? 
Ifo, B are the roots of the equation x* - 2x -a? +1=0 
and y, 5 are the roots of the equation 

x? —2(a+1)x +a(a—1)=0, such that a, B € (7, 8), find 
the value of ‘a’. 

If the equation x* + px? + qx” +x +5=Ohas four 
positive real roots, find the minimum value of pr. 


fal Theory of Equations Exercise 8 : 
™ Questions Asked in Previous 13 Years’ Exam 


em ee es Se er RS em te a em aT er Re ee 


A 


« This section contains questions asked in IIT-JEE, 113. If Sis a set of P(x) is polynomial of degree < 2 such that 


AIEEE, JEE Main & JEE Advanced from year 2005 
to year 2017, 


112. Ifa, B are the roots of ax? +bx +c =Oanda+B, 


oO? + B7,a° + 8° are in GP, where A = b® — 4ac, then 
{NTJEE 2005, 3M] 


(a)A#0  (b)bA=0 (c)ch#0 (d)cA=0 


P(0)=0, P(1)=1, P(x)>0,Vx€ (0,1), then [IT-JEE 2005, 3M] 
(a)S =0 

(b) S = ax + (1-a) x*, Va €(0, ~) 
(c)S=ax+(1-a)x’,VaeER 

(d) S =ax + (1 -a) x’, Va €(0, 2) 
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114. 


118. 


116. 


117. 


118. 


119. 


120. 


121. 


Textbook of Algebra 


If the roots of x? — bx +c =Oare two consecutive 
integers, then b? — 4cis [AIEEE 2005, 3M] 
(a) 1 (b) 2 

(c)3 (d) 4 

If the equation a, x" +a, ~, x" + ta, x=0,a, 0, 


n 2 2, has a positive root x =q, then the equation 

na, x"! +(n-1)a,-,;x" * +...+@, =Ohas a positive 
root, which is [AIEEE 2005, 3M] 
(a) greater than or equal to & 

(b) equal toa 

(c) greater than @ 

(d) smaller than « 


If both the roots of the quadratic equation 
x? -2kx +k? +k-5=0 


are less than 5, k lies in the interval {AIEEE 2005, 3M] 
(a) (— *, 4) (b) [4,5] 

(c) (5, 6) (d) (6, =) 

Let aand bbe the roots of equation x* — 10cx — 11d =0 


and those of x? —10ax — 11b =Oare c and d, the value of 
at+b+c+d,whena#b#c#d, is IIT-JEE 2006, 6M} 


Let a, b,c be the sides of a triangle. No two of them are 
equal and A € R. If the roots of the equation 
x? +2(a+b+c)x+3A(ab+be +ca) =Oare real, then 
[IITJEE 2006, 3M] 
4 
1 ee 
(aj)A< ; 


15 
(c)A e(2, 2) 


3 
A<= 
| (b) a 
45 
d)AeE| -, = 
wee (5 5) 
All the values of m for which both roots of the equation 
x * —2mx +m? —1=Oare greater than — 2 but less than 
4, lie in the interval [AIEEE 2006, 3M] 
(a)-2<m<0 
(c)-l<m<3 


(b) m>3 
(d)l<m<4 


If the roots of the quadratic equation x”-+ px +q =Oare 
tan30° and tan 15°, respectively, the value of 2+ q — pis 


(a) 2 (b) 3 [AIEEE 2006, 3M] 
(c) 0 (d)1 
Let ct, B be the roots of the equation x? — px +r =Oand 


a 3 
m 26 be the roots of the equation x“ — gx +r =0. The 


value of r is (lIT-JEE 2007, 3M} 


(a) =(p -q)(2q-p) (bh ; (q- p) (2p -4) 


) ‘ (q-2p)(2q-p) —) =(2p- 9) (2q - p) 


122. 


123. 


124. 


125. 


126. 


If the difference between the roots of the equation 
x? + ax +1=0is less than V5, the set of possible values 


of a, is [AIEEE 2007, 3M] 
(a) (- 3.3) (b) (—3, °») 
(c) (3, 2) (d) (-e2, - 3) 


Let a, b,c, p,q be real numbers. Suppose @, B are roots of 


the equation x? + 2px + q =Oand 5 are the roots of 


the equation ax” + 2bx +c =0, where B’ ¢ {-1,0, 1}. 
Statement-1 (p? - q) (b? —ac)20and 


Statement-2 b+ paorc #qa [IIT-JEE 2008, 3M] 


(a) Statement-1 is true, Statement-2, is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 

The quadratic equation x” — 6x +a=Oand 

x? —cx +6=Ohave one root in common. The other 


roots of the first and second equations are integers in 
the ratio 4: 3. The common root is [AIEEE 2008, 3M] 
(a) 4 (b) 3 (c) 2 (d) 1 


How many real solutions does the equation 

x’ +14x° + 16x° +30x — 560 =0 have? [AIEEE 2008, 3M] 
(a) 1 (b) 3 (c) 5 (d) 7 

Suppose the cubic x* — px + q = Ohas three distinct real 


roots, where p > Oand q <0. Which one of the following 
holds? [AIEEE 2008, 3M] 


(a) The cubic has minima at [- fe and maxima at Ae 


(b) The cubic has minima at both fe and (- () 
(c) The cubic has maxima at both fe and - fe 
(d) The cubic has minima at fe and maxima at [- ‘a 


127. The smallest value of k , for which both roots of the 


equation x” — 8kx + 16(k” —k +1) =Oare real, distinct 


[IIT-JEE 2009, 4M] 
(d) 0 


and have value at least 4, is 
{a) 6 (b) 4 (c) 2 


128. If the roots of the equation bx” + cx +a =Obe 


imaginary, then for all real values of x,the expression _ 
3b? x* + 6bex “De. is [AIEEE 2009, 4m} 


(a) less than (— 4ab) (b) greater than 4ab 
(c) less than 4ab (d) greater than (— 4ab) 
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129. Let p and q be real numbers such that p #0, p> #—q. If 


a and B are non-zero complex numbers satisfying 
a+B=- panda 3483 = q, a quadratic equation 


_ 6B . 
having B and — as its roots, is {lIT-JEE 2010, 3M] 
a 


(a) (p> + q) x” ~ (p> + 2q) x + (p® + q) =0 
(b) (p? + q) x’ —(p? —2q) x + (p? + q) =0 
(c) (p? - q) x” -(Sp* -2q) x + (p> - q) =0 
(d) (p* - q) x’ -(Gp* + 2q) x + (p> -q) =0 


130. Consider the polynomial f(x) =1+ 2x + 3x * +4x*. Let 
s be the sum of all distinct real roots of f(x) and let 
t =|s|, real number s lies in the interval (T-JEE 2010, 3M) 


(59) od) o-S-e(s) 


131. Let and B be the roots of x? —6x -2=0, witha >. If 
— 2a 
a, =a" —B" forn 21, the value of 710-8 jg 
‘ 9 
(lIT-JEE 2011, 3 and JEE Main 2015,4M] 


(a) 1 (c) 3 (d) 4 


132. A value of b for which the equations 
x? 4bx-1=0 x? +x4+b=0 


(b) 2 


have one root in common, is (IT-JEE 2011, 3M] 
(a) - 2 (b) - iv3,i = V-1 
(c) iv5,i = V-1 (d) V2 


133. The number of distinct real roots of 


x* - 4x7 +12x? +x-1=0is (lIT-JEE 2011, 4M} 


134, Let fora#a, #0, f(x)=ax” + bx +0, 
(x) =a,x °+b,x +c, and p(x) = f(x) - g(x). If p(x) =0 
only for x = (— 1) and p(— 2) =2, the value of p(2) is 
[AIEEE 2011, 4M] 
 (b)3 (d) 6 
135. Sachin and Rahul attempted to solve a quadratic 
equation. Sachin made a mistake in writing down the 
constant term and ended up in roots (4, 3). Rahul made a 
mistake in writing down coefficient of x to get roots 
(3, 2). The correct roots of equation are [AIEEE 2011, 4M] 
(a)-4,-3 (b)6,1 (c) 4,3 (d) -6,-1 


136. Let (a) and B(a) be the roots of the equation 


(3/(1 +a) —1)x? +(/(1+ a) -1)x +($/(1+ a) - 1) =0, 


where a>—1, then lim (a) and lim B(a), are 
a0* a0* 


(a) (2) and 1 


c( 2) and 2 (d) 


(a) 18 (c) 9 


bs {HT-JEE 2012, 3M] 
1 
(b)| -~ | and (-1) 
\ 2) 


4 
x_ 


\ 


9 \ 
- land 3 
By 
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137. The equation e “"* —e~""* — 4 =Ohas [AIEEE 2012, 4M] 


(a) exactly one real root 

(b) exactly four real roots 

(c) infinite number of real roots 
(d) no real roots 


138. If the equations x* + 2x +3=Oand ax? +bx +c =0, 


a, b,c € Rhave acommon root, then a: b:c is 
(JEE Main 2013, 4M] 
(b)1:3:2 


(d)1:2:3 
139. Ifae Rand the equation 
—3(x —[x])? +2(x —[x]) +a” =0(where [-] denotes 
the greatest integer function) has no integral solution, 


then all possible values of a lie in the interval 
(JEE Main 2014, 4M] 


(a)3:2:1 (c) 31:2 


(a) (-2, -1) 

(b) (—22, ia 2) U2, 00) 
(c) (-1, 0) U(0, 1) 
(d) (1,2) 


140. Let a, B be the roots of the equation px* + qx +r =0, 


p#0.Ifp.g.r arein AP and ~ + = 4, the value of 
a 


la -B|, is [JEE Main 2014, 4M] 
34 2/13 
(a) i (b) i" 
Jot 2v17 
(c) or (d) — 


141, Let ae Rand let f : R-> Rbe given by 
f(x)=x° —5x +a Then, 


(a) f(x) has three real roots, if a > 4 

(b) f(x) has only one real root, ifa > 4 
(c) f(x) has three real roots, ifa<—4 

(d) f(x) has three real roots, if-4<a<4 


(JEE Advanced 2014, 3M] 


142, The quadratic equation p(x) =0 with real coefficients 
has purely imaginary roots. Then, p (p(x)) =0 has 
' [JEE Advanced 2014, 3M] 
(a) only purely imaginary roots 
(b) all real roots 
(c) two real and two purely imaginary roots 
(d) neither real nor purely imaginary roots 
143. Let S be the set of all non-zero real numbers & such that 
the quadratic equation ax* — x + =Ohas two distinct 
real roots x, and x» satisfying the inequality 
|x, —-x2|<L 
Which of the following intervals is (are) a subset(s) of S? 
[JEE Advanced 2015, 4M] 


ody) OCF! 
og) lk 
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144, The sum of all real values of x satisfying the equation (a) 2 (sec 6 - tan 6) (b) 2 sec 6 
(c) —2 tan 8 (d) 0 


2 x? +4x- 60 : 
x” =Sx +5 = lis 
( ) (JEE Main 2016, 4M] 446, If for a positive integer n, the quadratic equation 


ee rn ae a est x(x +1) +(x +1)(x +2)...¢(x +n—1)(x +n) =10n has 
145. Let - - eee and, are the roots of two consecutive integral solutions, then n is equal to 

equation x? -2xsec0 +1=Oanda@, andB, are the roots [JEE Main 2017, 4M] 

of the equation x” + 2x tan® —1=0.Ifa, >B, and ~ (ai (b) 12 

a, >B,,thena, +B, equals § [JEE Advanced 2016, 3M] (c) 9 (d) 10 
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Solutions 


1. We have, 


2(a-b) x? -11(a+b+c)x-3(a—b)=0 
D={-11(a+b+c)}* — 4-2(a—b)-(-3)(a—5) 
=121(a+b+c)? +24(a—b)’>0 


Therefore, the roots are real and unequal. 


. Here, a<0 
Cut-off Y-axis, x =0 
= y =e<0 [from graph] 
Bs c<0 
x -coordinate of vertex > 0 
> - ka >0 
2a 
> b <0 
a 
But a<0 
. b>0 
and y-coordinate of vertex < 0 
=> - 2 <0> kal >0 
4a 4a 
D<0 [a <0] 
i.e. b? - 4ac <0 
| [c<0,a< 0] 
a 
3. Sum of the roots = — ia) =]* [let] 
a 
. 
a lagers suai) 
I” +1, 
a-3 og 4 
Product of the roots = af = —— = 1" +2 ...(ii) 
a 
and D=(a + 3)* — 4a (a + 3) 


o Tare, {Ut -2)°-12} [from Eq. (i)] 


D must be perfect square, then J” =6 
From Eq. (ii), 
Product of the roots =1* +2=6+2=8 


. Leta be one root of 
x’ —3ax + f(a) =0 


=> a+2a=3a > 3a =3a 

=> a=a (i) 
and a-20 = f(a) 

i f(a) =207= 20” {using Eq. (i)] 
=> f(x)= 2x? 


XX, =4 (i) 


ee ee 


and + =2 
X,-1 x,-1 
=> 2X,X_ — X — Xp = 2 (xX, — X, — X, + 1) 
=> 8-— x, — x, =2(4-x, - x, +1) [from Eq. (i)] 
or % + x, =2 (ii) 


From Egg. (i) and (ii), required equation is 
x? —(x, + x,) x + x,x, =0 
or x? -2x+4=0 


. Let f(x) =x? -2ax+a?-1 


Now, four cases arise: 
CaseI D20 


= (- 2a)’ - 4-1(a? —1)20 
=> 420 
A aeR 
Case II f(—2) > 0 
= 4+4a+a°-1>0 
= a’ + 4a+3>0 
=> (a+1)(a+3)>0 
a E€(- ~, —3) U(-1, ») 
Case III f(2) > 0 
=> 4-4a+a’-1>0 
= a’ -4a+3>0 
= (a-1)(a-3)>0 
: a €(- & 1) U (3, &) 
Case IV —2 < x-coordinate of vertex <2 
=> —-2<2a<2 
a €(-1,1) 
Goabiing all cases, we get a €(—1, 1) 
Hence, [a]=-1,0 
: ia 
2 (-2) 
=> a=2 
y=—2x*-8x+A ...(i) 


Since, Eq. (i) passes through points (— 2, 7) 
7=-2(-2)?-8(-2)+A 
= 7=-8+16+A 
A=-1 


. Since, the coefficient of n? =(4p — p* -5) <0 


Therefore, the graph is open downward. 
According to the question, 1 must lie between the roots. 
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11. 
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Hence, f()>0 
= 4p—p*?-5-2p+1+3p>0 
=> —p’+5p—4>0 
=> p’-5p+4<0 
> (p-4)(p-1)<0 
> l<p<4 
. p=2,3 


Hence, number of integral values of p is 2. 


. We have, 32% -2-3% * 44% 4 329) <9 
= (3*" =9* 6)? =9 
= 3° —3* +9 
= gf =3*t => x2ax 46 
=> x? -x-6=0 
=> (x —3)(x +2) =0 
& x ={- 2,3} 
Given, b? — 4ac = p* — 4aq ...(i) 
and F(x) = g(x) 
=> ax* + bx+c=ax’ + px+q 
(b-p)x=q-c 
x= ag [given] ...(ii) 
b-p 
From Eq. (i), we get 
(b+ p)(b-p)+ 4a(qg—c)=0 
= (b+ p)(b—p)+ 4aa(b-p)=0 [from Eq. (ii)] 
or te ED? [.. b # p] 
4a 
he 
oS Be 
4 = 
[Sum of the roots of (f(x) =0) | 
[+ Sum of the roots of (g(x) =0) 
4 
= AM of the roots of f(x) = 0 
and a(x) =0 
Let a and be the roots of ax? + bx + c =0. 
_a+B ob 
me 2 ~~ 2a 
c 
Deal 
and en Oe ee! 
a+B _5 »b 
a 
.. The required equation is 
x?- -2)+(-2)/x+ 2 =o 
\ 2a b | 2ab 
i.e. 2abx? + (b? + 4ac) x + 2bc = 0 


Let &,, &, and a, be the roots of f(x) = 0, such that 
a, <0, <a, 
and g(x) can take all values from [—6, ©). 


13. 


14. 


g(x) =(x+1)?-62-6 
a, 5-7,0,$-8,a, $-9 
EP a+b+c2719 
..Minimum value of a + b + c is 719. 
a,+a,+a,=-a 


=> -as-—24 
=» a2>24 
0,0, +0,0,+0,0, =b 
=> b2191 
and XO,a,=—-c 
=> -cs$—-504 
=> c 2504 
a+b+c2719 


Hence, minimum value of a + b + cis 719. 


“ Y (xt k=-1) (x +k) =10n 
k=l 


=>} x? + x(2k -1) + (k-1)k =10n 
k=! 


=> nx?+x(1+345+4...4 (2n-1)) 


+(04+1-2+2:34+3-4+...4(n—1)n) =10n 


=> nx? + x-> (1+ 2n—1) 


ee 
6 2 
2 
= mat nt 1) = son 
; (n® -31) 
=> xo +nx+ 3 0 [dividing by n] 
(a +1)- 2 
1=/D 
=> D=1 
2 
=> aay. 31) _ 
=> 3n* — 4n? + 124 =3 
= n? =121 
n=11 
Since, 2 is only even prime. 
Therefore, we have 
274+4-2+12=0 
= A=8 
x+Axtp=0 
=> x? +8x+p=0 wi) 


But Eq. (i) has equal roots. 


D=0 
=> 87 - 4-1-1 =0 
=> WW =16 
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15. We have, 


16. 


17. 


Vx+Jx-Ja-x) =1 
> jx-yi-x =1-vx 


On squaring both sides, we get 
x-Jl—x=1+ x —2Vx 
> “ yi-x =1-27x 
Again, squaring on both sides, we get 
1-x=14 4x-4Vx 


4/x =5x 

> Vx= : [on squaring both sides] 
~ me 
Zo 


Hence, the number of real solutions is 1. 


Let x= 7 + 77+ qi —.,,00 


> x= A + yi-x [on squaring both sides] 
= x -7=/7-x 
=> (x?-7)?=7-x (again, squaring on both sides] 
> x‘ -14x?+ x + 42=0 
=> (x -3)(x? + 3x” -5x-14) =0 
=>  (x-3)(x+2)(x?7+x-7)=0 
= weg ag cides 
x=3 [ox >7] 


Let y =2(k — x) (x + (x? + k’) 
> y —2(k— x)x =2(k - x) y(x + k*) 


On squaring both sides, we get 
=> y? + 4(k—x)?x? - 4xy (k— x)= 4(k— x)" (x? +k’) 
> y? — 4xy (kx) =4(k — x)°k? 


. => 4(k? —y) x? — 4(2k? — ky) x-—y? + 4k* =0 


18. 


Since, x is real. 
‘ D20 


=> 16 (2k? — ky)? — 4-4 (k? — y) (4k* -y”) 20 


(using, b? — 4ac 2 0] 
=> 4k° + ky? — akty -—(—k’y? + 4k° + y? — 4yk*) 20 


=> 2k’y? -y?20 
=> y” (y — 2k’) $0 
y $ 2k? 
2 
We have, age Tek 23. y ER 
3 x°+2x+4 


19. 


20. 


21. 


22. 
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Let y = —————____ =¥ 
9-377 6-37 +4 (3*%*')?-2.3%*' 44 
2 
t'+2t+4 
= ————, where t =3**! 
t? —2t+4 


=> (y-1)f? -2(y + 1) t+ 4(y-1)=0 
By the given condition, for every t € R, 


1 
-<y<3 wd 
a (i) 


But t=3"*!>0 


We have, product of the roots = 4 > 0, which is true. 
2(y +1) >0 
(y-1) 
yt+l >0 
yal 
y €(- =, -1) U (1, ») 
From Eqs. (i) and (ii), we get 
1<y <3 
Since a, B and y are the roots of 
(x —a)(x-—b)(x-c)=d 

=> (x-a)(x-b)(x-¢)-d=(x -a) (x —B)(x—¥) 
=> (x-a)(x-B)(x-y) +d =(x-a)(x—b)(x-c) 
=> a,b and care the roots of 

(x -a)(x—B)(x-y)+d=0 
Since, all the coefficients of given equation are not real. 
Therefore, other root #3 + i. 
Let other root be a. 


And sum of the roots = 


ii) 


Then, sum of the roots = EE 
i 
=> a+3-i= a 
i 
=> Q+3-i=2-2i 
os a=-1-i 
We have, [{x] -—2x] =4 
=> |[x]-2([x] + {x} =4 
= I[x] + 2{x}] =4 
which is possible. only when 
2 {x} =0,1 


If {x} = 0, then [x] =+ 4and then x=—4,4andif {x} =<, 


then 
[xJ+1=+4 
=> {x} =3,-5 
x=34 5 and-5+> 
9 9 
> pte Sy pee 
2 2 22 


We know that, x” + x + 1is a factor of ax? + bx? + ox + d. 


Hence, roots of x? + x + 1 =Oare also roots of 


ax? + bx? + ex + d = 0. Since, @ and w’ 
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23. 


24. 


25. 
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/ “\ 
1 3 
| where @ =- ; + =) are two complex roots of x+ x +1=0. 


Therefore, ® and w’ are two complex roots of 
ax? + bx? +ex+d=0. 


We know that, a cubic equation has atleast one real root. Let 
real root be a. Then, 


er d 
a-@-0°=-— >as-— 


a a 
Wehave, (5x? -8x +3) — (5x 9x + 4) 
= lex? —2x) - lax? -3x +1) 
= 2x (x =1) - yx -1)(x-1) 
= x—1 (5x —3 - 5x —4)= x1 (Vex ~ J2x-1) 


=> x-1=0 
=> x=1 
We have, (a+ Vb) (a-vb) =a? -b=1 [given] 
(a+ Vb)" ~5 + (a- Vb)” 8 = 20 
> (a+b) + —___ = 2 
(a+-b)* -15 
Let y=(at Jb)" “ae 
= y+-=2a = y?—2ay+1=0 
y 
2 + 4 24 
— yo~~ sas a’ -1 
y=at vb =(a+ vb)*? [-a?-b=1] 


= (a+ vb)" “5 =(a + ¥b)*? 


x?-15=+1 
= x? =1541 = x? =16,14 
= x=i44J14 
We have, x*—xy t+ y?=4(x+y—-4) 


=> x?-x(y+4)+y?—4y+16=0 

xeER 

(-(y + 4))? — 4:1-(y? - 4y + 16) 20 
{using, b? — 4ac > 0] 

= y? + By + 16 - 4y? + l6y —6420 

3y* —24y + 4850 

=> y’-8y+16S0 = (y-4)’s0 


y 


(y — 4)’ =0 
.” y=4 
Then, x? -4x4+16 =4x+ 4-4) 
x’? -8x+16=0 
(x- 4)? =0 
x=4 


Number of pairs is 1 i.e., (4, 4). 


26. 


27. 


28. 


Since, 3789108 is an even integer. Therefore, x* — y* is also ar 


even integer. So, either both x and y are even integers or both 
of them are odd integers. 


x! —y‘ =(x—y) (x+y) (x? + y’) 


=> x—-y,x+y,x? + y’ must be even integers. + 


Now, 


Therefore, (x — y) (x + y)(x* + y?) must be divisible by 8. But 


3789108 is not divisible by 8. Hence, the given equation has no 
solution. 


“. Number of solutions = 0 


We have, x? +ax+1=0 
or x! + ax? + x=0 we 
and x‘ +ax?+1=0 Ai, 


From Eqs. (i) and (ii), we get 

x-1=0 
=> x=1 
which is a common root. 
¥ 1+a+1=0 
=> a=-2 
“*(1—a’) x? + 2ax-1=0 


Let 


a 


The following cases arise: 
CaseI D20 


_ 4a? 4 
(1-a’)’ (1-a’) 
= 4a” + 4— 4a? 
(1 -a’)’ 
= : 20 [always true] 
(1- a’)? 
Case Il f(0) >0 
=> i adiy? ee 
= 1-a’ <0 
“ a €(—, —1) U(1, &) 
Case III f(1) >0 
= ig : 


iy ine) 
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29. 


2 oe 2 
- l-a te 1 0 a 20 
(1 -a*) l-a 
~ + 
-1 0 1 2 
- a(a—2) . 
(a + 1)(a-1) 
a €(—-~, —1) U(0, 1) U (2, ©) 
Case IV 0 < x-coordinate of vertex <1 
=> 0<- : <1 >0< ; <1 
2(1 —-a’) a“ —1 
> Page ged i= seo 
(a + 1)(a-1) a ~1 
a 
—___.—— > 
(a + 1)(a-1) 
+ 
- /-1 0 1 
= a €(-1, 0) U(1, ») 
( ne bese) 
a- 5 a- 5 
and a 
(a + 1)(a -1) 
A aK te 
-| 1-V5 1 1+V5 
2 2 
and ae(-~,-1)U Si) (-} 
\ 2 2 4 
1~5 ) sabes 
ae ,0;U yo 
re ae ae 
Combining all cases, we get 
a>2 
Wehave, x-—J1-|x| <0 
which is defined only when 
1-|x|20 
=> |x| <1 
=> xeé[-1,1] 
Now, from Eq. (i), we get 
x<J/1—|x| 
CasellIfx20,ie,0SxS1 
x—j(1 -{x|) <0 
= x<(1- x) 
On squaring both sides, we get 
x°+¢x-1<0 
aoa er 
=> <x <—— 
z Z 
But x20 


30. We have, (a-2b — 2c-a) (2c-c — b-2b) =(ba — ca)? 
=> 2a (b —c)-2(c? — b”) =a*(b —c)” 
=> 4a (c — b)(c + b) =a*(b -—c) bee] 
=> 4a (c + b) =-a’ 
=> ; at+4b+ 4c=0 
31. 0<a<b<c,a +p=(-5}andop =£ 
a a 
For non-real complex roots, 
b? — 4ac <0 
e 2 
= ms - se <0 
a” a 
= (a + B)? - 408 <0 
= (a -B)? <0 
0<a<b<c 
.”. Roots are conjugate, then |a| =|B| 
But ap = = 
a 
|aB| = {l54 pracentoy| 
a a 
=> || [Bl >1 
=> lo|? >1 or ja >1 
32. Given equation is 
Ax’? -|G|x-H=0 ..(i) 
Discriminant =(—|G|)* — 4A (- H) 
=G’ + 4AH 
=G’ + 4G" [. G? = AH] 
=5G’ >0 
.. Roots of Eq. (i) are real and distinct. 
F Aw ts ieeclrs aH “> 0 
a 
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rejott) 
2 
Case Il If x < 0,ie.,,-1S x <0 

x— (1+ x) <0 


> x<vlt+x 
x €[-1, 0) 
Combining both cases, we get 


[ a 
2 


si 


183 


{always true] 


[.: a and b are two unequal positive integers] 


Let wand 6 be the roots of Eq. (i). Then, 


atpallso 
A 
and iis a0 
A 
A A 
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IG] + Gv5 
a =——— > 0 
2A 
and gl G5 -, 
2A 


Exactly one positive root and atleast one root which is 
negative fraction. 


. It is clear from graph that the equation y = ax” + bx + c =0 
has two real and distinct roots. Therefore, 
b? — 4ac > 0 sec} 
‘: Parabola open downwards. 
; a<0 
andy = ax’ + bx + ccuts-off Y-axis at, x = 0. 


y=c<0 
=> c<0 
and x-coordinate of vertex > 0 
=> - ca >0 => £ <0 . 
2a a 
=> b>0 [a <0] 


It is clear that a and b are of opposite signs. 
. Let y =ax* + bxt+c 


Consider the following cases: 


CaseI D>0 

=> b? — 4ac > 0 
Case II af(-—2) <0 

=> a(4a-2b+c)<0 
=> 4a-2b+c<0 
Case Ill af(2) > 0 

=> a(4a¢ 2b+c)>0 
= 4a+2b+c>0 


Combining Case II and Case I, we get 
4a + 2|b|+c<0 


Also, at x = 0, 


Also, since for —2 < x <2, 


y<0 => c<0 


y <0 
=p ax’ + bx +0<0 
For x =1, a+b+c<0 ...(i) 
and for x =—1, a-b+c<0 ...(ii) 


Combining Eqs. (i) and (ii), we get 
a+|bl+c<0 : 


35. Put x’ =y. 


Then, the given equation can be written as 
fly) =ay’ + by+c=0 ..{i) 


The given equation will have four real roots, i.e. Eq. (i) has two 
non-negative roots, 


Then, 55 

a 

af(0) 20 

and b? - 4ac>0 [given] 
=> LP, 

a 

ac 20 
=> a>0,b<0,c>0 
or a<0,b>0,c<0 


a 
- Let the roots be —, a andar, wherea>0,r>1 
r 


.. Product of the roots = 1 


a 
—'a-ar=1 
7 
=> a’ =1 
a=1 [one root is 1] 


1] 
Now, roots are —, 1 andr. Then, 
r 


ere 
" 
1 
=> -+tr=-b-1 Ai) 
f 
r+ oe 
r 
=> -—b-1>2 
=> b<-3 [from Eq. (i)] 
or b E(—%, —3) 
1 1 
Also, —ltlrtr--=c 
r r 
=> es, * [from Eq. (i) | 
r 
b+c=0 


1 
Now, first root = - <1 [‘. one root is smaller than one] 
r 


Second root = 1 
Third root=r>1 [. one root is greater than one] 
We have, f(x) =ax? + bx + 

a,b,ceR [a #0] 


On putting x = 0, 1, ; we get 


|c| $1 

ja+b+clS1 
1 1 | 
and -at+-—-b+clS1 
4 2 
=> -1$c$l, { 
f 
~1Sat+bt+ceS1 
and —4Sat+2b+4cS4 
=> —-4S4a+4b+4c¢54 : 
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On adding, we get Option (iia heeo= 20 
—-8S3a+2b <8 2a 
Also, -8Sa+2bS8 | or a<0,c<0,b <0 
é, ~—16 $2a <16 x abc <0 
= jal <8 41. Here, DS0 
: -1<$-cS1,-8<S-as8 and f(x)20,VxeER 
We get, —16 $2b $16 a f3)20 
lal + [b+ el $17 ee aa a 
=> mum value of 3a + bis — 
-5+ = = 
90 es. oe 5+ 25 + 1200 _ Bre? 30, 40 aaa f(6)20 
au ee = 36a +6b+620 
5 5 => Minimum value of 6a + b is —1. 
But -1<x<0 42. Since, f(x) = x? + 3x? -9x + A =(x—a)(x—-B) 
ee [lies in 0 and I quadrants] . @ is a double root. 
5 ”. f(x) = 0 has also one root a. 
. 2 aa 
dose [lies in If quadrant] ie. 3x° + 6x —9 = Ohas one root a. 
2 x°+2x-3=0 or (x+3)(x-1)=0 
: 3 — 
cea [lies in IM quadrant] has the root a which can either —3 or 1. 
ii Ifo. = 1, then f(1) = 0 gives 1-5 =0=A =5. 
sin 24 =2-sina- ae Ifa =~—3, then f(—3) = 0 gives 
—27+27+27+A=0 
[lies in I quadrant] -_ 4 2299 


sin 20, = 2-sind - cosa == [lies in I quadrant] 43, Wehave, D=(b-c)’-4a(a—b~c)>0 


=> b? +c? —2bc — 4a” + 4ab + 4ac >0 


39. "a4+2b+4c=0 ° 
=> c?+(4a—2b)c- 4a? + 4ab+b?>0,VceR 


a (‘) te i(*) +¢c= Since, c € R, so we have 
(4a —2b)* — 4(- 4a? + 4ab + b*) <0 


It is clear that one root is - = 4a” — 4ab + b* + 4a” - 4ab-b* <0 
1 b ”> a(a-b)<0 
Let other root be a. then, Coa = ife So tena Pe0 
a 
ie. 0<a<b 
1 b 
si eS a or b>a>0 
which depends upon a and b. Ifa< 0, thena-—b>0 
40. «: Cut-off Y-axis, put x = 0, ie. f(0) = i.e. O>a>b 
ve Ss, put x = 0, Le. =c a peat 
Option (a)a<0,¢<0,-—-<0 44, We have, x? —ax? + bx -1=0 ..(i) 
- 2, R2 2 
=(a+ ~2 (a8 + 
or a<0,c<0,b<0 Then, 0° +B? +7 =(a +B +7) ~2(aB + By + yo) 
=a’? —2b 
abc <0 


a8? + By’ + y’o? =(aB + By + yo)’ 


Option (b) eT eee 
2a — 2aBy(a + B + y)=b" —2a 


or a<0,c>0,b5>0 | and apy? =1 
j abc <0 Therefore, the equation whose roots are a, B? and y’, is 
Opuan(c)aeliet-- oe x? -(a? —2b) x? + (b? -2a) x-1=0, ...(ii) 
or a>0,c>0,b<0 Since, Eqs. (i) and (ii) are indentical, therefore 
Per a’? —2b=a and b*-2a=b 
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Eliminating b, we have 


(a* —a)* jee 
=> a {a(a-1)°~8—2(a-1)}=0 
=> a(a° —2a* ~a—6)=0 
= a(a-3)(a7+a+2)=0 
= a=Oora=30r a? +a+2=0 
=> b=0or b=3 
or b?+b+2=0 

a=b=0 
or a=b=3 
ora and bare roots of x° + x +2=0. 
45. Here, D>0 


b? — 4ac > 0 
or b? > 4ac 
and f(0) <0 
=> c<0 

f(1) <0 

=> a+b+c<0 
f(-1) <0 

=> a-—b+c<0 
f(2) <0 

=> 4a+2b+c<0 
f(-2) <0 

= 4a -2b+c<0 


From Eqs. (i) and (ii), we get 
c <0, b? — 4ac >0 
From Eqs. (iii) and (iv), we get 
a-|bl+c<0 
and from Egs. (v) and (vi), we get 
4a -2|b]+c<0 
Solutions (Q. Nos. 46 to 48) 
73x42 
_ ym wet 3x 
2x°+3x+2 
=> 2x*y4+3xy + 2y =2x? -3x+2 
=> 2(y -1) x? +3(y+ 1)x+2(y-1)=0 


AsxeR 

D20 
=> 9(y +1)? —4-2(y -1)-2(y-1) 20 
= 9(y +1)’ -16(y -1)? 20 
=> (3y + 3) -(4y —4)° 20 
=> (7y -1) 7-y)20 


> (7y -1)(y -—7) $0 
1 
-~<ys7 
a4 
1 
G=7and L=- 
is 
GL=1 
Gi 4 100 100 100 
Now, Get! 5G) => cle 
2 2 
=> GM sree 


46. Least value of G'™ + 1!” is 2. 


47. The quadratic equation having roots G and L, is 
x? ~(G+ L)x+GL=0 


=> x? - a +1=0 
7 
=> 7x* -50x+7=0 
48. We have, Pepes’ 
\2 
=> (2) ahey 
7) 
1 
= —<A’<49 
49 
...(i) => A =1,2,3,...,48asX EN 
“. Sum of all values of A =1+243 +...+ a anit 
...(ii) 2 
Solutions (Q. Nos. 49 to 51) 
..-(iii) Let roots be a, B, y,5 > 0. 
eA a+P+y+65=12 
..(iv) (2 +B) (y+) +08 + y5=c 
aB (y+ 5)+ y5(a +B) =-d 
...(V) apyd =81 
. -  pAMettB+7+6_. 
...(vi) 4 


and GM =(@By¥8)'% =@1)'4 =3 
AM=GM 

=> a=Bp=y=6 =3 
49. c=(a + B) (y+ 5) +08 + 75 

=(3 +3) (3+ 3)+3-3+3-3=36 + 18 =54 
50. «a8 (y + 8) + yY5(a +B) =-d 

d =- {3-3-3 + 3) + 3-3-(3 + 3)} =— 108 
d __(-108) _, 


51. Required root = - — = = 
2c 2x54 


Solutions (Q. Nos. 52 to 54) 
Given that, AC = 472 units 


AB wpe” =a 
V2 
and OB = .{(BC)* — (OC)? 
—- 1} 
= y(4)? - v2)? : OC -< 


= 2/2 units H 
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ree moa: 


. Vertices are A =(— 2v2, 0), 

B =(0, 272) 

C =(2V2, 0) 

52. Since, y = f(x) = ax? + bx + c passes through A, Band C, then 
0 =8a —2V2b + ¢ -2V2 = 

0 =8a + 2V2b +c 


and 


and 


We be Oa se andc =~ 2/2 


22 
x? a 
= =—= —2vV2 
y = f(x) ar 
2 
53. Minimum value of = + -2)2 is at x=0. 
ue of y aa i 
‘ (min =~ 202 
54. f (x) =0 
2 
=> =~. -2/2 =0 => x=+2V2 
2/2 
Given, -2/2 <<a 
or 24,2 24 242 
Initial values of A are 


-5, — 4, -—3, —2, -1, 0, 1, 2,3, 4,5. 
.. Number of integral values is 11. 


Solutions. (Q. Nos. 55 to 57) 


We have, (a -B)=(a + k) -(B + &) 
as Jb" 7 4c _ yb? — 4c, 
1 1 
> b? -4c= b? — 4c, .. (i) 
1 (b° — 4c) 1 


> b? -4c=1 
b? - 4c =1=b? — 4c, {from Eq. (i)) ...(ii) 


i 7 
Also, given least value of g(x) occurs at x = 7 


pet 
2x1 2 
fe 4 b=-7 
56. Least value of g(x)=- t=“ 2 [from Eq. (ii)] 
57. + g(x) =0 
x +bx+e =0 
ws _—b, £ ybf - 4¢, 
7 2 
oie 2a 
2 


«. Roots of g(x) =0 are 3, 4. 
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Solutions (Q. Nos. 58 to 60) 


58. 
59. 
60. 


Let f(x) = ax’ — bx + c has two distinct roots & and B. Then, 
f(x) =a (x -@) (x —B). Since, f(0) and f(1) are of same sign. 
Therefore, c(a-—b+c)>0 
= c(a-b+c)21 
a’ of (1-a)(1-f) 21 

fy ui 

\2 =) 4 


a” of (1 —@) (1 _p)<% 
16 


a’ 


=> —>1 > a>4 
16 
=> a2S5asael! 
b? — 4ac 20 
= b? > 4ac > 20 


=> b25 
Next, a25,b 25, we getc21 
: abc 225 

log, abc 2 log,25 =2 


But 


[a +B] 


Least value of a is 5. 
Least value of b is 5. 
Least value of log, abc is 2. 


Solutions. (Q. Nos. 61 to 63) 


67. 


62. 


63. 


Let o, Band y be the roots of 2x° + ax’ + bx + 4=0. 


a+Bty=—— 


aB + By + ya == and afy=-2 


** AM 2GM 
& a) bg (= B) 3 (= Y) > {(- a) (- B) (- a 
3 


a 


=> 2 say" 
a 26(2)? ..(i) 
or a’ > 432 
Hence, minimum value of a? is 432. 
**° AM 2 GM 
(-a)(-B) +B) +Cn-) 
3 
> {(- a) (-B) (-B)(-y) (- (a)? 


=> “2 >(4)"3 


=> b>6(4)? ...(ii) 
or b> > 864 


Hence, minimum value of b° is 864. 
From Eggs. (i) and (ii), we get 
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=> ab 236x2 
ot et UL +b -_ 
—— 2 vab 2 6v2 = >6V2 


a+b212V2 


or (a+b)? 23456V2 


Hence, minimum value of (a + b)’ is 3456V2. 


Solutions (Q. Nos. 64 to 66) 


a+B+y+5=-A (i) 
(a + B) (y+ 5)-+ ofB + YO=B .-.(ii) 
af (y+ 8) + y5(a +B) =-C ...(iti) 
and aBy5 = D ...(iv) 
64, - C _aB (y+ 5) + 8 +8) 
- A a+B+y+8 
_k(y+8)+k@+B) eat 
 aepeyts ieee =F 
=k ...(v) 
65. From Eq. (ii), we get 
(a + B)(y+8)=B-(OB+ yS)=B-2k = [- of = 5 =k] 
66. From Eq. (iv), we get 
ays = D 
= k-k=D [. aB = 7 =k] 
2 
= (<} =D [from Eq. (v)] 
C’=A"D 


67. 


The given equation is|x —2|? + |x —2|-2=0. 
There are two cases: 
Case If x 22, then(x - 2)? + x-2-2=0 


=> x? —3x=0 
=> x(x-3)=0 
=> x=0,3 
Here, 0 is not possible. 
‘e x=3 
Case Il If x <2, then 

(x -2)? -x+2-2=0 
= x? ~5x+4=0 
=> (x -—1)(x-4)=0 
=> x=1,4 


Here, 4 is not possible. 
ee x=1 
.. The sum of roots = 1+ 3 =4 


Aliter 

Let |x -2|=y. 

Then, we get yy +y-2=0 

= (y-1)(y+2)=0 => y=1,-2 


But — 2 is not possible. 
Hence, |x-2)=1 > x=1,3 
.. Sum of the roots=1+3=4 


68. 


69. 


70. 


71. 


We have, 
(5 + V2) x? -(44+-V5) x +8 + 2V5 =0 


445 


.. Sum of the roots = ———= 
5+ +2 


and product of the roots = ata 
+ 


2 
..The harmonic mean of the roots 


2X Product of the roots 2x(8+ 2V5 )_ 4 


Sum of the roots (445) — 

Let x? —ax +30=y 

y =2fy +15 ..(I} 
=> y* —4y -60=0 
= (y — 10) (y +6) =0 

y =10,-6 

=> y=10,y #-6 [. y > 0] 
Now, x? —ax +30=10 
> x? —ax+20=0 
Given, aB =A =20 

SP > Jap = V20 
=> a +f 22/20 
or w= 4/5 


.. Minimum value ofp is 4v5. 
w= 4V¥5 =89 => (1) =9 


swt a[eo2) (et) 2 
x 


x 


i.e., 


la 
Hence, minimum value of _ is 6. | 


a+b=2c wi) 
ab =—5d (i 
c+d=2a Ci 


cd =—5b...{iv) | 

From Eqs. (i) and (iii), we get | 
at+b+c+d=2(a+c) 

atc=b+d eal ¥" 
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From Eqs. (i) and (iii), we get 


b-—d=3(c-—a) 
Also,aisarootof x? —2cx —5d =0 
a® ~2ac~5d =0 
And c is a root of 


From Eqs. (vii) and (viii), we get 
a’ —c* -5(d —b)=0 


=> (a+c)(a-c)+5(b-—d)=0 
> (a +c) (a—c)+ 15(c—a)=0 
=> (a —c)(a+c—15)=0 


at+c=i15,a-—c#0 
From Eq. (v), we get b+ d =15 
atb+c+d=atct+b+d =15+15=30 


| 
c? ~2ac —5b = 0 


= Sum of digits of a+ b+c+d=3+0=3 
fz. 2 _ x n3xte 
x +3xt+e 
xy -1) +3x(y +1) + c(y-1)=0 
xeR 
9(y +1)? ~ 4c(y -1)? 20 


(2Vcy -2Vc)* -(3y +3) $0 


> 


x ave -3 . ers 
ave +3 2vc -3 
But given, ae +3 _, 
2vc —3 
= ave +3 =14Ve -21 
or 12Ve =24 or Ve =2 
a e=4 
73. We have, V2 = y{(x-1) + (x -2)" = ¥5 


= |x|-|x—1]+|x-4=v5 


Casel If x < 0, then : 
—-x+t (x -1)-(x-2) =v5 
x=1- V5 

Case Il If 0 < x <1, then 

x+(x-1)-(x-2) =45 
x = V5 -1, which is not possible. 
Case IIl If 1 $ x <2, then 

x—(x-1)-(x-2)=V5 
x=3- V5, which is not possible. 


=> 


=> 

Case IV If x > 2, then 
x-(x-1)+(x-2)=¥5 | 

> x=1t¢5 


Hence, number of solutions is 2. 


...{vi) 


.- (vii) 


...(viii) 


[from Eq. (vi)] 


= {(2ve + 3) y —(2ve -3)} {(2ve - 3)y —(2ve + 3)} $0 
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74. °. (1+ i) x? +(1-i) x-2i=0 
=> eal! 
(l+i) (1+i) 
=> x? -ix-(1+i)=0 
a+ =i, andof =-(1 + i) 
a -B = (a +B)’ - 408 = Ji? + 4(1 + i) = (G+ 4i) 
ja -B] = 9 + 16 = V5 
ja - Bl’ =5 
75. ° 4x* —l6x+c=0 
=> x? -4x+2=0 
4 
Let fix)= x? 4x42 


76. 


Then, the following cases arises: 


Case I D>0 

=> 16-—c>0 

as c< 16 

Case II f(l)>0 

= ioae= a 
4 

=> £33 
4 

aA c>12 

Case III f(2)<0 

=> 4-8+ <0 
4 

=> E24 
4 

2: c<16 

CaseIV f@)>0 

7" 9-124 —>0 
4 

> B 8 
4 

=> c>12 


Combining all cases, we get 

12<c<16 
Thus, integral values of c are 13, 14 and 15. 
Hence, number of integral values of c is 3. 


We have, r+s+t=0 sail) 
1001 et 
mt+stt+tr= a (ii) 
2008 
and “aS =-251 ...(ili) 
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Now, (r+s)+(s+t) +(t+r)=(-t)' +(-r)*> +(-s)? 
(erts+t=0] 
[-r+s+t=0] 


=-(P+r4+s°)=-3rst 
=—3(-251)=753 


Now, 99 A=(r+s)+(s+t) +(t+r)=753 


(A]=7 
A- (r,s); B — (p,q.r,s,t); C — (p,q. t) 
x? -2x+4 
x7 + 2x44 
=> x7 (y-1)+2(y+1)x+4(y-1)=0 


As x € R, we get 


(A) We have, y = 


D20 
4(y +1)? -16(y -1)? 20 
3y? -10y +3 $0 
(y -3)Gy -1) $0 
1 
-SySs3 
aad 


Y uy dy 


(B) We have, yon 

x" +4x4+2 

=> xy —2)+ Hy —1) x+2y-1=0 

As x€ R, we get ; 
D20 


=>  16(y—1)?-—4(y—2)(2y—-1)20 
=> 4(y —1)* -(y —2)(2y -1) 20 
=> 2y* —3y +220 
=> yr-iy +120 
\2 
| 7 
=> --} +—20 
[» 4} 16 
yeR 
—3x+ 
(C) We have, ne stl 
x=3 
= x? -(3+ y)x+3y+4=0 
Asx eR, we get 


D20 > 3+ y)* —4(Gy + 4) 20 


=> y? —6y -720 = (y+ 1)(y-7) 20 


= y €(- 9, - 1] U[7, ©) 

A-> (q,1,8); B (p); C— (q) 

(A) -"(d +a—b)’ +(d+b-c)’ =0 

which is possible only when 
d+a—-b=0,d+b-c=0 

=> b-a=c-—b 

=> 2b=at+c 

.. a,b andcare in AP. 


79. 


a(b-c)+b(c—a)+c(a-—b)=0 
“. x =1is a root of 
a(b—c)x’? + b(c—a)x+c(a—b)=0 
Given, roots [Eq. (ii)] are equal. 


1H SO — 4) 
a(b-c) 
= a(b-c)=c(a—b) 
Zac 
or b= 
atc 


“. a, band care in HP. 
From Egg. (i) and (ii), we get 


a=b=¢ 
”. a,bandc are in AP, GP and HP. 
(B) «. x°-3x? +3x-1=0 
= (x-1)° =0 


x=1,1,1 
= Common root, x =1 
a(1)?+b(1)+ce=0 
a+b+c=0 


= 
(C) Given, bx? + (y(a +c)’ + 4b?) x+(a+c)20 


Ds0 
=> (a+c)* + 4b? ~4b(a+c) <0 
=> (a+c—2b)? <0 
or (a+c—2b)* =0 

a+c=2b 


Hence a, band care in AP. 
A~ (q,1,8,t); B (q,r); C> (p,q) 
(A) We have, y= ae ies 
3x-—4x° +a 
=> x*(a+ 4y)+3(1—y)x—(ay + 4)=0 
As x ER, we get 

D20 
= 9(1-y)’ + 4(a + 4y) (ay + 4) 20 


=> (9 +16a) y? + (4a7 + 46)y + (9+ 16a)20,VyeER 
= If9+16a>0,thenD<0 

Now, Ds0 
= (4a? + 46)? — 4(9 + 16a)’ $0 
=> 4 [(2a? + 23)? —(9 + 16a)*] <0 
=> [(2a” + 23) + (9 + 16a)][(2a” + 23) —(9 + 16a)] <0 
=> (2a? + 16a + 32) (2a? — 16a + 14) $0 
= 4(a + 4)’ (a*-8a +7) <0 
=> a* -8a+7S0 
=> (a-1)(a-7)<0 
= 18as7 


=> 


9+16a>Oand1Sas7 


1sas7 


A 


WWW.JEEBOOKS.IN | 


2 

(B)Wehave, y ase 
at+x-2x 

=> x’ (a + 2y) + x(1-y)-(2+ ay) =0 


As x €R, we get 


D20 

> (1-y)? + 4(2+ay) (a +2y) 20 
=> (1+ 8a) y” + (4a? + 14) y + (1+ 8a) 20 
=> If1+8a>0, then D<0 
= (4a? + 14)? -4(1 + 8a)’ <0 
=> 4 (2a? + 7)? -(1 + 8a)" <0 
=> [(2a” +7) +(1 + 8a)][(2a” + 7) -(1 + 8a)] $0 
> (2a* + 8a + 8) (2a7—8a + 6) <0 
= 4(a + 2)? (a’— 4a +3) $0 
= a? - 4a +30 
> (a-1)(a-3) <0 
=> 1sas3 
Thus,1+8a>0and1<a<3 
> 1sas3 
(C) We have, eck SDE 

x" + 4x + 3a 
=> x*(y —1) +2(2y -—1)x + a(3y -1) =0 
As x ER, we get 

D20 


=> 4(2y -1)? -—4(y -1) ay -1) 20 
=» (4-3a)y* —(4-4a)y +(1-a) 20 
=> If4-3a>0,thenD<0 
> (4 - 4a)’ — 4(4-3a)(1-a) $0 
= 4 (2—2a)? - 4(4-3a)(1-a) $0 
=> 4+ 4a” —8a —(4-7a + 3a’) <0 
= a’-as0 
> a(a-1)s0 
> 0<aSil 
80. A > (p,q,x,8);B (p,q); C > (s) 
(A)Let y= f(x)=x°-6x7+9x+A 
f (x) =3x? -12x+9=0 
x=1,3 
f(x) =6x -12 
fl) <0 and f"(3)>0 


Also, f(0)<0 => A<0 


(i) 


81. 
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f(i)>0 
= 1-6+9+A>0 
=> A>-4 
and f(3)<0 
=> 27-54+27+A<0 
=> <0 
From Eqs. (i), (ii) and (iii), we get 
-4<X.<0 
=» "  @3 <A +11 
[X + 1) =-3,-2,-1,0 
|{A + 1]| =3, 2,1, 0 
(B):- x+x+1>0,VxER 
Given, se es 
x°+x+1 


=> ~3x? -3x-3< x7 -Ax-2<2x7 +2x4+2 


=> 4x? -(h-3)x+1>0 
and x?+(N+2)x+4>0 

(A -3)? -4-4-1<0 
and (A +2)? -4:1-4<0 
= (A -3)°-4? <0 
and (A +2)? - 47 <0 
=> -4<A-3<4 
and -4<A+2<4 
or -1<\ <7 
and” -6<A <2 
We get, -1<A <2 
*. [A] =-1,0,1 
> [A] =0, 1 
(Cys (b-c)+(c-—a)+(a-—b)=0 


“. X=1is a root of 
(b—c)x? +(c-a)x+(a—b)=0 
Also, x =1 satisfies 
xe+Axt+1=0 


=> 1+A+1=0 
4 N=-2 
Now, A-1=-3 

[A -1]=-3 
= I[A -1}| =3 


191 


.- (ii) 


...(iii) 


If quadratic equation ax* + bx + c = Ois satisfied by more than 


two values of x, then it must be an identity. 
Therefore, a=b=c=0 

.. Statement-2 is true. 

But in Statement-1, 


Then, 


which is false. 


Since, at one value of p or q or r, all coefficients at a time # 0. 


.. Statement-1 is false. 
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82. Wehave, x? +(2m+1) x+(2n+1)=0 (i) 
mnel 
D=b? ~ 4ac 


83. 


84. 


85. 


=(2m + 1)? — 4(2n + 1) 
is never be a perfect square. 


Therefore, the roots of Eq. (i) can never be integers. Hence, the 
roots of Eq. (i) cannot have any rational root asa =1,b,c € J. 
Hence, both statements are true and Statements —2 is a correct 
explanation of Statement-1. 

Let a be one root of equation ax” + 3x +5 =0. Therefore, 


1 § 

Qe—-=- 

a a 

5 

=> 1l=- 
a 

=> a=5 


Hence, both the statements are true and Statement-2 is the 
correct explanation of Statement-1. 


Letrootsof Ax’ + Bx?+Cx+D=0 .»(i) 
area —B,a, a + B (in AP). 
Then, (a -B)+a+(a+B)=-— 

B on 4 : 
= a = — —, which is a root of Eq. (i). 

3A 
Then, Aa’ + Ba? +Ca+D=0 

\3 
= a(-2) +3(-2) +c(-2\+p= 0 
3A) 3A) \ 3A 
3 3 

. st apes 

27A 9A 3A 
=> 2B* —9ABC + 27A°D =0 
Now, comparing with 2B? + k,ABC + k, A*D =0, we get 

k, =—-9,k, =27 
k, —k, =27 —(-9) =36 =6" 
Hence, both statements are true and Statement-2 is a correct 
explanation of Statement-1. 
“x4yZER 
x+y+z=6 (i) 

and xyt yz + 2x =8 ...(ii) 
=> xy + (x+y) {6-(x+ yp =8 [from Eq. (i)] 


=> xy + 6x + by —(x? + 2xy + y”) =8 


or y? + (x—6)y + x" -6x+8=0 
(x —6)? — 4-1-(x? -6x+8)20,VyeER 
=> —3x7 +12x4+420 or 3x -12x-450 
4 4 
or 2-—sSxs2+— 
V3 3 
[, 4 4 | 
Or xé;2-—,2+— 
owe | 
[ 4 4 | 
Similarly, €);2-—,2+ = 
y xe B 3 | 


86. 


87. 


88 


[ 4 | 
zej2—-— fa ,2t+ 

l EI 
Since, Eqs. (i) and (ii) remains same, - x, y, z interchange thei 
positions. 
Hence, both statements are true and Statement-2 is a correct 
explanation of Statement-1. 


and 


Let y =ax*+ bx +c 


oe . 3ax°+b 
dx 
‘ -_ dy 
For maximum or minimum os = 0, we get 
x=tJ- a 
3a 


dy 
Case llfa>0,b > 0, then >0 
dx 
In this case, function is increasing, so it has exactly one root 
dy 
Case Il Ifa < 0,5 <0, then — <0 
dx 
In this case, function is decreasing, so it has exactly one root. 
Case Wa>0,b<Q0ora<0,b>0,theny =ax?+ bx +cis 
maximum at one point and minimum at other point. 
Hence, all roots can never be non-negative. 
.Statement-1 is false. But 
Coefficient of x” 
Suni of 10 =i 
Coefficient of x 
i.e., Statement-2 is true. 


Statement-2 is obviously true. 


But y =ax’ + bx + 
ol 
y=alx°+—x+— 
a a 
\2 
nol(++ +) a | [where, D =}? - 4a¢] 
| 2a 4a” | 
( by _ 1, D\ 
=> x+ y+ aa] 
a 4a 
Let sl oats oes 
2a 4a 
Xtaly 
a 


b 
Equation of axis, X = Oi.e. x + Ss 0 
a 


2ax + b=0 
Hence, y = ax” + bx + c is symmetric about the line 
2ax + b=0. 


“. Both statements are true and Statement-2 is a correct 
explanation of Statement-1. 


“7(1 + m) x? —2(1 + 3m)x + (1 + 8m) =0 
- D=4(1+3m)* —4(1 + m) (1+ 8m) = 


or 


4m (m—3) 


(i) Both roots are imaginary. 
; D<0 
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=> 0<m<3 

or me€(Q,3) 
(ii) Both roots are equal. 

& D=0 

=> 4m(m —3)=0 

=> m=0,3 
(iii) Both roots are real and distinct. 

‘ D>0 

=> 4m(m-—3)>0 

=>° m<0orm>3 


m & (— -, 0) U (3, 29) 
(iv) Both roots are positive. 
Case I Sum of the roots > 0 


2 (1 +3m) 
=> lh oid EY 
(1 + m) 
1 
= met-=-1u(-1] 
3 
Case II Product of the roots > 0 
es (1 + 8m) st 
(1 + m) 
4 
1 
men -1u(-1=] 
, 8, 
Case III D20 
=> 4m(m -—3) 20 


m €(— -, 0] U [3, 2) 
Combining all Cases, we get 
m &(— 0, — 1) U [3, -) 
(v) Both roots are negative. 
Consider the following cases: 


Cnvtoumetievon<0s oe (1 + 3m) 
(1+ m) 
2 me(-1,-2] 
\ 3) 
Case II Product of the roots>0 => (1 + 8m) =i) 
(1 + m) 
- 
= mest ae 
\ 8 ) 


Case III D2>0 
4m(m-3)20 => me(-», 0] U [3, ») 
Combining all cases, we get 
med 
(vi) Roots are opposite in sign, then 

Case I Consider the following cases: 
Product of the roots < 0 

(1 + 8m) 20 

(1 + m) 


\ 
eee 
\ 8) 


Casell D>0 => 4m(m-3)>0 
= m €(—~, 0) U(3, ~) 
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Combining all cases, we get 


(vii) Roots are equal in magnitude but opposite in sign, then 
Consider the following cases: 


Case I Sum of the roots = 0 


2(1 + 
(1+ m) 
1 
=> m=--,m#1 
3 


Casell] D>0 => 4n{m-3)>0 
=> m &(— , 0) U (3, ») 
Combining all cases, we get 


1 
m=-- 
3 


(viii) Atleast one root is positive, then either one root is positive 
or both roots are positive. 


Le, (d) U(f) 
\ 
or me-a-u[-1-2}UB%) 


(ix) Atleast one root is negative, then either one root is 
negative or both roots are negative. 


ie. (e) U(f) or a or. 
\ 8) 
(x) Let roots are 2a are 3a. Then, 
Consider the following cases: 
Case I Sum of the roots =20 + 30 = 0) 
(1 + m) 
- - 2 (1+ 3m) 
5(1 + m) 
Case II Product of the roots = 2a -3a = gee) 
(1 + m) 
=> 602 = (1 + 8m) 
(1 +m) 
From Eqs. (i) and (ii), we get 
“a 
[2(1+3m)| _ (1+ 8m) 
|sa+m)|  (1+m) 
= 24 (1 + 3m)? = 25 (1 +8m) (1 +m) 


=> 24(9m? + 6m + 1) =25 (8m? + 9m + 1) 
16m? -81m-1=0 

81+ (-81)* + 64 

m= —_——_—_——_ 


or 
32 
81 + ¥6625 
=> m= ———— 
32 
89. -: 2x? -2(2m+ 1) x+m(m+1)=0 [me R] 


D=[-2(2m + 1)]’ -8m(m + 1) [D = b? - 4ac} 
= 4 {(2m + 1)? -2m(m + 1)} 


= 4 (2m? + 2m +1) . 
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o Vel 1) 
ad alae m+—| +—?7?>0 
or D>0,.VmeR ...{i) 
x -coordinate siete ee m+?) (ii) 
2a 4 L 2 
and let 
flx) = x? — (2m + 1)x +m (m+) ii) 


(i) Both roots are smaller than 2. 


Consider the following cases: 
CaseI D20 


se meR [from Eq. (i)] 
Case II x -coordinate of vertex < 2. . 
I 
=> m+ ; <2 [from Eq. (ii)] 
3 
or m<=— 
2 
Case Ill f(2) > 0 
=> 4-@m+1)2+-m(m+1)>0 
=> m* —7m+ 4>0 
7 ==) 7+ V33 
mG{~ so, ———— | U | >, © 
2 ge 
Combining all cases, we get 
7 F 
m €| — 0, ; 


(ii) Both roots are greater than 2. 
Consider the following cases: 


CaseI D20 
; [from Eq. (i)] 


nn meR 
Case Il x -coordinate of vertex > 2 


- ma ; >2 [from Eq. (i)] 
3 
m>= 
Z 
Case Il f(2) >0 
m € | — ©, i “=| U (> + = -| [from part (a)] 
\ ° \ 


Combining all cases, we get 

(7 + 133 | 

L 2 0 J 

(iii) Both roots lie in the interval (2, 3). 
Consider the following cases: 


me 


CaseI D20 
* meR [from Eq. (i) 
Case Il f(2)>0 
¢ —* ‘ 
me[-- 2) (72%. femal 
Z 2 

Case lll f(3) >0 
=> 9-3 (@m+1)+-m(m+1)>0 
or m? —-11m+12>0 


( fi alr” 
me ic cers 


4 


pe | 
WU =v 


CaseIV 2 < x -coordinate of vertex <3 


1 
= lle 


3 5 (2 4 
or -<m<- or méel|-,—- 
2 2 2°2 


Combining all cases, we get 
med 
(iv) Exactly one root lie in the interval (2,3) . 
Consider the following cases: 


CaseI D>0O 


meR [from Eq. (a)] 


2 


Case Il f(2) f() <0 


[4-2(2m + iy¢: m(m-+1)] 


/ 1 » 
[9-3 (2m +1) + 5m(m+1)] <0 
} 


= (m? —7m + 4)(m? —11m + 12) <0 
83) | 
=> m- , m- , 


ii 73. 14773 
aa ae — <¢ 
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' 
| 
' 
} 
} 
f 
i 
i 
f 


7 +V33 
pay Ne wo 
7 -V33 7-V¥73 11 +V73 
2 2 2 
T=1eo =w. (Pees +7) 
me) —, —_ ] Up] ———__, — 
2 2 2 a 


Combining all cases, we get 
(7-33 11-73) (74 V33 114 ¥73 
meée} ——_, ——__ | U | ——__, ————__ 
2 2 2 2 
(v) One root is smaller than 1 and the other root is greater 
than 1, 


Consider the following cases: 


CaseID>0 
". meR [from Eq. (i)] 
Case II f(1) <0 
sy 1-(@m +1) + m(m+1) <0 [from Ex. (iii) 
=> m’ -3m<0 
> m(m—3)<0 

m & (0,3) 


Combining both cases, we get 
m € (0,3) 
(vi) One root is greater than 3 and the other root is smaller 
than 2. 


Consider the following cases: 


CaseID>0 
i meR [from Eq. (i)] 
Case II f(2) <0 
=> m? —-7m+4<0 
7-V33 2 1+ ¥33 
2 2 
p= LS 705 
meée| ——, — 
be 2 2 
Case Ill f(3) <0 
=> m -11m+12<0 
{i =f74 114/73 
3 <me< , 
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1-73 ae) 
ne — 
2 2 


Combining all cases, we get 
(tas 74 9 
mé| ———, —— 
("2 2 


(vii) Atleast one root lies in the interval (2, 3). 


i.e. (2) U(c) 
Je now) [Pes usw) 
2° 2 ~ a a 


(viii) Atleast one root is greater than 2. 


i.e. (Exactly one root is greater than 2) U (Both roots are 
greater than 2) 


or(Exactly one root is greater than 2) U(b) (I) 
Consider the following cases: 
CaseID>0 
KA meR [from Eq. (i)] 
CaseIl f(2) <0 
=> m>—-7m+4<0 
(2 awas Tease 
a a | 


Combining both cases, we get 
‘7 - ¥33 7+ V33 
2 eT 


2 


.. (I) 


me 


Finally from Eqs. (I) and (I), we get 
ena ad [228 
me U _ 9 4 oo 


2 2 


(ix) Atleast one root is smaller than 2. 
ie. (Exactly one root is smaller than 2) U(Both roots are 
smaller than 2) 
or (h) (1) v a) 
ZI eR 
2 2 C«; 


( 
We get, me|-~, 
\ 2 


(x) Both 2 and 3 lie between o and B. 
Consider the following cases: 
CaseID>0 
: meR (from Eq. (i)] 
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Case II f(2) <0 


=> m? -7m+4<0 
Jas 74433 
me} ——_, ——_ 
2 2 
Case Ill f(3) <0 
=> m? —11m+12<0 


2 2 


ag wi 
me 


Combining all cases, we get 


cee red 
me —?3. 9 


2 
a 
90.°" —=r 
B 
a + r+l 
=> _—_—_—_—= 
a-B r-l 
[using componendo and dividendo method] 
-b/la_r+1 
=> = => b(1-r)=(1+r)VD 
ID (l-r)=(1 +r) 
a 


97. 


92. 


On squaring both sides, we get 
b7(1 — r)? =(1 + r)* (b? — 4ac) 


=> 
2 22 
or (1+ r)’-4ac = b*(4r) or i da 
ac 
We have, . + — 
tp Fg € 
= (x+q)+(x+p) _1 


x+(p+q)x+pq r 
=> x°+(pt+q—2r)x+ pq—-(pt+q)r=0 
Now, since the roots are equal in magnitudes, but opposite in 
sign. Therefore, 
Sum of the roots = 0 
=> 
= 
and product of the roots = pq —(p + q)r 


=p9-(9+ 9)(2*4) 


pt+q-2r=0 
pt+qe=2er (i) 


[from Eq. (i)] 


_2pq- p’- 4° -2pq 
2 


2 2 
nee ia 
2 
Let a be one root of the equation ax’ +bx+¢c=0. 


Then, other root be a”. 


a+a"=- 2 ..(i) 
a 


and 


R 

a 

+ 

Wi 
kIiS glo 


93. 


94. 


95. 


c\n+1 
a 


. From Eq. (i), we get 


ties -——+ 
+1 Se 
n ‘a n 


= (c) (c%*thg tt 


1 n 1 1 


cht ight a etyrtt gttt 4 p=0 


=> 

:- 1 
=> (a"c)"*! + (c"a)"*! +b=0 
We have, wipesk 

a 


op =< >y+h=-" and y=" 
a l I 
Now, sum of the roots 
= (ary + BS) + (0d + By) =(0 +B) y+ (2 +B) 
=(a +B) (y+ 8) 
_(_°\(_™)_mb 
swig ar 
and product of the roots 
= (ay + BS) (5 + By) 
= (a? + B*) 75 + of (7 +8) 
= {(a + B)’ -208} 75 + of {(y + 8)’ — 278} 


5 ces tats i} 


ri tg 


_ |e yt c | m? ~2nt | _ (b? —2ac) In + (m? -2nl) ac 


Ji al P 
“. Required equation is 
a a 
(Mle (b* - 2ac) In + (m* —2nl) ac _ 
a 


0 
a’? 


= a’l?x” — mbalx + (b? —2ac) In + (m? —2nl) ac =0 
Since, the roots are equal. 
: D=0 
= 4(b” — ac)? — 4 (a? — bc) (c? — ab) =0 
= (b? — ac)? —(a? — bc) (c* - ab) =0 
=> b(a* + b> +> —3abc) =0 
= b=0or a? +b? +c* —3abc =0 
Let a and B be the roots of x” — px + q = 0. Then, 
a+B=p 
oB=q 


Anda and be the roots of x” — ax + b = 0. Then, 


il 
R 


a+ 
B 


u 
> 
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96. 


97. 


98. 


Now, LHS =(q - b)’ 
2 


(0-3 


=a'(p-2) =0°+p)-(a+2) 
=e p a) aya +B) ase) 
= o.7( p- a)’ [from Eqs. (i) and (iii)] 


a 2 
= off B (p —4) 
= bq (p -a)" 
= RHS 
Since, roots of x’ — 2px +q = 0 are equal. 
D=0 


ie); (-2p)? —4q =0or p =q 


Now, (1 + y) x? -2(pt+y)x+(q+y)=0 


.. Discriminant = 4(p + y)?-4(1+ y)(q+ y) 
=4(p* + 2py + y’-q-y-4y -y’) 


=4(@p-q-l)y+ pq] 
= 4[(2p — p’-1)y + 0] 
=-4(p-1)’y 


[from Eqs. (ii) and (iv)] 


2 


{from Eqs. (ii) and (iv)] 


..{i) 


[from Eq. (i)] 


>0 [y <Oand p #1] 
Hence, roots of (1 + y) x7 -2(p+y)x+(q+ y) =Oare real 


and distinct. 
x!Bx (x+ 3) = 1% 


Equation is defined, when 
x>0,x#1,x#-3, 


i) 


Then, (x +3)? =4? [by property] 
=> x+3=14 
i x=landx=-7 
But x#1,x#-7 
i.e. no solution. 
: xed 
ae V3) 8 241 4 (gaye! 
10 (2 ~ ¥3) 


=> (2+ V3)" ~2*.(2 + V3) (2 - V3) 
+ (2-43)* ~2*-1.2- 5) -— 


2 101 
=> Gea sG=07)" at 
or (2+ gy? 7241 _ it 

(2+3)° ~*~ 10 
| °2—v3 
Let (2 + V3 " ~?* =}, then Eq. (i) reduces to 
1_101 
A §©10 
=> 104? — 101A + 10 =0 
or (A —10) (10 -1) =0 


99. We have, 
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Pome 
10 


(2 + V3)" ~?* =10,107! 
x’ —2x=log,, 510,—log,, ,10 
(x-1)’ =1+ log,, 510,1-log,, 510 
(x-1)? =1+ log, , 510 
(-- (x-1)? 41- log,, 5 10] 


x=1t J(1 + log, , 7510) 


x, =1+ a + log, . 319) 
X2=1- (1 + log, , 510) 


x? : x? ‘ P 
(=| {= -8=0 wi) 


2 
Let y = =2 Then, Eq. (i) reduces to 
xX — 


If y = 4, then 


or 


or 


or 


and if y = —2, then 


or 


y’ -2y-8=0 


(y- 4) +2) =0 


(x-2)'= 
x=2 
x, =2 
-2= x? 
x-1 
x? +2x-2=0 
—2+ J(4 +8) 
——_ 
x=-11+¥3 


x, =-14 V3,x,=-1-¥3 


100. We have, x +8+2/(x+7) + (x +1)-V(x+7) =4 ..) 


Let 


or 


y(x+7)=2 
x= -7 


...(ii) 


Then, Eq. (i) reduces to 
\02-74+8422) + y(X?-741-4) =4 


or 


(A +1) + ¥(M2-2-6) =4 
\Q2-2-6) =3-A 
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On squaring both sides, we get 
W-A-6=94+27 -60 


=> 5A =15 
‘ A =3 
=> (x +7) =3 [from Eq. (ii)] 
or x+7=9 
x=2 


and x =2 satisfies Eq. (i). 
Hence, x, =2 
We have, 4* 4 2 (2a + 1) 2° + 4a2-3>0 .+(i) 
Putting t = 2" in the Eq. (i), we get 

t? +2(2a+1)t+ 4a7-3>0 
Let f(t)=t? +2(2a+1)t+ 4a? —3 [-t>0,..2" > 0] 
. f(t)>0 


~T-axis 
Consider the following cases: 
Case I Sum of the roots > 0 
- (2a + 1) -, 
] 
(-s-3) 
aEé|—o0,—-- 
2 
Case II Product of the roots > 0 
2 — 
=> a> >0 
1 
or . a 22 
4 
or a €| — oo, —-— —, 
he Te 
Case Il D<0 
> 4(2a + 1)? — 4-1-(4a? -3) <0 
= 4a+4<0 
a<-l 
or a €(— ~»,-1) 


Combining all cases, we get 


ceen-nu[ Se] 


+4) - 
We have, log ofa (eee >0 
- a 


The given inequation is valid for 
|x + 4] -|x| 
> 
(x -1) 
and x? + 2x-3>0,#1 ; ...(i) 


0 


Now, consider the following cases: 


CaselIf0 <x? +2x-3<1 


=> 4<x?+2x41<5 

=> 4<(x+1)? <5 

= ~J5 <(x+1)<-2 or 2<x+1<¥5 
=> -~V5-1<x<-30rl<x<v5-1 


teens =1)-3)iwi, 45 = 1) 


|x + 4| -|x| 


vii) 


Then, <1 
(x - 1) 
Nowa’ eno ee Os, 
(x -1) 
=> jee >0 
x-1 
4 +9), 
(x -1) 
x €(— %, — 3) U(1, ©) 
> x €(- 0, — 4) [x <— 4]...(ii) 
=e ah ty en ag 
a1). 
=> at) 
(x - 1) 
x €(-5,1) 
= x e[-4,0) [(- 4S x <0]...(iv) 
and ether YA 
(x -1) 
= fe >0 
x-1 
=> Ciao) 
(x -1) 
x E(— 0, 1) U (5, 0) 
=> x €[0,1) U(5, o) [‘ x 2 0]...(v) 
From Egs. (iii), (iv) and (v), we get 
x €(— &, 1) U(5, 00) (Vi) 
Now, common values in Eqs. (ii) and (iv) is 
x e(-5 -1,-3) ...(vii) 
Case Il If x? +2x-3>1 
=> x +2xt1>5 = (x41)? >5 
=> x+1<-5 
or x+1>5 
x E(— 0, ~1 ~ 5) U (V5 — 1, 0) (viii) 
a [xt al—[el 
(x - 1) 
Now, x <— 4, then =i 
=> 1+—<0 
x-1 
= aT 2% 
x-1 
v of(.21\ 
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which is false. [x <- 4] > x°-x-1=0 
~ 48x <0, then 214 ~1>0 _ 
(x -1) ee: V5 
ei (x + 5) 2 
(=i) " PALE 
x x €(— 0, —5) U(1, «) Bs 
which is false. (w-4sx<0] ‘ai x= 1-5 [x < 0] 
2 
and x 20, then >1 
a = pitt i eng Og 
4 2 2 
=> 1- <0 ex = 
x-1 « Solutionsate| — V5 | and (1, 0). 
eux 2 2 
> <0 
-1 
J Hence, all pairs (0, 1), (1, 0) mnd( = = V5 = * are solutions 
é x €(1,5) ».-(ix) 7 
which is false. (‘x 2 0} of the original system of equations. 
Now, common values in Eq. (viii) and (ix) is 104, Given, o, B and y are the roots of the cubic equation 
xe (J5 - 1,5) soX) x? = px’? +qx-r=0 (i) 
Combining Eqs. (viii) and (x), we get 7 a+B+y=p, of + By + yo=q, oBy=r 
x €(- V5 -1,-3) U(V5 -1,5) ris Seo 
i) Le = mi 
103. Let y 2 0, then|y| = ala: 
; aByt+ior+1 
and then given system reduces to > = ae a er 
|x? -2x]+y=1 ..(i) r+1 
‘ a= 
and et+y=l ..(ii) y 
From Eqs. (i) and (ii), we get From Eq. (i), we get ; : 
x? =|x? —2x| Qa” —- pa’ +qa-r=0 
=> x? =|x||x—-2| = rey caw q(r+l)_ a 
Now, x<0, OSx<2 x22 ge a ca casiins om risclte noes 
ex(e=2) x ==5(9=2) or ory —qrt+i)y’ + p(r+1)y-(r +1) =0 
Pugte-i (ii) Letty =B + y-a =(a+P+ y)-2a=p-2a 
ete 2 
x=0 = 2 
fa x(x+x-2)=0 From Eq. (i), we get 
ee x=0 3 4 
a” —pa°+qa-r=0 
fail .x=0,1 fail 
= g204. tinpeie a GHW) PO=9) , He=y) _, 24 
Solutions are (0, 1) and (1, 0). ‘ : 5 ’ : ; 
If y <0 then|y| =— y and then given system reduces to oF y= py + A= py FOr apap = 0 
|x? —2x|+y=1 ...(iii) Also product of roots = — (8r — 4pq + p’) 


and x -y=l1 

From Egg. (iii) and (iv), we get 
|x? —2x| + x? =2 

= |x| |x—-2| + x? =2 

Now, x<0, OSx<2, x22 
x(x—2)+ x? =2 
—x(x-2)+ x? =2 
x(x -2)+ x? =2 

= 2x°-2x-2=0 = 2x=2 


= x?-x-1=0 


..{iv) 105. Assume @ + iB is a complex root of the given equation, then 


conjugate of this root, ie. a — iB is also root of this equation. 
On putting x =a + iB and x =a — if in the given equation, we 


get 
2 2 Ae 2 
a. an 4 ae + —— +...+ =. 
a+iBp-a a+iB-a, at+ip-a, a+ ip-a, 
= ab? + c*(a + iB) + ac Ai) 
2 2 2 2 
a ee ee er A, 


a-f-a, a-iB-a, a-f-a, a-iP-a, 


= ab? + c*(a — iB) + ac 2) 
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On subtracting Eq. (i) from Eq. (ii), we get 
2 2 2 
20 a te 
(a-a)? +B? (a-a,)?+B* (a-a,)? +B? 
: ‘ 
(2 -a,) +B 
The expression in bracket # 0 
‘ 2p=0 => B=0 
Hence, all roots of the given equation are real. 


Given equation is 


x‘ + 2ax°+ x? + 2ax+1=0 (i) 


On dividing by x’, we get 


2a 
x? + 2ax+1+—+—=0 
x 


x 
1 ) / 
= (x5) +20(r+2}+1=0 
x x) 
1\ ‘a | oe 
= x+— ~242a)x4— | 4150 
xX, \ x 
2 
or (x++) Bos seit | oa aa 
x, Lx) 


or ee ee 
x 


—2a + (4a? + 4 
pe eit. LM MK : I Soe Bale? ea} 


2 
Taking ‘+’ sign, we get 


y =-at y(a? +1) 
=> $2 sada" 4) 


% 
or x? +(a-y(a@’ +1))x+1=0 »» (ii) 


Taking ‘— sign, we get y=-a- ‘| a’ +1) 


1 
=> x+—=-a-y(a? +1) 
z 


or x? + (at ya? +1)) x41=0 iii) 
Let a, B be the roots of Eq. (ii) and y, 5 be the roots of Eq. (iii). 
Then, a+Bp=,(a?+1)-a 

and ap=1 

and y+8=-y(a? +1)-2 

and yb =1 


Clearly,a + B > OandaB >0 

..Either o, B will be imaginary or both real and positive 
according to the Eq. (i) has atleast two distinct negative roots. 
Therefore, both y and 6 must be negative. Therefore, 


(i) 5 > 0, which is true as y5 = 1. 


(ii) y+5<0 

= ~(a+ ya? +1)) <0 

=> a+ y(a? +1) > 0, which is true for all a. 
es aeéR 

(iii) D>0 


(a+ (a? + 1))?-4>0 
=> (a + y(a? +1) +2)(a + y(a? +1) -2)>0 
a+ (a? +1)+2>0 


+ \(a? +1) -2>0 


a 
> y(a? +1) >2-a 
la>2 
ora? +1 >(2-a)’, ifa<2 
a22 
> 
beer. ifa<2 
, 4 
jeze 
=> 
|or =2a<2 
Hence, 2 <a<co or a (2. -| 
4 4, 
107. We have, [2x] —[x +1] =2x 
Since, LHS = Integer 
: RHS = 2x = Integer 
= [2x] =2x 
Now, —(x+1]=0 
>= [x+1]=0 
or Osxt+1<1 
or -l1sx<0 
or —-2S52x<0 
re 2x=-2,-1 
or =-1,-- 
1 
ne le a ae 


108.Wehave, (a? +3)x? +(a+2)x-6<0 


~X 


Let f(x) =(a? + 3) x? +(a + 2) x-6 
(a? +3) > Oand f(x) <0 


ihe D>0 
=>(a + 2)’ + 24 (a? + 3) > Ois true for alla ER. 
109. We have, 6x* —77[x] + 147 =0 

= 6x" + 147 ai 
77 

= (0.078) x” = [x] —1.9 

(0.078) x2>0 = x*>0 

[x]-19 >0 
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[x] =2,3, 45... 
lf \ [x]=2, ie 2sx<3 
Then, ga =i: 
0.078 
x=113 
If [x]=3, ie3Sx <4 
Then, ge 2 iy 
0.078 
x =3.75 
If [x]=4,ie4<5x<5 
Then, ak Ae oe 
0.078 
x = 5.18 
If [x] =5,ie.5$x<6 
Then, Gare? ashy 
0.078 
x= 63 
If [x] =6,ie6S$x<7 
Then, z_ 6-19 _ 41° = 52.56 
0.078 0.078 
Se X=7.25 
If [x]=7,ie.75x<8 
7-19 5.1 
Then, x? = ——" = = 65.38 
0.078 0.078 
x =8.08 
If [x] =8 ie 8Sx<9 
Then, fee Seay 
0.078 0.078 
i x=88 
If [x]=9,ie9Sx<10 
Then, Bo es I og gp 
0.078 0.078 
BS x=9.5 - 
If [x] =10,ie10Sx<11 
Then, Pee ok ag 
0.078 0.078 
as x =10.2 
If [x] =llie.11$x<12 
Then, 2_ 1-19 
0.078 
=! 116.7 
0.078 
os x=10.8 
Other values are fail. 


Hence, number of solutions is four. 
110. Since, the given equation is 
x? -2x-a?+1=0 
=> (x -1)? =a? 
x-l#aor x=l1ta 
a a@=1+aandpB=1-a 


[fail] 


[true] 


[fail] 


[fail] 


[fail] 


[fail] 


[true] 


[true] 


[true] 


[fail] 
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Let f(x) = x? —2(a + 1) x +.a(a—1), thus the following 


conditions hold good: 
Consider the following cases: 
Casel D>0 
=>  4(a+1)'-4a(a-1)>0 
> 3a+1>0 
ae 

3 
Case I f(a) <0 
=> f(l+a)<0 
= (1+a)’—2(1+a)(1+a)+a(a—1)<0 
=> -~(1+a)? +a(a-1)<0 
=> -3a-1<0 
=> Gee 
Case III f(s) =0 
=> f(l-a)<0 
= (1 -—a)* —-2(a¢ + 1)(1-a) + a(a-1)<0 
=> (4a +1)(a-1)<0 

nmin 

4 


Combining all cases we get 


111. pr=(- p)(-r) 
=(a +B + y+ 5)(aBy + oBd + yda + yd) 
=a’ By + 07 BS + a7 ¥5 + oByd + B? you 
+ B05 + oBy5 + B275+ ya + aByd 
+ 75a + VSR + oByd +aB5? + youd? + yBS? 


AM 2 GM 
ag Vr > (a!°p'S 6 5!*)"6 — a Byd =5 
pr 
— £5 
" 16 
or pr 2 80 
Minimum value of pr is 80. 


112.(a? + 8”)? =(@ + B) (a? + B’) 
=> {(a + B)’ - 208}? =(@ + B) (a +B)’ - 308 (@ + B)} 


pee ‘-(-2) =H 2) 
a’ a a/\ a a’) 
(6? — 2c (2) - b? + 3abc | 
7 a a =o} 
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= 4a°c? = acb? Combining all cases, we get 
=> ac (b? — 4ac) =0 k €(—94) 
117. We have, a+b=10c,ab =-11d 
As a+#0 
=> cA=0 and c+d=10a,cd =—11b 
113. Let P(x) = bx? + ax +c Fe at+b+c+d=10(a +c) 
and abcd =121 bd 
A P(0)=0 
: ©) = b+d=9(a+c) 
=> c=0 
and . ac =121 
As P(1)=1 2 
Next, a“ —10ac—1ld =0' 
=> at+b=1 
P(x) =ax + (1 —a) x’ and c* —10ac —11b =0 
Now, P’(x)=a+2(1—-a)x | => 7+? -20ac—11(b+d)=0 
As P’ (x) > 0 for x €(0, 1) = (a+ c)* —22x121-99(a+c)=0 
Only option (d) satisfies above condition. = aee= il or—92 
114. Let the roots are & anda + 1, where € J. Ifa+c=-22=>a =c, rejecting these values, we have 
Then, sum of the roots =2a + 1=b a+c=121 
Product of the roots = a(a + 1) =c te atb+c+d=10(a+c)=1210 
118. D20 
2 
Now, b’ — 4c =(20 + 1)’ — 4a(a + 1) 4(a+b+c)*-12A (ab + be + ca) 20 
2 
=407+1+ 40-40" -40 =] (a® + b? +c”) —(34 —2) (ab + bc + ca) 20 
& b? — 4c =1 Pe 
af a (30 —2)< (a+b +c) 
115. Let f(x)=a,x° +a@,_,xX" +...4@,%, (ab + be + ca) 
f(0) =0;f(a) =0 Since, la—bl<c 
=> f’(x) =0has atleast one root between (0, a). => a® + b? —2ab <c? (i) 
i.e. Equation \b—c|<a 
na, x"~) +(n—1)a,_,x""? +...4 a, = 0 = b? +c? -2be <a? lil 
has a positive root smaller thana. |c-—al<b 
116. Let f(x) =x? -2kx +k? +k—5 => ce? +a? -2ca << b* .«.{ iii) 
Consider the following cases: . From Eqs. (i), (ii) and (iii), we get 
a? +b? + ¢? 


...{iv) 


ab + be+¢ca 
From Egg. (i) and (iv), we get 


4 
3A-2<2 => nee 


119. x? -2mx +m’? -1=0 


Case! D20 _ (x — m)? =1 

as 4k? —4.1(k* + k—-5) 20 . x-m=21 or x=m-l1,m+1 

> -4k-5) 20 . According to the question, 

= k-5<50 m-1>-2,m+1>-2 

=> ks5 or kE(-——~,5] => m>-1,m>-3 

Case II x-Coordinate of vertex x <5 Then, m>-1 wai) 
2k and m-1<4m+1<4 

=> — <5 2 
2 = m<5,m<3andm<3 .. (ii) 

ae k <Sork €(-,5) From Eqs. (i) and (ii), we get -1<m<3 

Case Il f(s) > 0 120. x’ + px+q=0 

=, 25 -10k+k?+k-5>0 Sum of the roots = tan30° + tan 15°=— p 

= i? 9k +20 >0 Product of the roots = tan 30°: tan 15° = q 

Sas i“ 0, _ tan30° + tan 15° 
= (k -—4)(k-5) > Oork € (-~,4) U(5,~) tan 45° = tan (30° + 15°) = _baneneaani 
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= ak mae => —p=1-q 
> q-p=l 
2+q-p=3 


121. The equation x” — px + r = 0 has roots (a, B) and the equation 


x ~ qx + rhas roots (E, 26} 


=> r=oB and o. + B= pand— + 28=4 
= in ead IO pete a 
3 3 
» af =r =" (2q ~ p) (2p—4) 
122, a+B=-a 
la—B)<V5 => (-B)’ <5 
= a®-4<5 => ae(-3,3) 


123, Suppose roots are imaginary, then B = & 


dy. so 
and mn at:(Y, 
B 
=> pB=- ; [not possible] 
= Roots are real =>(p” — q) (b* — ac) 20 
=> Statement —1 is true. 
sevegies 
a B 
and ~ =<,0 +8 =-2p,08 =q 
B a 
If B =1, thena =q 
= c=qa [not possible] 
Also, Qa+1= = 
a 
=> - 2p — —% 
a 
= b=ap [not possible} 


=> Statement —2 is true but it is not the correct explanation of 
Statement-1. 


124, Let «4B be roots of x? -6x + a = 0 and a, 3f be the roots of 


x cx +6=0. 
Then, a + 48 =6and 408 =a ..(i) 
a + 38 =cand 308 =6 wit) 
From Eqs. (i) and (ii), we get 
a=8,o8 =2 
Now, first equation becomes 
x’ -6x+8=0 
> x=2,4 
If a =2, 48 = 4, then3B =3 
If a = 4, 48 =2, then 3B = ; [non-integer] 


“.Common root is x = 2. 
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125. Let f(x) =x’ + 14x° + 16x? + 30x — 560 
of (x) =7x° + 70x! + 48x72 +30>0,.0xER 
=> f(x) is an increasing function, for all x € R 
Hence, number of real solutions is 1. 

126. Let f(x)= x? - px+q 
; f(x) =3x? —p 

= f’(x) =6x 


For maxima or minima, f (x) = 0 


x=t pP 


3 


- rll}eei)>° 
m rll)-af« 


Hence, given cubic minima at x = fe and maxima at 
Y 


x=- |? 


= 
127. Let f(x) = x? —8kx + 16 (k? —k +1) 


z ~X 
D>0 
=> 64k? — 4-16 (kK?-k + 1)>0 
= kot 
= ie —>4 
2a 
=> k>1 
and f(4)20 
=> 16 —32k + 16(k? -k +1) 20 
> k? -3k +220 
= (k —1)(k -2) 20 
= ksSlork22 
From Eqs. (i), (ii) and (iii), we get 
k22 
knin = 2 
128. Since, roots of bx? + cx + a = 0 are imaginary. 
c*~ 4ab <0 
=> —c*>-4ab 


203 


i) 


...{ii) 


.(iii) 


i) 
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Let f(x) =3b?x? + 6bex + 2c? 
Since, 3b? >0 
and D =(6bc)* — 4 (3b?) (2c?) = 12b°c” 


9% 4 B_a? +B? _(@ +B)’ -2a8 

"3a op af 

and given, a? +P =¢a+P=-p 
=> (a +B)’ -30B(a+B)=¢ 
= — p+ 3pap =q 


or o8 = 2 


a oe ie | 
Bp a qq+p)  (q+p’) 
3p 


and product of the wieetbes 
B a 
‘ 
es 
q+ p y 
or (q+ p”)x’~ (p> -2q) x + (q+ p) =0 


x+1=0 


. Required equation is x? -( 


130. Since, f’ (x) =12x" + 6x +2 


131°: 


Here, D =6" — 4-12-:2=36 -96=-60 <0 
f(x) >0,VxeER 
=> + Only one real root for f(x) =0 


Also, f(0)=1, f-1)=- 


= Root must lie in (— 1, 0). 


1 
Taking average of 0 and(—1), f (- 2) = 


4 1 
= Root must lie in [- 1,- a} 


Similarly, s{- 2)=- 7 
{ 

= Root must lie in! -—,-- 1. 
a 


a? -60 -2=0>07 -2=60 ..(i) 
and B?-6B-2=0 = B’-2=6f (ii) 
Q,) — 205 _ (a — B°) -2(a8 ~ 8") 
2a, 2(a° -B’) 
_ a*(a.? ~2) - B* (B’—2) 
2(a° —B”) 
_ a -6a — B°-68 
2(a’ -B”) 
_ 6(a" —B”) _ 
~-2(a" 8) 


[from Eqs. (i) and (ii)] 


132. Let a be the common root. 
Then, a? + ba -1=Oanda’?+a+6=0 
2 


if b)lo sal 2) 1 
x — 
1 1) /1 »b b 1 
=> (1 —b)(b? + 1) =(-1—b)* 
> b?+3b=0 


b=0, iv3, - iv3, where i = J-1. 
133. Let f(x) = x4 —4x°+ 12x? + x-1 
f(x) = 4x7 —12x? + 24x41 
=> f(x) = 12x" — 24x + 24 
= 12 (x? —2x + 2) 
=12((x-1)? +1] >0 
ie. f"(x) has no real roots. 
Hence, f(x) has maximum two distinct real roots, where 
f(0)=-1. 
134. Given, p(x) = f(x) -— g(x) 
=> px) =(a-a,) x’ + (b-b)x + (c-G) 
It is clear that p(x) = 0 has both equal roots — 1, then 


=1-1--8"4) 
(a -4,) 
and eeje-—2 
a- a 
= b —b, =2(a—a,) ande—¢, =(a—a,) wai) 
Also given, p{(—2) =2 
=> 4(a-a,)-2(b-})+(c—c)=2 ..{ii) 


From Eqs. (i) and (ii), we get 
4(a-a,)-4(a-a,)+(a-a,)=2 


4 (a-a,)=2 (iii) 
=> b-b, =4andce-—c, =2 [from Eq. (i)] ...(iv) 
Now, p(2) = 4 (a —a,) +2(b-b,) +(c-—¢) 

=8+8+2=18 [from Eqs. (iii) and (iv)] 


135. Let the quadratic equation be 
ax’ + bx+c=0 
Sachin made a mistake in writing down constant term. 
Sum of the roots is correct. 
ie; a+fP=7 
Rahul made a mistake in writing down coefficient of x. 
Product of the roots is correct. 
i.e, ap =6 
= Correct quadratic equation is 
x’? -(a +B) x+- a8 =0 
=> x’ -7x+6=0 
=> (x-6)(x-1)=0>x=61 
Hence, correct roots are 1 and 6. 


136. Leta+1=h° 
(h? -1) x? + (h? -1) x+(h-1) =0 
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{7,2 

h®-1) 2 
= x + 

Lani 


Asa— 0, thenh—- 1 


ok ay 
tim| xt + ti! Leap 
oon b=] oR = 1, 
> 2x27 4+3x+1=0 
= . ax? +2x+x+1=0 
=> (2x + 1)(x+1)=0 
1 
x=-landx=-- 
2 
137. Lete™"* =} «Ad) 


Then, the given equation can be written as 


1 
a = -4t-1=0 


a ft vie + 4) 


Z 

=> e** — (2 + 4/5) [-e 5" * > 0, «taking + ve sign] 
= sin x = log,(2 + V5) ..-(ii) 
(2+ 75) >e (-" e =2.71828...] 
= log.(2+ V5) >1 ...(iii) 

From Egs. (ii) and (iii), we get 
 sinx>] [which is impossible} 

Hence, no real root exists. 
138. Given equations are 

ax? +bxt+c=0 © ait) 
and x’ +2x+3=0 ..-{ii) 


Clearly, roots of Eq. (ii) are imaginary, since Egs. (i) and (ii) 
have a common root, therefore common root must be 
imaginary and hence both roots will be common. Therefore, 
Eqs. (i) and (ii) are identical. 

OP 28 or a@:b:c=1:2:3 

1 2 3 


139... x ~[x] = {x} [fractional part of x] 


For no integral solution, {x} # 0 
: a#0 »-(i) 
The given equation can be written as 


3 {x}? —2{x} -a? =0 


2 2 
=> pj eae [ 0<{x} <1] 
2 —————— 
=> 9 cre a4) <2 


= a<1 => -1<a<l ...(ii) 
From Eqs. (i) and (ii), we get 
a €(-1, 0) U(0, 1) 


140. nas =-4=> 


fa 
=~ += 
a 8 ap 
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_4 
=> ple =4 
; 
P 
“7 geile wi 
Also, given p, q, r are in AP. 
: 2q=ptr 
=> p=-9r [from Eq. (i)] ...(ii) 
Now, lo pj = 22 [sforast + br+e=aa-p=22| 
la] a | 
_ ¥q’ - 4pr) 
|p| 
(16r? + 367? 
9 |r| 9|r| 
_ 2Wi3 
9 


141. f(x) =x° -5x and g(x) =-a 
f (x) =5x* -5 


=5 (x? + 1)(x-1)(x +1) 


Clearly, f(x) = g(x) has one real root, if a > 4 and three real 
roots, if|a| < 4. 


142. Since, b = 0 for p(x) = ax’ + bx + c, as roots are pure 


imaginary. 
(-c + ive) 
a 


=>x=t | , which are clearly neither pure real nor 


pure imaginary, as c # 0. 


143. °: ax? —x+a = 0has distinct real roots. 


D>0 
; 11) ; 
=> 1-4da°>0 > QO éEl|--,-} Pe ii 
22) 
Also, |x,-x,|<1 => |x,-x,|"<1 
~ 40° 1 
=> 2 ee ; <1 >a’>- 
a” a 5 
=> ae . Jf : ~| (ii) 
i RT | ay ek eae 
V5) \W5 


From Eqs. (i) and (ii), we get 
ea! 
~\ 2" V5) (52 
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144, (x? —5x + 5)X + 4x- 60 =) 


145. -: 


Case I 
x’? -5x+5=1 and x* + 4x —60 can be any real number 
=> x=1,4 


Case I 

x? —5x+5=-—1 and x? + 4x —60has to be an even number 
=> x=2,3 

For x =3, x7 + 4x—-60is odd, .. x #3 

Hence, x=2 


Case III x* —5x +5can be any real number and 
x? +4x-60 =0 

=> x=-10,6 

=> Sum of all values of x =1+ 4+2~-10+6=3 


ala a| 


x? -2xsec8at+1=0 => x=secOt tanO 
and ai Abie 
6 12 
=> sec (- 2) » sec 0 > sec (-=} 
6 \, 42 
(5) >se¢0>see(F) 
or sec | — | >sec 8 >sec | — 
6 12 
and tan(- =} <tan@ <tan(-) 


y 
M 
E 


or 


- 
(*) 


| 


ala 


(nx 
)>~ tnd > tan{ *) 
\12 


146. 


“” @,,B, are roots of x” —2x sec @ +1=0 anda, >B, 


“. @, =sec8—tan@ and B, =sec@ + tanO 
=> O,, 8, are roots of x” + 2x tan@-1=0 


and a, >B, 
a, =—tan@ + sec 8 
and B, =— tan @ —sec 8 
Hence, a, +B, =-2 tan6 
wx (x1) +(x +1) (x +2) +... 4+ (x + 2-1) (x +n) =10n 


=> nx? tx(lt¢3+54+...4+(2n-1)) +(1.24+2.3 
, +..4(n—1).n)=10n 


1 
or nx + mix + >(n—1)m(n+1)=10n 


or 3x” + 3nx + (n? - 1) =30 (n #0) 
or 3x? + 3nx + (n? -31) =0 

Ja -B|=1 
or (0 -B)’ = 
or 471 
or D=a’ 
or 9n? —12.(n? —31) =9 
or n? =121 

n=11 
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The word “Sequence” in Mathematics has same meaning as in ordinary English. A collection of objects listed in a 
sequence means it has identified first member, second member, third member and so on. The most common examples 
are depreciate values of certain commodity like car, machinery and amount deposits in the bank for a number of years. 


Session 1 | 


Sequence, Series, Progression 


sequence 


A succession of numbers arranged in a definite order or 
arrangement according to some well-defined law is called 
a sequence. 

Or 
A sequence is a function of natural numbers (N) with 
codomain is the set of real numbers (R) [complex numbers 
(C)} If range is subset of real numbers (complex numbers), 
it is called a real sequence (complex sequence). 

Or 


A mapping f: NC, then f(n) =t,,n€ N is calleda 
sequence to be denoted it by 


{ (1), f(2), f(3),--.} = {t1, ta,t3,---} = {tn }- 


The nth term of a sequence is denoted by 
Fstavtiq, aln) sty, ete. 


Remark 
The sequence 4,, ao, a3, ... is generally written as {a,}. 


For example , 


(i) 1, 3, 5, 7, ... is a Sequence, because each term (except 
first) is obtained by adding 2 to the previous term and 
T, =2n-1neN. 

Or 

IfT, =LT,41 =T,+2,n21 

(ii) 1, 2, 3, 5, 8, 13, ... is a sequence, because each term 
(except first two) is obtained by taking the sum of 
preceding two terms. 


Or 
IfT, =17, =2,T,42 =T,, Pl aay n21 
(iii) 2, 3, 5, 7, 11, 13, 17, 19, ... is a sequence. 


Here, we cannot express T,,,n € N by an algebraic 
formula. 


Recursive Formula 


A formula to determine the other terms of the sequence in 
terms of its preceding terms is known as recursive 
formula. 

For example, 


If T; =1 and T,,, =6T,,nEN. 
Then, T,=6T, =6-1=6 

T; = 6 Ty =6-6 =36 

Ty =6T; =6- 36 =216... 
Then, sequence is 1, 6, 36, 216... 


Types of Sequences 


There are two types of sequences 


1. Finite Sequence 


A sequence is said to be finite sequence, if it has finite 
number of terms. A finite sequence is described by 
@,,Q2,Q3,...,@, OFT), 1o,73,...,1,, where n€ N. 


For example 
(i) 3,5, 7,9, 0 37 
(ii) 2, 6, 18, 54, ..., 4374 


2. Infinite Sequence 


A sequence is said to be an infinite sequence, if it has 
infinite number of terms. An infinite sequence is described 
by @;,@2,@3,...0r 7, 12,13,... 


For example, 


1s, 
ao 2 

oe a ae | 

(ii) L-,-,-,—,. 
24 8 16 
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Series 


In a sequence, the sum of the directed terms is called a 
series. 

For example, If 1, 4, 7, 10, 13, 16,... is a sequence, then its 
sumi.e.,1+4+7+10+13+16+... is a series. 


In general, if T,, T),73,..., T,,--. denote a sequence, then the 


symbolic expression T, +T, +13 +...+T, +-..is called a 
series associated with the given sequence. 


Each member of the series is called its term. 


InaseriesT, +T, +T; +...+T, +..., the sum of first n terms 


is denoted by S,,. Thus, 
n 
S,=T, +1, +7; +...4+7, =} 7, =) Th 
r=1 


IfS, denotes the sum of n terms of a sequence. 


Then, Sn ~Sn-1 =(T, + Ty +T; +... +T,) 

—(T, +T, +...+T,-1) =T, 
Thus, T, =S, —Sp-1 
Types of Series 


There are two types of series 


1. Finite Series 


A series having finite number of terms is called a finite 
series. 


For example, 
(i) 3+54+7+9+4...421 
(ii) 2+6+18+54+4...+ 4374 


2. Infinite Series 


A series having an infinite number of terms is called an 
infinite series. 
For example, 
‘ 1 
(i) fitaes 2s, 
a 9 27 


Miseee ele. 
2 4 8 


Progression 


If the terms of a sequence can be described by an explicit 


formula, then the sequence is called a progression. 


Chap 03 Sequences and Series 209 


Or 


A sequence is said to be progression, if its terms increases 
(respectively decreases) numerically. 


For example, The following sequences are progression : 


L144 
) Site pane (ii) -,-,—,—,... 
() 'S 6 18 54 
(iii) or tee (iv) 1,8, 27, 256, .. 


1 
8,- 4,2,-L-,... 
(v) ; 


The sequences (iii) and (v) are progressions, because 


[|1|> am > 2 >j-—|>... 
9 yA | 
, 1. a 
ie. 1>->->—>... 
3 9 27 
1 
and LSS) eet 2 
: 1 
ae. Searle oo ae 


Remark 

All the definitions and formulae are valid for complex numbers 
in the theory of progressions but it should be assumed (if not 
otherwise stated) that the terms of the progressions are real 
numbers. 


n 
| Example 1. If f :N —R, where f(n)=a, =——,, 
(2n+ 1) 
write the sequence in ordered pair form. 
n 
Sol. Here, a, =————> 
(2n +1)? 
On putting n = 1, 2,3, 4,... successively, we get 
1 1 2 2 
a ee a =. ee 
(2-141) 9 (2-241)? 25 
3 3 4 4 
—_—, a, — ee — 
(2-4+1) 81 


a, = —— = 
(2-34+1)* 49 


4 
Hence, we obtain the sequence Z : e. nr 
9 25 49 81 
Now, the sequence in ordered pair form is 


(eseala} 
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| Example 2. The Fibonacci sequence is defined by | Example 4. 
. n+) n 
Q) =1=G7,Q, =O,-; + G,-2,N>2. Find ; for (i) Write S(r? +2) in expanded form. 
n=1,2,3,4, 5. . fel 
gs . me a 
Sol. *. a, =1=a, (ii) Write the series — + ad e2 + a eee sigma 
. a, =a, +a, =14+1=2, 3 4 5 6 n+2 
@, =a, +a,=2+1=3 form. 
Ms =, +a, =3+2=5 Sol. (i) On putting r = 1,2,3,4,...,nin(r? +2 
and = as +a,=5+3=8 a #2), 
fay a2 a, M235 25 and a _8 in ecpiliiae + 2) 
a a 3 43 i 5 8 Hence, V(r? +2)=34+6+114+ 18+... +(n? +2) 
| Example 3. If the sum of n terms of a series is et 
2n* + 5n for all values of n, find its 7th term. Gn tie verona 
ree 


Sol. Given, 5S, =2n?+5n 
=> $,_,=2(n-1)? +5(n-1)=2n? 4+n-3 
Ty = Sy —Sy_y=(2n? +5n)—(2n? +n-3)=4n+3 Di Saar yl - > | 
Hence, T7 =4X7+3=31 5 \ 


Hence, the given series can be written as 


Exercise for Session 1 


1 First term of a sequence is 1 and the (n + 1) th term is obtained by adding (n + 1) to the nth term for all natural 
numbers n, the 6th term of the sequence is 
(a)7 (b) 13 
(c) 21 (d) 27 


“—~ 


2. The first three terms of a sequence are 3, 3, 6 and each term after the second is the sum of two terms 
preceding it, the 8th term of the sequence is 


(a) 15 (b) 24 
(c) 39 (d) 63 
nm : 2 
3. Ifa, =sin (= the value of }\a/ is 
6 n=1 
(a) 2 (b) 3 
(c) 4 (d) 7 
4. If fora sequence {a,}, S, = 2n? + 9n, where S, is the sum of n terms, the value of ago is 
(a) 65 (b) 75 
(c) 87 (d) 97 
5 
5. Ifa, =2,a2 =3 + a, anda, =2a,_; +5 forn >1, the value of 9° a, is 
r=2 
(a) 130 (b) 160 
(c) 190 (d) 220 
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Session 2— 


Arithmetic Progression (AP) 


oS eee ne me 2 on  Senrers > eee 


Types of Progression 


Progressions are various types but in this chapter we will 
studying only three special types of progressions which 
are following : 


1, Arithmetic Progression (AP) 
2. Geometric Progression (GP) 
3. Harmonic Progression (HP) 


Arithmetic Progression (AP) 


An arithmetic progression is a sequence in which the 
difference between any term and its just preceding term 
(ie., term before it) is constant throughout. This constant 
is called the common difference (abbreviated as CD) and is 
generally denoted by ‘d’. 

Or 
An arithmetic progression is a sequence whose terms 
increase or decrease by a fixed number. This fixed number 
is called the common difference of the AP. 


A finite or infinite sequence {t,, t2,t3,...,f,} 


or {t,,t),t3,...} is said to be an arithmetic progression 
(AP), if t, —t,., =d, a constant independent of k, for 
k=2,3,4,..., or k =2, 3, 4,... as the case may be: 

The constant d is called the common difference of the AP. 


Le) d=t, —t, =t, —ty ast, =tray 


Remarks 
1. If abe the first term and d be the common difference, then 
AP can be written as 
aatdat 2d,...,a+ (N-1)d..,.VN EN. 
If we add the common difference to any term of AP, we get 
the next following term and if we subtract it from any term, 
we get the preceding term. 
. The common difference of an AP may be positive, zero, 
negative or imaginary. 
Constant AP common difference of an AP is equal to zero. 
. Increasing AP common difference of an AP is greater than 
zero. 
. Decreasing AP common difference of an AP is less than 
zero, 
. Imaginary AP common difference of an AP is imaginary. 


~ 


w 


mM 


~ 


Algorithm to determine whether a sequence is 
an AP or not 
Step I Obtain t, (the nth term of the sequence). 
Step II Replace n by n—1int, to gett, -;. 
Step III Calculate t, —t,-1. 


If t, —t,-, is independent of n, the given sequence is an 
AP otherwise it is not an AP. 


[| Example 5. 
(1, 35s ax 
(iii) g,a-—b,a—2b,a—3b,... 


Sol. (i) Here, 2nd term - 1st term = 3rd term - 2nd term =... 
=> 3-1=5-3=...=2, which is a common 
difference. 

(ii) Here, 2nd term - ist term = 3rd term — 2nd term =... 
= (n+e")—n=(n+2e")-(T +e") =... 


(ii) m, um +e" ,m+2e",... 


= e™, which is a common difference. 


(iii) Here, 2nd term — 1st term = 3rd term - 2nd term =... 
=(a—-b)-a=(a-2b)-(a- b)=... 
= — b, which is a common difference. 


| Example 6. Show that the sequence <t, > defined by 
t, = 5n+4 is an AP, also find its common difference. 


Sol. We have, t, =5n+4 
On replacing n by (n — 1), we get 
tr-1; =5(n—-1) +4 
=> i<j = on = 1 
t, —ty-; =(5n + 4) —(5n -1)=5 
Clearly, t, — t, -; is independent of n and is equal to 5. So, 
the given sequence is an AP with common difference 5. 


| Example 7. Show that the sequence <t, > defined 
by t, = 3n* +2is not an AP. 
Sol. We have, t, = 3n? +2 


On replacing n by (n — 1), we get 
ty -1 =3(n—1)? +2 


=> ty, =3n? —6n+5 
ty — ty -, =(3n? + 2) — (3n? — 6n +5) 
=6n -—3 


Clearly, t, — t, -, is not independent of n and therefore it is 
not constant. So, the given sequence is not an AP. 
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Remark 

lf the rth term of a sequence is an expression of first degree in n. 
For example, t, = An+ 8, where A Bare constants, then that 
sequence will be in AP fort, ~t,-; =(An+ 8)-[A(n-1) + B] 
= A{n-(n- 1)] = A=constant = Common difference or 
coefficient of nint, Students are advised to consider the above 
point as a behaviour of standard result. 


General Term of an AP 


Let ‘a’ be the first term, ‘d’ be the common difference and ‘ 


1’ be the last term of an AP having ‘n’ terms, where né& N. 
Then, AP can be written as a,a+d,a+2d,...,1-2d,l-—d,l 


(i) nth Term of an AP from Beginning 
1st term from beginning =t; =a=a+(1—1)d 

2nd term from beginning =t, =a+d=a+(2-1)d 
3rd term from beginning =t, =a+2d =a+(3-1)d 


n th term from beginning =t, =a+(n—1)d,VneEN 


Hence, n th term of an AP from beginning 


=t, =a+(n-1)d=I [last term] 


(ii) nth Term of an AP from End 

1st term from end=t’, =!=[-(1-1)d 

2nd term from end =t’, =1-d =1-(2-1)d 
3rd term from end =t’, =1-2d =!-(3-1)d 


nth term from end=t’, =]-(n-1)d,VneEN 

Hence, n th term of an AP from end 

t’, =l1-(n-1)d=a (first term] 

Now, it is clear that 

t, +t, =at(n—-1)d+l-(n-1)d=a+4l 

or t, +t, =atl 

ie. In a finite AP, the sum of the terms equidistant from 


the beginning and end is always same and is equal to the 
sum of first and last term. 


Remark 

. rth term is also called the general term. 

2. If last term of AP ist, and common difference be d, then 
terms of AP from end are tpt, -— Oty - 20, .. 

3. If in a sequence, the terms an alternatively positive and 
negative, then it cannot be an AP. 


—_ 


—_— 
ua 


& 


. Common difference of AP = ! 
n+ 


/ =last term of AP and n= number of terms of AP. 

. Wftntns wens gare three consecutive terms of an AP, then 
Qtasy=ly + tpg 2. In particular, if a band care in AP, then 
2b=atc. 


an 


; where, a = first term of AP, 


| Example 8. Find first negative term of the sequence 


20, 19 D 182, 17 a ss 
4 2 4 


Sol. The given sequence is an AP in which first term, a = 20 
and common difference, d = —- Let the nth term of the 


given AP be the first negative term. Then, 
t, <0 => at(n-1)d<0 


f 3 
= 20+(n-1)|-—|<0 

% 
> 80 -3n +3 <0 
=> n> ee or n> a7@ 

3 3 

=> n= 28 
Thus, 28th term of the given sequence is the first negative 
term. 


| Example 9. If the mth term of an AP is ; and the 


at ‘ 
nth term is —, then find mnth term of an AP. 
m 


Sol. If Aand B are constants, then rth term of AP is 


t-=Ar+B 
; 1 1 
Given, t,=— = Am+B=— wai) 
n n 
1 1 : 
and ‘th=— => An+B=— ..ii) 
m m 


From Eqs. (i) and (ii), we get A = ar and B=0 
mn 


1 
mn th term = t,,, = Amn + B= —-mn+0=1 
Hence, mn th term of the given AP is 1. 


| Example 10. If| x —1|, 3and| x — 3|are first three 
terms of an increasing AP, then find the 6th term of on AP. 
Sol. Case I For x <1, 


|x -1]=—(x-1) 


and |x -3|=—-(x-3) 
..1— x,3 and3-— x are in AP. 

= 6=1-x+3-<x 
= x=-1 


Then, first three terms are 2, 3, 4, 
which is an increasing AP. 
“. 6th term is 7. 
Case II For1< x <3, 
|x~-1|=x-1 
and |x -3|=-(x-3)=3-x 
x — 1,3 and3 — x are in AP. ' | 
=> 6=x-1+3-x | 


[d=1] | 


limnossible] 
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Case lll Forx >3,|x-i1|=x-1 and |x-3/=x-3 
“.xX-1,3 and x —3are in AP. 

> 6=x-1+x-3>5 x=5 

Then, first three terms are 4, 3, 2, which is a decreasing AP. 


| Example 11. In the sequence 1, 2, 2, 3, 3, 3, 4, 4, 4, 
4, ..., where n consecutive terms have the value n, find 
the 150th term of the sequence. 

Sol, Let the 150th term =n 


Then, 1+2+3+..4(n—-1)<150<14+2+3+..4+n 
‘i ea0t <150< 2020 
> n(n —1)<300<n(n+1) 
Taking first two members 
n(n~1)<300 = n*?-n-300<0 


2 
> ( = 1) < 300 + - 
2) 4 
= er ee 
2 2 
> 0<n<17.8 (i) 
and taking last two members, 
n(n +1)>300 
1\ 1 
= ( +-| >300+—- 
2) 4 
1 +1201 
— + —— 
2 2 
=> n>16.8 ..{ii) 
From Eqs. (i) and (ii), we get 
168<n<178 
= n=17 


| Example 12. If a,,a2,3,a,and a, are in AP with 
5 


common difference # 0, find the value of )’a; when 
a; =2. da 
Sol. +, 42, a3, a, and a, are in AP, we have 
(wt, tt, =atl] 
[a3 = 2] 


Q@ +a, =a, +@, =a; +2, 
a +a,=a,+a,=4 
a4+@,+a,+@a,+a,=4+2+4=10 


— Sq 10 
ti 


Sum of a Stated Number of 
Terms of an Arithmetic Series 


More than 200 yr ago, a class of German School Children 
was asked to find the sum of all integers from 1 to 100 
inclusive. One boy in the class, an eight year old named 
Carl Fredrick Gauss (1777-1855) who later established 
his reputation as one of the greatest Mathematicians 
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announced the answer almost at once. The teacher 
overawed at this asked Gauss to explain how he got this 
answer. Gauss explained that he had added these numbers 
in pairs as follows 


(1+ 100), (2 +99), (3 +98),... 
There are = =50 pairs. The answer can be obtained by 


multiplying 101 by 50 to get 5050. 


Sum of n Terms of an AP 


Let ‘a’ be the first term, ‘d’ be the common difference, ‘I’ 
be the last term of an AP having n terms and S,, be the 
sum of n terms, then 

S, =at(at+d)+(a+2d)+...+(1-2d)+(l-—d) +l ...(i) 
Reversing the right hand terms 

S, =l+(l-d) +(l-2d) +...+(a+2d)+(a+d)+a_...(ii) 
On adding Eqs. (i) and (ii), we get 

2S, =(at+l)+(at+l)+(atl) +... 
+(a+l)+(a+l1)+(a+l) 
=(a+1)+(a+l) +... upto n terms =n(a +1) 


(iii) 


Now, if we substitute the value of I viz., =a +(n-—1) d, in 
this formula, we get 


n 
$,=7 (a+) 


a = 7 (ata+(n—1) d]=> [2a +(n-2)d] 


S$, => [2a + (n~ 1) d] 


If we substitute the value ofa viz., 
l=a+(n-1)d 
or a=I-(n-1)d in Eq. (iii), then 


S, = A ~(n- 1) d] 
If we substitute the value of a +1 viz., 
t, +t’, =atl in Eq. (iii), then 
n , 
Sn = 2 (t, +t n ) 
Corollary I Sum of first n natural numbers 


Le. 1+2+3+4+...+0 

Here, a=landd=1 

$=" [2-1+(n-1)-1] 
Z 

_n(n+1) 

2 
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Corollary I Sum of first n odd natural numbers 
ie. 143+5+... 
Here, a 
and d= 
S 


[2-1+(n—-1)-2] =n? 


Corollary Ill If sum of first n terms is S,, then sum of next 
mterms is Sy4, —Sp- 


Important Results with Proof 


1. If S,, t, and d are sum of n terms, nth term 
and common difference of an AP respectively, 


then 
d=t, -t,-1 [n > 2] 
th =Sy-Sn-1 [n 22] 
d=S, -2S,-1; +Sn-2 [n >3] 
Proof 
Sp xt) tte tty t.ctty-1 tt 
=> 5, @5,-4 +t, 
hei 
but d=t, —t,- 


=(S,, Sua) (Sri = Spa) 
d=S, =2 ood +S, 


2. A sequence is an AP if and only if the sum of 
its n terms is of the form An” + Bn, where A 


and B are constants independent of n. 


In this case, the nth term and common difference of 
the AP are A(2n —1) + Band 2A, respectively. 


Proof As S, = An’ + Bn 
S,-1 =A(n-1)* + B(n-1) 
th =S, -Sa-1 
=(An? + Bn)-[A(n—1)* + B(n-1)] 
= A[n® —(n—1)?]+B 
t, =A(2n-1)+B 


=> t,-; =A[2(n-1)-1]+B 
=A(2n-3)+B 
Now, t, —f,-) =[A(2n—-1) + B]-[A(2n —3) + B] 
=2A [a constant] 


' Hence, the sequence is an AP. 


Conversely, consider an AP with first term a and 
common difference d. 


Sum of first n terms = - [2a +(n-1) d] 


2 \ 
= (a-S)n= an + Bn, 
2 2 

d 


where, A=“, B=a-< 


Hence, S, = An’ + Bn, where A and B are constants 
independent of n. 
Hence, the converse is true. 
Corollary: S$, =An’ +Bn 

t, =A(2n-1)+B 
t, = A (replacing n’* by 2n —1) + coefficient of n 
and d=2A 
1.e. d=2 


[coefficient of n’) 


Sn? +3n = |5(2n-1)+3=10n-2 


-In?+2n | —7(2n-1)+2 -14 
=~1]4n+9 


-9n7-4n | -9(2n-1)-4 | -18 
=-]8n+5 


4n-—n | 4(Q2n-1)-1=8n-5 8 


. If S, =an* +bn+c, where S,, denotes the sum 


of n terms of a series, then whole series is not 
an AP. It is AP from the second term onwards. 


Proof As 5S, =an’ +bn+c forn21, we get 


Sn-y =a(n—1)? +b(n—1) +cforn22 


Now, t, #S, —S,-; 

=> t, =a(2n-1)+b,n22 
t,-, =a[2(n—-1)-1]+),n23 

=> tr-; =a(2n—-3)+b,n23 


t, —t,-, =2a=constant, n 23 
ty —t, =ty —t, =ts —t, = cas . | 
But to -t, =(S, —S,)-S, =S, -25, | 
=(4a+2b+c)-2(a+b+c) 
= (2a —c) [S,=t) 
to -t, #f, =f 
Hence, the whole series is not an AP. It is AP from | 
the second term onwards. 
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Ratio of Sums is Given 


1. If ratio of the sums of mand n terms of an AP 
is given by 


where A, B are constants and A #0. 
Sm =(Am? + Bm)k, 
S, =(An? + Bn)k 
= tn =Sm —Sm-1 =[A(2m -1) + B]k 
ty =S, —Sn-, =[A(2n-1) + B]k 
t, _A(2@m-1)+B 
t, A(2n-1)+B 
| Example 13. The ratio of sums of m and n terms of 
an AP is m*:n?. The ratio of themth and nth terms is 
(a) (2m +1): (2n —1) (b) m:n 
(c) (2m —1): (2n —1) (d) None of these 
2 


Sol. (c) Here, [A =1, B=0] 


n (2n-1) 
> tm it, =(2@m—1):(2n - 1) 
2. If ratio of the sums of n terms of two AP’s is 
given by 
S, _An+ B 
Ss, Cn+D 
where, A, B, C, D are constants and A, C #0 
S, =n(An+ B)k, Si, =n(Cn+D)k 
=> ¢t, =[A(2n-1)+B]k,t) =[C(2n-1)+D]k 
=> d=t, -t,-; =2A, d’=t, -t,-, =2C 
t, _A(2n-1)+B - 
tr C(2n-1)+D aes 
Note If A=0,C=0 


then 2 ola 8 and oot esondetned 
» D t, PD d’ 0 
Remark 
It f, lant 
ti, en+d 
where, 2 b,c, d are constants and a, c #0, then 
(n+1) 
aj ——j+o 
Si 24 
a eft thy g 
L 2) 
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| Example 14. The sums of n terms of two arithmetic 
progressions are in the ratio (7n+ 1):(4n+17). Find the 
ratio of their nth terms and also common differences. 


Sol. Given, 5, :S, =(7n +1):(4n + 17) 
Here, A=7,B=1,C =4and D=17 
a 7(2n-1)+1 _ 14n-6 
t’, 4(2n-1)+17 8413 
and 2 toe 
d C 4 


Hence, t, :t, =(14n —6):(8n + 13)andd:d’=7:4 


| Example 15. The sums of n terms of two AP’s are in 
the ratio (3n - 13):(5n+ 21). Find the ratio of their 24th 


terms. 
Sol. Given, S, :S, =(3n — 13):(5n + 21) 
Here, A=3,B=-13,C =5and D=21 


boy _ 


t'g 5(2X24-1)+21 256 2 
tos ito =1:2 
[| Example 16. How many terms of the series 
2 
20+ 19+ 18<+.. must be taken to make 300? 


Explain the double answer. 


Sol. Here, given series is an AP with first term a = 20 and the 
2 
common difference, d = — - 


Let the sum of n terms of the series be 300. 


Then, S. = 7 a+ (n ~1)d} 
( \ 
=> 300 == ax20-+(n-1)(-2} 
2 | 3/| 
= 300 = = (60-n +1} 
= n? —61n + 900 =0 
=> (n — 25)(n — 36) =0 
=> n=25 or n=36 


“. Sum of 25 terms = Sum of 36 terms = 300 
Explanation of double answer 
Here, the common difference is negative, therefore terms 


f 2 
go on diminishing and t,, = 20 + (31 - 1) ra =Oi.e., 31st 


term becomes zero. All terms after 31st term are negative. 
These negative terms (f3», f33, t34, f35, £36) when added to 
positive terms (t2,, t27, tog, 29, t39), they cancel out each 
other i.e., sum of terms from 26th to 36th terms is zero. 
Hence, the sum of 25 terms as well as that of 36 terms is ° 
300. 
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| Example 17. Find the arithmetic progression 
consisting of 10 terms, if the sum of the terms 
occupying the even places is equal to 15 and the sum 


of those occupying the odd places is equal to 25, 


Sol. Let the successive terms of an AP be ty, tz, t3,... t9, to- 
By hypothesis, 
to tty tie tly + tio =15 
(i. + ty) = 15 
2 
to +t =6 
(a+d)+(a+9d)=6 
2a + 10d =6 * swat) 


Yudy vy 


E 


1 
d gy area ale es 


5 25 
=(t; tty) =— 
5 fh 9) ; 


th+t,y =5 
ata+8&d=5 
2a+8d=5 ...(ii) 


Yyud gv 


From Eqs. (i) and (ii), we get d = ; anda= ; 


1 
Hence, the AP is - 1, wie 2 seee 
2 2 2 


[| Example 18. If N, the set of natural numbers is 
partitioned into groups S$, = {1}, S2 ={2, 3}, 
S; ={4, 5, 6},..., find the sum of the numbers in Sso. 
Sol. The number of terms in the groups are 1, 2, 3, ... 
‘’ The number of terms in the 50th group = 50 
The last term of 1st group = 1 
The last term of 2nd group =3=1+2 
The last term of 3rd group = 6 =1+2+3 


The last term of 49th group =1+2+3+...+ 49 
.. First term of 50th group =1+(1+2+3+...+ 49) 


= 14 (1+ 49)= 1226 


Bea - {2.x 1226 + (50-1) 1} 
= 25 X 2501 = 62525 


| Example 19. Find the sum of first 24 terms of on AP 
t;,t2,ts,..., if it is known that 
t; +fs + bio + Cys +f +o, = 725. 
Sol. We know that, in an AP the sums of the terms equidistant 


from the beginning and end is always same and is equal 
to the sum of first and last term. 


Then, ty + bog = ts + too = tho + tis 


but given 

ty tls thy thy + top + tog = 225 
> (t) + fq) + (ts + too) + (tio + tis) = 225 
=> 3(t, + tog) = 225 
=> ty + to, =75 


24 
S24 a + to,)= 12 75 = 900 


| Example 20. If (i+ 3+ 5+...4+p)+(1+3+5+...+) 


= (1+ 3+5+...+1), where each set of parentheses 
contains the sum of consecutive odd integers as 
shown, then find the smallest possible value of 
p+q+r (where, p > 6). 


Sol. We know that, 1+3+5+..+(2n-1)=n? 


Thus, the given equation can be written as 

(ez) (141) (4) 
2 a, a 

= (p +1)? +(q +1)? =(r +1)" 

Therefore, (p + 1,q + 1,r + 1) form a Pythagorean triplet as 

p>6>pt+1>7 

The first Pythagorean triplet containing a number > 7 is 

(6, 8, 10). 

=> pt+1=8g¢t1=67r+1=10 

=> ptqtr=21 


Properties of Arithmetic Progression 


1. If a,,a,,@3,...are in AP with common difference d, 
then a, tk,a, +k,a, +k,... are also in AP with 
common difference d. 


2. If a,,@2,@3,... are in AP with common difference d, 


then a,k,a,k,a3k,...and “1,92 93 are also in AP 
k ki ok 


(k #0) with common differences kd and = 


respectively. 


3. Ifa;,a2,a3,..and b,, by, b3,... are two AP’s with 
common differences d, and d2, respectively. Then, 
a, tb,,a, + b,, a, +z, ... are also in AP with 
common difference (d, +d, ). 

4, If a,,@,a3,...and b,, bo, b3,...are two AP’s with 
common differences d, and d, respectively, then 


Qa, a a 
Q,b,,@,b2,43b3,... and —,—*, 3, ... are not in AP. 
b, by by 
5. If a,,@2,@3,...,a@, are in AP, then 
a. Fa 
a, =~ VK OSkSn-r 
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6. If three numbers in AP whose sum is given are to be 
taken as 0 -B, &, @ +B and if five numbers in AP 
whose sum is given, are to be taken as & — 2B,a -8, 
a, +8, a +28, etc. 

In general, If (2r +1) numbers in AP whose sum is 
given, are to be taken as(re€ N). 


: Re rere 10-8, 0,0 +8,..., 


Remark 
1. Sum of three numbers = 3a 
Sum of five numbers = 5a 


Sum of (2r + 1) numbers = (27 + 1) & 
2. From given conditions, find two equations in a and B and 


then solve them. Now, the numbers in AP can be obtained. 


7. If four numbers in AP whose sum is given, are to be 
taken as 
a —38,0 -8,a +, +36 and if six numbers in AP, 
whose sum is given are to be taken as « —5B,a — 3, 
a-B.a0+B,0+3B,a +56, etc. 


In general If2r numbers in AP whose sum is given, 


are to be taken as(r€ N). 


a—(2r-1)B,a —(2r —3) B....,a -3B,a—-B, 
a+B,a+36,..,a+(2r—-3)B,a+(2r—1)8 


Remark 
1. Sum of four numbers = 4a 
Sum of six numbers =6 a 


Sum of 2r numbers = 2ra 
2. From given conditions, find two conditions in wand B and 


then solve them. Now, the numbers in AP can be obtained. 


| Example 21. If 5,,52,53,...,5p are the sums of 
nterms of p AP’s whose first terms are 1,2, 3,...,p and 
common differences are 1,2, 3,..., (2p — 1) respectively, 


show that mp (np +1). 


S459 tS Fact Sp 


Sol. «1, 2,3,..., p are in AP. 
Then, 2-1, 2-2, 2-3,...,2p are also in AP. 


.-(i) 


[multiplying 2 to each term] 


and 1, 3,5,...,(2p — 1) are in AP. 


Then, (n — 1)-1,(n — 1)-3,(n — 1)-5,...,( — 1) (2p — 1) are 
also in AP. 


.(ii) 


[multiplying (n — 1) to each term] 


From Eqs. (i) and (ii), we get 
2-14+(n —1)-1, 2:2 + (n —1)-3,2-3+(n -1)-5,..., 
2p +(n — 1)(2p — 1) are also in AP. 


.. (iii) 


[adding corresponding terms of Eqs. (i) and (ii)] 


From E 
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q. (iii), 


; {2-1 +(n — 1)-1}, 5 Rat (n =‘)<3}, 


7 234 (n —1)-5}, ... 


: fap +(n —1) (2p — 1) are also in AP 


[multiplying 5 to each term] 


1.€. Sj, $2, 53,...,5, are in AP. 


2 St 


Aliter 


Here, 


Similarly, S$, =3+8+13+... upton terms = 


Sy +5, +455 =" 1S, +5} 

oP eg al mayne? tee teeny = 
=F {peaten 1) + Seep +(n 1) (2p ot 
=P 2+ (n-1)4 2p +(n 1) (2p -1) 


= TP (enp +2)= “np (np +1) 


n(n +1) 


S$, =1+2+3+... upton terms = 


Sy =245+8 +... upton terms =~ [2-2+(n-1)] 


_ n(3n +1) 

Zz 

+ 
aGn+1) etc. 


Now, S, + S, + $3 +...+5, 


_ a(n 


oD fete) Fon). .actoatenns 


2 2 


= - [((n +3n +5n +... upto p terms) 


+(1+1+1+...upto p terms)] 


= 22 (an-+(p—s)20)+ P| 


= "2 [n+ n(p~1) + 1]= np (np +1) 


| Example 22. Let a and B be roots of the equation 
x? —2x+A=Oand let y and be the roots of the 


equation x? -18x+B=0. Ifa <B<y<Sare in 
arithmetic progression, then find the values of A and B. 
Sol. -. a, B, y, 5 are in AP. 
Let B=at+dy=at+2d,5=a +3d,d>0 
{here, sum of @, B, y, 5 is not given] 
Given, a+B=20B—=A 
=> 2a +d=20B=A (i) 
and ¥+5=18 y5=B 
=> 2a + 5d = 18, y5 = B ...(ii) 
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From Eqs. (i) and (ii), we get 
d=4,a=-1 

# B=3y=7,5=11 

= A =a8 =(- 1)(3)=-3 


and B= 8 =(7)(11) =77 


] Example 23. The digits of a positive integer having 
three digits are in AP and their sum is 15. The number 
obtained by reversing the digits is 594 less than the 
original number. Find the number. 


Sol. Let the digit in the unit’s place be a~d, digit in the ten’s 
place be a and the digit in the hundred’s place be a+ d. 


Sum of digits =a-dt+ata+d=15 [given] 
=> 3a=15 
a=5 .. (i) 


“. Original number = (a — d) + 10a + 100(a + d) 
= 1lla + 99d =555+99d 

and number formed by reversing the digits 
=(a+d)+10a+100(a-d) 
=11la— 99d =555 — 99d 

Given, (555 + 99d) — (555 —- 99d) =594 => 198d =594 

4 d=3 

Hence, original number = 555 + 99 x 3 = 852 


I Example 24. if three positive real numbers are in AP 
such that abc =4, then find the minimum value of b. 


Sol. *. a,b,c are in AP. 


Let a=A-D,b=A,c=At+D 
Then, a=b-D,c=b+D 
Now, abc = 4 

(b- D) b(b+ D)=4 
= b(b? - D?)=4 


=> b? - D? <b? 
= b(b? -D?)<b?> => 4<B 
b>(4)'? or b>(2)?% 


Hence, the minimum value of b is (2)? ’?. 


| Example 25. if a,b,c,d are distinct integers form an 
increasing AP such that d=a?+b*+c?, then find the 


value of a+b+c+d. 
Sol. Here, sum of numbers i.e.,a +b +c +d is not given. 


Let b=a+D,c=a+2D,d=a+3D,V DEN 
According to hypothesis, 
a+3D =a" +(a+D)* +(a+2D)’ 
=> 5D? +3(2a-1)D+3a*-a=0 wi) 
pa 7 3(2a= 1) 9 (2a - 1)? - 20(30" ~ a) 
10 
_ ~3(2a-1) + y(- 24a" - 16a + 9) 
10 
Now, — 24a” - 16a +920 
= 24a” + 16a-9 S0 
= tN ag Nell 
3 3 3. i2 
=> a=-1,0 [ae I] 
When a = 0 from Eq. (), D =0,= (not possible *: D € N)and 
fora=-1 
From Eq. (i), D= Le 
=] [.« DEN] 
i a@=-1,6=0,c=1,d=2 
Then, a+b+c+d=-14+0+1+2=2 
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Exercise for Session 2 


1. If nth term of the series 25 + 29 + 33+ 37+...and3+4+6+9+13+...are equal, then n equals 


(a) 11 (b) 12 (c) 13 (d) 14 

2. The rth term of the series 21 Pa + av +...iS 
2 18 98 23 
20 20 20 

a b c)20(5r + 3 d 

Qo O53 een () 243 
3. In acertain AP, 5 times the 5th term is equal to 8 times the 8th term, its 13th term is 

(a) 0 (b) -1 (c) - 12 (d) -13 
4. \f the 9th term of an AP is zero, the ratio of its 29th and 19th terms is 

(a) 1:2 (b) 2:1 (c) 1:3 (d) 3:1 


5. If the pth, qth and rth terms of an AP are a,b andc respectively, the value ofa (q -r)+b(r-p)+c(p-q)is 
(a) 1 (b) -1 (c) 0 (a) ; 


6. The 6th term of an AP is equal to 2, the value of the common difference of the AP which makes the product 
a,a,4a5 least is given by 


8 5 2 1 
(a) : (b) ri (c) A (d) 5 
7. The sum of first 2n terms of an AP is a and the sum of nextn terms is B, its common difference is 
(a) A (0) 5° (o) $= ig Fos 
8. The sum of three numbers in AP is -3 and their product is 8, then sum of squares of the numbers is 
(a) 9 (b) 10 (c) 12 (d) 21 


9. Let S, denote the sum of n terms of an AP, if S,, =3S,, then the ratio “= is equal to 
n 


~ (a)9 (b) 6 (c) 16 (d) 12 
10. The sum of the products of the ten numbers + 1, + 2, + 3, + 4, + 5 taking two at a time, is 
(a) - 65 (b) 165 (c) - 55 (d) 95 


11. \fa;, a9, a3,...,a, are in AP, where a; > 0 for alli, the value of 


1 1 1 
ame + = + wet —eES a) Is 
V4 + ya2 Vaz + V43 yn-1 + yap 


(a) EE (b) EE (c) Le (d) (n - 1) 
ve" n 7 n 
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erent. 


a a it a a ae ee ee ee) 


Geometric Sequins or Geometric Progression GP) 


Geometric Sequence or 
Geometric Progression (GP} 


A geometric progression is a sequence, if the ratio of any 
term and its just preceding term is constant throughout. 

This constant quantity is called the common ratio and is 

generally denoted by ‘r’. 


Or 


A geometric progression (GP) is a sequence of numbers, 

whose first term is non-zero and each of the term is 

obtained by multiplying its just preceding term by a 

constant quantity. This constant quantity is called 

common ratio of the GP. 

Let t), to, t3,-..tnity,tg,t3,-.. be respectively a finite or an 

infinite sequence. Assume that none of t;,’s is 0 and that 

t ae 

—* =r aconstant (i.e., independent of k). 

tha 

For k =2, 3, 4,..., 
n 

then call {t,},_, 


geometric progression (GP). The constant ratio r is called 
the common ratio (CR) of the GP. 


nor k =2,3, 4,...as the case may be. We 
or {t, };<, as the case may be a 


If ft, =ais the first term of a GP, then 
t, =ar,t3=t r=ar’,t, =f, r=ar’, 
i ee ll 


It follows that, given that first term a and the common ratio 
r, the GP can be rewritten as 


n-1 


2 
a,ar,ar’,...,ar"~! (standard GP) ora, ar,ar’,...,ar"~'.... 


(standard GP) 
according as it is finite or infinite. 


Important Results 


1. Ina GP, neither a=0 norr =0. 

2. Ina GP, no term can be equal to ‘0’. 

3. If in a GP, the terms are alternatively positive and negative, 
then its common ratio is always negative. 

4. If we multiply the common ratio with any term of GP, we get 
the next following term and if we divide any term by the 
common ratio, we get the preceding term. 


. The common ratio of GP may be positive, negative or 
imaginary. 

. If common ratio of GP is equal to unity, then GP is known as 
Constant GP. ; 

7. If common ratio of GP is imaginary or real, then GP is known 

as Imaginary GP. 
8. Increasing and Decreasing GP 
For a GP to be increasing or decreasing r > 0. If r <0, terms 


of GP are alternatively positive and negative and so neither 
increasing nor decreasing. 


a a>0 a>0 a<0 a<0 
f O<r<i r>i >i O<r<l 
Result Decreasing Increasing Decreasing Increasing 


| Example 26. 


(i) 1.24816. (93124 

39 
(ii) -2,-6,-18,... (iv) -8,-4,-2,-,-5,, 
(v) 5,-10,20,... (wil5, 5, S, Sis 


j= J-1 


(vii) 1,1+i,2i, -2 +2i,...; 
Sol. (i) Here, a=1 


and pone tote ey. s=2 ie. a@=landr=2 
1 2 4 8 
Increasing GP (a >0,r > 1) 
(ii) Here,a=9 
1 1 
andr=-=-Ha2a2e ei 1.e pbs 
tl 3 3 
a 


Decreasing GP (a > 0,0 <r <1) 
(iii) Here, a=-2 


ie. @=-2r=3 
Decreasing GP (a <0,r >1) 
(iv) Here,a=~-8 


1 
and See ra Pine ae ar 
_ -4 +2 #=-I1 2 
i.e. joes 
2 


Increasing GP (a <0,0<r <1) 
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(v) Here,a=5 


Neither increasing nor decreasing (r < 0) 
(vi) Here,a=5 


Constant GP (r = 1) 
(vii) Here,a=1 


1t+i 2i —2+2i 
and r=——=——= 
1 1+i 2i 
a 4 
2(i4i)= 2i (1 — i) _ ( Le 


(1+ i)(1-#) r 
=(1+i=(i+1)=(1+i)=... 
le, a@=lr=1+i 


Imaginary GP (r = imaginary) 


| Example 27. Show that the sequence <t, > defined 
gm-l 
byt, = = for all values of ne N is a GP. Also, find 


its common ratio. 
2n-1 


Sol. We have, t, = 


On replacing n by n — 1, we get 


gen 
a2n-3 
t 
type 3 ba a4 
3 ee 
3 


tn 


Clearly, is independent of n and is equal to 4. So, the 


n-i 
given sequence is a GP with common ratio 4. 


| Example 28. Show that the sequence <t, > defined 
byt, =2-3" +1is not a GP. 


Sol. We have, t, =2-3" +1 
On replacing n by (n — 1) int,, we get 
typ = 2-31 +1 


= a Co) 
3 
a (2-3° +1) 3(2-3" +1) 
thy (23°43) 2-3" +3) 
3 
Clearly, ‘nis not independent of n and is therefore not 
n-1 


constant. So, the given sequence is not a GP. 
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General Term of a GP 


Let ‘a’ be the first term, ‘r’ be the common ratio and ‘l’ be 
the last term of a GP having ‘n’ terms. Then, GP can be 


i: 


written as a, ar, ar’,..., 3. -,l 


r 


(i) nth Term of a GP from Beginning 


ist term from beginning =t, =a =ar'"' 


2nd term from beginning =t, =ar=ar’~' 


3rd term from beginning = t, =ar® =ar*™' 


nth term from beginning =t, =ar"— 'WneN 


Hence, n th term of a GP from beginning 


t, =ar"™ =| [last term] 


(ii) nth Term of a GP from End 


, l 
ist term from end=t , =! =——— 
Ait 
, ol I 
2nd term from end =t , =-= 
, yo 
’ l [ 
3rd term from end=t , =—= 
2. 3-1 
mF 
, i 
nth term from end=t , = —,VneN 


r 


Hence, nth term of a GP from end 


, l 
=== = [first term] 
he 
r 
= , 2 l 
Now, it is clear that t, Xt, =ar*-! x 2 =a! 
r 
or ip ME =axlVisk<n 


i.e. in a finite GP of n terms, the product of the k th 
term from the beginning and the k th term form the 
end is independent of k and equals the product of the 
first and last terms. 


Remark 


1, rth term is also called the general term. 
2. |f last term of GP bet, and CR is 7, then terms of GP from 


end aret,, (2, fn 
i ¢ 


9 
co 


3. If in a GP, the terms are alternatively positive and negative, 
then its common ratio is always negative. 
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4. If aand/ represent first and last term of a GP respectively. 
1 

Nea 

a) 

5. ltntha wens 2 are three consecutive terms of a GP, then 


are 


then common ratio of GP=re= ( 


n+2 42 ry ey 
ee ee lt Sn tne 2 


tn thet 


A 
In particular, ifa b,c areinGP, then==-= => b*‘=ac 
a 


c 
b 
On squaring, 
Hence, a’, b’, c? are also in GP. 


| Example 29. if first term of a GP is a, third term is b 
and (n+1)th term is c. The (2n+ 1)th term of a GP is 


bc c? 
(a) c 0 (b) — (c) abc (d) — 
Ya a a 
Sol. Let common ratio =r 
b=ar? > r= 2 
a 
Also, c=ar me eae 
a 
ce) ¢? 
tines zar™ =a(r'} = a(S] = a= 
a a 


Hence, (d) is the correct answer. 


| Example 30. The (m+n)th and (m—n)th terms of a 


GP are p and gq, respectively. Then, the mth term of 
the GP is 


m 


(a) p (2) 
Pp, 


(c) fe 
q 


Sol. Let a be the first term and r be the common ratio, then 


(b) [pq 


(d) None of these 


From Eqs. (i) and (ii), we get 


m+n-1 na-i 


ar xar™-"""=pxq 
=> a’r?™-2 = oq => ar™ |= pq 
> tn = Pq 


Hence, (b) is the correct answer. 


| Example 31. if sind, V2 (sin@ + 1), 6 sin@ +6 are in 
GP, then the fifth term is 
(a) 81 (b)81WV2 = (c) 162 (d) 1622 
Sol. [./2 (sin® + 1)]* = sin® (6 sin® + 6) 
=> [(sin® + 1)2(sin® +1) — 6sin@]=0 


1 


We get, sin§ =~ 1, 5 


sin§ = ; [sin@ = — 1 is not possible] 


1 : 
then first term = a = sin® = — and common ratio 
2 


: 1 
t; =ar' = 7 (vay = 162 
Hence, (c) is the correct answer. 


| Example 32. The 1025th term in the sequence 1, 22, 
4444, 88888888, ... is 
(a) 2° (b) 2'° 
(2 (d) 2"? 
Sol. The number of digits in each term of the sequence are 1, 
2, 4, 8, .... which are in GP. Let 1025th term is 2”. 
Then, 
1424+44+84..42"7'<1025514+24+4484+..42" 


(2-1)(1+2+27 +2° +...42"~') 


> ee < 1025 
g (LMU +242% +2! +... +2) 
(2-1) 
=> 2-1<102<2"*!-1 = 2" <1026<52"*! ...(i) 
or 2"*' > 1026 > 1024 
=> 2°*1 52) — n+1>10 
n>9 «.n=10 


[which is always satisfy Eq. (i)] 
Hence, (b) is the correct answer. 
| Example 33. If a,b,c are real numbers such that 
3(a7 +b? +c? +1)=2(a+b+c+ab+bc+ca), then 
a,b,c are in 
(a) AP only (b) GP only 
(c) GP and AP (d) None of these 
Sol. Given, 3(a* + b? +c? +1)=2(a+b+c+abtbe +a) 


=> 2 (a+b? +c? -ab-—be-ca)+ 
(a? +b? +c? — 2a —2b-2 +3} 

=> {(a—b) +(b-c) +(c—a)*}4 

{(a—1)* +(b-1)° +(c -1)7} =0 
=> a-b=b-c=c~a=0 and a-1=6-1=c-1=0 
= a=b=c=1 
= a,b,care in GP and AP. 
Hence, (c) is the correct answer. 
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Sum of a Stated Number of 
Terms of a Geometric Series 


The game of chess was invented by Grand Vizier Sissa 
Ben Dhair for the Indian king Shirham. Pleased with the 
game, the king asked the Vizier what he would like as 
reward. The Vizier asked for one grain of wheat to be 
placed on the first square of the chess, two grains on the 
second, four grains on the third and so on (each time 
doubling the number of grains). The king was surprised of 
the request and told the vizier that he was fool to ask for 
so little. 

The inventor of chess was no fool. He told the king “What 
Ihave asked for is more wheat that you have in the entire 
kingdom, in fact it is more than there is in the whole 
world” He was right. There are 64 squares on a chess 
board and on the nth square he was asking for 2"~’ grains, 
if you add the numbers 

ie, S=14+2427 42° 4....42% +2° .»(i) 
On multiplying both sides by 2, then 


a2 49" 42° 40" Be, O? 42” ...(ii) 


On subtracting Eq. (i) from Eq. (ii), we get 
S=2" -1=18, 446,744, 073, 709, 551, 615 grains i.e., 
represent more wheat that has been produced on the Earth. 


Sum of n Terms of a GP 


Let a be the first term, r be the common ratio, | be the last 
term of a GP having n terms and S,, the sum of n terms, 
then Dt 


S, =atartar’ +...4—+=-+1 ...(i) 
; r r 


On multiplying both sides by r (the common ratio) 


l - 
rS, =art+ar® tar? +...¢—+l4lr ..(ii) 
4 


On subtracting Eq. (ii) from Eq. (i), we have 
S, -rS, =a-—lIr or S, (l-r)=a-lr 


-l 
5. =4 r whenr <1 
1-r 
lr-a 
S, = , whenr >1 
r-l 
Now, l=t, =ar"7! 


Then, above formula can be written as 
n 
-1 
n =—————- when rr <1,S,, ac) 
(r -1) 


whenr >1 
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If r = 1, the above formulae cannot be used. But, then the 
GP reduces to @, a, @,... 

S, =atatat.,..n times=na 
Sum to Infinity of a GP, when the Numerical Value 
of the Common Ratio is Less than Unity, i.e. It is a 
Proper Fraction 


If a be the first term, r be the common ratio of a GP, then 


_a(i-r")_ a ar" 


Let -1<r<lie.|r|<1 then lim r” 30 
nm— co 


Let S.. denote the sum to infinity of the GP, then 
a 


(1-r)- 


where —1<r<l1 


Recurring Decimal 


Recurring decimal is a very good example of an infinite 
geometric series and its value can be obtained by means of 
infinite geometric series as follows 


0.327 =0327272727... to infinity 


= 03 +0.027 +0.00027 + 0.0000027 + ... upto infinity 


_3 + a7 pol a. ate infinity 


10 10° 10° 10’ 
f 
a pl. Ce eee infinity 
10 10°\ 10? 104 
3 27 1 
=— + — 
10 10° ie 1 
10? 
3 ¥ 27 297 +27 
10 990 990 
go [rational number] 
990 
Aliter (Best method) 


Let P denotes the figure which do not recur and suppose 
them p in number, Q denotes the recurring period 
consisting of q figures. Let R denotes the value of the 
recurring decimal. 


Then, R=0: POQOQ... 

; 10? x R=P-QQQ... 

and 10°77 x R= PO-QOQO... 
PO-P 


.. Therefore, by subtraction R = ————_—_. 
(10°* 4 — 10°) 
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Corollary I If R=0-QQQ... 


Then, R = 7 (when Q denote the recurring period 
ie 4 
consisting of q figures) 
For example, If R =0.3, then R= se 
10'-1 3 


Corollary Il The value of recurring decimal is always 
rational number. 


| Example 34. Find the value of 0. 3258. 


Sol. Let R= 0.3258 


= R = 03258585858... ...(i) 


Here, number of figures which are not recurring is 2 and 
number of figures which are recurring is also 2. 


Then, 100R = 32,58585858... ...(ii) 
and 10000R = 3258.58585858... ... (iii) 
On subtracting Eq. (ii) from Eq. (iii), we get 
9900R = 3226 
_ 3226 
9900 
Hence, R= me 
4950 
Shortcut Methods for 


Recurring Decimals 


1. The numerator of the vulgar fraction is obtained by 
subtracting the non-recurring figure from the given 
figure. 


2. The denominator consists of as many 9’s as there are 
recurring figure and as many zero as there are 
non-recurring figure. 


For example, 
: ab 54-36 3618 
() paghas ee ee 
9900 9900 
ste 327-3 1314 
(ii) 1.327 =140.327 =1+ 22> eS 
990 990 
(ii) 0.3=2—° =1 
? 3 


| Example 35. Find the sum upto n terms of the series 


a+aqa+aaa+aaaa+..., VaeEN andisas9. 
Sol. Let S=a+aa+aaa+aaaa+... upto n terms 


=a(1+11+111+1111 +... upton terms) 


= 50 +99 +999 + 9999 +... upto n terms) 


+(10° — 1) +(10* -—1) +... 


= = ((10' - 1) + (10? - 1) 
9 
upto n terms} 


a 2 3 
= — {(10+ 10° + 10° +... upton terms) 
? —(1+1+1+...n times)} 
21000" -1)_ | @ [10 19 4) _ al 
9| 10-1 | 9l9 | 
[Remember] 
In Particular 
: 1 {10 | 
(i) For a =1,1+114+111+...=-+—(10" -—1)—n} 
9|9 | 
i 2 (10 ] 
(ii) Por a=2,24+22+2024...=24 19, 10” -1)- Fl 
9|9 | 
rs 3 [10 | 
(iii) EGP) Soree tana Ta —(10" —1)- ‘i 


(iv) frame cvatsuts.n¥ {an - 
§ (10.40 

(v) Bovaima Ss heolase wel —(10" -1)-—n 

(vi) For a =6,6 + 66 +666 +...=— 


(vii) For a=7,7+77+777 +... 


(viii) For a=8, 8 +88 + 888 +... 


o10 wolo wol]Nn 


(ix) For a=9,9+99 +999 +... 


| Example 36. Find the sum upto n terms of the series 
0.5+ 0.65 + 0.bbb+0.bbbb+...,7beN and 1$bS$9. 


Sol. Let S=0.b + 0.bb + 0.bbb + 0.bbbb +... 
= b(0.1+011+0111+01111 +... 


upto n terms 


upto n terms) 


b ' 
== td + 0.99 + 0.999 + 0.9999 + .... upto n terms) 


{(1- ie + (1— 0.01) + (1— 0.001) + (1- 0.0001) +... upto 
n terms} 
{(I+t1+14+1+.. see n times) 
— (0.1+ 0.01 + 0.001 + 0.0001 + ... upto n terms)} 


at 42 : =" : + upton terms 
10 107 10° 104 | 


[Remember] 
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In Particular 
(i) For b =1, 


01+01140111+...2+4n—+ -(=] 
9| 9 10 | 


(ii) For b =2, 


e 4 ‘ 
0.2 +0.22 +0.222 +...= ; , = . F -(5) 


(iii) For b =3, 


ray 
l 
_— 
| 
cas 


03 +033 +0333 voZfand| 
9| 9 


(iv) For b= 4, 
4| 1 (2) 

0.4+0.44+0.444+...=—/n-—|1-| — 
9 | 9 10 | 
(v) For b=5, 
16 4055 40505422 eee -(3) | 
9| 9 10 | 
(vi) For b =6, 
06+056+0566+..=8|n-2]1-(4)"| 
9 | 9! \10 | 
(vii) For b =7, . 
7| i), Tey | 

0.7+077 +0777 +...=—-4n-- br 
9 | 9! (10 | 
(viii) For b =8, : 
08 +088 +0888 +...=°4n—— -(3) 
91 9 10 | 

(ix) For b =9, . 

09 +099 +0999 +...=24n-2 -(2) | 
9} 9] 10 | 


| Example 37. If N, the set of natural numbers is 
partitioned into groups S, = {1}, $2 ={2, 3}, ) 
S; ={4, 5,6, 7}, S, ={8, 9, 10, 11, 12, 13, 14, 15}, ..., then find 
the sum of the numbers in Ss. 

Sol. The number of terms in the groups are 1, 2, 2”, 2’,... 


.. The number of terms in the 50th group = 2° ~' = 2” 


: The first term of Ist group = 1 = 2° =2)7' 
The first term of 2nd group = 2 = 2! = 277? 
The first term of 3rd group = 4 = 2? =2°7! 


The first term of 50th group = 2° ~' = 2” 
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2° 
Sy a {2x 2° +(2° -1)x 1} 


= gro” +2 _ 1) 
= 2 (2 (241) -1]=2" (3-2"° - 1) 


1 1 1 
l Example 38. if $5 = at a vat 5n-T then 
calculate the least value of n such that 2-S, < aon 
He) 
Sol. Cie, 6 1a Ob oe ee 
2 = a (1-5) 
2 
=> §,=2- 5 
——. 2-S, : ee fva-s <0 
zt 100 100 | 
=> 2"-' > 100 >2° 
=> PSs 


n-1>6 => n>7 
Hence, the least value of 7 is 8. 


| Example 39. If x=1+a+a?+a°+...+ and 
y =1+b+b? +b* +...+0 show that 


xy 
———., where 
x 


14 ab+a’b?+a°b°+..,.40= 
7 


O<a<land0<b<1. 
1 


Sol. Given, x =1+tata? +a’ +... +00 =—— 


: l=2 
=> x-ax=1 
-1 i 
ate ) i) 
i < # 
and y=1tbt+h? +b +... +00 
Similarly, b= (2=+) ii) 
y ) 
Since, 0<a<10<b<1 
‘ 0<ab<1 
1 
Now,1+ab+a’*b? +a°b? + ..t0= 
1—ab 
= a {from Eqs. (i) and (ii)] 
22) 
1- ———e a 
x y } 
= xy 
yr yrs y a4 
Hence, 1+ ab + ab? +.a°b’ +... += wy 
xt yeni 
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Properties of Geometric Progression 


1. If a), a2, a3,...are in GP with common ratio r, then 


ak, aak, ayk,,..and — rr. a ren .are also in GP 


(k #0) with common ratio r. 
2. If a,,@2,@3,...are in GP with common ratio r, then 
a, tk,a, tk,a; tk,....are not in GP (k #0). 


3. If a,,a2,a3,...are in GP with common ratio r, then 


(i) x fe a ... are also in GP with common 
Q; ag @y 
| 
ratio -. 
r 


(ii) at, a5, a5,...are also in GP with common ratio 


r" and né Q. 


(iii) log a,, log az, log a3,... are in AP (a; >0,V i) 
In this case, the converse also holds good. 


4. If a,,@2,a3,...and b,, by, b3,...are two GP’s with 


common ratios r; and r,, respectively. Then, 


- Q@, Qo a 
(i) a,b), @2b2,a3b3,...and ee Te ed 


1 52 bs 
in GP with common ratios r,7, and —, 
"2 


,... are also 


respectively. 
(ii) a; + b,,a2 + b2,a3 +53,... are not in GP. 


5. If a,,@2,@3,..-,@,-2,4,-1,4, are in GP. Then, 
(i) @,@, =Q2@,_1 =@3Q,_2 =... 


(ii) a, = fark Q-44,Vk,0SkSn—-r 


aa Ge Oy -@ a 
Gil) 2=—=-1.,,.=— 8 
@; a2 3 Qn-1 
_ 2 
=> Gy =A38;,A4 =A2Qzq4,... 
2 
Also, a2 =a,r,a3 =a,r’, 
n-] 
a, =a,r’, A, =Qyr 


where, r is the common ratio of GP. 
6. If three numbers in GP whose product is given are 


to be taken as af a, ar and if five numbers in GP 
r 
whose product is given are to be taken as 


aa 2 
—,—,a,ar,ar , etc. 
ze 


In general If (2m +1) numbers in GP whose 
product is given are to be taken as(meé N) 


a a a “<j 
elie  WAr 


’ 
ap oS a 


Remark 
1. Product of three numbers = a” 


Product of five numbers = & 


Product of (2m + 1) numbers = a°™*' 


2. From given conditions, find two equations in'aand r and 
then solve them. Now, the numbers in GP can be obtained. 


7. If four numbers in GP whose product is given are to 


aa a ; 
be taken as —,—,ar,ar° and if six numbers in GP 
3 
r r 


whose product is given are to be taken as 


Qaa 3 5 
—,—,-—,4ar,ar’ ,ar’, etc. 


In general If (2m) numbers in GP whose product is 
given are to be taken as (me N) 


a Qa aa 3 2m-3 _ am-t 
tm ® Sg te age Or > ar ,ar 
F r yr OF 

Remark 


1. Product of four numbers = a 
Product of six numbers = a® 


Product of (2m) numbers = a?” 


2. From given conditions, find two equations in aand rand 
then solve them, Now, the numbers in GP can be obtained. 


| Example 40. If 5,,52,53,...,5, are the sum of 
infinite geometric series whose first terms are 1, 2, 3, 


ae ee 
.., p and whose common ratios are —,—,—,..., —— 
Ysa oper 
respectively, prove that 
+3 
5 SSeS, pee” ) 
ie P 
Sol. -. Sp te 
ptl 


S, = 2, S, = 3,5, = 4... 
LHS = S, +S) +5; +...4Sp 


=2+3+4+.. +(p+=2 (tp +i) 


- 200+9) px 


[ Example 41. Let x, and x2 be the roots of the 
equation x? - 3x+ A= 0 and let x; and x, be the 
roots of the equation x* ~ 12x +B =0. It is known that 
the numbers x,,X>,X3, X, (in that order) form an 
increasing GP. Find A and B. 
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Sol. + x1, Xp, X3, X4 are in GP. 
Let x, =xy,x,=xr°,x,=x,r° 
(here, product of x, x2, x3, X4 are not given] 
Given, x, + x2 =3,x;x2 =A 
=> x(1+r)=3,x7r=A (i) 
and = X3 +X4=12,x3x, = B 
=> xr’ (1+r)=12,x7r° =B 
From Eqs. (i) and (ii), 
r=4—57r=2 
From Eq. (i), x; =1 
A=xir=1?.2=2 


and Baar? =i" 2° =32 


...{ii) 
[for increasing GP] 


[from Eq. (i)] 
[from Eq. (ii)] 


Now, 


| Example 42. Suppose a,b,c are in AP and a? .b2,c? 
are in GP, ifa>b>c and a+b+c =~, then find the 
values of a and c. 2 


Sol. Since, a, b,c are in AP and sum of a, b,c is given. 
Let a=b-D,c=b+D [D <O]["a>b>c] 


and given atb+o== 


= j=DApxeee net 


Tin goo Petes oD 
2 2 


Also, given a’, b?, c? are in GP, then(b”)? = a’c? 


=> +b? =ac ee ee 
4 4 
4 4 2 
Det = D=-— [-- D <0] 
40 V2 
Heke wot seande es tok 
2 2 2 2 


| Example 43. if the continued product of three 
humbers in GP is 216 and the sum of their products in 
pairs is 156, then find the sum of three numbers. 


Sol. Here, product of numbers in GP is given. 


a 
. Let the three numbers be —, a, ar. 
r 


a 
Then, —-a-ar =216 
r 


> a’ =216 
e a=6 
Sum of the products in pairs = 156 


a a 
=> --ata-ar+ar-—=156 
r r 
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N 


‘1 \ ( 2 
= a [+r +1} =156 = 36 ee ST aa 
r ) i r 
l+r¢r’ 2 
=> 3) ———— [= 13 = 3r° - 107 +3 =0 
\ r 4 
1 
=> (3r -1)(r -3)=0 => pan ares 


Putting the values of a and r, the required numbers are 18, 
6, 2 or 2, 6, 18. Hence, the sum of numbers is 26. 


| Example 44. Find a three-digit number whose 
consecutive digits form a GP. If we subtract 792 from 
this number, we get a number consisting of the same 
digits written in the reverse order. Now, if we increase 
the second digit of the required number by 2, then the 
resulting digits will form an AP. 

Sol. Let the three digits be a, ar, ar’, then according to hypoth- 

esis 
100a + 10ar + ar? — 792 = 100ar? + 10ar +a 


= 99a(1-r?)=792 
=> a(it+r)(i-r)=8 ..(i) 
and a, ar + 2,ar” are in AP. 
Then, 2(ar +2)=a+ar* 
=> a(r? -2r+1)=4 = a(r—-1)? =4 seat) 
On dividing Eq. (i) by Eq. (ii), we get 

r+l1 1 

=-2 > r=- 
r-] 3 


From Eq. (ii), a= 9 
Thus, digits are 9, 3, 1 and so the required number is 931. 


Examples on Application of 
Progression in Geometrical Figures 


| Example 45. A square is drawn by joining the 
mid-points of the sides of a given square. A third 
square is drawn inside the second square in the same 
way and this process continues indefinitely. If a side of 
the first square is 16 cm, then determine the sum of 
the areas of all the squares. 

Sol. Let a be the side length of square, then 


D G C 


AB = BC = CD= DA=a 
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. E, F,G, H are the mid-points of AB, BC, CD and DA, 
respectively. 


EF = FG = GH = HE=-— 
v2 

and I, J, K, L are the mid-points of EF, FG,GH and HE, 
respectively. 
gs 
2 
MN = NO = OP = PM = —~ and 

2V2 


IJ = JK = KL=LI= 
Similarly, 


QR= RS=ST =TQ= =, 


S = Sum of areas 
= ABCD + EFGH + IJKL + MNOP + QRST +... 


2 \2 \2 
-+( +(] +(-5) bse 
v2} op 22 ) 


1 #1 
wot(ietetels. 
2 4 8 


[a = 16cm] 


=512sqcm 


| Example 46. One side of an equilateral triangle is 24 
cm. The mid-points of its sides are joined to form 
another triangle whose mid-points, in turn, are joined 
to form still another triangle. This process continues, 
indefinitely. Find the sum of the perimeters of all the 
triangles. 


Sol. Let a be the side length of equilateral triangle, then 
AB= BC =CA=a 


‘: D, E, F are the mid-points of BC, CA and AB, respectively. 


BF = FD = DE => 


and H, I, J are the mid-points of EF, FD and DE, 
respectively. 


a 
a ar 


Similarly, | KL=ML=KM= 7 


/ 
P= Sum ofperimeters=3(a+S4 2454... 
. eo 4 


‘ 


= 6a=6X 24 = 144 cm [a = 24 cm] 


=3)/ —— 


i= 
2 


| Example 47. Let S,,5,,... be squares such that for 
each n21, the length of a side of S, equals the length 
of a diagonal of S,,,. If the length of a side of S, is 10 
cm and the area of S, less than 1 sq cm. Then, find 
the value of n. 
Sol. We have, length of a side of 
S, = length of diagonal of S, , 


= Length ofa side of S, = nO (length of a side of S, , ;) 
Length of a side of 5S 
ength of a side of S, , | oJ peas, 
Length ofasideofS, 2 


= — Sides of S,, S,, S;,... form a GP with common ratio 


=> 


1 
>$- and first term 10. 
v2 


1\" 40 
Side of $, = 10] —= - 
(= 


=> AvenefS. =(Side}* = =i 


= 


Now, given area of S, <1 
100 


joe 1 => 2! 002° 
gt 
= 2"-'5 2% 3n-1>6 


n>7 orn28 


[| Example 48. The line x+ y =1 meets X-axis at A and 


y-axis at B,P is the mid-point of AB, P, is the foot of 
perpendicular from P to OA, M, is that of P, from OP; 
P, is that of M, from OA, Mz is that of P, from OP; P; 
is that of M, from OA and so on. If P, denotes the nth 
foot of the perpendicular on OA, then find OP, 


Ol P,P, P, A 


Sol. We have, 
(OM, 1)’ = (OP,)* + (Py My —1)° 
=(OP,)? +(OP,)? =2(OP,)? =2a; [say] | 
Also, (OP, - Di = (OM, - 1° +(P,-1M, - Da 
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1 
=> a2 _,=2072+-07_, => a2? =-a2_, 
1 
= i ae Toe 
1 1 1 
= OF, = a a od “F 


Use of GP in Solving 
Practical Problems 


In this part, we will see how the formulae relating to GP 
can be made use of in solving practical problems. 


| Example 49. Dipesh writes letters to four of his 
friends. He asks each of them to copy the letter and 
mail to four different persons with the request that 
they continue the chain similarly. Assuming that the 
chain is not broken and that it costs 25 paise to mail 
one letter, find the total money spent on postage till 
the 8th set of letters is mailed. 


Sol. Number of letters in the 1st set = 4 (These are letters sent 


by Dipesh) 
Number of letters in the 2nd sett=4+4+4+4=16 
Number of letters in the 3rd set 

=4+4+4+...4+16 terms = 64 


The number of letters sent in the 1st set, 2nd set, 3rd set, ... 


are respectively 4, 16, 64, ... which is a GP with a = 4, 


.. Total number of letters in all the first 8 sets 
_ 4(4° -1) 


= 87380 


25 
.. Total money spent on letters = 87380 x a = 321845 


| Example 50. An insect starts from a point and 


travels in a straight path 1 mm in the first second and 
half of the distance covered in the previous second in 


the succeeding second. In how much time would it 
reach a point 3 mm away from its starting point. 


Sol. Distance covered by the insect in the 1st second = 1 mm 


' : ae | 
Distance covered by it in the 2nd second = 1 X 7 = 5 mm 


‘ oe | 
Distance covered by it in the 3rd second = ri x ; = 7 mm 


The distance covered by the insect in 1st second, 2nd 


1 1 ‘ 
second, 3rd second, ... are respectively 1, >" 7 ..., Which are 
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1 
in GP witha =1,r = 5 Let time taken by the insect in 
covering 3 mm ben seconds. 


tga.) ¢2 &. cen eae 
2 4 


1 

1=<= 

2 

a 
2 2 

(2) 1 
=> =| = 
2} 2 
=> 2 =-2 


which is impossible because 2” > 0 


..Our supposition is wrong. 

“. There is no né N, for which the insect could never 3 mm 
in n seconds. 

Hence, it will never to able to cover 3 mm. 


Remark 
The maximum distance that the insect could cover is 2mm. 
; 1 1 I 
i.e., lt—-+—-+.,.=2——=2 
2 4 7 
2 


| Example 51. The pollution in a normal atmosphere is 
less than 0.01%. Due to leakage of a gas from a 
factory, the pollution is increased to 20%. If every day 
80% of the pollution is neutralised, in how many days 
the atmosphere will be normal? 


Sol. Let the pollution on Ist day = 20 
The pollution on 2nd day = 20 x 20% = 20 (0.20) 
The pollution on 3rd day = 20 (0.20)? 


Let in n days the atmosphere will be normal 
20 (0.20)"~' < 0.01 


ay ge 
(=) < 3000 


Taking logarithm on base 10, we get 
(n — 1) (log2 — log 10) < log1 — log2000 


=> (n — 1) (0.3010 — 1) < 0 — (0.3010 + 3) 
3.3010 
= elt 
0.6990 
> n> 5.722 


Hence, the atmosphere will be normal in 6 days. 
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Exercise for Session 3 


1. 


12. 


13. 


14. 


15. 


The fourth, seventh and the last term of a GP are 10, 80 and 2560, respectively. The first term and number of 
terms in GP are 


A 4 5 . 5 
2) 12 b) =, 10 =, -s 
or hs Gh 12 () 2, 10 


If the first and the nth terms of a GP are a and b respectively and if P is the product of the first n terms, then p? 
is equal to 


(a) ab (b) (ab) '2 (c) (ab)? (d) None of these 


If 4;, @2, 43, (a, > 0) are three successive terms of a GP with common ratio r, the value of r for which 
a3 > 4a2 — 3a, holds is given by 


(aji<r <3 (b)-3<r<-1 (c)r<1orr>3 (d) None of these 
If x,2x + 2,3x + 3 are in GP, the fourth term is 
(a) 27 (b) - 27 (c) 13.5 (d) - 135 


In a sequence of 21 terms the first 11 terms are in AP with common difference 2 and the last 11 terms are in 

GP with common ratio 2, if the middle term of the AP is equal to the middle term of GP, the middle term of the 

entire sequence is 
10 

(a)- — 


10 _ 32 32 
31 ) 31 (©) 31 (0) 31 


. Three distinct numbers x, y,z form a GP in that order and the numbers 7x + 5y,7y + 5z,7z + 5x form an AP 


in that order. The common ratio of GP is 


(a)- 4 (b)-2, (c) 10 (d) 18 
The sum ton terms of the series 11+ 103 + 1005 +...is 
(a) 2(10" - +0? (o) 2(10" - 9+ on (6) 2(so"— +n? (6) 2 (10"- +. 


In an increasing GP, the sum of the first and last term is 66, the product of the second and the last but one is 
128 and the sum of the sum of the terms is 126, then the number of terms in the series is 


(a) 6 (b) 8 (c) 10 (d) 12 

If S;, So, Ss be respectively the sum of n,2n and 3n terms of a GP, then me is equal to 

(a) 1 (b) 2 (c) 3 ; — (d) 4 
If|a|<1and|b|<1,then the sum of the series 1+ (1+ ab +(1¢a+a*)b?+(1¢a+a?+a°)b*+...is 
(2) aa) GZ) ) EES (°) aby cab) ©) (1-a) oy (1- ab) 


If the sides of a triangle are in GP and its larger angle is twice the smallest, then the common ratio r satisfies 
the inequality 


(a)O<r<J2 (b) 1<r< ¥2 (c)1<r<2 (d)r > V2 


If ax? + bx? + cx +d is divisible by ax? +c, then a,b,c,d are in 
(a) AP (b) GP - (c)HP (d) None of these 
If (r), denotes the numberrrr...(n digits), wherer =12,3,...,.9 anda =(6),,b =(8),, ¢ =(4)o,, then 


(aja? +b+c=0 (b)a*+b-c=0 (c)a? +b - 2c =0 (d)a? +b -9& =0 
04 2 7 represents the rational number 
47 47 47 49 
a) — (b) —— "2 eae d) 7” 
(@) 39 110 (°) 599 39 


If the product of three numbers in GP be 216 and their sum is 19, then the numbers are 
(a) 4, 6,9 (b) 4, 7,8 (c) 3.7.9 (d) None of these 
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Harmonic Sequence or Harmonic Progression (HP) 


Harmonic Sequence or 
Harmonic Progression (HP) 


A Harmonic Progression (HP) is a sequence, if the 
reciprocals of its terms are in Arithmetic Progression (AP) 


it. tystst,...is HP if and only if—,—,——,... is an AP. 
t, ft, f3 
For example, The sequence 
ree oe ie | 
(aan ivoe” 
25 8 235 
ou 
(iii) —, ‘ : ,...are HP’s. 
aatd at+2d 
Remark 


1. No term of HP can be zero. 


2. The most general or standard HP is 
1 1 1 


at+d at+2d atu 


i 
a 


| Example 52. If a,b,c are in HP, then show that 


or —= 


Remark 
AHP may also be defined as a series in which every three 


consecutive terms (say |, Il, Ill) satisfy ia = mT this relation. 


| Example 53. Find the first term of a HP whose 
second term is ; and the third term is , 


Sol. Let a be the first term. Then, a, >. are in HP. 


Then, 4. [from above note] 


4a-5 
=> = 2a 
5-2 
=> 4a-—5=6a or 2a=-5 
5 
a=-- 
2 


(i) nth Term of HP from Beginning 


Let a be the first term, d be the common difference of an 
AP. Then, nth term of an AP from beginning =a +(n-1)d 


Hence, the nth term of HP from beginning 


SF WHEN 


~at+(n-1)d 


(ii) nth Term of HP from End 


Let / be the Jast term, d be the common difference of an 
AP. Then, 


nth term of an AP from end =! -(n-1)d 


Hence, the nth term of HP from end = ,wnEN 


[-(n-1)d 


Remark 


1. 1 1 


nthterm of HP from beginning nth term of HP from end 
1 1 
=at , — ery + 
first term of HP last term of HP 


. There is no general formula for the sum of any number of 
quantities in HP are generally solved by inverting the terms 
and making use of the corresponding AP. 


ie) 


x 1 1 
| Example 54. if —+-—+—— +—— =0, then prove 
P a c a-b c-b P 
that a,b,c are in HP, unless b =a+c. 
Sol. We have, eer : + u =0 
ac a-b c-b 
1 1 (+ ) 
= -+ +|-+ =0 
(: “) Le @=0 
” (c-bt+a) (a-btc)_ 
a(c — b) c(a-—b) 
1 
=> (atc —b)| ———+ =0 
a(c-b) c(a-)b) 
=> (a+c—b)[2ac — b(a+c)]=0 
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If a+c-b#0, then 2ac —- b(a+c)=0 


2 
or b= ae 


atc 
Therefore, a, b,c are in HP and if 2ac — b(a +c) #0, then 
atc-b=0ie,b=atc. 
| Example 55. If a,,02,03,...,0, are in HP, then prove 
that a,02 + G03 +030, +...+0,_,0, =(n-1)a,q, 
Sol. Given, a, a2, @3,...,@, are in HP. 
a ae 1 


1 1 1 1 1 1 1 1 
— — Se Se =— - 
4 @ G43 G2 a 43 Q, a, -1 
a a = Q,-,;—@ 
= ath | | m-1 7% pn 
a2 a2 3 Q3Q4 Qn - 14, 
a,-a a, —-a a3—a 
=} @a, = ~—*, a4, = 0,4, =——, 
D 
—* — 4n-1 —~ Ap 
7“n- hn ~ 
D 
On adding all such expressions, we get 
a, — a 1 
Qa, + d,@3 + G30, +... +a, - iy = 8m = nF —-— 
D D\a, aq 


om 2 +(n-1)D~2)- (n — 1) a,a, 
D |a Q, 


Hence, aa, + Qa; + a30, +...+ 4, -,@, =(n —1) aa, 

Remark 
In particular case, 

1. whenn=4 4a + H& + aa = BA 

2. whenn=6 aa + Ha + Ha + G+ AG =F AG 

| Example 56. The sum of three numbers in HP is 37 
oe Bell: ds 

and the sum of their reciprocals is ms Find the 


numbers. 
1 1 
Sol. Three numbers in HP can be taken as a : . 
a-daat+d 
1 1 1 
Then, +—+ = 37 wali 
a-d a at+d () 
and a-d+atatd=~ 
1 
a=— 
12 
12 12 
F Eq. (i), ——— + 12 + = 
— a. 1-—12d 1+12d 


12 12 24 

=25 = ———_ = 25 
1-12d 1+12d 1- 144d? 
1 


25 x 144 


2 
=> 1- 144d? = 24 or d’?= 
25 


ioe”. 

60 
ee ee eee : oes. 
15 12 10 10° 12’ 15 


Hence, three numbers in HP are 15, 12, 10 or 10, 12, 15. 


| Example 57. If pth, gth and rth terms of a HP be 


respectively a,b and c, then prove that 
(q—r)bc+(r —p)ca+(p-q)ab=0. 
Sol. Let A and D be the first term and common difference of 
the corresponding AP. Now, a, b,c are respectively the p 
th, q th and r th terms of HP. 


ee oe — will be respectively the p th, q th and r th terms of 
abc 


the corresponding AP. 
= Atty fil) 
a 
F=A+(q-1)D | Ai 
1 Ae =)D iii) 
On subtracting Eq. (iii) from Eq. (ii), we get 
| (c—b)_ —_ (b-c) 
—~~-~—-=(g-r)D b —r)= —— = - -—— 
Ce ee = a 


So, LHS =(q -r) be +(r — p)ca+(p—q)ab 


=-<{b-¢+¢—a4a~b}=0=RHS 


Theorem Relating to the Three pees 


If a, b,c are three consecutive terms of a series, then 
a-b 


if = then a, b,c are in AP. 
b-c a 
(a then a, b, earein GP and if —— Doh a 
c ob b-c c 


b- 
a, b,c are in HP. 


Mixed Examples on AP, GP and HP 


| Example 58. If a,b,c are in AP and a?,b’,c? be in 
HP. Then, prove that — take are in GP or else 
G=b=¢ 

Sol. Given, a, b,c are in AP. 


wWWW.JEEBOOKS.IN 


_ate Ai) 
2 


2 : 
anda _b?, c? are in HP. 


b 


2a°c* 


v= a +c? =u 
From Eq. (ii) b? {(a + c)* — 2ac} = 2a7c” 
> b” {(2b)* — 2ac} = 2a°c* [from Eq. (i)] 
> 2b* — ach? - a’c* =0 
> (2b” + ac)(b* — ac) =0 
= 2b? + ac =Oor b* — ac =0 


If 2b” + ac = 0, then b? = ~<ac or, b,c are in GP 


and if b? ~ ac =0 =>a,b,c are inGP. 
But given, a, b,c are in AP. 
Which is possible only when a = b=c 


[ Example 59. If a,b,c are in HP, b,c,d are in GP and 


. ab? 
c,d,e are in AP, then show that e = i 
(2a —b) 
Sol. Given, a, b,c are in HP. 
b= ca or c= a ..(i) 
atc 2a—b 
Given, b, c, d are in GP. 
c? = bd ...(ii) 
and given, c, d, e are in AP. 
quacté 
2 
= e=2d-c 


[from Eq. (ii)] ...(iii) 


, 2 ¢ 
From Eqs. (i) and (ie = >| = -| : 


b\2a-5, peas 
ab 

= 2a — (2a — b) 
Ga-by | ( } 

7 ab? 

(2a — b)? 


| Example 60. if a,b, c,d and e be five real numbers 
such that a,b,c are in AP; b,c,d are in GP; c,d,e are in 
HP. If a=2 and e = 18, then find all possible values of 
b,c and d. 

Sol. Given, a, b,c are in AP, 

_ate 

2 


b 
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b,c, d are in GP, 
c? = bd ...(ii) 


and c, d, e are in HP. 


2 ig 
ji ...{iii) 
cte 


Now, substituting the values of b and d in Eq. (ii), then 


ot = (242) 2ce 
2 jicte, 
= c(c t+e)=e(atc) 
= c? = ae ...(iv) 
Given, a=2,e=18 
From Eq. (iv), c? =(2) (18) = 36 
: : c=1t6 
226 


From Eq. (i), b= 2 = 4, -2 


c? 36 «(36 ~—36 
= = — or — 
b b 4 = «-2 
3 d=9 or-18 
Hence, c3=6b=4,d=9o0rc=-6b=-2d=-18 


and from Eq. (ii), 


| Example 61. If three positive numbers a,b and c are 
in AP, GP and HP as well, then find their values. 
Sol. Since a, b,c are in AP, GP and HP as well 


p= a di) 

b? =ac (ii) 

oe pate Ai) 
atc 


From Eqs. (i) and (ii), we have 


(atc) 

j =ac 

LF) 
or (a+c)* =4ac 
or (a+c)* — 4ac =0 
or (a-—c)* =0 

. a=c ...(iv) 
+ 

On putting c = a in Eq. (i), we get b= 7 =a sedV) 


From Eqs. (iv) and (v), a = b = c, thus the three numbers will 
be equal. 


Remark 


1. If three positive numbers are in any two of AP, GP and HP, 
then it will be also in third. 

2. Thus, if three positive numbers are in any two of AP, GP and 
HP, then they will be in the third progression and the 
numbers will be equal. 
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Exercise for Session 4 


1. 


70. 


Ifa,b,c are in AP and b,c,d be in HP, then 
(a) ab =cd (b) ad = bc (c) ac = bd (d) abcd = 1 
If a,b,c are in AP, then Lil 2. s are in 

be c b 
(a) AP (b) GP (c) HP (d) None of these 
If a,b,c are in AP anda, b,d are in GP, then a,a —b,d —cwill bein 
(a) AP (b) GP (c) HP (d) None of these 
If x,1,z are in AP and x, 2,z are in GP, then x,4,z will be in 
(a) AP (b) GP (c) HP (d) None of these 
Ifa,b,c are in GP, a —b,c — a,b —C are in HP, then a + 4b + cis equal to 
(a) 0 (b) 1 (c)-1 (d) None of these 
If (m + 1)th,(n + 1)th and (r + 1)th terms of an AP are in GP and m,n,r are in HP, then the value of the ratio of 


the common difference to the first term of the AP is 


2 2 n , n 
a)-- b) — c)-— d) — 
(a) : ( )- (c) 3 ( I 
Ifa, b,c are in AP and a“, b2, c? are in HP, then 
(a)ja=b=c (b) 2b = 3a+c (c) b? = (=) (d) None of these 
If a,b,c are in HP, then —7— : are in 


b+c'cta atb 
(a) AP (b) GP (c) HP (d) None of these 


Ky, a are in HP, then x, y,z are in 
(a) AP (b) GP (c) HP (d) None of these 
pote. & ete are in AP, thena, Dg are in 
1-ab 1-be b 
(a) AP (b) GP (c) HP (d) None of these 
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Session 5 


Mean 


Mean 
Arithmetic Mean | 


If three terms are in AP, then the middle term is called the 
Arithmetic Mean (or shortly written as AM) between the 
other two, so if a,b,c are in AP, then b is the AM of a 

and c, 


(i) Single AM of » Positive Numbers 
Let n positive numbers be a,,@>,@3,...,@, and A be the 
AM of these numbers, then 
Aa Gi ta $43 $0 Fn 
n 


In particular Let a and b be two given numbers and A be 
the AM between them, then a, A, b are in AP. 


Aatl 
2 
Remark 
2at+ 2+ 5c 


1. AM of 2a, 36, 5c is 


AtHtHtr. +1 + 2h 
n 


(ii) Insert n-Arithmetic Mean Between 
Two Numbers 


Let a and b be two given numbers and A,, Az, A3,-+sAn 
are AM’s between them. 


Then, a, A,,Az,A3,...,A,, } will be in AP. 
Now, b=(n+2)thterm=a+(n+2-1)d 


s 
1-(S28 
n+1/ 


2. AM of a, >, ay, «1 Ay 4, 2dh IS 


[Remember] [where, d = common difference] ...(i) 
A; =a+d, A, =a+2d,..., A, =a+nd 


f ° 
= A, =at ba) 4, =a+2( 2-4], ; 
\n+1) n+) 
saunas 
ln41, 


Corollary I The sum of n AM’s between two given 
quantities is equal to n times the AM between them. 


Let two numbers be a and band A,, Az, A3,...,A, aren 
AM’s between them. 
Then, a, A,,A2,A3,---, A,, 0 will be in AP. 
. Sum of n AM’s between a and b 
= Ait Ante Fach A 


=> (Ai + A,) ( A), Ag, Ags Ay are in AP] 


=> (atd+atnd) => [2a+(n +1) 4) 


= 5 (2a + b-a) [from Eq. (i)] 
=n(222) =n [AM between a and }] 


[Remember] 


Aliter A, + A, +A; +...+A, 
=(a+A, +A, +A3z+...+A, +b) —-(a+b) 


, £ \ 
“a er | 
=n [AM of a and }] 
Aliter 


[This method is applicable only when n is even] 
A; + A, FAg +... +A,-2 An] +A, 
=(A, +A,) +(Az +An-1) +(A3 +An-2) +... 


n 
upto — terms 
2 
=(a+b)+(a+b)+(a+b) +...upto = times 
[-T, +T in =atl] 
[AM of a and 5] 


=2(atbj=n( 222) =n 


CorollaryII The sum of mAM’s betweenany two 
numbers is to the sum of n AM’s betweenthemasm: n. 
Let two numbers be a and b. 
. Sum of m AM’s between a and b=m [AM of a and 5] 
ail) 
Similarly, sum of n AM’s between a and b=n 
[AM of a and 5] ...(ii) 


SumofnAM’s n(AMofaandb) n 
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| Example 62. If 0,b,c are in AP and p is the AM 
between a and b and q is the AM between b and c, 
then show that b is the AM between p and q. 


Sol. *: a,b,c are in AP. 


£ 2b=atc ...(i) 
‘: p is the AM between a and b. 
a+b . 
aia: .»(ii) 
*°q is the AM between band c. 
b+e 
2 
On adding Eqs. (ii) and (iii), then 
git? is b+c _at+c+2b_ 2b+2b 


(iii) 


q= 


[using Eq. (i)] 


Hence, b is the AM between p and q. 


n+l n+1 


| Example 63. Find n, so that (a+b) be 


the AM between a and b. 


n+1 
Sol. -. aie as = 


- TH+ 


2a" t1 4+ 2=(A" +1)(A +1) 
yy Nala aw idee oe a | 


=> 

=> At) -A41=0 => (A"-1)(A-1)=0 
4-140 [a # b] 
MW -1=0 = Aw =1=2° 

=> n=0 


| Example 64. There are n AM’s between 3 and 54 
such that 8th mean is to (n—2) th mean as 3 to 5. 
Find n. 

Sol. Let Aj, Az, Aj,...,.A, be n AM’s between 3 and 54. 

If d be the common difference, then 

54-3 51 

n+1 n+1 


g= 


i) 


According to the example, 


As 23 

Anse. 5 
= 5(3 + 8d) = cae => 6=d(3n— 46) 
= 6 =(3n - 1) <a) [from Eq. (i)] 
=> 6n +6=153n — 2346 = 147n = 2352 
: n=16 


| Example 65. If 11 AM’s are inserted between 28 and 
10, then find the three middle terms in the series. 
Sol. Let A;, Az, A3,...,.A,; be 11 AM’s between 28 and 10. 


If d be the common difference, then 
jue 10 28__3 
12 2 


Total means = 11 (odd) 
Middle mean = (4 “he = 6th = A, 


Then, three middle terms are As, A, and Aj. 
A. sopesiatee 

2 @ 

Ag = 28 + 6d = 28-9 =19 


21 35 
A, =28+7d = == 


and 
2 


pExomple 66. If a,b,c are in AP, ace show that 
a? (b+c)+b? (c+a)+C? (a+b)=— aah. 


Sol. °. a,b,c are in AP. 


atc 
bis 


ie.,2b=a+c .«(i) 


LHS =a?(b+c)+b?(c+a)+c? (a+b) 
=(a’b + a’c) +b” (2b) + (c*a + c*b) 
= b(a’ +c”) +ac(a+c)+2b° 
= b[(a+c)* —2ac] + ac (2b) + 2b° 
=b(a+c)* + 2b = b(2b)? + 2b° = 6b" 


RHS = (a+b +c) == (2b +b) 
2 3 3 
=—x27b° =6b 
9 


Hence, LHS = RHS 


Geometric Mean 


If three terms are in GP, then the middle term is called the 
Geometric Mean (or shortly written as GM) between the 
other two, so if a, b,c are in GP, then b is the GM of a 

and c. 
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n(n+1) 


[i] Single GM of » Positive Numbers re ae 
Let n positive numbers be a,,@,@3,...,a, and G be the =q"-r 2 =a". (? aia [from Eq. (i)] 
GM of these numbers, then G =(a,@243 ...a, ee ee 


n 


In particular Let a and b be two numbers and G be the BS 
GM between them, then a, G, b are in GP. =a" ° aay =(VJab)" 
ea. ee a 
= [GM of a and b]"” [Remember] 
sia i - <_ 5 Aliter [This method is applicable only when n is even] 
.lfa<0,5<0, then G=—- Vab = 
2. Ifa<0,b>0o0ra>0, b <0, then GM between aand bdoes GG, xi Cae Guay Gg AG CGO n-) ss 
not exist. (G3G,-2)...— factors 
Example ‘ 
n , 
(i) The GM between 4 and 9 is given by = (ab) (ab) (ab) a factors [-T, xT, =a xl] 
Ge J4 x9=6 n/2 n n 
" =(ab)"”? =(Jab)" =[GM of aand b 
(ii) The GM between — 4 and —9 is given by ea eet 
G=.f-4x-9=-6 | Example 67. If a be one AM and G, and G, be two 


geometric means between b and c, then prove that 
G; + G2 =2abce. 
Sol. Given, a= AM between b and c 
b+c 


(iii) The GM between —4 and 9 or 4 and —9 does not 
exist. 


ie. fA) x9 =J—1 /36 =6i 
and ,/4 x (-9) = /—-1 V36 =6i 


= d=bte i) 


= a= 


Again, b, G,, G2, c are in GP. 


li) Insert n-Geometric Mean Between G Ge G @G 
‘re —_—=-—s— => =—~-,¢ =— 
Two Numbers b GG G  & 
Let a and b be two given numbers and G,, G2, G3,..., Gr and G,G, = be .-(ii) 
arenGM’s between them. From Eqs. (i) and (ii), 
Then, a,G,,Gp,G3,...,Gp, b will be in GP. i = Gp + G2 G + G3 = G gs G3 [ GG, = bc] 
Now, b=(n +2) th term =ar"*?7! Ge Gy Ge; ve 


b\n+1 ; 
r-(?) [where r= common ratio] [Remember] | Example 68. If one geometric mean G and two 
(i) arithmetic means p and q be inserted between two 
™ quantities, then show that G* = (2p — q) (2q - p). 
Sol. Let the two quantities be @ and 8, then 


G, =ar,G, =ar’,...,G, =ar" 


\—_— 


2 
, (b\n+1 ( 

= o=a(®) "6, =4{*) — G,=a| 

a a 


wt i 2 : 
ye G" =ab (i) 
a 


Again, a, p,q, b are in AP. 
p-a=q-p=b-q 


Corollary The product of nm geometric means between a a=2p-q 


aand bis equal to the nth power of the geometric b=2q-p ..(ii) 
mean between a and b. From Eqs. (i) and (ii), we get 
Let two numbers be a and b and G,, G2, G3,...,G, aren G? =(2p - q)(2q - p) 
GM's between them. n+l, pnt 
; : ; a + 
Then, a, G,,G2,G3,...,G,, will be in GP. | Example 69. Find n, so that ee (a #b) be 
“Product of n GM’ db a 
roduct of n GM's between a an oa : the GM between a and b. 
=G,G,Gq ... Gy =(ar) (ar) (ar?)...(ar") Giaiel. as 
mgititlt.t¢l | 1+243+..+0 Sol. ~: ae ab 
a 
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An Important Theorem 


ae Let a and b be two real, positive and unequal numbers and 
= (?) A, G are arithmetic and geometric means between them, 
‘l ie b then 
(i) a and bare the roots of the equation 
x’ -2Ax +G’ =0 [Remember] 
od (ii) a and b are given by A+.,(A +G) (A —-G) 
2 +2 [Remember] 
a (iii) A>G [Remember] 
3 . 2 (42 -1)- (22 -1)=0 Proof «.: Ais the AM between a and }, then 
1 1 a+b , 
it Q2? ="? ~1)=0 a= => a+b=2A wi) 
= and G is the GM between a and J, then 
= A? -1#0 [a # b] 2 3 
; G= Jab > ab=G Ail 
AK 7-1=0 .aand bare the roots of the equation, then 
n+— x’ —(sum of roots) x + product of roots =0 
 -Srer 
, i => x? -(a+b) x +ab=0 
= n+-=Qorn=-- : 2 2 : : a 
2 2 ie. x" —2 Ax +G* =0 is the required equation. 


1 
| Example 70. Insert five geometric means between = 


and 9 and verify that their product is the fifth power of 


the geometric mean between = and 9. 
Sol. Let G,, Go, Gs, Gs, Ge be 5 GM's between - and 9. 


Then, ; G,, Gp, Gs, Gy, Gs, 9 are in GP. 


/ 1/6 


1 
9 - 
Here, r = common ratio = 7 =32 = 13 
13) 
1 1 
G ee eee 
3 V3 
G, sar?=1.3=1 
3 
1 
Gy = ar? = 33 = v3 
a | 
G,=ar =--9=3 
3 
Gs = ar’ ==.9V3 = 3¥3 


Now, Product = G, x Gz x G; x G, xX Gs 


\ 


om of ; ands*| 


5 | A Pa *.) 
yx 1x V3 x3 x 303 = 94/3 = (3)? = fi] 
v 


a 2Aty(-2A) -4-1-G? 
2:1 
x= At J(A+ G)(A- G) 
Now, for real, positive and unequal numbers of a and b, 
(A+G)(A-G)>0 = (A-G)>0 
A>G 


=A+(A’ -G’) 


Remark 
1. If aand bare real and positive numbers, then A2 G 
2. If a, a, a, ... & are N positive numbers, then AM 2 GM i.e., 


ST Sr ote t& 2 (aa & were 
n 


3. (i) Ifa>0,6>00ra<0,b<0 anda, >0,A, >0, then 
jt + ical don, 
b a 
2 =x >Oand A, = Ap =1, theny + — 22 
(ii) Ifa>0,b<Oora<0,b>0andA, >0,A, >0, then 
Mo Mga s~2. ike 


f= =1 <Oand dy >0,A,>0 thenx+—+<-2 
¢ 


| Example 71. AM between two numbers whose sum is 
100 is to the GM as 5:4, find the numbers. 


Sol. Let the numbers be a and b. 
Then, a+b=100 
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=> A=50 (i) 
‘ A 5 50 5 
and given, —=- > —=- from Eq. (i 
Ae [ q- (i)] 
G=4 »-(ii) 


= 40 ‘ 
rema,b=A+.,{(A +G)(A-G) 
= 50 + «(50 + 40) (50 — 40) 


= 50 + 30 = 80, 20 
a= 80, b =20 
or a=20,b=80 


I Example 72. If a,,q,...,d, are positive real numbers 


whose product is a fixed number c, then find the 
minimum value of a, + a2 +...+ Gp_1 + 3G,.- 
Sol. .* AM > GM 
Gy POyt ct Gy y + 30 
— 2 (yA ...dq — 134p es (3c)" 
=a, +a, +...+4,-,+3a, 20 (3c)" 
Hence, the minimum value of a, + a, +... + d, 1 + 3a, is 
n(3c)", 


Harmonic Mean 


If three terms are in HP, then the middle term is called the 
Harmonic Mean (or shortly written as HM) between the 
other two, so if a, b,c are in HP, then b is the HM of a and c. 


(i) Single HM of » Positive Numbers 


Let n positive numbers be a,,a@2,@3,...,@, and H be the 
HM of these numbers, then 


= n 
1 1 1 1 
—+— + — +... 
ay Q2 ay any 


In particular Let a and b be two given numbers and H be 


the HM between them a, H, b are in HP. 


Hence, H=—2_— ie, H= 2ab 
1 
Lot (a+b) 
a b 

Remark 

HM ofa 6, cis : or ae 
1,11 abt bc+ca 
abe 


Caution The AM between two numbers a and b is ae 


It does not follow that HM between the fame numbers is 
a ee 
2 
—. The HM is the reciprocals of a ie. eee ; 
a+b 2 (a+b) 
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(ii) Insert ~Harmonic Mean Between 
Two Numbers 

Let a and b be two given numbers and H,, Ho, H3,...,H, 

are n HM’s between them. 

Then, a, H,, H2, H3,..., H,, b will be in HP, if D be the 

common difference of the corresponding AP. 

“.b=(n +2) th term of HP. 
a ee 
“(n +2)th term of corresponding AP 


1 


Lin 42 <4) D 
a 


a: 
| =5 a [Remember] 
(n +1) 
i wt eh zk ZU, jee ae 
H, a Hy, a | 
5 Let, eb) 11 a@-b) 
H, a@ ab(n+1) H, a ab(n+1) i, 
1, n(a-b) 
a ab(n+1) 


Corollary The sum of reciprocals of n harmonic 
means between two given numbers is n times the 
reciprocal of single HM between them. 


Let two numbers be a and b and H,, H2, H3,...,H, aren 
HM’s between them. Then, a, H,, H2, H3,..., H,, 0 will be 


in HP. 
a oe 1 a2 a 
— +—— + — +... + — = -| — + 
A, A, Hy H,, 2 Hi, Hi, } 
5, = 20040) 
2 
see Lee ee -2(242) 
2\a b 2\a b 
ele alg 2 
( \ [HM of a and 5] 
2 
1 1 
as ae 
a b 
Aliter [This method is applicable only when n is even] 
1 1 1 1 1 1 
——+—+— +... + + on 
H, H, Ay Ha-2 Hn-1 Any 


é 1 é 1 
5 ee Ce 
H, | | H2 Aye 


1 1 ’ n 
+|—+ +... upto — terms 
Ag Haas) 2 
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20+ 2-20) 


J 


{1 

-(2 +o+4-p)+(2 
a a 
i 

a 


= 144) 4/ ve —|+.. upto — terms 
a b} \a b a 
gilt teh) —— 
\a bd (HM ofa and bd) 
2 
1 1 
—+-— 
La b 


| Example 73. If H be ie nanan mean between x 


+X H+ 
and y, then show that — -) 
H-x. H-y 
Sol. We have, H = ay 
x+y 
H 2y H 2x 


x xty y x+y 


ee Oe ee a 5a 
A=x gyHx=-y px 
| H+y_axtxty_3x+y 
H=) gx=—x=7) «-7) 
H+x A+y _x+3y 3x+y 
H=x H=y you <x-y 
x+3y-3x-y 2(y~x)_, 
pax (y-x) . 
Aliter gE EE gt TV aa 
=x H-y 
( a 
—| +x _ ey ie +y 2x _ —2y 
H=% L H-=y¥ Hn-s iy 
i.e Hx -xy=-Hy+xy => H(x+ty)=2xy 
2 
i.e. fa 
(x+y) 
which is true as, x, H, y are in HP. Hence, the required 
result. 


[| Example 74. If a,,a,03,..., 049 be in AP and 
hy, fz, Az, -..) Mio be in HP. If Q, =h, =2 and 
Qi = No = 3, then find the value of a,h 7. 

Sol. 


*” Qj, Q2, Q3,..., Qjq are in AP. 


If d be the common difference, then 


Fa ai a 
9 9 9 
3 Lg 
Q,=a,+3d=2+-=24-=~— 
s 3 


f 
+ +3D+— 0) +...upto ; terms 


sill) 


and given hy, ha, h3,..., Ayo are in HP. 
If D be common difference of corresponding AP. 


1 1 44 


Then p=/w 423 2. 1 
9 9 54 
ee a ee ee 
h, h, 2 54 2 9 18 7 
Hence, ay hy =ix t= 
qg’t! n+1 
| Example 75. Find n, so that (a#b) be 


HM between a andb. 


Sol . ee 2ab 
_ a" +b" a+b 
n+1 “ 
mike lace 
b 
= = 
= 
Let f=). 
b 
n+] 
Then, us +1 _ 2A 
M41 A+1 
=> (A +1)(A"*! +1) =2A(A" +1) 
= rag 4 SO ag aa ah 
=> tet a1 H0 
=> Mt A-1)-1(A-1)=0 
=> (A-1)(a"*t!-1)=0 
= A-1#0 [ea#}]| 
216 
=> aes oe 
=> n+1=0 or n=-1 


| Example 76. insert 6 harmonic means 
between 3 and -. 


6 
Sol. Let H,, Hp, H3, Ay, Hs, H, be 6 HM’s between 3 and 33 


Then, 3, H;, H2, H3, Hy, Hs, A 5 are in HP. 


3H, H, H; H, Hs Hg 
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Let common difference of this AP be D. 


231 
p= 6 3 (%3-2)_ 21 1 
7 7X6 7X6 2 
1 
3b whatiatatu2 
Hy, 3 5 2 6 
> finns 
5 5 
1 
st sitepetsist oH, =2 
H, 3 3 3 4 
1 1 6 
ae ee ae 
H, 3 3 2 6 11 
1 3 
ee a ey eee 
H, 3 3 3 7 
1 1 
By spot ySe! oy ny = 4 
H, 3 3 2 6 17 
1 
and ae oie eee a 
H, 3 3 3 10 
oe Hiv sarea 3 Ba 3 6 us 


54°11 7°17 10 
Important Theorem 1 


Let a and b be two real, positive and unequal numbers and 
A,G and H are arithmetic, geometric and harmonic means 
respectively between them, then 


(i) A,G, H forma GP ie, G* = AH [Remember] 
(ii) A> G> H [Remember] 
Proof 
(i) pe? or ee 
2 a+b 
Now, an (222) ane =ab=G’ 
Z a+b 


Therefore, G? = AH i.e. A,G, H are in GP. 


Remark 
The result AH = G’ will be true for nnumbers, if they are in GP. 


(ii) ." A>G [from important theorem of GM] _ ...(i) 


or A >1 
G 
=> SS) go! 9G" = Ai 
Ht G 
= G>H ...(ii) 
From Eqs. (i) and (ii), we get 
A>G>H 
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Remark 
If &. >, dy... are Npositive numbers, then AM 2 GM2 HM i.e., 
a + aot ...+ a, > (a, a 0, Y"2 n 
fe Nee O 
a & a, ) 


Sign of equality (AH = GM = HM) holds when numbers are equal 
1e.,4 = =..= 


Important Theorem 2 


If A, G, H are arithmetic, geometric and harmonic means 
of three given numbers a, b and c, then the equation 
having a, b,c as its roots is 


3G* 


~3Ax” + ~G*® =0 [Remember] 
“H” 
Proof :..A = AM of a, b,c = aru 
ie., at+b+c =3A..(i) 
G=GM ofa, b,c =(abc)'? 
i.e. abc =G? ...(ii) 
and H =HM ofa,),c 
a 3 a 3abc - ac 
14 1 ab+bc+ca abt+bc+ca 
abe 
[from Eq. (ii)] 
3 
ie. ab+bc+ca= < .».(iii) 


.a, b,c are the roots of the equation 
x? -(a+b+c) x* +(ab+be +ca) x —abc =0 
i.e., —3Ax? + 36” x-G*=0 
HL 
[from Eas. (i), (ii) and (iii)] 
Geometrical Proof of A> G> H 


Let OA =a unit and OB = b unit and AB be a diameter of 
semi-circle. Draw tangent OT to the circle and TM 
perpendicular to AB. 


Let C be the centre of the semi-circle. 
_ OA+OB _ (OC — AC) +(OC + CB) 


2 2 


gh OE 266 


2 
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[: AC = CB = radius of circle] 
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oc = 22 


[i.e. OC = arithmetic mean] 


_atb 
a: 
Now, from geometry 
(OT)? =OAXOB=ab=G" 
OT =G, the geometric mean 
Now, from similar AOCT and AOMT, we have 


=> A 


OM _OT |, gyal - ab _ 2ab 
OT OC OC atb a+b 
2 


OM = H, the harmonic mean 
Also, it is clear from the figure, that 
OC>OT>OM ie. A>G>H 


| Example 77. if AX =GY =H’, where A,G,H are AM, 


GM and HM between two given quantities, then prove 
that x, y,z are in HP. 


Sol. Let AX = G” = H* =k 


Then, Az=k'?,G=k"’ H=k"? 
G?=AH = (k"”)? =kY* KY? 
= Ry arte a ee eee 
y x 2 x yz 


Hence, x, y, z are in HP. 


| Example 78. The harmonic mean of two numbers is 
4, their arithmetic mean A and geometric mean G 
satisfy the relation 2A+ G? = 27. Find the numbers. 


Sol. Let the numbers be a and Db. 


Given, H=4 
G’ = AH=4A sedi) 
and given 2A +G? =27 
=> 2A +4A =27 [from Eq. (i)] 
_ 9 . 
2 


From Eq. (i), G?=4x ; = 18 


Now, from important theorem of GM 


a,b=A+t,(A? -G?) =< 3 [S-8) 


2 +3=6,30r3,6 
2 
; = Og 
| Example 79. if the geometric mean is — times the 
n 


harmonic mean between two numbers, then show that 
the ratio of the two numbers is 


jeaitl—n7) 14-7), 


Sol. Let the two numbers be a and b. 


Given, G= z H wi) 
; ; 
Now, G? = AH 
H? 
= —=; = AH [from Eq. (i)] 
n 
H . 
A= = ..(ii) 


Now, from important theorem of GM 


ae ae 2 2 \ 
bans fara - Hs [2-8 
n \ 


(it y(1-n’)) 


[1+ va —n*)} 


&lA 


[1-y(1-n”)] 
pe ee eee ee 


| Example 80. if three positive unequal quantities 
a,b,c be in HP, then prove that a” +c” >2b",neN 


Sol. G>H 


=| Se) ee 


vac >b 
a a of 

=> (ac)? >b" or a®c? >b" wi) 

non non 
Also, (a? —c?)* >0= a" +" — 2a? c? >0 

a 

=> a" +c" >2a* c? >2b" [from Eq. (i)] 

a" +c" > 2b" 


| Example 81. 
(i) If a,b,c,d be four distinct positive quantities in AP, 
then 
(a) bc >ad 
(bcd +a b  =2(b-'d" eae" =0'd") 
(ii) If a,b, c,d be four distinct positive quantities in GP, 
then 
(a)a+d>b+c 
bed +6 b' s2b dd 40 'e* =a") 
(iii) If a,b,c, d be four distinct positive quantities in HP, 
then 
(a)ja+d>b+c 
Sol. (i)*" a,b,c,d are in AP. 
(a) Applying AM > GM 
For first three members, b > Vac 


b? >ac (i) 
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(b) ad > bc 


and for last three members, c > Vbd 
= c” > bd ..(ii) 
From Egg. (i) and (ii), we get 
b’c? > (ac) (bd) 
Hence, . be > ad 
(b) Applying AM > HM 
For first three members, 


ies 2ac 
atc 
= ab + be > 2ac .».(iii) 
2bd 
For last three members, c > ——_ 
+d 
be + cd > 2bd ...{iv) 


From Eqs. (iii) and (iv), we get 

ab + be + bc + cd > 2ac + 2bd 
or ab + cd > 2(ac + bd — bc) 
Dividing in each term by abcd, we get 
od 460" sow daa e =a da") 

(ii) a,b,c, d are in GP. 
(a) Applying AM > GM 
For first three members, 
at+c 
2 

=> a+c>2b .(v) 


>b 


For last three members, yee 


>c 


=> b+d>2c (Vi) 
From Eqs. (v) and (vi), we get 
at+ct+b+d>2b+2c or atd>btc 
(b) Applying GM > HM 


2ac 
For first three members, b > —— 
at+c 
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=> ab + be > 2ac ...(vii) 


For last three members, c > cus 
b+d 


=> be + cd > 2bd .»-(Viii) 
From Eqs. (vii) and (viii), we get 
ab + bc + be + cd > 2ac + 2bd 
or ab + cd >2(ac + bd — bc) 
Dividing in each term by abcd, we get 
eld +a b> 2(b ld! +a ce! ~ ad!) - 


(iii) * a, b,c, d are in HP. 


(a) Applying AM > HM 
For first three members, 
at+c., 
2 


=> at+c>2b ...{ix) 


For last three members, ee >c 


= b+d>2c eax) 
From Eas. (ix) and (x), we get 
atct+b+d>2b+2c 
or atd>b+t+c 
(b) Applying GM > HM 
For first three members, Vac >b 


=> ac >b* (xi) 
For last three members, i? 
vbd >c 
= . bd >c? (xii) 
From Eqs. (xi) and (xii), we get 
(ac) (bd) > b’c” 


or ad > bc 


WWW.JEEBOOKS.IN 


244 Textbook of Algebra 


Exercise for Session 5 


1: 


If the AM of two positive numbers a and b (a > b) is twice of their GM, then a:b is 


(a)2+ V3 :2-V3 (b) 7+ 43 :7- 43 

(c)2:7+ 43 (d) 2:/3 

If A;, Az; G;,Gz2 and H,, Hz are two arithmetic, geometric and harmonic means, respectively between two 
quantities a and b, then which of the following is not the value of ab is? 

(a) AH2 (b) A, Hy 

(c)GG. (d) None of these 

The GM between - 9 and - 16, is 

(a) 12 (b) - 12 

(c) - 13 (d) None of these 


. Letn EN,n > 285. If A Gand H denote the arithmetic mean, geometric mean and harmonic mean of 25 and n. 


Then, the least value of n for which A, G,H eé {25, 26, ...,n}, is 
(a) 49 (b) 81 
(c) 169 (6) 225 


. If 9 harmonic means be inserted between 2 and 3, then the value of A + : + 5 (where Ais any of the AM’s and 


H is the corresponding HM), is 


(a) 8 (b) 9 

(c) 10 (d) None of these 

If Hs, Ha,...,H, be n harmonic means between a and b, then mate + fae? is 
H, -a An -_ b 

(a)n (b)n + 1 

(c) 2 (d) n-2 


. The AM of two given positive numbers is 2. If the larger number is increased by 1, the GM of the numbers 


becomes equal to the AM to the given numbers. Then, the HM of the given numbers is 


3 2 

a)~ b)*£ 

( lS ( 3 
1 

C= d)2 

( F (d) 

If 2, 2y,@2, 23, ....42n,D are in AP and a, by, b2,b3,...,D2,,b are in GP and h is the HM of a and b, then 

a,t+a 

Si Sin @ Se Ee pg equal to 

bdo, bo bon-1 b, Dns 

(a) 2 (b) 2nh 
h , 

(c) nh (a)? 

n 
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Session 6 


en een meniene 


Arithmetico-Geometric Series (AGS), Sigma (2) 


Notation, Natural Numbers 


Arithmetico-Geometric 
Series (AGS) 


Definition 
A series formed by multiplying the corresponding terms 


of an AP and a GP is called Arithmetico - Geometric 
Series (or shortly written as AGS) 


For example,1+4+7+10+...is an AP and 
lextx’ +x? +...is a GP. 


Multiplying together the corresponding terms of these 
Series, we get 


1+4x+7x? +10x? +... which is an 

Anithmetico-Geometric Series. 

Again,a+(a+d) +(a+2d) +...+[a+(n—1)d]is a typical 
AP 


andi+r+r?+...+r"—! is a typical GP. 


Multiplying together the corresponding terms of these 
Series, we get 


at+(a+d)r+(at2d)r? +...+[a+(n—1)d]r"~' 
| which is called a standard Arithmetico-Geometric series. 


Sum of n Terms of an 
Arithmetico-Geometric Series 
Let the series bea +(a +d) r+(at+2d)r’ +... 
+[a+(n—1)d]r"~! 
Let S, denotes the sum to n terms, then 
S,=a+(atd)r+(a+2d)r? +...+[a+(n—2)d]r”’ 
+[at+(n—-1)d]r""' ...(i) 
Multiplying both sides of Eq. (i) by r, we get 
rS, =ar+(a+d)r’ +(a+2d)r° +... 
+(a+(n—2)d]r"~'+[a+(n—-1)d]r”...(ii) 
Subtracting Eq. (ii) from Eq. (i), we get 
(I-r)S, =a+(dr+dr? +...+dr"~')-[a+(n—-1) d]r" 


dr(i—r"~") | - n 
caer [a+(n—-1)d]r 


a ar a-r""*) 


= — eee 


[a+(n—1)d]r” 
(1-r) 


...(iii) 


Remark 
The above result (iii) is not used as standard formula in any 
examination. You should follow all steps as shown above. 


To Deduce the Sum upto Infinity from the Sum upto 

n Terms of an Arithmetico - Geometric Series, when 

Irj<1 

From Eq. (iii), we have 

{a+(n—-1)d]r" 
(1-r) 


If|r|<1, whenn—--,r" 30 


and i gear, djr both > 0 
(1—r)? (1—r) 
a dr 
+ 


= Gea 


Independent method Let S.. denotes the sum to 
infinity, then 
S.. =at(at+d)r+(a+2d)r°> +(a+3d)r° 
+... upto ...(iv) 


Multiplying both sides of Eq. (iv) by r, we get 
rS,, =ar+(at+d)r? +(a+2d)r° +... upto (Vv) 
Subtracting Eq. (v) from Eq. (iv), we get 
(1-r)S., =a+(dr+dr? +dr’ +... upto o) 
dr 
(1-r) 


=a+t 


a dr 
~ =—— + 
(l-r) (1-r) 
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| Example 82. Find the sum of the series 
4 7 10 
ly et ee 
» os Ss 
(i) to n terms. (ii) to infinity. 
Sol. The given series can be written as 


\2 \3 
1+4(2}47(2) +10(2) e.. 
5 SJ 5) 


The series is an Arithmetico-Geometric series, since each 
term is formed by multiplying corresponding terms of the 


series 1, 4, 7,... which are in AP and 


a - ... Which are in GP. 


‘Tit 
T, =(nth term of 1, 4, 7, ...] > th term of 1, >(2) ies 


oh uaiam 1 n-) 
5) =@n-2(5) 


=[1+(n-n3}x1{ 


1 n-2 
T, -) = (3n -—5)| - 
=or-3() 

(i) Let sum of n terms of the series is denoted by S,. 

yy fit 
Then, S, =1+ a(2)o(Z) +... 

5, 5 

\a-2 -1 


+(3n- a3 +(3n- “43 1 


Multiplying both the sides of Eq. (i) ive : we get 


\2 \3 n-l 
35, =2+4(2) +7(2] +.4n-9)(2] 
5" 5 5) 5) 5 


+(3n -2) (2) ti 


! 


-(on-2)[ 


Subtracting Eq. (ii) from Eq. (i), we get 


(1-5 }s nieal24(2) (3) rat (Q) 


1 
-(on-2)(2 
pF" 
5 5) We ap ly 
=1+34——~—_—__—} - (3n (2) 


sai) 


y 
) 


\2 3 i 
1 
+ (-) +... +(n-1) em 


-e2h-(Y |. on-a(2) 
“eee 


_ 35 (12n 2/2) 1 


-1 


16 5 


i acpi 
(ii) S.. =1+4(2)+7(2) +10(2) +..uptoc ..(iii) 


Multiplying both sides of Eq. (i) by - we get 


\2 3 
38-7 (2}+4(2) +7(2) +... upto o 
5 5 3) 5 


Subtracting Eq. (iv) from Eq. (iii), we get 


2 3 
(-3s.-144 (I) (2) + -| 
5 \5 5 ) 5 


[| Example 83. If the sum to ane NY of the series 


iv) 


144x+7x74+10x? +., is, find x. 
Sol. Let S..=1+ 4x+7x? + 10x? +... upto i) 
Multiplying both sides of Eq. (i) by x we get 
xS.=x4+4x? 47x79 +10x4 4+... upto __ ..{ii) 
Subtracting Eq. (ii) from Eq. (i), we get 
(1- x)S.. =1+3x +3x7 +3x? +... upto oo 
| ue = 


m143(e4 2 427 + upto mat 3{ 


a 


7 


1 + 2x) 
~ (1-x) 
=> 16+32x =35-70x + 35x? 
= 35x" —102x +19 =0 
=> (7x —19)(5x -1)=0 
19 
x#=— 
7 
[‘.: for infinity series common ratio — 1 < x <]] 
Hence, x= u 
5 
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| Example 84. Find the sum of the series 
1+2°x+3?x? 442x354... up to 0, |x| <1. 


Sol. Here, the numbers 1”, 27, 3”, 4”,... i.e. 1, 4,9, 16,... are not 
in AP but 1,4-1=3,9-4=5, 16-9 =7,... are in AP. 
Let S,=14+2?x +3?x? + 4’x? +... upto 
=1+4x+9x" + 16x? +... upto o ...(i) 
Multiplying both sides of Eq. (i) by x, we get 
x8. = xX +4x7 +9x7 + 16x41 +... upto oe ...(ii) 


Subtracting Eq. (ii) from Eq. (i), we get 


(I~ x)S..=1+3x + 5x? +7x° +... upto o .. (iii) 
Again, multiplying both sides of Eq. (iii) by x, we get 
x(1-x)S,=x+3x7 +5x°+7x' +... upto __...(iv) 


Subtracting Eq. (iv) from Eq. (iii), we get 
(1~ x)(1- x) S,, =1+ 2x + 2x” + 2x? +... upto oo 


=14+2(x+x7 +x? +... upto ) 


=142{ x jt) 
i>x) (L=%) 
5 = lt) 

(1- x)? 


Sigma (x) Notation 


Lisa letter of greek alphabets and it is called ‘sigma’. The 
symbol sigma (2) represents the sum of similar terms. 
Usually sum of n terms of any series is represented by 
placing 2 the nth term of the series. But if we have to find 
the sum of k terms of a series whose nth term is u,, this 


k 
will be represented by > Bs 


n=1 
n=9 9 
For example, > n, be: b> nonly means the sum of n similar 


n=] 1 


terms when n varies from 1 to 9. 


9 
Thus, ’n=1+24+344+5+6+7+48+9 
1 


Remark 


Shortly Zis written in place of Y 
1 


Properties of Sigma Notation 
1 YT, =T, +T, +T; +...+T7,, when T, is the 


general term of the series. 
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‘ 


2. Te +T, )= ea + ST, 
1 r=] 


r=] r= 


[sigma operator is distributive over 
addition and subtraction] 


[where i and j are independent] 


Examples on Sigma Notation 


m 
(i) a=at+atat...uptom times =am 
i=l 


(ii) a=a+atat...uptontimes =an 
ie. S'5=5n, ))3=3n 
(iii) sii? -3/) =? ~3 ye 
i=l i=1 i=] 
=(17 +2? +37 +4? +57) -3(1+2+3+4+5) 
=55-45=10 


i ¥ zine 1+1 }+{ ool lof S41 
2r+4, ere Foot Fer 


r=] 


2 3 4 =40+45+48 133 13 
=—+-— 4 — 2 SE = ] 
6 8 10 120 120 120 
Important Theorems on 


¥ (Sigma) Operator 
Theorem 1 S flr ti) - flr) =f e+) - £0) 


r=1 


Theorem 2 


3 flr +2) ~ flr) =f (n +2) + fla +1) ~ fle) - flr) 


r=) 
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Proof (Theorem 1) Hic +1) - f(r) 


r=1 


=[ f(2) - FA) +L FR) — F(2)] 


+[ f(4) - fG)}+... +0 f(a +1) — f(n)] 


= f (n+1)- f(1) 
Proof (Theorem 2) 


S flr+2) — fir) = SL Flr +2) - flr +0] 


pa 


+[ f(r +1) - f(r)] 


= S f(r +2)— flr+1) + flr +1) f(r) 

=[f(n +2) - f(2)]+[f(n +1) — f(Q)] 

= f(n+2) + f(n +1) — f(2) - fQ) 
Remark 


n k k 
is ite: k)-f(n= Sila+ m) - Yim). VkEN 
mal 


ral met 


2. Sier+ 1) — f(2r -—1) = f(2n+ 1) - f(1) 


rei 


3. S/(2n) ~ 2r~2) = fl2n) ~ f(0) 


rel 


Natural Numbers 


The positive integers 1, 2, 3, ... are called natural numbers. 
These form an AP with first term and common difference, 
each equal to unity. 


(i) Sum of the First » Natural Numbers 


14243+..4n= 20 gn 


_n(n+}) 
Za 


=> xn 


(ii) Sum of the First » Odd Natural 
Numbers 


1+3+5 +...upto nterms == [2-14(n—1)-2)=1° 


[Remember] 


= > (2n = 1) =n? 


(iii) Sum of the Squares of the First 
Natural Numbers 
n(n +1) (2n +1) 
6 
Proof We know that, r? —(r -—1)? =3r? —3r+1 


ao" 43°... or = Jin’ = 


[from Theorem 1] 


[Remember] 


n 
Taking 2, on both sides, we get 


r=1 
n n n n 
ya —(r—1)° =3 ya -3 yirt be 
r=1 r=1 r=1 r=1 
=> n> ~0° =3 Sn’? -3)ntn Ai) 
[from important Theorem 1] 


Substituting the value of >. nin Eq. (i), we get 


- + 
= n? 23 Yn 2 OTD sy 


= 3) n’ on eT =P ant +3n +1) 


_n(n+1)(2n +1) 
—— 
is _n(n+1)(2n +1) 
6 
Independent Proof We know that, 
(2r+1)° —(2r—1)° =24r? +2 


= [Remember] 


Taking }’ on both sides, we get 


r=1 


n n 
S(2r +1)? -(2r-1)' = 3 (247? +2) 
r=] r=1 
= (2n+1)?-1° =245'r" +251 
r=1 r=) 

[from points to consider-2] 
=> (2n+1)° -1=24 Sn? +2n 
= (2n+1)° —(2n+1) =24 En? 
=> (2n+1)[(2n4+1)? -1]=24 En’ 
=> = (2n +1) (2n+1+1)(2n+1-1) =24 En’? 
sas Pn? = att) (2n +1) 

6 


(iv) Sum of the Cubes of the First 
Natural Numbers 


{Remember} 


. 


_[{n(n+}) 


2429435 4.0.4n02 =En? =(En) = 


Proof We know that, 
r4—(r-1)4 =4r? -6r? +4r-1 


n 
Taking by on both sides, we get 


r=1 
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fn 
yr‘ -(r-1)4 =4 vr ~6 yr +4 yr- yy 
r=) r=] r=1 r=1 r=l 


=> n'-04=45n?-65n?+4¥n-n ...(i) 
{from important theorem 1] 
Substituting the values of Sn’ and Yn in Eq. (i), we get 
6n(n +1) (2n +1) , An(n+i) a 
6 2 
= 42n’ =n‘ +n(n+1)(2n+1)-2n(n+1) +n 


=> nt=4¥n'>- 


=n[n*> +(n +1) (2n+1) -—2(n +1) +1] 
=n(n° +2n? +n) 


=n’ (n+1)? 


[Remember] 


Yn = nan} =(¥n)* 


Independent Proof We know that, 
r’ (r+1)? —r? (r-1)? =4r? 


Taking §’ on both sides, we get 


r=] 

n 2 n 
ye (r+1)? —r? (r-1)? =4 yr 
r=] r=1 


-??.0? =4¥n? 


[from important Theorem 1] 


> n? (n +1)? 


[Remember] 


> Yn ~(eeoh = (En)? 


| 


Corollary1? +2°+3° +.,.¢n? =(14243+...+n)" 


(v) Sum of the Powers Four of the 
First n Natural Numbers 


1 4244344..4n4=En! 
_n(n+1)(2n +1) (3n? +3n—1) 
30 


Proof We know that, 
r -(r—1)° =5r4 -10r? +10r? -S5r +1 


n 
Taking }) on both sides, we get 
r=] 


A 


a -(r~1)° = 


r=} 


5 ¥'r* -10 > +1037 “yrs » 


r=] 
n-0° =5 ¥n* -10 En? +10 En? -5¥ntn ...(i) 


[from important Theorem 1] 


=> 


Chap 03 Sequences and Series 249 


Substituting the values of Dn, Dn’, Dn? in Eq. (i), we get 
10 n? (n +1)? 


=> n=5yn‘- 
4 
, 10n(n +1) (2n +1) _5a(n+1) |, 
6 2 
 5En! eadn' on (n+1)° _ 5(n +1) (2n +1) 
2 3 
-dln+1) _|| 


2 | 


== {6n" +15n(n? +2n +1) —10(2n? +3n +1) 


+15n+15 —6} 
=> Yn‘ =" (6n! +15n? +10n? -1) 
a n(n +1) (2n +1) (3n? +3n—1) 
30 
Remark 


If nthterm of a sequence is given by 7, = an’ + bn? + cn+d, 
where a, b, c, d are constants. 
Then, sum of nterms, S, = 2J, = ain’ + b In’ +c In+ ddl 


This can be evaluated using the above results. 


| Example 85. Find the sum to n terms of the series 
174374574... upto n terms. 


Sol. Let T,, be the nth term of this series, then 
= [1+4(n—-1)2]}* =(2n-1)* =4n? -4n 41 
:. Sum of n terms S, = £7, = 4=n* — 4En+ 21 


_ An(n+i)(2nti)_ 4n(n+1) | 
6 2 


= 7 (4n? + 6n +2—6n—6 43) 


_ n(4n? —1) 
3 


| Example 86. Find the sum to n terms of the series 
1-27 4+2-374+3-47 4. 
Sol. Let T,, be the nth term of this series, then 
T, = (nth term of 1, 2, 3, ...) (nth term of a 
=n(n+1)=n> +2n? +n 
.. Sum of n terms S, = LT, 
2=In*> +2=n? +En 
2 
{20 + "| +248 (n +1)(2n + 1)| fs n(n +1) 
2 6 | 2 
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_n(n+1) 
12 
_ n(n +1)(3n? +1ln +10) n(n +1)(n + 2)(3n +5) 
12 12 


(3n? +3n + 8n+4 +6) 


| Example 87. Find the sum of n terms of the series 
whose nth terms is (i) n(n —1)(n+1) (ii) n? +3". 
Sol. (i) We have, T, =n(n—-1)(n+1)=n°—n 
“. Sum of n terms S, = ZT, = In? -In 


-[nieea _ {a(n +1) 


4 2 
_ a(n +1) [n(n +1) 
2 | 2 
_ a(n +1)(n-1)(n +2) 
4 


: 1 


(ii) We have, T, =n? +3" 
. Sum of n terms S, = ZT, = =n? + 33" 
= En? +(3' +37 +37 +...437) 
_ n(n +1)(2n +1) fp 3(3" —1) 


6 (3-1) 
_ n(n +1)(2n +1) +3 - 1) 
6 
| Example 88. Find the sum of the series 
eso. 1 42-4 
—+ +—__—— + ... upto n terms. 
1 1+ 3 1+ 3+5 
Sol. Let T, be the nth term of the given series. Then, 
12 
[n(n +1)| 
_(W+ePee een’) | 2 | 
(1+34+5+...+(2n -1)) Rtn ~1) 
= fty =o (n? + 2n +1) 


Let S, denotes = sum of n terms of the given series. Then, 


Soo7 == Un? +2n +1) 
=< (Bn? +2En + 51) 


=! 


‘| 6 2 
= 7, Gn? tant 1+6n +646) 


n(2n? + 9n + 13) 


Hence, S, = a 


| Example 89. Show that 
12° 42-2" fen ns 


7 3n+5 
1-042" -3..49n {ae 1) 


3n+1. 


Sol. Let T, and T, be the nth terms of the series in numerator 
and denominator of LHS. Then, 


T, =n(n +1)? andT, =n? (n +1) 


_ 27, _ En(n+1) _ X{n* +2n’ +n) 


pa En’ (n +1) Xn? +n”) 
_ En? + 2Dn? + En 
En + En? 
{zt + a al in + pent o + + °} 
2 | 6 2 
n(n +1)|- {n(n +1) (2n+ | 
2 | lt 6 
n(n +1) [n(n +1) 4 2an+ i), ’ 
2 4 2 
n(n +1) [n(n +1) é (2n + | 
2 2 3 


1 
5 (an +3n +8n +4 +6) 


1 
(an +3n + 4n +2) 


(3n?+7n+2) (3n+1)(n+2) (3n +1) 


| Example 90. Find the sum of the series 
1-2-34+2:3-4+3-4-5+... upto n terms. 


Sol. Here, T, = {nth term of 1, 2, 3, ...} 
x {nth term of 2, 3, 4, ...} x {nth term of 3, 4,5,..} 
T, =n(n+1)(n+2)=n° +3n? +2n 
S, = Sum of n terms of the series 
= DT, =n? +30n2 +2En 


={20 0} 4s n(n +1)(2n+1)| , . {n(n +1)| 
| nln +1)(2nt+)} 4 at) 


2 6 2 
= HD [alee canes) 

2 2 
_ n(n +1) 


(n> +n+4n+2+ 4) 


i Se) 
4 


| Example 91. Find sum to n terms of the series 
I+ (2+ 5) H+ S46) + 50 
Sol. Now, number of terms in first bracket is 1, in the second 


bracket is 2, in the third bracket is 3, etc. Therefore, the 
number of terms in the nth bracket will be n. 
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[= hia 


Let the sum of the given series of n terms = S 
n(n +1) 
2 
Also, the first term of S is 1 and common difference is also 1. 


“.Number of terms inS=1+243+..+¢n= 


gp ED ig ce? vi) 


x n(n +1)(n? +n +2) 
8 


| Example 92. Find the sum of the series 
1-n+2+(n-1)4+3-(n-2)+4-(n—-3) +...4(n—-1)-2427°-1 
also, find the coefficient of x"~' in the expansion of . 
(1+2x +3x? +...4nx"7!)?, 


Sol. The rth term of the given series is 
T, =r-(n-r+1)=(n+1)r—-r° 


..Sum of the series 


S, = Sne(a+i) 


r=] r= 

n(n+1)_ n(n+1)(2n+1) 

2 6 | 

n(n+1)(n+2) 
6 


r— Sr? =(n-+1)En- En? 
1 r=] 


=(n + 1) 


gD ae +3-2n-1)= 


Now, 
(14+2x+3x? +..4¢ nx" 1)? =(1 42x 43x? +... 40x77") 
x (1+2x + 3x? +... +¢nx"~') 


Coefficient of x” ~! in (1+ 2x +3x? +...¢ nx" 7!) 


=1-n+2*(n-1)+3-(n—2)+...¢n-1 


_ n(n +1)(n +2) 
6 


Method of Differences 


If the differences of the successive terms of a series are in 
AP or GP, we can find the nth term of the series by the 
following steps. 


= S$, 


StepI Denote the nth term and the sum of the series 
upto n terms of the series by T, and S,, 
respectively. 

Step II _ Rewrite the given series with each term shifted 
by one place to the right. 


Step III Then, subtract the second expression of S, from 
the first expression to obtain T,,, 
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| Example 93. Find the nth term and sum of n terms 
of the series, 1+ 5+12+22+ 35+... 
Sol. The sequence of differences between successive terms is 4, 
7, 10, 13,.... Clearly, it is an AP with common difference 
3. So, let the nth term of the given series be T,, and sum 
of n terms be S,,. 
Then, 5, =1+5+12+224+35+..+T7,.;+T, 
S, =1+ 5 +12+ 22+..4+T7,_,+T, 
Subtracting Eq. (ii) from Eq. (i), we get 
0=14+4+4+7410+13+...+(T, -T,-1)-T, 
=> T, =1+4+74+10+13+...n terms 
=" {2-1+(n-1)3}= 1 3n? —n) 
2 2 


(i) 
(ii) 


I 
2 _<n 
2 


“. Sum of n terms S, = ZT,= ; in? — sin 


3 
Hence, T,, = 5 n 


= 2a sens) 2 ate 2) 
2 6 2 2 
= OF) on +1-1) 


1 2 ie ee 
=-n'(n+1)=-(n +n 
3 ( ) ) 


| Example 94. Find the nth term and sum of n terms 

of the series, 1+ 3+7+15+31+.... 

Sol. The sequence of differences between successive terms is 2, 
4, 8, 16, .... Clearly, it is a GP with common ratio 2. So, let 
the nth term and sum of the series upto n terms of the 
series be T, and S,, respectively. Then, 

S, =14347415431+..+7,-1+T7, 
S,=14+3+7+ 15+..4+7,_,+T, 
Subtracting Eq. (ii) from Eq. (i), we get 
0=1+24+4+4+8+16+..+(T, -T,-1)-T, 


..(i) 
.. (ii) 


=> T, =1+2+4+8+ 16+... upton terms 
_ 1-2-1) 
> itt 

Hence, T, =(2" -1) 


-. Sum ofn terms S, = XT, = {2" - 1)= 22" - 21 
=(24+27 42 4..42")—n 


a2 -1)_ i ati_o_, 
(2-1) 


| Example 95. Find the nth term of the series 
14+44+10+ 20+ 35+... 


Sol. The sequence of first consecutive differences is 3, 6, 10, 
15, ... and second consecutive differences is 3, 4, 5, ... . 
Clearly, it is an AP with common difference 1. So, let the 
nth term and sum of the series upto n terms of the series 
be T,, and S,, respectively. 
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Then, 

S, =1+44+10+204+35+...+7,-,+T, (i) 

S,= 1444+ 10+ 20+..4+7,-1+Th ii) 

Subtracting Eq. (ii) from Eq. (i), we get 
0=14+3464+10415+...+(7, —T,-1)-T 

=> T, =14+3+6+10415 +... upton terms 

or T, =1434+64+ 10415 +..¢¢,~-) +t, ... (iii) 
T, =14+ 34+ 6+ 104+..¢8,.1, +tn .». (iv) 


Now, subtracting Eq. (iv) from Eq. (iii), we get 
O=14+24+34+4454+..4 (ty — tha) — tn 
or tf, =1+2+3+4+5+... upton terms 
Atte) 
1 og 2 
T, = 2t, = oo + in) 


Xx 


_ifn(n+i)(2n+1) | ) 


2 6 2 
= 2 ren +143)=in(n + 1)(n +2) 


| Example 96. Find the nth term of the series 
it 54 18-58 179 hw. 


Sol. The sequence of first consecutive differences is 4, 13, 40, 


121, ... and second consecutive differences is 9, 27, 81, ... . 
Clearly, it is a GP with common ratio 3. So, let the nth 
term and sum of the series upto n terms of the series be 
T, and S,, respectively. Then, 
S,=1+5+18+584+179 +...+7,-,+T, coll) 
S, =1+ 5+ 18+ 58+... +7,_,+T7, .»-(ii) 
Subtracting Eq. (ii) from Eq. (i), we get 
0=14+4413+ 40+ 121+..+(7, -T,-1)-T, 
=> T, =1+ 4413+ 40+ 121+... upton terms 
or T, =14+44134+404121+..4+¢,_,+1, 
T,= 1444134 40 +..4t,-1 tt, 
Now, subtracting Eq. (iv) from Eq. (iii), we get 
0=14+34+94274+81+...+(t, —t,-1)—t, 
or t, =1+3+9+27+81+... upton terms 


1:3" = 1) _Logn _ 
~ 3-1) ° a 


(iii) 
..{iv) 


c= 3h, = (33" ~ 51) 
=i {+3 +3" +..4+3")—n} 


Method of Differences (Shortcut) 
to find nth term of a Series 


The nth term of the series can be written directly on the 
basis of successively differences, we use the following steps 
to find the nth term T,, of the given sequence. 


Step I If the first consecutive differences of the given 
sequence are in AP, then take 
T, =a(n—-1)(n—2)+5(n—-1) +c, where a,b,c 
are constants. Determine a, b, c by putting 
n=1,2,3 and putting the values of T, , T>, T;. 
Step II If the first consecutive differences of the given 
sequence are in GP, then take 


T, =ar"~' +bn+c, where a, b,c are constants 


and r is the common ratio of GP. Determine 
a, b,c by putting n =1, 2,3 and putting the values 
of T; 7 Th ; T; . 


Step III If the differences of the differences computed in 


Step I are in AP, then take 

T, =a(n—1)(n—2)(n—3) +b(n—-1) (n—2) 
+c(n-—1)+d, where a, b,c,d are 
constants.Determine by putting n = 1,2, 3, 4 and 
putting the values of T, ,T,,T3,T4. 


Step IV If the differences of the differences computed in 


Step J are in GP with common ratio r, then take 
T, =ar"~' + bn? +cn+d, where a, b,c, d are 


constants. Determine by putting n = 1,2, 3, 4 and 
putting the values of T,, T,, 73,74. 


| Example 97. Find the nth term and sum of n terms of 


the series 2+44+74+114+16+.... 


Sol. The sequence of first consecutive differences is 2, 3, 4, 5, 


.. . Clearly, it is an AP. 
Then, nth term of the given series be 
T, =a(n-1)(n—2)+ b(n -1) +e (i) 
Putting n = 1, 2,3, we get 
2=c —=4=b+c¢=57=2a+2b+c 


After solving, we get a = - b=2,c=2 


Putting the values of a, b, c in Eq. (i), we get 
7 =F (n —1)(n -—2)+2(n—-1)+2 = a(n? +n+2) 


Hence, sum of series S, = IT, = ; (=n? + En + 221) 


_ifn(n+1)(@n+1)) n(n+1),, 
ga 


; =i n(n? +3n +8) 
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| Example 98. Find the nth term and sum of n terms 
of the series 5+7+13+ 31+85+.... 


Sol. The sequence of first consecutive differences is 2, 6, 18, 
54, ... . Clearly, it is a GP with common ratio 3. Then, nth 
term of the given series be 


T, =a(3)"~'+bn+c ..-(i) 
Putting n = 1, 2,3, we get 
S=atbt+c ...(ii) 
7=3a+2b+c ... (iii) 
13=9a+3b+c saliv) 


Solving these equations, we get 
a@=1,b=0,c=4 
Putting the values of a, b, c in Eq. (i), we get 
Fes) ee 
Hence, sum of the series 
S, = IT, = 2(3"~! + 4)= 2(3"~') + 421 
=(143437+..437 ')+4n 


(3" - 1) 1 


=1- +4n=-(3" +8n-1) + 
G=i) 2 


| Example 99. Find the nth term of the series 
142454124254 46+... 

Sol. The sequence of first consecutive differences is 1, 3, 7, 13, 
21, .... The sequence of the second consecutive differences 
is 2, 4, 6, 8, .... Clearly, it is an AP. Then, nth term of the 
given series be 
T, = a(n —1)(n —2)(n —3) + b(n — 1) (n -2) 

+c(n-1)+d_...(i) 
Putting n = 1, 2,3, 4, we get 


1=d will) 
2=c+d ...(iii) 
5=2b+2c+d (iv) 
12=6a+6b+3c+d ..(v) 


After, solving these equations, we get. 
a=+,b=1c=1d=1 
3 
Putting the values of a, b, c, d in Eq. (i), we get 


1 
Ty = (n° — 6n* +11ln -—6)+(n? -3n+2) +(n-1)+1 


1 
oar -3n? + 5n)= = (n" —3n +5) 


| Example 100. Find the nth term of the series 
2+5+12+ 31+ 86+.... 


Sol. The sequence of first consecutive differences is 3, 7, 19, 
55, ... . The sequence of the second consecutive differences 
is 4, 12, 36, ... . Clearly, it is a GP with common ratio 3. 
Then, nth term of the given series be 


T, =a(3)"~'+ bn? +en+d gilt) 
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Putting n = 1, 2,3, 4, we get 
2=at+b+ct+d 
5=3a+4b+2c+d ...(iii) 
12=9a+9b+3c+d ...(iv) 
31=27a+ 16b+4c+d ...(v) 
After, solving these equations, we get 
a=1,b=0,c=1,d=0 
Putting the values of a, b, c, d in Eq. (i), we get 
T, =3"~'+n 


...(ii) 


Method of Differences 

(Maha Shortcut) 

To find t; +f). +f3 +...+¢,-1 ttn 

Let S, =t, tt, +3 +...+¢,-1 + th 

Then,  At,,At, , Aty,...,At,-y 
BOG AO al? becca Gus 


[1st order differences] 


[2nd order differences] 


<="“Gon ee Cae? 6, FES. 

a ae mony 
and S,="C, t+ "Cy At, + "C3 At, +...4 °C, Nt 
At, =f, —t,, At, =; — fo, etc. 

A*t, =At, —At,, A°t, =A*t, -A’t,, etc. 


where, 


| Example 101. Find the n th term and sum to n terms 
of the series 12+ 40+ 90+ 168 + 280+ 432+... 


Sol. Let 5, = 12+ 40 + 90 + 168 + 280 + 432 +..., then 


1st order differences are 28, 50, 78, 112, 152, ... 
(i.e. At,, At, Aty,...) 


and 2nd order differences are 
22, 28, 34. 40... eA ty dts, Ate, «:.) 


and 3rd order differences are 
6, 6, 6, 6... (ie. A°t,, A’t,, A’ts,...) 


and 4th order differences are 
0, 0,0, 0, ... (ie. A‘t,, A‘ty, A‘ts,...) 


benz 'C, eas IC, 4:90. 1, +68" 


=12+28(n-1) + N= 


4 (a = 1) (n ~ 2)(n = 3) 
1-2-3 
=n*> +5n? +6n 
and S, =12-"C, + 28-"C, +22-"C3 +6-"C, 
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=1an + Srna) <n) Corollary I | 
-2°3 ; 1 
, &:n{n — 1)(n ~ 2)(n —3) (i) 1-242-3+...+n(n+1)=— {n(n +1) 
== (n+ 1)(n? +23n +46) ia (n-+2) —0-1-2p =r tD (0 +2) 


3 
(ii) 1-3-5+743-5°7-9+4...+(2n—1) «(2n +1) (2n+5) 


Vi, Method (2n +3): 


To find the sum of the series of the forms 3a = (en aKa +1) (205) web - — 7 
Ti Gy@y ca Qp PF G20 565. Qp 47 Pint OpQn age Agaeni 1 
- 1 rm 1 — 1 ge et es Paes) ars) amet) Hl05) 
Q,)Q2...€; @Q3...a a: ee: 
ee eee ve Solution of form II Let d be the common difference of | 
where, @,,@2,@3,...,@,,...are in AP. AP, then a, =a, +(n—-1)d 
Solution of form I Let S, be the sum and T,, be the nth Let sum of the series and nth term are denoted by S, and 
term of the series, then T,,, respectively. Then, 
55 =@Q,Qq...@, + Q2Q, ae tingeg Tacs S,, eee Se ee ee ae ee en 
POG sg Pea Oped Q,Q2...A, €2Q3...Ap4] Qn Ont) + 4ntr-1 
T,, = Gn An +14n+2 -+-A8ntr—2 Ang} sis) . Re 1 (i) 
Let V,, = OnGn+19ne2 ---Antr-2 @ntr—-1 Gner " Qn Qn 414n42 --Angr—-2 Ans+yp-] i 
[taking one extra factor in T,, for V,, ] 1 
Vana =4n-18n Anat + Antr—3 Angr—2 Aner-i Let V, "ages tng linac. 3s i ates -{il) 
= Va ~ Vani = 4nOn419n42 Angra} (Qn+r —@n-1) ™ ™ dei ; 
=T, (@n4, —@n-1) [from Eq. (i)] ...(ii) [leaving first factor from denominator of T,] 
Let d be the common difference of AP, then So, Vr-1= es Saas 
a, =a, +(n-1)d QnGns +» Antp—3 AIngr-2 
Then, from Eq. (ii) 25. Yi ai = 1 
Vp -V,, 7A =T, [{a, +(n+r- 1) d} Ant} Ant? +++ Antr—2 An+r-1 
—{a, +(n—2) d}]=(r +1) dT, 1 
1 ee eee ee 
=> rT "Tena" =Vewiy) An Ans} + Angr—3 Antr-2 
= ‘i . - Qn ~Q@ntr-i 
S$, =2T, = > ee aad Ln aes 1) @n@n+1 Wn+2 ~Aner—2 Angr-i 
n=1 =] 
V, _y =T,, (a, Qn+r- 1) [from Eq. (i)] 
era 0) =T, ts oh Beene a) 
[from important Theorem 1 of Z] =d(1~r)T, 
1 ( ‘ T _W, V4) 
= ——_——_ (4,041 ---Gn4,p —pQ,...€,) °° a Te an 
(r +1) (a, =a) +1 nt+r oi d(1—r) 
Corollary I If a,,a2,@3,...,@,,-.. are in AP, then $. =°T = yy Vite i 1 a a) 
n n 
1 =, atl-—r "i Lr 
(i) For r=2, a,;a2 +243 +...+@,€,4; =—————— aan SOT) er) 
3 (a2 - 41) [from important Theorem 1 of 5] 
(2n Gn 41842 — 494,42) 
1 [ 1 
ii) For r =3, i 
( ) 1 (a, -a,)(1—-r) on On+2 ++Antr—2 Gner-i 
, a;a2@4 + 470304 +c OpOna Ones oe 
4 (a, -— a) = 1 | 
(GnQn414n +2947 +3 — 901443) Q; Q2 ...Ay_2 G,-| | 
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i Hence, the sum of n terms is S, = : Ty = (3n — 2) (3n + 1)(3n + 4)(3n +7) --i) 
r—1)(a2 —a;) o.V, = (3n — 2)(3n + 1)(3n + 4) (3n +7) (3n + 10) 
| j 7 1 | V, - = (3n — 5) (3n - 2)(3n + 1) (3n + 4) (3n +7) 
41 a2 vee Ap iy Qn+1 An42 ++ Ap xi > Vi, =(3n + 10) T, {from Eq. (i)] 
Corollary I If a,,a2,@3,...,@,,...are in AP, then and V, -1 =(3n - 5) T, 
g C&L) Forrr=2, é Va = View = 15 T, 
= 1 1 1 1 1 
—+ So = . T, =— (Va — Va -1) 
1G, 243 Anns, (a2 -4,) 15 


eed 


S, = ET, = S~(Vq - Vp-1) 
\ ay Qn+1 P 15 


=1{stnd-m). 2 = + (V, - Vo) 
d LG Ans @; An+1 ” 
. 1 1 1 [from important Theorem 1 of 2] 
(ii) For r =3, +... + ——_———_ 1 
Q72A304 An Anes Q@n+2 aig Won a) ence) ars)iGn +7) (3n +10) 


ee 


 _ ee a fF 
I 
= 
—_ & 
i) 
Q 
w 
eo, | 
— 


1 | — (—2)(1)(4)(7)(10)} 
é = {(3n — 2)(3n +1)(3n + 4)(3n +7)(3n + 10) +560} 


iii) For r = 
i (ii) = 4, 1 1 Shortcut Method 
————~ + ——__ +... + ——_____—_ a4 = 1 
GitgGstq  Gptatgas FnOn+19n4+29n+3 "(last factor of III term — first factor of I term) 
= 1 | 1. 1 | (Taking one extra factor in T,, in last 
3 (a, -a,) | a,a,a; Annet F@n+2 Fn+3 ’ — Taking one extra factor in I term in start) 
: , = 3n —2)(3n + 1)(3n +4 10 
Corollary II (16-1) AS a Renee aan Te 1) 
i — (-2)-1-4-7-10} 
) a Ji Tt { oh 1 
12 2-3 3-4 n(n+1) n+1 = — {(3n —2)(3n + 1)(3n + 4)(3n +7)(3n + 10) +560} 
by 1 1 1 - 
(ii) + + + ——_—_—_—_— ; 
1-2-3 2-3-4 3-4-5 n(n+1)(n+2) | Example 103. Find the sum to n terms of the series 
1 1 
5 ee ee ee 
oie (n +1) (n +2) | 4 2(n+1)(n+2) 1-3-5-7-9 3-5-7-9-11 3°7-9-11-13 
; ; ; Also, find the sum to infinity terms. 
(iii) PS Sol. Let T,, be the nth term of the given series. 
1+3-5°7 3-5-7-9 . 1 
1 Then, 7, = ——_—_——______—_ (i) 
en (2n — 1)(2n + 1)(2n +3)(2n +5)(2n +7) 
(2n — 1) (2n + 1) (2n +3) (2n +5) 1 
° ¥ = 
1 { 1 1 (2n + 1)(2n +3)(2n +5)(2n +7) 
a li3-5 aa — (an +1) (@n +3) (an +5) + (an4+3)Qn45 | [leaving first factor from denominator of T,, ] 
=< a ae TE 3)(2n +5) 
Bo n- + + + 
90 6(2n+1)(2n +3) (2n +5) . . 
=> V,-YV, 


(2n + 1)(2n +3)(2n + 5)(2n +7) 
1 


~ (2n—1)(2n + 1)(2n +3)(2n +5) 
(2n — 1) — (2n +7) 
~ (2n=1)(2n + 1)(2n + 3)(2n +5)(2n +7) 
=-8T, [from Eq. (i)] 
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| Example 102. Find the sum upto n terms of the 
series 1-4-7-10+4:7-10-13+7-10-13-16+... 
Sol. Let T, be the nth term of the given series. 
..T, = (nth term of 1, 4, 7, ...(nth term of 4, 7, 10, ...) 
(nth term of 7, 10, 13, ...) (nth term of 10, 13, 16, ...) 
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T, =-+(V, = Vang) 
8 


= Det DM == 2 (Va = Vo) 
n=1 


n=] 


[from Important Theorem 1 of =] 


1 
ae a 
1 ao 1 | 
8|1-3-5-7  (2n+1)(2n +3)(2n +5)(2n +7)| 
it 1 
840 8(2n+1)(2n+3)(2n +5) (2n+7) 
ee ee ee = u 
840 oo 840 840 
Shortcut Method 
1 1 1 
——__.. + ——- -_ +. ——___ + 
1:3-5-7-9  3-5-7-9-11 5-7-9-11-13 


1 
7 (2n — 1) (2n +1) (2n +3) (2n +5) (2n +7) 


Now, in each term in denominator 


9-1=11-3=13-5=..=(2n+7)-(2n-1)=8 
Then, Eq. (i) can be written as 

_if 9-1 11-3 13-5 

© B(9-3+5+7-9  3+5-7-9:11  §-7-9-11-13 


(2n +7) —(2n-1) 


(2n — 1) (2n + 1) (2n +3) (2n +5) (2n +7)| 


er sas — | 
as 5-79-11 
1 4 
5:7-9-11 7-9-1113 
1 


* @n—1) (an +1) (an +3) (2n +5) 
ee: Fee 
(2n +1) (2n +3) (2n +5) (2n +7) | 


an ee 
8 |1-3:5:7  (2n+1)(2n +3) (2n+5)(2n +7) 
[middle terms are cancelled out] 
=~ ins, say] 
840 8(2n +1)(2n + 3)(2n +5) (2n +7) 
‘, Sum to infinity terms = S,, = es 0= 2 
840 840 


..(i) 


Maha Shortcut Method 


de 
Taking 5 outside the bracket 


f 


1 1 


16. —_. SS 


L 9-1 11-3 13-5 


factor of denominator of first term — leaving first factor of 
denominator of last term 


| and in bracket leaving last 


/ ‘\ 


1 1 
L.¢.,5, =-| —— - ——————— 
Geet Ee ERAT 


Seiel (at —p\ 
1:3-5:7 840 


Z 1 2 5 
| Example 104. if $'7, meal 
. f= 12 
where T, denotes the rth term of the series. Find 
2. 
lim > —. 
neo aT 


Sol. We have, T, = ye - S17, 
r=] 
_ a(n ti)(n+2)(n +3) (n-1)n(n+1)(n +2) 
12 12 
= A in $3)-(n-0) 
EIN Bae 
3 T, o(n+1)(n +2) 
1 . 3 
au a ae Pp (r+1)(r +2) 
. 1 
i 
Ce) SERINE) 


wat 4A 1 1 1 
Se ee ee ee ee le eee 
a+el1-2-3 2-3-4 3-4-5 n(n +1)(n +2), 


Maha Shortcut Method 


=3m {+ -——1__) 
n7e2\1:2 (n+1)(n +2) 
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Exercise for Session 6 


Chap 03 Sequences and Series 


1. The sum of the first n terms of the series i + : + f + us +...iS 
2 4 8 16 

aeon=4 (b) 1-27 (ina 2?=4 2 =4 

2. 24.48 316 46132 is equal to 
3 ° 5 

a) 1 b) = c)2 d)— 

(a) 4 S (c) ( F 
3. 1434+7+15+431+...upton terms equals 

faye" 4 (b) 2°*'-n-2 (c)2"°-n-2 (d) None of these 
4. 99th term of the series2+7+ 14+23+34+...is 

(a) 9998 (b) 9999 (c) 10000 (d) 100000 


5. The sum of the series 1-2-3 + 2-3-4+3-4-5+... upton terms is 


(a)n (n + 1) (n + 2) 
(o) zn (n+ 1) (n + 2) (n+ 3) 


Be a og ag 


(b) (n+ 1) (n + 2) (n + 3) 
n+ 42043) 


d +...+ _—_'__ equals 
12 20 34 n(n +1) 
1 n 
ae by 7 
( ar q ( ee 
an 2 
(7) alle d) ————_ 
Ors Pe 
«3 5 7 ; 
7. Sum of then terms of the series = + =— + =—3—5 + -.. |s 
1 +2 ff +2°+3 
2n an 
(a) —— (b) —— 
n+1 n+ 1 
io 6] 
(c) (dp. 
n+ n+14 
1 1 1 1 1 
8. Ift, =—(n + 2)(n + 3)forn =12,3,..., then—+— +—+...+ —— equals 
4 f{ bb & 2003 
4 4003 
ayo’ (py sees 
3006 3007 
, 4006 
(qj 2008 dj 
3008 3009 
1 1 1 


SMe a nc eer 
(i+¢a)(2+a) (2+a)(8+a) (3+a)(4+ a) 


(where, a is constant) 


+... Upto ois 


1 2 
ea Ter 
(Cc) oo (d) None of these 


257 


n 
10. \ff(x)is a function satisfying f(x + y) =f (x) f(y) for all x, y EN such that f(1) =3 and y f(x) = 120. Then, the 


value of n is 
(a) 4 (b) 5 (c) 6 
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x=1 


(d) None of these 


Session f 


em A ee ee SN A Teen cu er ee eutesEne tame. URS Ee eR rte 


Application to Problems of Maxima 
and Minima (Without Calculus) 


yz=zx=xy=4 
— greatest value of (yz) (zx) (xy) is 4-4-4 


ive., greatest value of x*y’z? is 64. 


Application to Problems 
of Maxima and Minima 
(Without Calculus} 


Suppose that @,,@2,@3,...,@, aren positive variables and k 
is constant, then 


Hence, greatest value of xyz is 8. 


2x + 3y =7 and x20, y 20. 


(i) Ifa; ta, +a, +..... +a, =k (constant), the 
value of a,a,a; ...a, is greatest when Sol. To find the greatest value of x *y* or 
@, =a, =a, =....=a,, so that the greatest (x)(x)(x)(y yyy) 
n Here, x repeats 3 times and y repeats 4 times. 
value of a,a2a3...a, is (+) Given, 2x + 3y =7, 
\ 


[| Example 106. Find the greatest value of x *y", if 


Proof °.. AM > GM 


a; +a, +Q3 Tos Fl, 1/n 
2(a,42a4...a,) 
n 
k 
= —2(a, a2 aa 
n 
n 
k 
or (a,4a,Q3...a,) S| — 
n 
Here, a, =Q@2 =@3 =...=a, 


mi 
*, Greatest value of a,a,@3 ...a,, is (*) . 
n 


then multiplying and dividing coefficients of x and y by 3 
and 4, respectively. 


Rewrite {*)+4{2)- 7 
RENE RC RC RC ca 
1 2 3 4 5 6 7 

Here, k =7 andn =7 
Hence, greatest value of 
(2x \( 2x) (2x) (3y\(3y\(3y\(3y) (2). 
EVIEVIEVIVUIUUIOVIOUE 


3 a4 


2 +3 
or greatest value of xy! is 1. 
3°44 


| Example 105. Find the greatest value of xyz for 
positive values of x, y,z subject to the condition 
yZ + X+ Xy = 12 

Sol. Given, yz + zx + xy = 12 (constant), the value of 


(yz) (zx) (xy) is greatest when yz = zx = xy 
Here, n=3andk =12 


Thus, greatest value of xy‘ is oa 


(ii) Ifa ,a,a3... 
a; +a, +a; +... +a, is least when 


a, ta, +a; +...+a, isn(k)'”. 


Proof °. AM >GM 
4; +a, +a, +...+@ 


Hence, greatest value of (yz)(zx)(xy) (2 2) i.e. 64. 


. Greatest value of x’y?z? is 64. 


Thus, greatest value of xyz is 8. 


a,, =k (constant), the value of | 


a, =a, =a; =...=a,, so that the least of 


2 >(a,a74 ...€,)"=(k)" 


an AM Hay tah S yi 

Given yz + zx + xy = 12, the greatest value of (yz)(zx)(xy) - 

is greatest when or a, +a, +43 +... +a, 2n(k)i” 
yz=zx=xy=C [say] 

Since, yz+zx + xy=12 Here, a, =a, =@3 =...=a, 

i ctctc=12 .. Least value of a, +a, +a, +...+a, is n(k) 

=? 3c =12 or c=4 


I/n 
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[Example 107. Find the least value of 3x+4y for 
positive values of x and y, subject to the condition 
xy) =6, 

Sol. Given, x’y? =6 

or (x) (x) (y)(y) (y) = 6 


Here, x repeats 2 times and y repeats 3 times 
3x+4y= {3% *=)43(42) 
Lo) 42) 


pee aueruesues 


1 2 4 5 
multiplying and dividing coefficient of x and y by 2 and 3 


respectively and write x*y* = 6 


2 3 
eC ees ae 
(2 2.3/3 /.3)/ 2? 33 
aeena 


Hence, least value fis sl cual ay + ay + sd 
2 2 3 3 3 


| = 5 (32)> = 10 
ie. least value of 3x + 4y = 10 


| Example 108. Find the minimum value of 
bex + cay + abz, when xyz = abc. 
Sol. To find the minimum value of 
bex + cay + abz, 


write, xyz = abc 
or  (bex) (cay) (abz) = a®°b’c? =k [constant] 
Here, n=3 


Hence, minimum value of bex + cay + abz =n (ky" 


= 3(a°b*c*)’? = 3abe 


An Important Result 


Ifa; >0, b= L2 Aen 


(i) 


n which are not identical, then 
ay +a +...4am >(4 +a, +...+4, 
n 


mm 
' sIfm <0 
n 

orm>|] 

m m m m 
wy @) +, +...4+ a, +a, +...+@ 
(ii) % 2 a, < 1 + @, a}. 

n n 
If0<m<1 


Remark 


Ifa =a =....=@,, then use equal sign in inequalities. 
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| Example 109. if a,b,c be positive real numbers, 
b Cc 3 


a eed ee eee, as 


rove that >-. 
P b+c cta atb 2 


Sof. Arithmetic mean of (—1) th powers 
2 (— 1) th power of arithmetic mean 


lh all -1 
( bee ° ct+a a+b ) 
+|-——_—_—_| + 
Lae be atbt+c atb+c)} 
3 
b+e cta atb \" 
> atbt+c atbtc atb+c 
3 
atb+c atbte atbtc 
b+e cta a+b 2\" 
gt ee ee ele 
3 | 
= Sie ged gi 
b+e cta at 2 
b 
=> g + + se ag 
b+e cta atb 2 
a b Cc 3 
or 2- 
b+c cta atb 2 


| Example 110. If a and b are positive and a+b =1, 
show that (o+ il +(b+2) = 
\ 3) ob 


a 
2 
Sol. Since, AM of 2nd powers > 2nd power of AM 
2 


‘eg 1) 1 1 
+—| +/b+- ts al 
(s+3) (ora) ferdeoey 


2 2 
=F (at beats bial (tat + bly (eatb=1] 
f 
[a+ 1 Carel >t atats oy (i) 
a ‘ b) 2 
-} | oe = 
Again, a+b >(*4) -(5) =2 
2 2 2 . 
-1 ~1 
or gos. 
2 
= a'+b'>4 
(ita'+b7)>S5or (1¢a +b") >25 
=> (1 tai+b"y> : ..(ii) 


From Eqs. (i) and (ii), we get 
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Exercise for Session 7 


1. The minimum value of 4% + 47-*,x ERis 


(a) 0 (b) 2 
(c) 4 (d) 8 
2. \f0<@<n, then the minimum value of sin? 6 + cosec’ 6 + 2, is 
(a) 0 (b) 2 
(c) 4 (d) 8 
3. Ifa,b,c andd are four real numbers of the same sign, then the value of - + 2 + 7 + - lies in the interval 
(a) [2 -) (b) [3, 2) 
(c) (4, ~) (d) [4, -) 


4, If0<x< > , then the minimum value of 2 (sin x + cos x + cosec 2x)? is 


(a) 27 (b) 13.5 
(c) 6.75 (d) 0 
5. \fa+b+c¢=3anda>0,b >0,c>0, then the greatest value of a2b °c? is 
3 : gio 3/0 . va 
(a) — ())— 
32 gi2 3i2 : 2 
@— (d) —— 
6. Ifx+ y +z =a and the minimum value of = + ; + is Bt, then the value of A is 
1 
a)- b) 1 
(a) 5 (b) 
4 
Che d)2 
(c) : (d) 


7. a,b,c are three positive numbers and abc? has the greatest value = then 
(b)a=b=c= 


(d)a=b=c= 


blu wlio 
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a 


1 


NO 


aq 


~ 


n 


oo nN DD 


10 


11 


12 


13 
14 


15 


16 


Shortcuts and Important Results to Remember 


If 7, = An + B, i.e. nth term of an AP is a linear expression 
inn, where A, B are constants, then coefficient of ni.e., A 
is the common difference. 

IfS, =Cn? + Dnis the sum of n terms of an AP, where C 


and D are constants, then common difference of AP is 2C 
i.e., 2 times the coefficient of n?. 


()0 =T,-T,-1[n 22] (ii) 7, =S, -Sy_1 [N22] 
(iii)? =S, -2S,_4+S,-2[n23] 
If for two different AP's 
Sn _ An? + Bn An+B 
S, Cn? +Cn Cn+D 
Then, qth _An-1)+B8 
7 “CCa= had 
If for two different AP's 
A(f@+ 4). 
E Moe. 6 “la J 
+= , then — = 
T, Cn+D 4 o(224}+0 
2) 
If], =qand7, =p, then 7,4q=0,,=p+q-r 
If pT) =QTy of an AP, then 7, 4g =0 
IfS, =Sq foran AP, thenS, 49 =0 
IfS, =q andS, = pof an AP, thenS, .g =-(p +q) 
Page MP =9) 
If], =P and 7, =Q for a GP, then 7, = Qn-P 


lf Ina n =P, Im-n =Q for a GP, then 


g mien 
Ty = fB. =p(2) 


iat = m for a HP, then 


mn mn 
In+n =——— 1 Im = 175 = — 
m+n (m+n) mn p 

If7, =Qr, Ty = pr for a HP, then 7, = pq 


No term of HP can be zero and there is no formula to find 
S, for HP. 
a,b,c are in AP, éPortiPis 2" 226; g or 2. 
b-c a b Cc 
lf AG, H be AM, GM and HM between a and b, then 
‘A. whenn=0 
art! ~ pb? +1 
a’ +b" 
A, when n=-1 
lf AandG are the AM and GM between two numbers 
a, b, then a, b are given by A+ (A+ G)(A-G) 


18 
19 


20 


21 


22 
23 


24 


25 


26 


27 


28 


29 


30 


31 


32 


33 


If a,b,c are in GP, then a + b,2b,b+c are in HP. 
If a, b,c are in AP, then A?, A°, AS are in GP, where 
A>O,A#t 


If -1<,7 <1, then GP is said to be convergent, if r <-1or 
f > 1, then GP is said to be divergent and if r = -1, then 
series is oscillating. 

If a, b,c,d are in GP, then 


(at by’,(btcy’,(c dy’ areinGP, Vnel 


If a,b,c are in AP as well as in GP, thena=b=c. 


The equations a,x + ay = a3, a4X + asy = a, has a unique 
solution, if , 42, 23, 2g, a5, a, are in AP and common 
difference + 0. 
For n positive quantities 4,, a, 23, ..., a 

AM 2 GM 2HM 
sign of equality (AM = GM = HM) holds when quantities 
are equal 
i.e. @ = @z =a =...=a. 
For two positive numbers a and b (AM) (HM) 
= (GM)?, the result will be true for n numbers, if they are in 
GP. 
If odd numbers of (say 2n + 1) AM’s, GM's and HM's be 


inserted between two numbers, then their middle means 
[i.e., (2 + 1)th mean] are in GP. 


If a*, b?,c? are in AP. 
=> esti are in AP. 
b+c c+aatb 
Coefficient of x"~' and x”~? in 
(x — a) (x — ag) (x — a3)... (X -&) 
are —(@ + do + ag +...+ a,) and La,ao, respectively 
2 
where, 2 aja. _ af ta 
14+ 34+5+...upton terms =n? 
2+6+12+20+...uptonterms = 22 20%) 
n(n? +2) 
1+3+7+13+...upton terms = ————— 
2 
145+14+ ot.dienitnes = Le ss) 


12 


If &,, Qo, a3,..., @, are the non-zero terms of a non-constant 
AP, then 
Pdi Nie Vad ly as a 
at: CP 
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JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 


_ 101 
= ae ire {from Eq. (i)] 
which ONLY ONE is correct. au ear 
_ 125 _ 125 _ 125 1 
i (ar)? (a)? (25)? 5 
@ Ex. 1 Ifb-—c, 2b—A, b—aare in HP, thena——, ! sl 
b- us ‘ _A pt @ Ex. 3 if x =111...1(20 digits), y =333...3 (10 digits) and 
2’ 2 ess x-y 7 
(a) AP (b) GP Z =222...2 (10 digits), then ; equals 
(c) HP (d) None of these 1 
A%b—c)(b-a) (a) — (b) 1 (c)2 (d) 4 
Sol. 2b - A) = ————_—- 2 
aaa a rie 
=> 


= he o =. 1 
= _ —_ S i. Br =_— ae _ 
(2b —A) = (2b (a+c))=2[b? ~—(at+c)b+ac] (b) Fx le 9)= 


~(107 ~1), 
a ) 
=> 2b? — 2b + A(at+c)—2ac =0 y= 3(999..8) = -(10" -1) 
r 
20 — - = 
=> b aa are ac =0 and z= ~(999..9) = (10 ~1)] 
2 2 
( AY MOA 1 1 
=!b-—; -—+-—(atc)-ac =0 Band _ ay _ *faqld _.4\2 
Var? Serge . ray? _ 9-0-5008 -9 
2 2 Zz 2 7410 
= (-*) estas Avie gee =) 
2 x & 10 10 
10” +1-(10° 1 
(5) =(-3)(-4) a 
=> b-— =|la-—|lc-— 
Z 2 2 


2 
A , 
Hence. a oo ee in GP. 


@ Ex. 4 Consider the sequence 1, 2, 2, 3, 3, 3, .... where n 


occurs n times. The number that occurs as 2011th terms is 
(a) 61 (b) 62 
@ Ex. 2 Let a,,a2,43, ..., Ay are in GP witha, = 25 and (c) 63 (d) 64 
101 101 i» % Sol. (c) The last 4 occurs as 1+2+3+ 4 = 10th term. The last a 
4; =125, then the value of ¥ — | equals (n+1))" 
i=l Pe eed occurs as Ga term, the last 62 occurs as 
] 1 1 
a)5 b)- c)— d) — 
() 0); ) 55 (4) 55 62x63)" 
——— | =1953rd term and the last 63 occurs as 
Sol. (b) Let 1st term be a and common ratio be r, then 2 /) ; 
101 
1 , th 
—= 63 x 64 
Dai 125 OLD <ogierh tein. 
i213 “i 
2 100) _ 
=> (atartar’t+..tar )=125 


“. 63 occurs from 1954th term to 2016th term. 
— plot th . 
- a - = 125 [let 0 <r < 1)...(i) Hence, (2011)"" term is 63. 
l-r 


- 117 

i ()" a ® Ex. 5 LetS= Yen , when[-] denotes the greatest 

101 4 1 1 | 1 a; r) r=1 a[ rj+1 
—=—+— + —s t..t 


2 aoe ~~Joo 
mG 3% al ar ar (+-1] 
r 


integer function and if S = P when p and q are co-primes, 

q 

nae 
here— > 1 


the value of p+q is 
(a) 20 (b) 76 (c) 19 (d) 69 
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r 


7 


HW 
1 
Sol. (b) oe s-¥V ee: 
& ar]+1 
3 5 7 19 18 
= +——— +——__ #.+ +——— 
2-]+1 2-241 2-341 2:94+1 2-10+1 
Ory ape, Weed ks 
21 7 7 


p=69 and q=7 => pt+q=69+7 =76 


@ Ex. 6 If a, b, care non-zero real numbers, then the mini- 
mum value of the expression 


(a* + 4a‘ +1)(b4 +3b2 +1)(c? + 2c +2) 


equals 
a‘b? 
(a) 12 (b) 24 (c) 30 (d) 60 
(a® + 4a* +1)(b* +36? +1)(c? +2c +2) 


Sol. (c) Let P = 
a‘h? 
/ 


a2 +44 =, +344) 1 Yee a1)? +1)} 


¢ 2a'444+4 36 674342 5and(c+1) +121 
a‘ b? 


see eed fares 0 
x 


P26-5-:1=30 => P2>30 


Hence, the required minimum value is 30. 


© Ex. 7 If the sum of m consecutive odd integers is m‘*, then 
the first integer is 
(a) m>+m+1 
(c) m?-m-1 


(b) mo +m-1 
(d) m? -—m+1 
Sol. (d) Let 2a + 1, 2a +3, 2a+5,... be the AP, then 
m‘ = (2a+1)+(2a+3)+(2a+5)+... upto m terms 
= 7 20+ 1)+(m—1)2}= m(2a+1+m-1) 


= m? =(2a+1)+m-1 


2at+1=m°*-m+1 


© Ex, 8 The val yi (4r+5)5% 
e value fd Sr +5) is 
1 2 1 2 
@)< (b) 5 (c) 35 (d) 125 


Sol. (a) erate = lim ¥ (Sr+5)-r) 1 


vat « Tor #5) 


XN mal 1 \1 
= lim -- 1— 
ne “—“\r Sr+5)5" 


r=] 


Ml 1 


= tin 5) 2+ eee 2 
ners (nti) 5 5 


r=] 
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® Ex. 9 Let i be the greatest integer for which 
5p" —16, 2pA, are distinct consecutive terms of an AP, 
where pe R. If the common difference of the AP is 


— |,m,n€ Nand m, nare relative prime, the value of m+n 


(a) 133 (b) 138 = (c) 143 (d) 148 


Sol. (c) 5p” — 16, 2pA,d? are in AP, then 


4p\ =5p*-16+7 


= 5p? —4pA +A? -16=0 ...(i) 
B~4AC 20 [pe R] 
= 16d? — 4-5-(? - 16) 20 

=> —? +8020 or A’ 280 

= ~J/80 < A < V80 


A=8 [greatest integer] 


From Eq. (i), 5p* —32p + 48=0 
=> (p — 4)(5p —12) =0 
12 
= 4, =— 
Pp P 5 
12 
=> sal dale 


[for p = 4 all terms are equal] 


Now, common difference = A’ - 2paA 


12 3 128 
= 64 - 16x — = 64 1-2) a8 [given] 
5 5 5 n 
m=128andn=5 
Hence, mtn = 143 


@ Ex. 10 if 2A, A and[? —14],A€ R — {0} and [.] denotes 
the greatest integer function are the first three terms of a GP 


in order, then the 51th term of the sequence, 
1, 3A, 6A, 10A, ... is 


(a) 5104 (b) 5304 
(c) 5504 (d) 5704 


Sol. (b) - 2A, A, [A? — 14] are in GP, then 


2 = 2A[A* -14] 


A _ yy? 
= —=[A?-14 
5 [ J 


.. A must be an even integer 


Hence, A=4 

Now, required sequence 1,12, 24, 40, .. 

or 1, 4(1+2), 4(1+2+3), 4(1+2+3+ 4),... 
51th term = 4(1+2+3+...451) 


= 4 (1451) 4-51-26 = 5304 
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JEE Type Solved Examples : 
More than One Correct Option Type Questions 


en ee wm re wen we nn es 


= This section contains 5 multiple choice examples. Each = gs args gle 2 An An 
example has four choices (a), (b), (c) and (d) out of which 74 4 2" 4 gat? ont 
more than one may be correct. als 7 oe rn os ha _ ha ; 
@ Ex. 11 The first three terms of a sequence are 3, —1, —1. 2 oes ° ee 
The “i. - é ) 5 a) 5 © Ex. 14 ifs, = yr + yr tart J...00, 7 >0 then which the 
27 9 following is/are correct. 


Sol. (b, d) The given sequence is not an AP or GP or HP. It is (a) S,,5¢. 542, S29 are in AP 


2 
an AGP, 3, (3+ d)r,(3+ 2d)r’,.. (b) 54,59, Syg are irrational 


=> (34 d)r = —1,(3+2d)r? =-1 (254-6) (25: aY Se.) are in AP 
Eliminating r, we get (3+d)* = —(3+2d) (d) $3,542, Ss¢ are in GP 
= d?74+8d+12=0 => d=-2,-6, Sol. (a, b,c, d) 
= ir Palratesl laces +yrtyt . +5; 
then r=-1, : ee ‘ 
3 oe -S,-r= 
: a 
“. Next term is(3+3d)r° = 3, - - isa 1D 4r) br >0] 
@ Ex. 12 There are two numbers a and b whose product is Alternate (a) 52,5¢, S12, Sz i.¢., 2, 3, 4, 5 are in AP. 
192 and the quotient of AM by HM of their greatest common Alternate (b) 5,,S5, Sy ie 1+17 ui. v37 as v65 sue 
divisor and least common multiple is 1©2. The smaller ofa : : 
P 48. irrationals. 
and b is Alternate (c)(25,_;)”, (255_1)”, (25¢-1)* ie. 17, 21, 25 are in AP 
(a) 2 (b) 4 (c) 6 (d) 12 Alternate (d) S., 5,2, Ss¢ i.e., 2, 4, 8 are in GP. 
Sol. (b, d) If G=GED of a and b, L=LCM of a and b, we 117 
have GL =ab=192 (i) © Ex, 15 If—, —, — are in AP and a, b, —2c are in GP, where 
AM _(G+L\(G+L)_ 169 abe 
a of G and L is a ) oaL A ae a, b, c are non-zero, then 


(a) a° +b? +c? =3abe (b) —2a,b, — 2c are in AP 


2 _ 169 169 ; 
= (G+L) ar a oe 13° -4 (c) -2a,b,-2careinGP  (d)a’,b?,4c? are in GP 
=> G+tL=52but GL =192 Sol. (a, b, d) 
=~ G=4,L=48 = a=4,b=48 or a=12,b=16 o Pe forin AP =}. @ bears iP 
abc 
1 2.3.5 An : : 
@ Ex. 13 Consider a keris Re et es Es b= 2ab wail) 
2 9 2 oe a atc 
IfS, denotes its sum to n terms, then S,, cannot be and a, b, — 2c are in GP, then b? = ~2ac (ii) 
(a)2 (b) 3 (c) 4 (d) 5 From Eqs. (i) and (ii), we get 
Sol. (a, b, c, d) ph? 
r =——>a+b+c=0 “b#0 
Sn = Pine 2 et, + —* atc : 
2 2 2 2 eZ 2" ee 
. ae 4 2 & 8 a” +b° +c” =3abe and a, b, -2c are in GP 
= 4+] -4+—4—4+— 4+ StS 2 42> 42 . “4 
4 o(; 92 93 24 95 | = a’,b*,4c° arealsoinGP and a+b+c=0 
Nhe eM . => 2b = -2a 2c 
us 2 a2 3 on 4 ont? antl “. —2a,b, -2c are in AP. 
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JEE Type Solved Examples: 
Passage Based Questions 


Se ee es ee one nen ne rn rns a ~~ ee me een eee 


« This section contains 3 solved passages based upon each Aliter By inspection, first common term to both the series 
of the passage 3 multiple choice examples have to be is 23, second common term is 51, third common term is 79 
answered. Each of these examples has four choices (a), (b), and so on. These numbers form an AP 23, 51, 79, ... 

(c) and (d) out of which ONLY ONE is correct. Since, Ty, = 23 + 13(28) = 387 < 407 
Passage I and Tis = 23 + 14 (28) = 415 > 407 
(Ex. Nos. 16 to 18) Hence, number of common terms = 14 

Consider a sequence whose sum to n terms is given by the 20. The 10th common term between the series3 +7 +11+... 

quadratic function S, =3n’ +5n. and1+6+11+...is 


(a) 189 (b) 191 (c) 211 (d) 213 
(b) Series 3+ 7 + 11+... has common difference = 4 and 
series 1+ 6+ 11+... has common difference =5 


16. The nature of the given series is 
(a) AP (b)GP — (c) HP (d) AGP 


= 


So 


a = 3n* + 5n Hence, the series with common terms has common 
Th = Sn - Sp 1 difference LCM of 4 and 5 which is 20. 
= (3n? + 5n) ~ [n - 1)’ + Xn -1)] The first common terms is 11. 
= X2n -1)+5=6n +2 Hence, the series is 11+31+51+71 +... 
The nth term is a linear function in n. Hence, sequence . tio = 11 +(10 — 1) (20) = 191 
me Pera Ae, Aliter t, for3+7+11+...=3+(n—-1)(4)=4n-1 
17. For the given sequence, the number 5456 is the and t, forl+6+11+..=1+(m-—1)(5)=5m-—4 
(a) 153 th term (b) 932 th term For acommonterm, 4n-1=5m-4 ie, 4n=5m-3 
(c) 707 th term (d) 909 th term For m = 3,n = 3 gives the first common term i.e., 11. 
Sol. (d) Given, T, = 5456 For m = 7, n = 8 gives the second common term i.e., 31. 
=> 6n+2=5456 => 6n =5454 For m = 11, n = 13 gives the third common term i.e., 51. 
‘s n= 909 Hence, the common term series is 11 + 31+51+... 
. The number 5456 is the 909 thterm. - “ ty =11+(10—1)20=191 
- pack SENS uanestO/ Mel rtst sitenms OF HICIRWee 21. The value of largest term common to the sequences 1, 
11, 21, 31, ... upto 100 terms and 31, 36, 41, 46, ... upto 
(a) 1100 (b) 660 (c) 799 (d) 1000 (0 terme ie 
Sol. (b) T, + Tz +7; =8° +14” + 20° = 64 +196 + 400 = 660 (a)281 (b)381.— (©) 471 (d) 521 
Passage Il Sol. (d) Sequence 1, 11, 21, 31, ... has common difference = 10 


and sequence 31, 36, 41, 46, ... has common difference = 5. 


(Ex. Nos. 19 to 21) Hence, the sequence with common terms has common 


Let r be the number of identical terms in the two AP's. difference LCM of 10 and 5 which is 10. 
Form the sequence of identical terms, it will be an AP, then The first common term is 31. 
the rth term of this AP make t, < the smaller of the last Hence, the sequence is 31, 41, 51, 61, 71, ... (i) 
term of the two AP’s. Now, fyo9 of first sequence = 1 + (100 — 1) 10 = 991 
19. The number of terms common to two AP's 3, 7, 11, ..., and tio of second sequence = 31 + (100 — 1)5 = 526 

407 and 2, 9, 16, ..., 709 is Value of largest common term < 526 

(a) 14 (b) 21 (c) 28 (d) 35 wat, of Eq. (i) is 31+ (m — 1) 10 = 10n +21 

Sol. (a) Sequence 3, 7, 11, ... , 407 has common difference = 4 bey = 10X50 + 21 = 521 


and sequence 2, 9, 16, ... , 709 has common difference = 7. 


is the value of largest common term. 
Hence, the sequence with common terms has common 6 


difference LCM of 4 and 7 which is 28. Aliter Let mth term of the first sequence be equal to the 
nth term of the second sequence, then 


1+(m—1)10=31+(n—-1)5 
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The first common term is 23. 
Hence, the sequence is 23, 51, 79, ..., 387 which has 14 terms. 
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=> 
=> 


= 


. Largest value of m= 


m<534 
2 


53 


10m —-9=5n+26 => 10m—35=5n 
2m-—-7=nS100 > 2mS107 


.. Value of largest term = 1 + (53 — 1) 10 =521 


Passage III 
(Ex. Nos. 22 to 24) 


We are giving the concept of arithmetic mean of mth 
a, be n positive real numbers (not 
all equal) and m be a real number. Then, 


power. Let a), a2, @3,..., 


a +a; +a, +..tar poe +4, +..+@,)" 


n 
if meé R ~ [0,1] 
However, if m € (0, 1), 


a +a, +a; +..¢a, 2 


n 


then 


f Sectea Sas +a 


} 


n \ 


Obviously, if m = {0, 1}, then 


a tay tay +..tar  (ata,t+ay tate)! 
n 


n 


: . “} 


22. Ifx>0,y >0,z>0andx +y +z =1, the minimum 


value of 


(a) 0.2 
(c) 0.6 


Sol. (c) Since, AM of (—1) th powers 2 (—1) th powers of AM 
a 


| (2—x)1+(2-y)y" 4+ 2-2)" 


-[Setet2))". (S24) 
3 i 4&3 


=> 


or 


or 


or 


Hence, 


3 


2(Fe tees: 


3 
5 


(2-x)'+(2-y)y'4+(2-2z)" 


23. Sa? 


+ 
2-xXx 


Thus, minimum value of 


i=1 
/ 

n 
» 


(a)nA 
(c)(n+2)A 


a +a ¢at..+a? 0 Ge AB tas 


iin GHG 
2=y 22 


a 2 


a-y 


+ 
(2-2 


=<. 


is 0.6. 


=A,V a; 20 and if greatest and least values of 


2 
| areh, andi, respectively, then(A, —A,) is 


(b) (n —1)A 
(d)(n +1) A 


Sol. (b) «* AM of 2nd powers 2 2nd power of AM 


n 


2 
“ 3 sna 
i=1 


Also, (a, + a, +3 +...+4,)° =a? +as +a, + 
eg a +2); 


| 


> 


=h+2) aa, 2A 


2 
a) 2a 


ne 


From Eqs. (i) and (ii), we get 


Then, 


24. If sum of the mth powers of first n odd numbers is }, 


Vm>1, then 
(a)A <n™ 


Sol. (d) °° m>1 


2 
2s{ Sal Sni 
a1 4 


A, =nAanddA, =A 


A, -A2 =(n-1)A 


(b)A>n™ (c)A<n™*! (d)A>n™* 


17 +37 +5" +...4(2n — 1)” 


n 


>[E2eS eal 


2atan- 9) 


=n™ 


\ 


217 +3745" +...4(2n -1)” 5 antl 


Hence, 


Asn 


i) 


(ii) 


WWW.JEEBOOKS.IN 


5 OS es ees eee ee = =  C- 


-eimee 


JEE Type Solved Examples: 
Single Integer Answer Type Questions 


ee 


« This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 


© Ex. 25 A sequence of positive terms Ay, Az, A3,---) An 


satisfies the relation A, 4, = . Least integral value 


(3+ Ay) 
of A, for which the sequence is decreasing can be 
Oe Ft pe A pened Ae Pe 
(3 + An) (3 + A;) 
Forn =2, A, = sit t Ae) ' 
(3+ Az) 


st 30+ 40) 
_ (3+A;) ) 644A, 3+2A, | 
3(1+A;) 442A, 2+A, 
(3+ Aj) 
‘’ Given, sequence can be written as 
seta), (34+ 2Ay) 
eG +A,) (2+ A;) 
Given, A, > 0 and sequence is decreasing, then 


JEE Type Solved Examples : 
Matching Type Questions 


ee ee ee ee eee 


« This section contains 2 examples. Examples 27 has three 
statements (A, B and C) given in Column I and four 
Statements (p, q, r and s) in Column II example 28 has 
four statements (A, B, C and D) given in Column I and 
five statements (p, q, r, s and t) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


@ Ex. 27 


Column t Column I 
(A) |Ifa,, a), as,...are in AP and a, + @& + ajo + Gy 
ao 400 
+ 5 + Qyq = 120, then yy is (P) 
i= 
(B) |Ifa,, a), a3,...are in AP and a; + as + a 
35 
+4)3 + Q\7 +a); + @o5 = 112, then Ya; is (q)} 600 
isl 
(C) |Ifa,, a), a3,...are in AP and 
ay + ag + ay + Alo ‘4 a (r) 800 


+ ay¢ = 375, then dai is 


a 


Sol. (A) — (q); (B) > (p); (C) > (s) 


1000 
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SS SE ee er Se ae ee ee ee ee 


3(1+A,) 3(1+A) “(342A,) 
1° 34A,)" (3+4,) (2+A)) 
=> Ay >3 or A, > V3 
A, =2 [least integral value of A,] 


®@ Ex. 26 When the ninth term of an AP is divided by its 
second term we get 5 as the quotient, when the thirteenth 
term is divided by sixth term the quotient is 2 and the 
remainder is 5, then the second term is 


Sol. (7) Let a be the first term and d be the common difference, 


then T, =5T, 

= (a + 8d) =5S(a+d) 

: 4a = 3d ms | 
and Ty3 = T, X2+5 

=> a+12d =2(a+5d)+5 

=> 2d=at5 .+(ii) 


From Eqs. (i) and (ii), we get 
a=3 and d=4 
T2 =at+d=7 


<a re rr ee | ee 


(A) *" a), @2, @3,... are in AP. 


Gy + G39 = Ag + Gy5 = Ay + Ay =A [say] 


a, + Gs, + Ayo + do + Ars + Ax = 120 


ee 3A = 120 
=> A= 40 
— — 30 
Then, Yai ZF 5 Ge ea Sen 
(B) *." a, @, a3, ... are in AP. 


Qa, + Qos = as + ar, 
= dy + a7 = 43 +43 =A [say] 


Q, + Ay + Ag + yy + Qy7 + AQ, + Ao, = 112 


ne an12 
2 

=> 7h _ 112 
2 

=> A =32 


a 25 25 
Ya = — (a, + a),)= — X 32 = 400 
ist é 2 


www.JEEBOOKS.IN 


Then, 
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(C) *. a, ag, @3,.... are in AP. 
Q, + Ay = A, +43 =A, + =A [say] 
a, + dg + Gz + Aq + 43 + 6 = 375 
Sh22375. So) A125 
16 16 
Then, Sa; = — (a, + a) 
i= é 
=8xX=8x 125 = 1000 
e Ex. 28 


Column | Column II 


(A) jf a> 0, b> 0, c> Oand the minimum value 
ofa (b> + c*)+ b(c +a’)+c(a’ + b’)is 
X abc, then A is 


(B) |If a, b, care positive, a+ b+ c=land the 
e-)e-) * 
b c 


(C) |Ifa>0,b>0,c>0,s=a+ b+ cand the 


2s 
minimum value i ae eee 
-a s-b s-ce 


(A—1), then A is 

(D) |Ifa>0,b>0,c>0 a,b, sate UNG PanaNe 
XN 

the minimum value o£) +(2) is 2, 


then A is 


Sol. (A) > (1); B) > (s); (C) > (t); D) 9 & 45,5, f) 
(A): AM> GM 


_ ab? +.ac? + bc? + ba’ + ca” + cb” 
6 
> (ab? -ac® bc? - ba? «ca? -cb?)’® = abc 
- a(b? +07) +b(c? +.a*)+¢(a? + b*) 26 abe 
= A=6 
(B): AM> GM 


(b+c) > Se 
2 
= (b+c)22Vbc (i) 


For b, c, we get 


Hence, A = 2, 4, 6, 8, 10 


For c, a, we get 

= > fea 
=> (c +.a)22Vca (ii) 
and for a, b, we get 


Ce) > ab 


=> (a+ b)22 Jab ii) 
On multiplying Eqs. (i), (ii) and (iii), we get 
(b+c)(c +.a)(a+ b) 2 8abc 


=> (1-a)(1-b)(1-—c)28abe [vatbt+c=]] 
\ 
= (2-s}(2-1}(2-s)28 
a b c 
r! A=8 
(C):. AM2> HM 
(s — a) + (s— d)+(s—c) , 3 
3 ee 
$S-a s- s-c 
3s —(a+b+c) 3 
=> 
3 1 1 1 
+ -—— 
s-a s-b s-c 
oss 3 
= 


3 3 1 ; 7 
—— + + —— 


=> . oe ro 29 
s-a s-b s-¢ 
Here, A-1=9 

A=10 


(D) If a, b, c are in GP. 
Then, a, be c* are also in GP. 


Then, AM 2 GM 
oP 4 
= a* +c* > 2b* 
. a - c - 
3 (2) +(¢) >2 
b b 
: AER 
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JEE Type Solved Examples : 
Statement | l and Il Type Questions 


"Directions Example numbers 29 to 32 are 
Assertion-Reason type examples. Each of these examples 
contains two statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 

Each of these examples also has four alternative choices, 

only one of which is the correct answer. You have to select 

the correct choice as given below. 

(a) Statement- 1 is true, Statement-2 is true; Statement- 2 
is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


@ Ex. 29. Statement 1 The sum of first n terms of the series 


ff ae ga a ae 5? egies = =o 


' 2 n 
Statement 2 Sum of first n natural numbers is 


(n +1) 
a oa 


Sol. (a) Clearly, nth term of the given series is negative or 
positive according as n is even or odd, respectively. 


CaseI When n is even, in this case the given series is 
Y -2? 437 - 47 457 67 +..4(n-1)? — nn? 
=(1? ~2?) + (3? ~ 42) + (5? - 67) +4 [(n — 1)’ — 17] 
=(1-2)(1+2)+(3- 4)(3 + 4) +(5—-6)(5 +6) +... 
+(n-1—n)(n-1+n) 

a(t atest aon 2! 
Case I] When n is odd, in this case the given series is 
P 2? 437 - 47 45? 6% ++ (n — 2)? -(n-1)? +” 
= (1?— 2") + (3 -— 47) + (5? 6”) 4+... +[(n —2)*—(n- 1)" ] +n” 
=(1-2)(1+2)+(3- 4) (3+ 4) +(5—6)(5+6) +... 

+ [(n = 2)-(n-1)} (2-2) + (n -1)] +? 
ee ae +(n—2)+(n—1)]+n? 

(n=1)(n-141) | n(n +1) 


= = OO — 


It is clear that Statement-1 is true, Statement-2 is true and 
Statement-2 is correct explanation for Statement-1. 


®@ Ex. 30 Statement 1 /fa, b,c are three positive numbers 


f / \ 
| atbt+c 3abc = (abc)? as 
: , 3 ab + bc +a 


_ Statement-2 (AM) (HM)=(GM )? is true for positive numbers. 


| Sol. (c) If a, b be two real, positive and unequal numbers, then 


am = 224, GM = Jab and HM =". 
a 


in GP, then 


AM) (HM) = (GM)? 
This result will be true for n numbers, if they are in GP. 
Hence, Statement-1 is true and Statement-2 is false. 


ee ee ne oy eR EE Pe LR, er eee + 
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RN ee ye er tn ee 8 te wee 


@ Ex. 31 Consider an AP witha as the first term and d is 
the common difference such that S,, denotes the sum to 
n terms anda, denotes the nth term of the AP. Given that for 


Ss 2 
somem,né N, — me al (m # n). 
n n? 
Statement 1 d = 2a because 
+1 
Statement 2 on am 
a. ene 
2 
sae aE. 
in n 
Let Sm = m’k, S, = nk 
= S,, -Sm-,= mk -(m-1) k 
=> a, =(2m —-1)k 
Similarly, a, =(2n-1)k -. i a 
a. in=—i 


Statement-2 is false. 


Also, *.” a; = k, dy = 3k, ay = 5k, ... 
Given, a,=a=k 
Q, = @, a, = 34, a; = 5a,... 
Common difference d = az — a = a3 — @ =... 
= d=2a 


.. Statement-1 is true. 


@ Ex. 32 Statement-1 1, 2, 4, 8, ... isa GP, 4, 8, 16, 32, ... 
isa GPand1+ 4,2 +8, 4 +16,8 + 32,... is also a GP. 


Statement-2 Let general term of a GP with common ratior 
beT, ,, and general term of another GP with common ratio r 


be if +1 then the series whose general term 
tees =T, 41 +741 is also a GP with common ratio r. 
Sol. (a) 1, 2, 4, 8, ... 


Common ratio r=2 
ieee rer*’ =2 


4, 8, 16, 32, ... 
Common ratio, r = 2 
Tye = 4-2 ttt =4.2 


and 


Then, eich Te Oe = Ths 


Common ratio of T; , ; = = 2, which is true. 


5.2 
5-27) 
Hence, Statement-1 and Statement-2 both are true and 
Statement-2 is the correct explanation of Statement-1. 


wWWW.JEEBOOKS.IN 


270 Textbook of Algebra 


Subjective Type Examples 


a rm ns es re me See eer ees 


® In this section, there are 24 subjective solved examples. 


@ Ex. 33 Ina set of four numbers, the first three are in GP 
and the last three are in AP with a common difference of 6. If 
the first number is same as the fourth, then find the four 
numbers. 
Sol. Let the last three numbers in AP, be a,a+6,a+12 
[‘.. 6 is the common difference} 
If first number is b, then four numbers are 
b,a,a+6,a+12 
But given, b=a+12 


.. Four numbers are a + 12,a,a+6,a +12 (i) 
Since, first three numbers are in GP. 
Then, a’ =(a+12)(a+6) 
=> a’? =a’ + 18a+72 
— 18a + 72=0 
a=-4 {from Eq. (i)] 


Hence, four numbers are 8, — 4, 2,8 


@ Ex. 34 Find the natural number a for which py f(at+k) 
k=1 
=16(2” —1), where the function f satisfies 
f(x+y)= f(x) fly) for all natural numbers x, y and 
further f(1) =2. 
Sol. Given, f(x + y)= f(x) f(y) alt) 
and f(i)=2 ii) 
On putting x = y = 1in Eq. (i), we get 
f+ 1)= fF) fl) = 2-2 
f (2) =2° ...(iii) 
Now, on putting x = 1, y = 2 in Eq. (i), we get 
f(1+2)= f(1) (2) =2-2? [from Eqs. (ii) and (iii) 
f(3)=2° 
On putting x = y =2 in Eq. (i), we get 
f (2+2)= f (2) f(2) = 2” -2” (from Eq. (iii)] 


f(4) =2" 


Similarly, f(A)=2*,AEN 
flatk)=2** a+keN 


= ot 2(2' = 1) «sg — 1) 
(2-1) 
=> prt a6 =" 
= a+1=4 
a=3 


@ Ex. 35 Ifn is a root of x? (1—ac) — x(a* +c”) 
—(1+.ac) =0 and ifn harmonic means are inserted between 
a and c, find the difference between the first and the last 
means. 

Sol. Let H,, H2, H3,..., H,, are n harmonic means, then 


a, H,, H2, H3,..., H,,b are in HP. 
1 

om, =, sy -, — .™ a are in AP. 
a H, H, H, H, b 


If d be the common difference, then ae +(n+2-1)d 


c a 
da a8) ._{i) 
ac (n +1) 
= Peete atid ec 
1 @ h, ¢ 
a c a c 
h h, = —— - —— = —_—-_ - —_ 
ltad 1-cd ,, (a-c) ,_ (a-¢) 
c(n+1) a(n +1) 
= 2041) 204) ce (n+ Di _| 
cn+a an+c cnt+a ante, 


», S 
an+c-—cn-@ 


=e(n+n/ 


acn? +(a? +c?)n + ac , 
ac (a—c)(n* -1) 


: acn? +(a’ +c*)n+ac = 
But given n is a root of 
x” (1-ac)- x(a’ +c?)-(1+ ac) =0. 
Then, n’(1—ac)—n(a’ +e7)-(1 +ac)=0 
or acn® +(a* +c”?)n+ac=n’ -1, 
then from Eq. (ii), h, — A, = GG). ac (a-¢) 
nos 


flat k)=16(2" -1)=> ¥.2** =16(2" -1) 


k=}! k=1 


=> 2 Sat = 16(2" -1) 
k=1 


=> 2 (2) +2? +27 +...42") = 16(2" -1) 


@ Ex. 36 A number consists of three-digits which are in GP 
the sum of the right hand and left hand digits exceeds twice 
the middle digit by 1 and the sum of the left hand and 
middle digits is two third of the sum of the middle and right 
hand digits. Find the number. 
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Sol. Let the three digits be a,ar and ar’, then number is 
100a + 10ar + ar’ (i) 


Given, atar* =2ar+1 
or a(r? —2r +1)=1 
or a(r—1)* =1 -+(ii) 


: P4 
Also, given a+ar==(ar + ar’) = 3 +3r=2r+2r? 


or ar? -r-3=0 or (r+1)(2r -3)=0 
pane 
Pe 
For r=-1, a aig 
(r-1)? 4 
r#—-1 
3 1 - 
For r=-,a= =4 (from Eq. (ii)] 


oy 


From Eq. (i), number is 400 + 10-4 . +4 = = 469 


n i j 
@ Ex. 37 Find the value of the expression »Y > i 


i=1 j=1 k= 


2 6 2 
_A(nt1) n(n +1)(n +2) 
6 
¢ Ex. 38 Three numbers are in GP whose sum is 70. If the 


extremes be each multiplied by 4 and the mean by 5, then 
they will be in AP. Find the numbers. 


=} nese), nat) 


[2n +1+3]= 


Sol. Let the three numbers in GP be = a, ar. 
r 


“+ atar=70 ..(i) 
; 


Given, 


4a 
and —, 5a, 4ar are in AP. 
: 


4 
10a = —— + 4ar or eo ay 
r 4 r 
5a : 
or 7 =70-a [from Eq. (i)] 
or 5a=140-2a or 7a=140 
a=20 


From Eq. (i), we get 


20 20 + 20r = 70 
r 
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2 
or 2 se oors80 

r 
or 2+2r°=5r or 2r*-5r+2=0 
or (r —2)(2r -1)=0 r=2 or 


Hence, the three numbers are 10, 20, 40 or 40, 20, 10. 


@ Ex. 39 If the sum of m terms of an AP is equal to the sum 
of either the next n terms or the next p terms, then prove that 


(nn)(2-2)aimep)(2—2} 


\ 
Sol. Let the AP be a, a + d, a + 2d,... 
Given, T, + Tz +. + Tm =Tma1t Ime2 tet Tnan +i) 
On adding T, + T, + ...+ T,, both sides in Eq. (i), we get 
2(T, + Tz +... + Tm) = 1 + Te +. + Tm + Time 
+0 Tan 
= Sm = Smen 
m+n 


2-— [2a+(m - 1) d]= [2a+(m+n-1)d] 


Let 2a+(m-1)d=x 
> me = 2 te + nd} 
=> (m-n)x=(m+n)nd .«(ii) 


Again, T; + Tz +... + Tm = Imai t Ima 2 toot Tine p 
Similarly, (m— p)x=(m+ p) pd 
On dividing Eq. (ii) by Eq. (iii), we get 
m-n_ (mtn)n 
. m—p (m+ p)p 
= (m—n)(m+ p) p=(m- p)(m+n)n 
On dividing both sides by mnp, we get 


.. (iii) 


(m+ p)(2-4} =(m+m (4-2) 
\n m) \p om 
Hence, (m+n)(4-+) <(m+n)(4-2) 
\m Pp \m n 
@ Ex. 40 Find the sum of the products of every pair of the 
first n natural numbers. 
Sol. We find that 
S=1-241-341-44+..42:342:44..4+3-4 
+3-54..4(n—-1)-n_ ...(i) 
(1+ 24+34..4(n—1)tnf =1? +227 4374+ 
.t(n-1P +n? 
$2(1-241-341-44..42:342-4+..43-4 43-5 
+..+(n—-1)-n] 


(Zn)? = Yn? +28 [from Eq. (i)} 
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=> Pa 07) ie La 
2 
[n(n +a)|" _ n(n #1) Qn41) 
2 | 6 
2 
a ees Se 
2 
“ETE fan (n-+1) -2(2n +1) 
_ n(n+1)(3n? —n-2) 
24 
Hence, g = (Aan (n +1) Gn +2) 
24 


© Ex. 417 If!, =" tan” x dx, show that 
1 ] 1 1 

Eth bats igtly bah 

common difference. 

Sol. We have, 


nid 
| a as =| (tan” x + tan"**? x) dx 


,... form an AP. Find its 


n/4 
= ib tan” x (1+ tan? x) dx 


- ~n/ 4 
aoeel i 


mi 4 F 
= [ tan” x sec” x dx = 


n+1 i n+1 
1 
Hence, ———-=n+]1 
Lie 
On putting n = 2,3, 4, 5,... 
1 _ 1 _ 1 1 _ 
beh “iti, ~iahle ~ bob, 
1 1 
Hence, : ,-.-are in AP with 


hth bri tl Le,” 
common difference 1. 


© Ex. 42 If the sum of the terms of an infinitely decreasing 
GP is equal to the greatest value of the function 
f(x) =x? +3x —9 on the interval[—5,3] and the difference 


between the first and second terms is f‘(0), then show that 
the common ratio of the progression is - 
Sol. Given, f(x)= x? +3x—9 
f (x) =3x? +3 
Hence, f (x) > 0in[- 5,3], then f(x) is an increasing 


function on {-5, 3] and therefore, f(x) will have greatest 
value at x = 3. 


Thus, greatest value of f(x) is 
f(x) =3° +3-3-9 =27 


Let a, ar, ar’,...be a GP with common ratio| r| <1 ['- given 
infinitely GP] 
and also given Seo = 27 
SO, a = 27 di) 
Ll? 
and a-ar= f (0) 
=> a(l-r)=f'"(0)=3 [ f(0) =3] 
a(l-—r)=3 (ii) 
— Eqs. (i) and (ii), we get 
(ag ot = tapeee 
3 
r=1t- 
So, mete => ree iret 
3 3 3 
Hence, r= é 
3 


® Ex. 43 Solve the following equations for x andy 


1 1 
logio x + 5 B10 x+ 7 O80 x+..=yY 


14345 +.:.+0y=1) 20 
44+7410+...+(3y +1) Tlogig x 


Sol. From the first equation 


and 


log x 1+ 2424 tel ay 


: 


1 
=> logio x47 = y 
| 
j-- 
» by 
= 2 logipx =y di) 
From the second equation 
1+34+5+..+(2y-1) _ 20 
4+74+10+..+(3y+1) 7 logy, x 
y x 
7 pe 
ae + 3y +1) 7 logio x 
- 2y _ 20 
3y +5 7 logig x 
= Ty (2 logyy x) = 60y + 100 
=> 7y (y) = 60y + 100 [from Eq. (i)} 
=> Ty” — 60y — 100=0 


(y — 10)(7y + 10) = 
y=10,y# = 
7 
[because y being the number of terms in series = y€ N] 
From Eq. (i), we have 


2 logipx =10 = logy x=5 
x =10° 


Hence. reonired salutian ic 
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© Ex. 44 fo<x <=, 
2 


exp[(sin? x + sin’ x + sin® x +... +09) log, 2] satisfies the 


quadratic equation x* — 9x +8 =0, find the value of 
sin X ~COS x 


sin x +cos x 


Sol. O<x<n 
2 


0<sin’x <1 
Then, sin? x + sin’ x + sin® x +...+00 
sin? x 2 
= ——— = tan’x 
1-—sin’ x 


“. exp [(sin? x + sin‘ x + sin® x +...4+ &) log, 2] 


2 
= exp (tan’ x: log, 2)= exp (log, 2" *) 
= jin = pian’ x 
Let y =i’ x 
Because y satisfies the quadratic equation. 
Then, y’ -9y +8=0 
So, y =1,8 : 
if y=1=2™ = 
=> gtan’ x = 2° 
> . tan? x =0 
x=0 [impossible] [°.- x > 0] 
Now, if y=8=20" * 
=> gtan? x =9° 
> tan? x =3 
tanx = V3 
sin x - cosx _ tanx-1_ 15—4 i321 
sinx + cosx tanx +1 a+ *B-1 
_(¥3-1" _ 341-243 
a= 1 2 
Hence, ———--S* = 9 — 3 
sinx + cosx 


® Ex. 45 The natural numbers are arranged in the form 
given below 


1 
Z 3 
4 ] 6 7 
8 69 10 11 12 13 14 15 


PO Cee eee ee eee oes eT O TEESE EEO RESAEODA EDSON ODODEOOOT OES OSCET UOC OT CONCERTED ESOSS 


The rth group containing 2°~' numbers. Prove that sum 
of the numbers in the nth group is 2°~? [2"+2°~' -1). 


Chap 3 Sequences and Series 273 


Sol. Let ist term of the r th group be T, and the ist terms of 
successive rows are 1, 2, 4, 8, ..., respectively. 


i= az 
Hence, the sum of the numbers in the r th group is 


=7 erty 


[-.. number of terms in rth group is 2’ ~"] 
=2%~? (2% +277'-1} 
Hence, sum of the numbers in the nth group is 


ad Ce ae 


© Ex. 46 Ifa, b,c are in HP, then prove that 


a+b  ct+b 
+ > 4. 
2a-b 2c-—b 
Sol. Since, a, b,c are in HP. 
a or 
aa ee cai 
b aoe ) 
aie putt c+b 
-b 2-b 
2ac 2ac 
at+c at+c 
= from Eq. 
a 7£ [from Eq, ()] 
at+c a+c 
_at3e e*6-142(£42) ii) 
2a 2c 2\a c 
AM > GM [a#c] 
[E+2}>2 
a 
=> s(£+2}>3 ° 
2\a c 
( \ 
or 145 [Ea So ies0rP> 4 
2\a c 
Hence, ott 4s" > 4 
-b 2-b 
@ Ex. 47 Find the sum of n terms of the series 
1 ~ 2 ‘ 3 
147 41° 142742") 1437437 
Sol. The n th term of the given series is T, = 
(l1¢+n’ +n") 
Sum of n terms = S, = ) T, = ), ——>—- 
2 mon 


ap 


(l¢n+n° re, ) 
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‘% 


SD teeredversd 


ltntn 


1/ 1 13 4 

= =| ——_— - ———_ by propert 
241-141 1+n¢n°, eee 
- (n +n’) _  n(n+1) 

2itnt+n?) 2(n?+n+41) 


@ Ex. 48 The value of xyz is 55 or according as the 


series a, x,y, Z,b is an AP or HP. Find the values of a and b 
given that they are positive integers. 
Sol. If a, x, y,z,b are in AP. 
Then, b = Fifth term = a+ (5-—1)d 
where, d is common difference] 


gz 0-4 
4 
x-y:z=(a+d)(a+2d)(a+3d)=55 [given] 
(? + a) % + =) (? + *) 
=> — =55 
4 4 4 
= (a+3b)(a+ b)(3a+ b)=55 x 32 fi) 
If they are in HP. 
The common difference of the associated AP is - (; = + 
a 
ie. oo 
4ab 
ee (a—b) 
x 4 4ab 
4ab 
=> = 
a+3b 
Dad a 2(a— b) 
y a 4ab 
4ab 2ab 
=> y = = —— 
2a+2b atb 
and i = + 3 (a — b) 
z a 4ab 
4ab 
=> = 
3a+b 
4ab 2ab 4ab ; 
z= ——___ - -__—__ - ___—. = 343 __ [given] 
aa (a+3b) (a+b) (3a+ 5) 
3,3 
sy = es [from Eq. (i)} 
55X32 55 
or a’b® = 343 
=> ab=7 
Hence, a=7,b=1 
or a@=1,b=7 


® Ex. 49 Find the sum of the first n terms of the series 
P+3-27 +33 43-47 +59 43-67 4... 

If (i) n is even, (ii) n is odd. 

Sol. Case] If n is even. 


Let n=2m 
S=1° +3-2? +37 +3-47 +5° +3-67 + 
+ (2m —1) +3(2m) 
= {+39 45° +... +(2m—1)°} 43 (2? +47 +67 
+... + (2m)*} 


r=) 


r=) 
= \i{8r? - 12r? + 6r — 1} +12 a 
r=] 


r=l 


= sy “2 ye +6¥r- Sree Yeh 
=s S46 Sr- 31 


r=! 
m? (m +1) po mim th) _ 
4 2 
= 2m? (m +1)? +3m(m+1)-—m 
= m[2m? + 4m? +5m +2] 


= 8.- 


= 3 c (2) ‘ (2) i {2 + 4 


Hence, S = ra +4n?+10n +8) ...(i) 


Nae 


Case Il Ifn is odd. 

Then, (n + 1) is even in the case 

Sum of first n terms = Sum of first (n +1) terms —(n +1) th 
term 

= (n +1) 


: [(n +1)° + 4(n +1)? + 10(n +1) + 8]-3(n +1) 


1 
git i)[n’ + 3n? +3n 41+ an? +n + 4+ 10m 
+10+8—24n - 24] 


Hence, $= = (n +1)(n? +7n? -3n -1] 


© Ex. 50 Find out the largest term of the sequence 


Ba at 
503524581 692 
2 
So/. General term can be written as T,, = _* 
500 + 3n 
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Let U, = ee + 3n 
T, on 
Then, dU, _ _ 1000 
dn n 
2 
au d°U, — 3000 
dn? n‘ 
For maxima or minima of U,, we have 
qn _ yy 3 = 1000 
dn 
1000”? nu 
=> = pe } (not an integer) and 6< ce 


But nis an integer, therefore for the maxima or minima of 


1000)? 
U, we will take n as the nearest integer to Gok 


Since { 1000 a 
ince, eo is more close to 7 than to 6. Thus, we take 
n=7, 
Further 4_U , ” 
urther a = + ve, then U,, will be minimum and 
n 


therefore, T, will be maximum for n = 7. 
Hence, T; is largest term. So, largest term in the given 


. 49 
sequence is ——. 
1529 


0 Ex. 51 if f(r)=14+141 
23 


+...4- ~ and f(0) = 0, find 


| “Soren ) f(r). 
Sol. Since, S (or #1) 7(r) 


= Sir +2r+1—r’) f(r)= 


r=] 


iG +1)? —r?} f(r) 


= Sr +1 flr) —(r 40? f(r+1)+(r4+1) 
f(r+1)-r’f(r)} 
= S(r+1)? (f(r) f(r +} + Yr +1) 


f(r+1)-r? f(r)} 


2 Pen + XG +1)? f(r +1) +(n +1)? 


fn+1)- den [sfiren-sio=— | 
-Seeneeiy f (2) +3" f(3)+...+n7 f(n)} 


+(n +1)? f(n +1) - {1° f(1) +2” f(2) 
+3? f(3) +... +n? f(n)} 
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=- ie Die (sy f(n+1)-1 f(1) 
oD na nail fo ete FO) 
=(n+1)' f(n41)- 2229), (- FQ) =1] 
(n? + 3n + 2) 


=(n +1)? f(n+1)- 
Hence, this is the required result. 


@ Ex. 52 If the equation x* — 4x° +ax? + bx +1=0 has 
four positive roots, find the values of a and b. 
Sol. Let x;, x2, X3, X4 are the roots of the equation 
x‘ — 4x) + ax? + bx +1=0 ..{i) 
JX, Xp $+ Xa t+ xX, =4 and x, x2 x3 xy =1 
XytXogtXyetX%y 4_ 


AM = ——>——— = - = 1 
4 4 
and GM =(x, x2 x3 x,)"4 =(1)"4 =1 
ie, AM=GM 


which is true only when x, = x2 = x3 =x, =1 


Hence, given equation has all roots identical, equal to 1 i.e., 
equation have form 


(x-1)* =0 
=> x4- 4x2 46x? -4x+1=0 wii) 
On comparing Eqs. (i) and (ii), we get 

a=6,b=-4 
as 


e Ex. 53 Evaluate 2 learn 
= ped” (n-3” +m-3" 


Sol. Let S= > = 


aise a =a 


a (= = ; 
am — + — 
m m n 
\ 4 4 
m ti 
Now, let a. dacee- 
m n 
oo oo 1 


Then, s=¥ ¥ ———— Ai) 


By interchanging m and n, then 


—— 1 
S= — mt 
Xd Gy (Gq + On) 2 


m=in=1 2m4%n 


On adding Eqs. (i) and (ii), we get 
= mn 
= ‘i 


me=la 13” 
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=(S’)? ...(iii) 


Ga 
32 
@ Ex. 54 Find the value of y y 5 : 
Fad ak 
i=0 j=0 k=0 3 3° 3 
(i# jek) 
oO Ut 1 
Sol. Let S [it jk] 
"2 joie oF 


We will first of all find the sum without any restriction on 
i, jk. 


Let 535 na 


oe 1f3_ 1) a3 1 91 
Ly (2 3') pay 37! Die 
3.9 27 . 136 
28 26 208 


Hence required sum, S = S, — S, -3S; 
-2 2-3). X 26-27 xX8-3X135_ 81 
208 


® Ex. 55 LetS,,n=1,2,3,... be the sum of infinite geomet- 


— ' desi oil 
ric series, whose first term isn and the common ratio is ——. 


n+1 
Evaluate 
i SS + Sz Sp 4 +53S,-2 +... +5,5; 
im ’ 
hence $2452 +...482 
Sol: S,= ~ => S,=n+l 
nel 
51S +52 S_—1 + S35, -2 + + 5,5; 
Ses. rie Lert y(n-r 42) 
r=1 r=1 
= [ntir-r’ +(n + 2)] 
r=] 
=(n+1) Deaye +(n+2) » 
r=1 
=(n+1) Yin- Sn? +(n+2):n 
a ED). ESD see gayi 
4 6 
n 
=U +9n + 14) Al) 


and Si +S} +...4+57 = ys = Sore t= Vrs 2 
=1 r=1 r=0 


_ (n +1)(n +2)(2n +3)_ 


6 
nN. 9 ' 
=a +9n + 13) »-ii) 
From Eqs. (i) and (ii), we get 
lim SiSn + Sp S,-1 + 535,22 +..+5, 5, 
ne +S +..4+8? 
no 9 14 
—(n° +9n + 14) ei ae 
= te lim : 
n= (an? +9n +13) "(242 48) 
mn a" 
_1+0+0 1 
2+0+0 2 


WWW.JEEBOOKS.IN 


® Ex. 56 The nth term of a series is given by 


5 
notn . ; 
[, = ——_—— and if sum of its n terms can be expressed as 
n* +n? +4 


] 
5, =a, +a+ cee wherea, and b, are the nth terms of 
5 ed 


some arithmetic progressions and a, b are some constants, 


b, . 
prove that = is a constant. 
ay 
Daas 
Sol. Since, ¢,=—~7 _ 
ni tn? 41 


n 
=ni-— 


ni+n?+1 
1 1 
vooe Sie 
2(n°+n+1) 2(n° -n+4+1) 
Sum of n terms S, = vit 


-Yevily i t) 


vn tnt n°-n+l1 
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i \ 


: “1 [by property] 


n +1 1 
_A(nti) 1 
aie ee 


2 2 


n? 1 1 
SS 
2 2n°+2n+2 


1 
but given, S, =a? +a+ 
om be +b 


On comparing, we get 


= 2, which is constant. 
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= Sequences and Series Exercise 1: 


Single Option Correct Type Questions 


® This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct 


Vyz Vxz 


Vy +z’ Vx +42 


1. If the numbers x, y, z are in HP, then 


Wy, 
are in 
Vx + Jy 
(a) AP (b) GP 
(c) HP (d) None of these 


n 
2. If a,,a2,...are in HP and f, = »: a, ~ a, , then 


r=l 
2° 27.2"... are in 
leeneais =—,4,=—,Q;3 =3 | 
| 2 fs | 
(a) AP (b) GP 
(c) HP (d) None of these 


3. ABC is a right angled triangle in which ZB = 90° and 


BC =a Ifn points L,, Lz,..., L, on ABare such that AB 

is divided in n + 1 equal parts and 

L,M,, Ly Mz2,...,L,M,, are line segments parallel to BC 

and M,, M2,...,M, are on AC, the sum of the lengths of 

L,M,, LaMg,..., L,M, is 
a(n +1) 


gun @ 2429 


(d) impossible to find from the given data 
4, Let S, (1 $n <9) denotes the sum of n terms of the series 


1+22+333+...+999...9, then for2Sn<9 


a 
9 times 


@s<6. = =(10" ~n? +n) 


(b) S, = (10" =n h2n 23) 


(c) 9(S, =5, 129) an (10” ae 1) 


(d) None of the above 
5. If a, b,c are in GP, then the equations ax? +2bx +c =0 
ae 

and dx* +2ex + f =Qhave a common root, if —, 4 
a c 

are in 

(a) AP (b) GP 

(c) HP (d) None of these 


6. 


10. 


11. 


12, 


13. 


14. 


ere me cme oe ne ene Se a ce 8 ne ne ae ont ey re rene 


15 
Sum of the first n terms of the series ; + - + Z + i +... 
is equal to 
(a) 2" ~n-1 (b)1-2"" 
(c) n+2"-1 (d)2" -1 


. Ifin a APOR sin P, sin Q, sin Rare in AP, then 


(a) the altitudes are in AP (b) the altitudes are in HP 
(c) the medians are in GP (d) the medians are in AP 


. Let Q), Q,..., Ayg be in AP and hy, Resnaei hyo be in HP. If 


a, =h, =2and ayy = hy =3, then a,h; is 


(a) 2 (b) 3 

(c) 5 (d) 6 

If I, = gas dx, then J,, I,,/3,...are in 
° 1-—cos 2x 

(a) AP (b) GP 

(c) HP (d) None of these 


Ifa(b—c) x? +b(c —a)xy+c(a-b)y’ is a perfect 
square, the quantities a, b,c are in 

(a) AP (b) GP 

(c) HP (d) None of these 


The sum to infinity of the series, 


ay 2 : 
142(1-+) +3{1-2] +... is 
ny OY 


n 
(a) n’ (b) n(n +1) 
{ 1 2 
(c)n [2 + *) (d) None of these 
n 

If log, 2, log,(2” —5)and logs| 2" -* are in AP, xis | 
X / i 

equal to 

(a) 2 (b) 3 

(c) 4 (d) 2,3 


Let a, b, c be three positive prime numbers. The 
progression in which Ja, Vb, Vc can be three terms (not 
necessarily consecutive), is 
(a) AP (b) GP 
(c) HP (d) None of these 
If n is an odd integer greater than or equal to 1, the value 
ofn® —(n—-1)? +(n—-2)? =...4(=-1)"7' 1? is 
(n + 1)* (2n -1) (b) (n — 1)* (2n-1) 
4 4 
(n + 1)? (2n + 1) 
4 
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(a) 


(c) (d) None of these 
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15, If the sides of a right angled triangle form an AP, the 22. If a,b,c and d are four positive real numbers such that 
sines of the acute angles are Apea = 1. he minimum value oF 
(ae 2 (b) oe (1+ a)(1+ b)(1+c)(1+4) is 
a5 3 (a) 1 (b) 4 
= 16 d) 64 
af? 1 pos a 23,1 (c) (d) 
2 . 22 23. If a, b,c are in AP and(a + 2b—c)(2b+¢ —a)(c +a—b) 
16. The sixth term of an AP is equal to 2. The value of the =) abc, then A is 
common difference of the AP which makes the product (a) 1 (b) 2 
a, a as least, is given by (c) 4 (d) None of these 
5 
oP (b) i 24. If a,,a2,a3,...are in GP with first term a and common 
(0 : (d) None of these renin, Wen 
> 
_ iG, CEE a ty eee | 
17. If the arithmetic progression whose common difference aa-ae as3-azp aya a? _,-a 
is non-zero, the sum of first 3n terms is equal to the sum ™ 
of the next n terms. The ratio of the sum of the first 2n 
-1 =i] 
terms to the next 2n terms is (a) — 5 CD) vi (c) — (d) dea 
1 2 l-r l-r l-r l-r 
(a) - (b) = 
; 3 25. The sum of the first ten terms of an AP is four times the 
(c) ri (d) None of these sum of the first five terms, the ratio of the first term to 
fa the common difference is 
. The coefficient of x”~* in the polynomial 1 1 
- b) 2 = d) 4 
(x -1)(x -—2)(x -—3)...(x —n), is (@)> 2) i ¢) 
(a) n(n? + 2) Bn +1) 26. If cos (x — y), cos x and cos (x + y) are in HP, the 
24 y\. 
»? (n? = 1)(@n +2) cos x sec 2) is equal to 
24 1 
(© n(n? +1) (3n+ 4) Os va ©) v2 
24 1 
ae d)N f th 
(d) None of the above ¢) V2 ey nen amet 
19. Consider the pattern shown below: 27. If 11 AM’s are inserted between 28 and 10, the number 
Row1 1 of integral AM’s is 
(a) 5 (b) 6 
Row2 3. 5 (c)7 (d) 8 
Row3 7 9 11 28. If x, y,z are in GP (x, y,z > 1), then 
Row4 13 15 17,19, etc. 1 1 : 
a ae ae are in 
The number at the end of row 60 is axtinx 4x+Iny 6x+lnz 
(a) 3659 (b) 3519 (a) AP (b) GP 
(c) 3681 (d) 3731 (c) HP (d) None of these 
100 = ' 
20. Let a, be the nth term of an AP. If Yi 42, = and 29. ihe minimum value of the quantity 
ami (a“ +3a+1)(b° +3b+1)(c* +3c +1) 
100 abc 
xa =, the common difference of the AP is wien hae Ras 
r=] : : 
3 
a-B (b) B - @) (b) 125 
a _ 
(c) ; (d) None of these (c) 25 (d) 27 


30. Let a,,a5,... be in AP and q, q2,... be in GP. If 
a, = q, =2and a9 = qyo = 3, then 
(a) a7 gig is not aninteger (b) aj, qg7is an integer 


21. If a,,a2,@3,@4,@, are in HP, then 
Q)Q, + Az a3 +.A3a, + 4s is equal to 


(a) 2 ayag (b) 3a,a5 
(c) 4a,a, (d) 6a,a, (c) @7 G9 = 9 Qo (d) None of these 
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Sequences and Series Exercise 2: 


~ More than One Correct Option Type Questions 


i cement ieen eeaeen 


= This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct. 


31. 


32. 


33. 


34, 


35. 


36. 


37. 


38. 


39. 


1 


haste 4 de Fc — 
23 4 ot 

(a) a (100) < 100 (b) a (100) > 100 

(c) a (200) > 100 (d) a (200) < 100 


If the first and (2n — 1) th term of an AP, GP and HP are 
equal and their nth terms are a, band c respectively, then 


(aja=b=c (b)a2b2c 

(clatc=b (d) ac - b? =0 

For0<$<~, ifx= Y} cos” b,y= yi sin™ o and 
n=0 n=0 

z= Yi cos an dsin”" o, then 

n=0 ; 
(a) xyz=xzt+y (b) xyz = xy +z 
(c)xyz=xtytz (d) xyz =yz+x 


If a, b,c are in AP and a’, b’, c? are in HP, then which of 
the following could hold true? 


(a) ~~, b, care in GP (b)a=b=c 


(c) a’, b°, c® are in GP (d) None of these 


The next term of the GP x,x7+2,x°+10is 


(b) 6 is (d) 54 


(a) 0 (c) a 


If the sum of n consecutive odd numbers is 25’ - 11”, then 
(a)n=14 (b)n =16 
(c) first odd number is 23 (d) last odd number is 49 
The GM of two positive numbers is 6. Their AM is A and 
HM is H satisfy the equation 90A + 5H = 918 then A 
may be equal to 
1 
- 5 
(a) ; (b) 


5 
(c) = (d) 10 


If the sum to n terms of the series 
1 1 1 
+ + 


+,..is — ———, then 
90 f(n) 


1:3:5-7 3°5-7-9  5-7-9-11 

(a) f(0) = 15 (b) f(1) = 105 
640 1 

I= Oo als 


For the series, 


1 2 
ma 


1 
+———__ (1+ 2+3)’ 
(1+3+5) 


as sae 
(1+3+5+7) 


S=1+ 
(1 


(1424344)? +... 


40. 


41. 


42. 


43. 


45. 


(a) 7th term is 16 (b) 7th term is 18 


. 505 . 405 
(c) sum of first 10 terms is ae (d) sum of first 10 terms is aE 


ee ee then 
i oe 3 


(a) E<3 (0) E>= ()E<2  (d)E>2 


Let S,, (n 2 1) be a sequence of sets defined by 
35] ~ 18 I 14] 
S = {0}, S mL, cl el eee eee 
0 22” a Ss Sy 
goto 1 |e tien 
14° 4°4' 4] 


(a) third element in S,, is = 


(b) third element in Sy is = 


(c) sum of the elements in S., is 589 
(d) sum of the elements in S.) is 609 


Which of the following sequences are unbounded? 
2 


1) (2) (r+) (d) tann 
nt+2 | Nn, 


) 


(a) e + . 


Let a sequence {a, } be defined by 
1 i‘ 1 1 


—— 


n+2 


Peis then 
n+3 3n 


19 
b) a, = — 
(b) a2 - 


7 (9n + 5) 
(3n + 1) (3n + 2) (3n + 3) 
-2 
3(n +1) 


(C) an 44 ~ a, 


(d) yn 1 — Gq = 


Let5,(x)=( x" + 


. oe 
(4 

+(n-1)| x+—]+n, then 
(x 


(a) S\(x) =1 (b) S(x) = x + - 


f 


2 
pst) 


\ x-1 / 


xi _ 1)’ 1 
=s (4) Stoo(x) = Ti00 


1 
(C) Stoo(x) = x? ' 


All the terms of an AP are natural numbers and the sum 
of the first 20 terms is greater than 1072 and less than 
1162. If the sixth term is 32, then 

(b) first term is 12 

(c) common difference is 4 (d) common difference is 5 
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(a) first term is 7 
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a| Sequences and Series Exercise 3: 


Passage Based Questions 


em en pe ee ee ne 


# This section contains 8 passages. Based upon each of the 
passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 46 to 48) 
5, be the sum of n terms of the series + 2 + oe + 
5 65 325 
46. The value of lim S, is . 
(a)0 OF (c)2 (d) 4 
47. The seventh aa” rch the series is 
56 56 
05 | ce Ore Nan 
48. The value of Sg, is 
288 , , 1088 81 107 
(a) 145 545. (c a (d oa 
Passage II 


(Q. Nos. 49 to 51) 


Tivo consecutive numbers from 1, 2, 3, ..., nare removed. 


- . 10 
The arithmetic mean of the remaining numbers is rs 


49, The value of n lies in 
(a) (41,51) — (b) (52, 62) 


50. The removed numbers 
(a) are less than 10 
(c) lies between 30 to 70 


(c) (63, 73)  (d) (74, 84) 


(b) lies between 10 to 30 
(d) greater than 70 


5f. Sum of all numbers is 
(a) less than 1000 
(c) greater than 1500 


(b) lies between 1200 to 1500 
(d) None of these 


Passage III 
(Q. Nos. 52 to 54) 


There are two sets A and B each of which consists of three 
numbers in AP whose sum is 15 and where D and d are the 
common differences such that D=1+d,d>0. If 

p=1(q- p), where pand q are the product of the 

numbers respectively in the two Series. 


52. The value of p is 


(a) 105 (b) 140 (c) 175 (d) 210 
53. The value of q is 

(a) 200 (b) 160 (c) 120 (d) 80 
54. The value of 7D + 8d is 

(a) 37 (b) 22 (c) 67 (d) 52 


a nn EE 


Passage IV 
(QO. Nos. 55 to 57) 


There are two sets A and B each of which consists of three 
numbers in GP whose product is 64 and R and rare the 


common ratios such that R =r +2. If Ps ; , where pand q 
q 


are sum of numbers taken two at a time respectively in the 
two sets. 


55. The value of p is 


(a) 66 (b) 72 (c) 78 (d) 84 
56. The value of q is 
(a) 54 (b) 56 (c) 58 (d) 60 
57. The value of r® + R’ is 
(a) 5392 (b) 368 (c) 32 (d) 4 
Passage V 


(Q. Nos. 58 to 60) 


The numbers 1, 3, 6, 10, 15, 21, 28, ... are called triangular 
numbers. Let t, denotes the nth triangular number such 


thatt, =t,-; +n Vn22 
58. The value of so is 
(a) 1075. (b) 1175. = (c) 1275 =~ (d) 1375 
59. The number of positive integers lying between ty) and 
tio, are 
(a) 99 (b) 100 (c) 101 (d) 102 


60. If (m+1) is the nth triangular number, then (n — m) is 


(b) 1+ \(m? + 2) 


(d) None of these 


(a) 1 + «|(m? + 2m) 
(c) 1+ f(m? +m) 


Passage VI 
(Q. Nos. 61 to 63) 
Let A,, Ap, A3,..., Am be arithmetic means between —3 
and 828 and G,, G2, G3,...,G,, be geometric means 
between | and 2187. Product of geometric means is 3*° 
and sum of arithmetic means is 14025. 


61. The value of n is 


(a) 45 (b) 30 (c) 25 (d) 10 
62. The value of mis 

(a) 17 (b) 34 (c) 51 (d) 68 
63. The value of G, + G, + Gy +...+G,, is 

(a) 2044 (b) 1022 

(c) 511 (d) None of these 
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Passage VII 
(Q. Nos. 64 to 66) 


Suppose a, B are roots of ax” + bx + c=Oand y, 5 are roots 
of Ax” + Bx+C =0. 


64. Ifa, B, y, 5are in AP, then common difference of AP is 


1(b_B (2-2) 
ie A ci i A 

Ife _B 1fe_C 
@i(£-4) 3 (E-4) 


65. If a, b,c are in GP as well asa, B, y, 5 are in GP, then 
A, B,C are in 


(a) AP only (b) GP only 
(c) AP and GP (d) None of these 
66. Ifa, B, y, 5 are in GP, then common ratio of GP is 
bA / aB) 
(a) “*) (b) (2 
bC I cB 
oO) (i) 


Passage VIII (Q. Nos. 67 to 69) 


Suppose pis the first of n(n >1) arithmetic means between 
two positive numbers a and band gq the first of n harmonic 
means between the same two numbers. 


67. The value of p is 


na+b nb+a na-b nb-a 
—— —— d 
(a) n+] ©) n+] (c) n+1 a Si 
68. The value of q is 
(n-1)ab ,.(n+1)ab (n+1)ab_,.(n-—1)ab 
ee cee ee a Mls) 7 | MR ic 
(a) nb+a ©) nb+a (°) na+b (¢) nat+b 


69. Final conclusion is 


2 
(a) q lies between p and & 7 p 


/ 
(b) q lies between p and 4) 


(c) gq does not lie between p and 


(d) q does not lie between p and 


| Sequences and Series Exercise 4 : 


~ Single Integer Answer Type Questions 


» This section contains 10 questions. The answer to each 
question is a single digit integer, ranging from 0 to 9 
(both inclusive). 


70. Let a, b,c, d be positive real numbers witha<b<c<d. 
Given that a, b, c, d are the first four terms of an AP and 


a, b,d are in GP. The value of < is : where p and q are 
| 
prime numbers, then the value of q is 
110 
71. If the coefficient of x in the expansion of [] (1+7rx) is 
r=] 


A (1+10)(1+10+107), then the value of A is 
72. A 3-digit palindrome is a 3-digit number (not starting 
with zero) which reads the same backwards as forwards 


For example, 242. The sum of all even 3-digit palindromes 
is 2") -372 -5"3 -7"4 .115, alue of nn, tng+n,tngtns is 


73. If nis a positive integer satisfying the equation 
2+(6:27 — 4-2) +(6-3? — 4-3) +...4(6-n? — 4-n)=140, 
then the value of n is 


74. Let (x)=1l+x—x? —x3 4x4 4x5 -x% —x’ 


J2 +1 


+...+0, where0Q<x<1L If Xx)= 5 , then the value 


of (x +1)? is 


rn 8 rm re en re cee er ene 


75. The sequence a,, az, a3,... is a geometric sequence with 


common ratio r. The sequence },, b,, b3,... is alsoa 
; =1,by = 4/7 ~ 28 + 1,0, = 
geometric sequence. If b; = 1,b, =V7 — V¥28 +1, a, = V28 


and > oe LS b,, then the value of (1+r? +r’)is 

n=l a a=1 ! 

76. Let (a,, b,) and (az, b, )are the pair of real numbers such 
that 10, a, b, ab constitute an arithmetic progression. 
Then, the value of aes is 

77. If one root of Ax? + Bx? + Cx + D=0, A #0, is the 
arithmetic mean of the other two roots, then the relation 
2B° + AABC + wA’?D =0holds good. Then, the value of 
2A + Wis 


, 2 
78. If| x|>1, then sum of the series + : i; 
; 1+x 14x° +x 
+ +... upto oe is : , then the value of A is 
1+x x-A 


79, Three non-zero real numbers form an AP and the 
squares of these numbers taken in same order forma 
GP. If the possible common ratios are (3 + vk ) where 


k EN, then the value of F - | is (where [ ] denotes 
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Matching Type Questions 


ee ee ve er eEte ot te were er oe — 
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a Sequences and Series Exercise 5: 


a ee ee ee ce CR RS RY NS RS 


__ © This section contains 4 questions. Questions 80, 81 and 82 have three statements (A, B and C) and question 83 has four 


statements (A, B, C and D) given in Column I and questions 80 and 81 have four statements (p, q, r and s), question 82 
has five statements (p, q, r, s and t) and question 83 has three statements (p, q and r) in Column II, respectively. Any 
given statement in Column I can have correct matching with one or more statement(s) given in Column 1. 


80. Column [ Column I 
(A) | a, b,c, dare in AP, then (p) jatd> bee 
(B) | a, b, c, d are in GP, then 
(C) | a,b,c, dare in HP, then 
Pf 
81, Column I 


(A) | Foran AP a, a), d3,...,@q, «+5 


Q my 49 = 16. If a, + a 


+... + a, =110, then ‘n’ equals 


The interior angles of a convex 
non-equiangular polygon of 9 sides 
are in AP. The least positive integer 
that limits the upper value of the 
common difference between the 
measures of the angles in degrees is 


(B) 


For an increasing GP, 
A, Ap, 03, 00, Any 205 

a = 4 ag; dg — a, = 192, 

if a, + as + a +...+ a, =1016, then 
nequals 


82, 


If a), a), ay,...are in AP and 
Q) + Gy + a7 + Qy4 t+ Qy7 + 
xq = 165, 

Q = a) + G+ ays + Ayo and 
B= 2 (ay + a12) — (a3 + ag), 
then 


83. 


Column I Column II 


a+ 2B = 260 


(B) | Ifa), a), ay,...are in AP and 
Q + Gs + Aig + Qs + Aq + Ar, 
= 195, 

Q = ay + Az + Aig + a, and 

B = 2 (a3 + ay2) — (ag + a7), 
then 


If a), a2, @3,...are in AP and 
ay + a7 + aig + aq, + 

an + A349 = 225, 

O = a) + ay + Qy4 + dog and 
B = 2 (ajo + a2) — (a3 + G29), 
then 


Column I 


If 4a? + 9b? + 16c* 


= 2 (3ab + 6bc + 4ca), where a, b,c 
are non-zero numbers, then a, 6, care 
in 


If 17a? + 1367 + 5c” 


= (3ab + 156c + Sca), where 
a, b, care non-zero numbers, then 
a, b, care in 


If a? + 9b? + 25¢7 


= abel 15 + 2 + BY ieee. a, b, care 
Ya b c) 


non-zero numbers, then a, b, care in 


If (a? + b? + ¢)p? — 2p (ab+ bc + ca) 
+ (a e+ c’) < 0, where a, b,c p 


are non-zero numbers, then a, 5, c are 
in 
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Sequences and Series Exercise 6 : 


Statement | and Il Type Questions 


® Directions (Q. Nos. 84 to 90) are Assertion-Reason type 
questions. Each of these questions contains two 
statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these questions also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 
' ig a correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


(c) Statement] is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


84, Statement 1 4, 8, 16 are in GP and 12, 16, 24 are in HP. 
Statement 2 If middle term is added in three 
consecutive terms of a GP, resultant will be in HP. 

85. Statement 1 If the nth term of a series is 2n* +3n? — 4, 
then the second order differences must be an AP. 
Statement 2 Ifnthtermofaseries isa polynomial of 
degree m, then mth order differences of series are constant. 

86. Statement 1 The sum of the products of numbers 
ta,,+a.,+43,...,ta, taken two at a time is -> aj. 

i=l 


a —_ ee a eae eee 


Statement 2 The sum of products of numbers @;, @2, 43, 
-++,@, taken two at a time is denoted by = ¥41aj. 
lSi<jSn 
87. Statement 1 a+ b+c =18(a, b,c >0), then the 
maximum value of abc is 216. 


Statement 2 Maximum value occurs when a= b=c 


88. Statement 1 If 4a? +9b? + 16c? =2(3ab + 6bc + 4ca), 
where a, b,c are non-zero real numbers, then a, }, c are in 
GP. 

Statement-2 If (a, —a)? +(a, —a3)* +(a3 —a,)" =0, 
then a, = a, = 43, V a;,@2,a, ER. 


89. Statement 1 Ifaand bbe two positive numbers, where 
a> band 4x GM= 5x HM for the numbers. Then, a = 40. 


Statement 2 (AM) (HM) =(GM)’? is true for positive 
numbers. 


90. Statement1 The difference between the sum of the first 
100 even natural numbers and the sum of the first 100 
odd natural numbers is 100. 

Statement 2 The difference between the sum of the 
first n even natural numbers and sum of the first n odd 
natural numbers is n. 


Sequences and Series Exercise 7 : 


Subjective Type Questions 


= In this section, there are 24 subjective questions. 


91. The p th, (2p) th and (4p) th terms of an AP, are in GP, 
then find the common ratio of GP. 

92. Find the sum of n terms of the series 
(a+ b)+(a? +ab+b’)+(a° +a°b+ab? +b°)+..., 
where a#1,b#1landa#¥b. 

93. The sequence of odd natural numbers is divided into 
groups 1; 3, 5; 7, 9, 11;... and so on. Show that the sum of 
the numbers in nth group is n°. 

94. Let a, b,c are respectively the sums of the first n terms, - 
the next n terms and the next n terms of a GP. Show that 
a, b,c are in GP. 

95. If the first four terms of an arithmetic sequence are 
a, 2a, band (a — 6 — b) for some numbers a and 8, find the 
sum of the first 100 terms of the sequence. 

2 

62 ot 4S +... upto 00 = —, find 

~~ 2 3 6 
i 1 1 
et gg ee 


em ee me et en trans Ore ae 8 me ee mes 


SR een © eet ee 


97. If the arithmetic mean of a;, a7, 43,...,@, is aand 


by, bo, b3,...,b, have the arithmetic mean b and 
a, + b, =1fori=1,2,3,...,n, prove that 


7 —a)+ > a,b, = nab 


i=1 


~ 
i] 
_ 


98. If a;, a2, a3,...is an arithmetic progression with common 


difference 1 anda, +a, +a3 +...+@og = 137, then find 
the value of a + a4 +a, +... + dog. 


99. Ift; =1,t, —t,-; =2'"',r 22 find S't,. 
r=] 
100. Prove that I,, 1, I3,...form an AP, if 
: 2 
() I, = if sin 2nx dx (iI, = f & "| ie 


sin x sin x 
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101. Consider the sequence S=7 + 13+21+31+...+ Tp, find 
the value of Ty. 


iv iy iy 
102, Find value of[x+2| {x74 4) ta +4) : 
x x? x" 


103. Ifa, be the mth term of an AP, show that 


n 2 2 
(a; — aan, ). 


(2n — 1) 


104, If three unequal numbers are in HP and their squares are 
in AP, show that they are in the ratio 


1431281 =48 orl =a 0214-3, 


105, Ifa,,a2,@3,...,@, are in AP with a, =0, prove that 


2 2 2 2 2 
a; - a, +a; —a, Fa Mona -a3 = 


a, a a 1 1 1 
J+—i4. 4+ ee 
a 4 Gn —1 .42 43 Qn —2 } 
@,-1 @ 
a ae 
a2 Qn-1 


106, Balls are arranged in rows to form an equilateral triangle. 
The first row consists of one ball, the second row of two 
balls and so on. If 669 more balls are added, then all the 
balls can be arranged in the shape of a square and each of 
the sides, then contains 8 balls less than each side of the 
triangle. Determine the initial number of balls. 


107. If6,,82,03,...,0, are in AP whose common difference 


is d, then show that 


sind {sec 8, sec 8, + sec 0, sec 0; +... 
+sec 6§,_,sec 6, }=tan@, — tan Qj. 
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108. Show that, 
as \G457)Gs5")0 45"),..0¢5° 3 


-21tt 


) 


5 
=2(1-5 
4 


(where a > 1). 


109. Evaluate S = y - 
n=0 (a? +1) 


110. Find the sum to infinite terms of the series 


f 
tan™(2) + tan™(2) b+ tan 


111. Find the sum to n terms, whose nth term is 
tan [a +(n— 1)B] tan(a + nf). 


a-] 
2n=-1 + 
Ree } 


12,16 ST, =2(n+3)(n-+2)(n +3) find 
r=1 


r=] 


a] 


113. If S,,S,,S3 denote the sum of n terms of 3 arithmetic 


series whose first terms are unity and their common 
difference are in HP, prove that 


fies 2535; — S,S2 —S2 53 
S,-252 +S; 


114, Three friends whose ages form a GP divide a certain 
sum of money in proportion to their ages. If they do that 
three years later, when the youngest is half the age of 
the oldest, then he will receive % 105 more than he gets 
now and the middle friend will get ¥ 15 more than he 
gets now. Find the ages of the friends. 


a Sequences and Series Exercise 8 : 
Questions Asked in Previous 13 Year's Exam 


a rrr rr we, en ee a A LL LT LL A CL OS TI 


"This section contains questions asked in JIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 to 
year 2017. 


115, Ifa, b,c are in AP and|a|,|b|,|c|<1and 
x=ltata’ +...+00 
y=1tb+b? +...40 
z=1lt+e+¢c? +...400 


Then, x,y,z will be in 
(a) AP (b) GP 
(d) None of these 


2 3 a 
6.10, =2-(3) +(2) =. 4(-ayr—"{3) and 
4 4 4 4 


b, =1~a,, then find the least natural number ny such 
that b, >a,,Vn2No. [IIT-JEE 2006, 6M] 


[AIEEE 2005, 3M) 
(c) HP 


lit tft A tT 


117. Let a,, a2, @3,... be terms are in AP, if 
a, t+a,+...ta : a 
ea alba Pr. p#q, then —© equals 

a +igy tw ta, ¢* Qo, 


[AIEEE 2006, 4.5M] 


41 7 
(a) ri (b) : 

2 11 
(c) ; (d) a 


118. If a,,a2,...,a, are in HP, then the expression 
QQ, +, a3, +...+a,-,@, isequalto [AIEEE 2006, 6M) 

(a) n (a, — a,) 

(b) (n - 1) (@, - @,) 

(c) naa, 

(d) (n — 1) aa, 
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119. Let V, denotes the sum of the first r terms of an 


arithmetic progression whose first term is r and the 

common difference is (2r — 1). Let T, = V,,, - V, —2and 

QO, =T,4, -T, forr =1,2... [IT-JEE 2007, 4+4+4M] 
(i) The sum V, + V, +... + V, is 


(a) — n(n + 1) Gr’ apne 
(b) < n(n 1) Gn? + 0 +2) 
(e) n(n? — n+ 1) 


(d) : (an? ~ 2n +3) 


(ii) T, is always 
(b) an even number 
(d) a composite number 


(a) an odd number 
(c) a prime number 
(iii) Which one of the following is a correct statement? 
(a) Q, Qo, Q;,... are in AP with common difference 5 
(b) Q,, Q2, Q;,... are in AP with common difference 6 
(c) Q,, Q, Q;, ... are in AP with common difference 11 


()Q ===... 


120. Let A,,G,, H, denote the arithmetic, geometric and 


harmonic means respectively, of two distinct positive 
numbers. For n 22, let A, _1,G,_, and H, _, has 
arithmetic, geometric and harmonic means as 
A,, Gn, H,, respectively. [IIT-JEE 2007, 4+4+4M] 
(i) Which one of the following statement is correct? 
(a)G >G,>G, >... (b) G <G, <G, <... 
(c) G =G,=G, =... 
(d) G, <G, <G, <...and G, >G, >G, >... 
(ii) Which of the following statement is correct? 
(a) A; > A, > A; >.. 
(b) A, < Az < A; <... 
(c) Ay > A; > As >... and Az < Ay < A, <... 
(d) A, <A; < As <...and A, > Ay > Ay >... 
(iii) Which of the following statement is correct? 
(a) H, > H, > H; >... 
(b) H; < Hz < Hy <... 
(c) H, > H, > H, >...and Hz, < Hy < Hg <... 
(d) H, < H; <H, <...and H, > H, > Hg >... 


121. If a geometric progression consisting of positive terms, 
each term equals the sum of the next two terms, then 


the common ratio of this progression equals 
[AIEEE 2007, 3M] 


(a) =~ 45) 
(c) v5 


1 = 
(b) 5S 
(a) (5-1) 


122. Suppose four distinct positive numbers a, 42, 43,44 are 

in GP. Let b, =a), 5, =b, + @2,b; =b, +43 

and b, = b, +44. 

Statement 1 The numbers },, bz, b3, b, are neither in 

AP nor in GP. 

Statement 2 The numbers 5,, b2, b3, b4 are in HP. 

[IIT-JEE 2008, 3M] 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


123. The first two terms of a geometric progression add upto 
12 the sum of the third and the fourth terms is 48, if the 
terms of the geometric progression are alternately 
positive and negative, then the first term is 

[AIEEE 2008, 3M] 

(b) 12 (c) 4 (d) —4 

124. If the sum of first n terms of an AP is cn”, then the sum 
of squares of these n terms is [IIT-JEE 2009, 3M) 


(a) - 12 


(a) n(4n? -1)c? (b) n(4n? +1) c? 
6 3 
() n(4n* = 1)c? (d) n(4n? + 1) c? 
3 6 
125. The sum to infinity of the series 
fe ety eg BE te E 2009, 4M 
a ah at aa [AIEE , 4M) 
(a) 6 (b) 2 (c) 3 (d) 4 


126. Let S,,k =1,2,..., 100, denote the sum of the infinite 


Seerposell red 
geometric series whose first term is e and common 
Pane: io” | 4s : 
ratio is —. Then, the value of —— + yi (k“—3k +1) S, lis 
k 100! 4,“ 
[IIT-JEE 2010, 3M] 
127, Let a,,@,43,..., 4, be real numbers satisfying 
@, = 15,27 — 2a, >Oand a, =2a,_, — a,_2 for 
a? +a; Pat Oy, 


e=3.4....,, 14 1f = 90, then the value 
Q, +a, +...+ . 
of Ae ig equal to 
11 [IIT-JEE 2010, 3M] 


128. A person is to count 4500 currency notes. Let a, denotes 


the number of notes he counts in the nth minute. If 

Q, = Ap =... = @yo = 150 and ajo, @);,... are in AP with 
common difference — 2, then the time taken by him to 
count all notes is [AIEEE 2010, 8M] 
(a) 34 min 
(c) 135 min 


(b) 125 min 
(d) 24 min 
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129. The minimum value of the sum of real numbers 
g, a~*,3a~?,1,a° anda’ with a>Ois [IIT-JEE 2011, 4M] 


130. A man saves % 200 in each of the first three months of 
his service. In each of the subsequent months his saving 
increases by % 40 more than the saving of immediately 
previous month. His total saving from the start of 
service will be ¥ 11040 after | [AIEEE 2011, 4M (Paper !)] 
(a) 19 months (b) 20 months 
(c) 21 months (d) 18 months 


100 
131. Let a, be the nth term of an AP, if Yao, =O and 


100 aaa 


> tie , =B, then the common difference of the AP is 
rel [AIEEE 2011, 4M (Paper I!)] 


7, (b) a ~B 
a- 
yaa (d)B-a 


132. If a,, a2, a3,...be in harmonic progression with a, =5 and 
Q7 = 25. The least positive integer n for which a, <Ois 
(a) 22 (b) 23 (lIT-JEE 2012, 3M] 
(c) 24 (d) 25 


133, Statement 1 The sum of the series 
1+(1+24+4)+(4+6+9)+(9 +12 +16) 
+,..+(361 + 380 + 400) is 8000. 


n 
Statement 2 Yk? —(k —1)?)=n? for any natural 
k=1 
number n. [AIEEE 2012, 4M] 
(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 
(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 
(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


134, If 100 times the 100th term of an AP with non-zero 
common difference equals the 50 times its 50th term, 
then the 150th term of this AP is (AIEEE 2012, 4M] 
(a) 150 times its50th term (b) 150 
(c) zero (d) -150 


135. If x,y, z are in AP and tan” x, tan™ y, tan’ zare also 


in AP, then (JEE Main 2013, 4M) 
(a) 2x =3y =6z (b) 6x =3y =2z 
(c) 6x = 4y =3z (d)x=y=z 

136. The sum of first 20 terms of the sequence 0.7, 0.77, 0.777, ..., 
is [JEE Main 2013, 4M] 


799 ~ 197° La -20 
(a) “(99 107’) (b) 479 + 10 ) 


Z -20 Fhe gent 
(c) (09 + 10 ) (d) 5 is 10°") 


137, 


138, 


139. 


140. 


141. 


142." 


143. 


144, 


145. 


146. 
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as k(k +1) 
Let S, = y(-0 2 .k*, then S, can take value(s) 

k=1 (JEE Advanced 2013, 4M] 
(a) 1056 (b) 1088 (c) 1120 (d) 1332 


A pack contains n cards numbered from 1 to n. Two 
consecutive numbered cards are removed from the pack 
and the sum of the numbers on the remaining cards is 
1224. If the smaller of the numbers on the removed cards 
is k, then k — 20 is equal to [JEE Advanced 2013, 4M] 


If (10)? + 2(11)'(10)® +3(11)?(10)? +..+(10)(11)? 


= k(10)’, then k is equal to [JEE Main 2014, 4M] 
121 441 
100 b) 110 = ag 
(a) (b) (c) = ( G00 


Three positive numbers form an increasing GP. If the 
middle terms in this GP is doubled, the new numbers are 


in AP. Then, the common ratio of the GP is 
[JEE Main 2014, 4M] 


(c) V2 + V3 (d)3 + V2 


ite ct b. ? 
Let a, b,c be positive integers such that — is an integer. If 
a 


(a)2-V3 = (b) 2+ v3 


a, b,c are in geometric progression and the arithmetic 
a’ +a-14, 
—-—-—— is 
a+1 
[JEE Advanced 2014, 3M] 


mean of a, b,c is b + 2, the value of 


The sum of first 9 terms of the series 

1 ee . 72 ae? a9? 

af ei a 

1 1+3 1+3+5 [JEE Main 2015, 4M} 
(a) 192 (b) 71 (c) 96 (d) 142 


If mis the AM of two distinct real numbers / and n 
(l,n >1)andG,, G, and G; are three geometric means 
between / and n, then G} +2G3 +G} equals 

[JEE Main 2015, 4M) 
(b) 417mn 
(d) 4Imn? 


(a) 412m?n? 
(c) 41m?n 


Suppose that all the terms of an arithmetic progression 
(AP) are natural numbers. If the ratio of the sum of the first 
seven terms to the sum of the first eleven terms is6: 11and 
the seventh term lies between 130 and 140, then the 
common difference of this AP is [JEE Main 2015, 4M) 


If the 2nd, 5th and 9th terms of a non-eustant AP are in 
GP, then the common ratio of this GP is 
[JEE Main 2016, 4M] 


7 8 4 
(a) 1 (b) ri (c) ; (d) : 


If the sum of the first ten terms of the series 

2 2 2 / 2 
(12) +(22) +(32) +4? 4( <4) deans oe pee Cheh 
V5) Us) U5 5 5 


[JEE Main 2016, 4M] 
(b) 99 (c) 102 (d) 101 
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m equal to 
(a) 100 
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147. Let b; > 1 for i=1,2...., 101. Suppose log, by, log, ba, 148. For any three positive real numbers a, b and c, 
log. b3,.-., log, by, are in Arithmetic Progression (AP) 
with the common difference log, 2 Suppose 
Q;,@2,Q3,.-.,@ 9, are in AP. Such that, a, = b, and 
Qs, = bs. Ift =b, +b. +...+ bs, and 


9 (25a” +. b*)+25(c* —3ac) =15b(3a +c). Then 
[JEE Main 2017, 4M] 
(a) a, band care in GP 


b) b,c and a are in GP 
$=a, +a, +...+4s5),then [JEE Advanced 2016, 3M] Ns popiliceaeaen iat 
(a)s >fand ayo, > dio, (b) s >t and ajo, < Dio; (d) a, band care in AP 


(c)s <tand ajo, > Ao, (d)s <tand ajo, < doy 


Answers 


Exercise for Session 1 


1. (c) 2. (d) 3. (b) 4. (c) 5. (a) 31. (ac) 32.(b.d) 33.(b,c) 34. (a,b) 35. (c,d) 36. (a,¢,d) 
; . 37. (ad) 38.(a,b,c) 39. (a,c) 40.(b,c) 41. (a,c) 42. (c,d) 
Exercise for Session 2 43. (b,c) 44.(a,c) 45. (a,d) 
1. (b) 2. (a) 3. (a) 4. (b) 5. (c) 6. (c) 46.(c) 47. (d) 48.(a)  49.(a)  50.(a) 51. (b) 
: : §2.(a) 53. (c) 54.(b)  55.(d)  56.(b) 57. (c) 
Exercise for Session 3 58.(c) 59.(b)  60.(d) 61d) ~—-62.(b)~—«<63. (d) 
1. (b) 2. (d) 3.(b) 4. (c) 5. (d) ' 64.(a) 65.(b)  66.(b) —««67.(a)~—«68.(b) «69. (c) 


70.(3) 71. (5) 72. (8) 73. (4) 74.(2) 75. (7) 
76.(3) 77. (9) 78. (1) 79. (0) 
80.(A)- (r,s); (B)—-(p, 7); (C) + (p, q) 


Exercise for Session 4 
1. (c) 2. (c) 3. (c) 4. (d) §.(a) 6. (a) 


Exercise for Session 5 81.(A)-(r); (B) > (p); (C) >(q) 
1. (c) 2. (a) 3. (a) 4.(c) 5. (b) 6. (b) 82. (A) — (p,r,S,t); (B) — (p,q,s,t); (C) — (p,s,t) 
7. (b) 8. (b) 9. (a) 10. (b) . 83.(A)—(r);  (B) > (p); (C) (1); (D) > (q) 
84.(a) 85. (a) 86.(b) 87.(a) 88.(d) 89. (c) 
Exercise for Session 6 90. (a) | , 
1. (b) 2. (d) 3. (b) 4.(c) 5. (a) 6. (a) 91.2. 92, __! [@d-a")_ Pa-5")| 
7. (a) 8. (c) 9. (b) 10. (c) (a-6)| (i-a) (1-6) | 
Exercise for Session 7 95. — 5050 96. (i) x cin 98. 93 
aA - a 3:40) td) SKE) GMC) 99,.2"*! =~ n-2 101.5113 
‘na ele"), (i-x%¥) , ere"), = 2") 
Exercise for Session 8 deg 8a) ex) x"(1-2) 
1. (c) 2. (c) 3. (b) 4. (a) 5. (c) 6. (b) | 
7.(c) 8. (d) 9.(a) 10. (a) eon ne aa 
Exercise for Session 9 ‘ eh wl —ntanB 
1. (d) 2. (c) 3. (d) 4.(a)  5.(b) 6. (a) 110. a ii. sa 
7.(c) tanB | 
nz, — 24 3) ang, 12, 18, 27 115. (c) 
Chapter Exercises 2 (n+ 1) (n+ 2) 


116.(7) 117.(d)  118.(d) 119. (i) (b), (i) (4), (iii) (b) 


(d 
a a a es ee 120. (i) (c), (ii) (a), (iii) (b) 121. (d) 122. (c) 123.(a) 124. (c) 


7.(b) 8. (d) 9.(a) 10.(c) (a) ‘12. (0) 125.(c) 126.(3)  127.(0) 128.(a) 129. (8) 130. (c) 
13.(d) 14. (a) 15.(a) 16.(c) =17.(a) —18.(b) 131.(c) 132.(d) 133.(a) 134.(c) 135. (d) 136. (b) 
19.(a) 20.(d)  21.(c) ~=—-22.(c) ~— 23. (ce) ~—.24. (b) 137. (a,d) 138.(5) 139.(a) 140. (b) 141. (4) 142. (c) 
25.(a) 26. (a) 27.(a) -28.(c) —-29.(b) 30.(c) 143.(c) 144,(a) — 145.(d) 146. (d)_—-147.(b) 148. (c) 
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S & 2 & AL, _LM _ b= 
0 U Le ns 7 7 
Similarly, L,M, ee 
n+1 
3a 
M,= 
1. : x,y, zare in HP. hi n+l 
111 
» —,-,- are in AP 
xy 2 
ENiex na 
14) (i) +1 
* yY JY @ LM, + LM, +...+ LM, 
yyz 1 - fea] io 40 Sh.) 
Pre 2g 1 (n +1) 
y z a A(nt}) na 
Vzx 1 (n + 1) 2 2 
=—1_ =» [say] 
Vetve Uy 1 4.°0 S, = 1+ 22 +333 +... + nnnn...n 
vz vx nterms 
ana Vy m 1 = [say] r: Saat Snare ean ol) 
x + Bs t,t a times a times 
vx Jy a 
=n(10"~' +102 +...410 +1) = 02 =) 
a ee ee | 10-1 
1 1 1 1 
setae cede Bisoee * 9S, -S,-,)=n(10" ~1) 
@=2 vy z 4 a ae 
bag 1 1 ae ae ae 5. Given that a, b, c are in GP. 
eae rae. y 2 Then, b? =ac (i) 
vz vx ° vy and equations ax” + 2bx +c =0 
= = ma [fromEae()] anddx’ + 2ex + f = Ohave a common root. (A) 
Hence, vy? ee yy are in AP. 2+ 2bx +c=0 
tv Br se vx + Jy Now, ax xtc 
=> ax? + 2Vac x +c=0 [ by Eq. (i)] 
2. *'), @2, 43, ...are in HP. = 2 = 
; a4 = (Vax+vVe)?=0 = Vax+Ve=0 
> —,—,—,...are in AP. (i) de 
a a a => x=-— repeated 
; ae [repeated] 
f= a - a ve 
r=l By the condition wn {- | be the root of dx? —2ex + f =0 
e a 
— M+ fe =p a, =) [say] So, it satisfy the equation 
r= 2 
> a+ fi=a,t+ fp=ayt faz... i{- ff) +2e(-E}+ f=0 
A 
From Eq. (i), —, Lm Le ...are also in AP. EP . : 
a @2 @ dc c d vw ._f 
P => —-2—=+f=0 => —-—+==0 
> SR St fe OD crealse in Ab. va / a Vac 
a a a . ' 
Subtracting from each term by 1, we get a boc aoc b 
fi fe fy are ateni def. 
===, =,.,..are also in AP. So, —, —, — are in AP 
a a2 a abe 
Li 4 
—,—,—,...are in AP, 6. Sul @ 2s op = &.dnepititenns 
Q GQ, Oy, 2 4 8 16 
Q, 2, 3, ... in HP. 
ae a -(1-2)+(1-4)+(1-2] + .nup to terms 
2°1,2°2,2°3, ...are not in AP/GP/HP. , 2 4 8) 
( 


Co b-Bel-S)ooab-9 
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by sum GP,S, = a! Phisa<r <i] 


1 
=n-1+—=n-1+2" 
Qn 


7. Let triangle be the area of APOR. 


A==xpXxh [fy, hp, hy are altitudes] 

=> h, = (i) 
p 

Sinilatiy: ayeee i) 
q 

wad 24 ac 
r 


According to the question, sin P, sin Q, sin R are in AP. 
Then, kp, kq, kr are in AP [by sine rule] 
= p,q,rare in AP. 


ee ee = are in AP. [ by Eqs. (i), (i) and (iii)] 


=> h, h,, h, are in HP. 
=> Altitudes are in HP. 
8. Given that, a), a2, ..., @j9 be in AP. 
Let d be the common difference of AP. 
Arg — a 
10-1 


d= 


= [given that, a, =A, =2 and ayy = hyp = 3] 


: oe | 
a, =a, +3d= a+ 3=24 -=- 
9 $ 3 

Now, hy, fy,..., Ayo be in HP. 
So, common difference of respective AP. 


ees, J 
pet 3 225) 93 
10-1 9 9x6 54 
- 1 1 
So, J ok am Sot d=146 of =} =1-5 
h, bh \54 
h, 18 7 
7 18 
So, eS ee 
9. as I, = [Se ax = I, = (SNe ax 
© 1-—cos 2x Jo 2sin* x 


=> | re + ar - 21, 


{1 -sin2(n+1)x+1-sin2(n—-1)x-2 


=i" + 2 sin 2nx] iis 


sin? x 


oe 


2 eee 
270 sin? x 
_1 rm —2 cos (2n + 1) x sin (x) + 2 cos (2n — 1) xsin x 4 
2 “0 sin? x 
“7s x [cos (2n —1) x — cos (2n + 1) x] ee 
0 sin? x 


r™2 sin 2nx sin x 


' dx=2 Fo Secret — cos 2nx 
Jo sin x \ an h 


=--§a-1)=0 
n 
Ina + Iy-1 =2]n 
=> I[,-, + 1,,J,4; are in AP. 
ae 
10. Given that, 
a(b—c) x’ + b(c-a) xy +c(a—b) y’ is perfect square. 
o. b? (c - a)? = 4a(b —c)-c(a - b) 
=> b*(c—a)* = 4ac (a —b) (b-c) 
=> [a(b-c)+c(a—b)]’ = 4ac(a—b)(b —c) 
[" a@(b —c) + b(c-a) + c(a-5)=0] 
=> [a(b-c)-c(a-b)]}* =0 
= a(b-c)-c(a-b)= 
= ab-ac-—cat+bc=0 => b(a+c)=2ac 
a ies 2ac 


are in AP. 


a+b 


= a,b,care in HP. 


g 1) ( 1’? 
117. Let s=142(1-2)+3[1-— tit 
nr 6 OR 


‘ + ay. ¥ 
(:-2}s=(1-4)+2(1-2) + ...+00 
n} Yn) Y & 
( i" Pay eg 
cere eee ae 
\ n} \ nd \ an) 
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= ne [s-= 72, bor 
Bm go t _ 1) Lo 
n 
n 
n 
> S=n’ 
x ( 7), ; 
12. +: log; 2, log, (2” — 5) and log, ie ~ al are in AP. ..(i) 


For defined, 2” — 5 > 0 and 2” -; >0 
2° >5 »» (ii) 


From Eq. (i), 2,2” — 5, 2* - . are in GP. 


(2% -5)? = 22" -7) 


=> 2°* — 12-2" +32=0 
=> (2* —8) (2 — 4) =0 
2° =8,4 
=> 2 =g=2° 2" 44 [fromEd. (ii)] 
x=3 


13. «a, b, care positive prime numbers. 
Let Va, Vb, Vc are 3 terms of AP. [not necessarily consecutive} 


Then, Ja =A+(p-1)D ..(i) 
vb =A+(q-1)D (ii) + 
ve =A+(r-1)D .. (iii) 
[A and D be the first term and common difference of AP] 
Va - Vb = (p-q)D ...{iV) 
vb -Vc =(q-r) D ...(v) 
vc -Va =(r-p)D (vi) 
On dividing Eq. (iv) by Eq. (v), we get 
| Ja-Vb_p-q : 
| ; ao. = = ..(vii) 
: Since, p, q, r are natural numbers and ag, b, c are positive prime 
numbers, so 


Eq. (vii) does not hold. 
So, Va, vb and Ve cannot be the 3 terms of AP. 
[not necessarily consecutive] 
Similarly, we can show that Va, ¥b, Vc cannot be any 3 terms 
of GP and HP. [not necessarily, consecutive] 
. Given that n is an odd integer greater than or equal to 1. 
S, =n? —(n~1)? + (n-2) —...4(-1" UP 
=1-23+...4(n-2))-(n-1)) + 2° 


[.: nis odd integer, so (n — 1) is even integer] 


1 


we 


St $2" tk n)-2-2(1 +2) 4+ 1+ terms 
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n-ilfna-l : 
(n+1)]° 2 ae 
(229) - 16-| ——_——_—_—_—_—— 


[n? -(n-1)*] 


2 2 
_(n a on qge@adary 


15. Let the sides of right angled triangle be 
(a -d),a,(a+d)(a>d). 
A 


(a -) (a + 5) 


B Cc 


By Pythagoras theorem, ( 
(a+ d)*? =a? +(a-d)’ 
a® + d? + 2ad =a’ + a? + d? -2ad 


a’ = 4ad 
a=4d {since a # 0] ...(i) 
: ae a 4d 4 
According to the question, sin A = =—=- 
a+d Sd 5 
gett - 34 3 
at+d 5d 5 


16. Te = 2 
Let d be common difference of AP and a be the first term of 
AP. 


T, =2 
=> a+5d=2 (i) 
Let A =4,0,4a, 


A=a(a+t3d)(a+ 4d) 

[using 7, =a + (n —1) d and from Eq. (i) a =2 — 5d ] 
A =(2 —5d) (2 — 2d) (2-d) 
A=8 —32d + 34d” - 10d? 


For max and min values of A, = =0 


— 30d? + 68d -32=0 = 15d? -34d + 16=0 
15d? —(24d + 10d) + 16 =0 

15d? — 24d — 10d + 16=0 

3d (Sd —8) —2(5d -8) =0 

(5d — 8) (3d —2) =0 


tee oe ee 
5 
2 
For ne ef 36 
3. dd 
: 2 
So, Ais least for d =" 
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17. Given, common difference # 0 


San = San ~ S3n 
= 255), [ let S, = Pn? + Qn] 
= 2-[PQn)* + Q3n)] = P(4n)? + Q4n) 
=> 2Pn? + 2Qn =0 
or Q=-nP Pe i 
Sx, we P(2n)? + X2n) 
Sin — Som [P(4n)? + Q(4n)] - [P(2n)’ + Ql2n)] 
2 (2nP+Q) 2nP + 2nP +Q 
12 Pn? + 2nQ  6nP +Q 
2nP—-nP 1 ; 
= —— = - [from Eq. (i)] 


18. Let f(x) =(x - 1) (x —2) (x —3)...(x—n) 
=x" - Sx" + Syx7 7 = + (= 1)" (1:23...) 
So, coefficient of x"~? in f(x) =S, =(1-2+ 1:3 +...) 


= Sum of product of first n natural number taken 2 at time 


=> (0 +2+...¢n)* —(1?7 + 2? +... 4 n7)] 


_} fey 
“% 2 


aise) atie pee) 


n(n +1)(2n+ a 
6 


2 2 2 3 
_1 n(n+1) 3n? + 3n—4n—-2 
2 2 6 
_n(n+1)(n?-n-2)_ n(n +1) Qn + 2)(n-1) 
24 24 
_ n(n? ~1) n+ 2) 
24 


19. If last term of nth row is T,, then 
Let S=1+5+114+194+...4 Ty 
S= 1+5411+...4+7,.,+ 1], 


0=14+4+6+8+...+nterms — T, 


aie oP ede .+(n — 1) terms) 


=1428=9 ) 19.24 (n-2)-1] 


Siailocivlire 
=lt+n?+n-2 
=> T,=n?+n-1 
Too = (60)? + 60 — 1 = 3600 + 59 = 3659 


100 
20. Given that, pa ay =O 


rs] 


=> 42+ 4, +... + Ay =O .{i) 
100 

and >} @,-1 =B 
r=1 

=> a + 43+...+ aio =f 


On subtracting Eq. (ii) from Eq. (i), we get 
(az — a,) + (a, — G3) + ... + (A209 — App) = A -B 


d+d+...up to 100 terms=a-—f 
[beacause a, be the nth term of AP with common difference d] 
100d=a-B 
a — 
a 
100 
21. Given that, a,, a2, 23, a4, a5 are in HP. 
1141214141 
—,—,—,—,— are in AP 


pe ee es Se eee [say] 
Q; ~ ao =a,a,d => a,-a;,= a,a,d 


a,—-@,; =a,a,d => Q4 — as =a, a,d 


On adding all, we get 


a 
u =4 aay 


a 
a= Qjas 


a — 
Q,Q, + a2; + aa, + aa, = — q 


“. 


22. *.(1 + a) (1+ b)(1+0c)(1+d) 
=l+atb+c+dtabtactad+bc+ bdt+cd 


+ abc + abd + cda + cdb + abcd [16 terms] 
AM2 GM 
(1 + a)(i + a +c)(1 +d) > (a®b’ctd®)!" 
= (abcd)? =(1)'? =1 [‘. abed = 1) 


(1+ a)(1+b)(1+c)(1 +d) 9 
16 
=> (1+ a)(1+6)(1+c)(1+d)216 
”. Minimum value of (1 + a) (1+ b)(1 +c) (1 + d)is 16. 
23. *. a, b, care in AP. 


=> 


2b=atec wi) 
Now, (a + 2b —c)(2b+c-a)(c+a-—b) | 
=(atat+e-c)(a+c+c—a)(2b—b) — [fromEq. (i) 
= (2a) (2c) (b) = 4abe | 
A=4 
24. ay, a2,..., a, are in GP with first term a and common ratio r. 
§, = mt) 
a a2 ~ a3 ee 
(n -—1) times 
= G, ~1 Gy @,-1 Ay 
aS Se eee 
Q,-1 ~ ay (dy) —@_) (Gq-1 * Gq) 
= 1 
Po [1+ =) 
‘ =15.'s a, 


o-nfied) rne-n 
'g 


X 


i 
$= Sn =); r 2-0" | 
1 


(1 — 
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25. According to the question, for AP 


26. 


Zi. 


28. 


29, 


0 = 455 


, ; 
7 a+ 9d)=4-2(2a + 4d) bys, = [2a +(n-1)4)] 


10a + 45d =20a + 40d 


= la=sd => 2-4 
d 2 
"* cos (x - y), cos x, cos (x + y) are in HP. 
cos x = 2£05(% — y) cos (x + y) 
cos (x — y) + cos(x + y) 
Bia, cult 
itp cos x = 2 keOs x —sin‘ y) 


2 cos x cos y 
2 = 2 wed 

= cos’ x cos y=cos x -sin’y 
= cos’ x(1—cos y) =sin’y 


=(1 + cos y)(1—cos y) 


> cos’ x =(1 + cos y) [1 - cos y #0} 
ae. cos” x =2 cos” ; 


> cos’ x sec? (2) =2 
\2 


cos x sec (2) =+ 2 
2) 


Let 11 AM’s are A), Ay, Ay... Aq} 
Given, 28, Aj, Az, Ay,..., Aj;, 10 are in AP. 


A)=28 + id =28 >i 


It is clear that Ay, Ay, Ag, Ag, Ajo are integral AM’s. 
Hence, number of integral AM’s are 5. 
‘xX, y,z are in GP 
“. In x, In y, In z are in AP 
and 2x, 4x, 6x are also in AP. 
By property, 
2x + In x, 4x + In y, 6x + Inz are also in AP. 
1 1 
ax¢inx 4x+Iny 6x+Inz 


(x, y,z >1] 


{x >1] 


are in HP. 


2 2 2 
Let A= @ + 3a +1) (b° + 3b + 1)(c° + 3c +1) 


abc 
[fazer )(Mesber)(eescty 


a b c 


( 1 1 1) 
=|ee8H b+3+- c+3+—) 
a, b, c 


where a, b,c € R*. 


Applying AM 2 GM ona and : 
a 
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44 Sete => e423 
a b 


Similarly, b+ = 22 2% b+ 74325 


og Bes = a3 24g Re 
c c 


(a+t+s)(s+tea)(crt+s}2105 


a c 


and 


So, A25°'5'5 = A2125 
Minimum value of A is 125. 
30. a;, a2,...are in AP and q,, qz,... are in GP. 
a, = q =2and ayy = G9 =3 
Let d be the common diference of AP 
3-2 1° 


ie., =——=- 


9 9 
1 8 
Then, a, =a, + 6d =2+ 6d =24+ 6X == 


Qyg = Qy + 18d =2+ 18d 


oe ix 28 oa 
9 9 


r\U9 
3 
Let r be the common ratio of GP i.e., r = f 2) 
\ 


Then, 


3 
9 9 

=qr =2r’ =2:|- 
qo = % (2) 


(a) a7q15 = : x - = 12, which is an integer. 


3 2/3 3 2/3 
(Way =4x2x(2] -3(2) » 


which is not an integer. 


& 9 
at = 2S tan 3 28 =e 


1 1 
3h ean) S14 eS 
2 3 | 
(3 ‘) (4 ae 
=1+}/-+=|+|/-+-+-+- 
2 3 4 5 6 7 
(: 4 1 
+[—+..t¢—]t.+ 
8 15 2" -1 


4 ‘ 
(1 1 t. 4-4 1 
| Ss +|=+-+-+— + 
2 2°-1 2 5 6 2-1 


a(n) <1+1+...+ nterms 
a(n) <n 
a (100) < 100 


ee 


293 


1 


+ 
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1 1 
Also.ainy=14S4(242)4 (24 
2 \3 4 5 


i.%.a a 4 
a(n) >l+—-+—-—+—+...+ 
2 4 8 


on i 
>ji-—|+- => 
an)>(1- 2) +5 
*, a(200) > 100 
32. 


1 n 
middle term 
In a AP of (2n — 1) terms, nth term =a 
In a GP of (2n — 1) terms, nth term = b 
In a HP of (2n — 1) terms, nth term =c 


a, b,c will be arithmetic mean, geometric mean, harmonic 
mean, respectively. 


So,a2b2candb? =ac 
33. 0<g<e 
0<sin ? <1land0<coso<1 


x=) cos” @=1+ cos’ > + cos'h +... +0 


: 
6 
1 1 1. #1 
Sat ot So 
2+1 6 7 2 


n=0 
- 1 a. 
1-cos?¢@ sin? o 
or sin’ ¢=— (i) 
x 
and y=> sin” ¢=1+ sin? + sint d+... +0 
n=0 
a 1 un 
1-sin?@ cos*@ 
or cos’ = u .».(ii) 
y 
From Eqs. (i) and (ii), 
sin® > + cos’ ae + 2 
x y 
x y 
xysxt+y (iii) 
and Z= bs cos”" sin” 
n=0 
=1+cos’o sin’ > + cos‘ ni) sin’ d +... 
= ——_|____ = —* {from Eqs. (i) and (ii) 
1-sin’g cos’ ,_ 1 


xy 


34, 


35, 


36. 


_ Given that, (n + k)? —k? = 25? - 11? 


= z= 
xy-1 
= xyz =Z + xy 
and xyz=zt+xt+y [from Eq. (iii)} 
sa, b,carein AP => b="~“ Ai) 
anda’, b”, c” are in HP. 
- ja i) 
a“ +c 
= b? {a? + ¢?} = 2a°c? 
= b? {(a + c)” —2ac} =2a°c? [from Eq. (i)] 
= b? (4b? — 2ac) = 2a°c* 
> 2b* ~ac(b*) —a’c? =0 
= (b? — ac) (2b? + ac) =0 
If b? -ac =0 


a, b, c are in GP. 

But given a, b, c are in AP. 
Ps a= b=¢ 
and if 2b? + ac =0 


then = b, c are in GP. 


According to the question, x, x” + 2 and x° + 10 are in GP. 
So, (x? + 2)? = x(x? + 10) 

=> x4 +44 4x? -x'-10x=0 

=> 4x’ 40x+ 4=0 

= 2x? -5x+2=0 

=> 2x* -4x-x+2=0 

= 2x (x -2)-1(x-2)=0 

=> (x —2)(2x -1)=0 

=> x=2orx=- 


For x =2, first 3 terms are 2, 6, 18. 
So, 4th term of GP = 2 -(3)? =54 


1 19 
For x = -, first 3 terms are -, 2 
2 24 8 
1/9 
2\2) 2 8 16 


Let n consecutive odd numbers be 
2k + 1,2k + 3, 2k +5,...,2k +2n—-1 
According to question, sum of these n numbers 


= [ak +1 + 2k + 2n—1}=n (k +n) 


=n’ +2kn=(n+ ky —-Kk’ 


CC 


=> n+k=25andk=11 => n=14andk=11 
So, first term = 2k + 1 = 23 


Last term = 2k + 2n -1=22 + 28 -1=22 + 27 = 49 
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37. -;G=6 andG? = AH 


= Ha 


Given, 904A +4+5H =918 
6 
> 0A +5x-— =918 => ja ee 
A A 
= 5A°-51A+10=0 =9(A—-10)(5A —1)=0 


1 
A = 10, - 
5 


38. ‘. T, i 
(2n -1) (2n + 1) (2n + 3) (2n + 5) 


ints (2n + 5) -(2n -1) 
6 fz, (2n — 1) (2n + 1) (2n + 3) 2n + 5) 


_} B 1 
1 


LS) (ee eae: pee 
iter (2n +1) (2n + 3) (2n + =) 
] . 


Ce os, aes 
90 (2n + 1)(2n + 3) (2n +5) 
a.! 
6 
and f (n) =(2n + 1) (2n + 3) (2n + 5) 
f (0) =15 
f (1) =105 
(1 AE. \(i, .\_ 640 
d apie = PO 
and f (A) s(2)- (+ UGG sd ae 
99. -S=1+4 (1 + 2)? + ————. (1+ 243)’ +... 
(i + 3) (1+3+5) 
pg re (14+24+3+4+...n terms)’ 
(1+3+5+7+...n terms) 
1 (2022) eo 
(Qt + (n n-1)-2| a y 
2 
ino! ae 
4 4 


10 n+1 2 1 10 
0) 50-3 (' 4) “aac een 
“33 9 12003 J 


n=1 n=) 
1/10xX11x*21 2x10Xx11 
= — | ——_——- + - —_—_ + 10 
4 6 2 


1 505 
= — (385+ 110 + 10) = — 
4 4 
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40. E=—+—-+—>+ 


+—— + —— + 
(1)(2)  (2)@) 


i ae 
(2)(3) (3) (4) 


e>ie(t-4)+(2-2}+.. 


19 23 27 
S4 -{5. a hr 2 


Let S=3+8+15+...+ Tig 
S= 34+ 8+... + Tig + Ths 


0=3+5+7+...+19 terms — Th, 
Ty =3+54+7+...+ 19 terms 


9 
Ty = — (6+ 18 x2) = x 42 =399 


{ 399 419 439 l 


20° 20° 20°" | 


Third element of Sz) = a 


20 = 


20 1 
Sum of elements of S25 = 3 x ; [2 x399 + 19 x20] 
= 399 + 190 =589 


42. (a) “S= 


sartitt(r—t)42(i-2)fi-2) 4. 
2u ny BI ms on 


ca la 


1 1 1 
S<141l+—-+—+..¢+— 
al 3! n! 


295 
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S<1+1+—Ft+ + : 
1-2-3 1-2:3..n 
S<141+—-+ + : 
: 2 2:2...2 
1 
1-— 
2" 
S<1+ => s<i+2(1-4) 
1 
j== 
§$<3- $<3,Vn 
n=] 
Aso,s=14142(1-+}+2(1-2)(1-2) 4 
! n) 3! n n, 
+i (r-4}(1-2)..-24) 
n! n) n n 
S>1+1;$>2 
*. Sis bounded. 
2n+1 
Or 
nt+2 


3 
For n, =1, a, =— =1, 
3 


5 
for a aa a 


Now, = @n41—-@,>0 = 4,4) >4, 
. @, represents the increasing sequence 


. {a,} is bounded sequence. 
2 
ry 
(c) Bye acai | 
: on) 
For n=1, a, =2, 


4 
for n=2a;-(1+2] af3 
2) 2 


.. {a,} represents unbounded sequence. 


(d) «"a, =tann 
or ee + 0 
FF - 


and we know that — o < tann<© 


So, {a,} is unbounded sequence. 


1 1 1 1 


43.2 a, = ¥ i 
n+1 n+2 n+3 3n 
1 ] 1 


+ 
n+2 n+3 


+ 


+ 


a= 
n+1 


B74 1 1 #1. 1 20+15+12+10 
a,= ) —— =- += 4-4 == 
280 3 4 5 6 60 
37 _19 
60 20 
1 1 1 
Now, a -a, = + — +...4+ 
aids Ee n+3 — 
° ey 
Shes + : +..¢— 
n+1 n+2 3n | 
1 1 1 1 
— + onl 
3n+1 3n+2 3n+3 nt1 
_ 1 ee 
3n+1 3n+2 3(n+1) 


_ 9n? +15n +6 + 9n? + 12n + 3 — 18n” - 18n - 4 
7 (3n + 1) (3n + 2) Bn + 3) 

™ 9n+5 

~ Bn + 1) (3n + 2) (3n +3) 


as 1 me 1 
44, ssa) =(2 ! + 5} +2 Gi a + =i 


{ 1 | 
+t (n=T)p c+ —f4n 
(n a J 


Let S’= x77) 4 2x77 2 43x73 +04 (n-1) x 
—= x72 ax 3 4+ (n—2) x + (n—-1) 


r \ 
s{i-z Jaa $x Ft x —(n-1) 


x 
wa 7 n-1 
gh & 1) _ x-(x Dp .95 
x (x -1) 
2 
=> Sha aaa rs a 
(x -1) (x= 1) 
aN ig 
go Ue x 
=> Sa [xt 2x + (n-IT] 
~f leone oo el (similarly as above] 
x" (x -1)* 
S, (x) =S'+S" +n 
2 
1 x"~1 ‘ 
=» §,()=— = li) 


45. Let the AP start with n and common difference d, then 
according to question, 


n+ 5d =32 
n=32—-—5d (i) 
and1072 <n+(n+d)+...+(n+19d) <1162 
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Hee 


‘. ST bl foereny aaah) i 


Se ji ~«§ i)! 


19 x 20 


1072 <20n + d <1162 


1072 <640 — 100d + 190d <1162 
432 <90d <522 
48<d<58 
Let d is natural number, so d =5 
,, n=32-5xX5=7 
First term is 7 and common difference is 5. 


Sol. (Q. Nos. 46 to 48) 


i Goee it 2) ag 
5 65 325 
8r E 8r 


r= 


. (ar? + 2r + 1) (2r? —2r + 1) 


2p (ar? + 2r + 1) —(2r? - 27 +1) 
(2r? + 2r + 1) (2r? —2r + 1) 


4r4 +1 


ig 1 7 1 
dr? —-2rt+1 9 2r?t+2r+] 


46. lim S,= lim ¥ T, 


Ao eens 
n ‘ 
= lim ¥ 2 apie | 
Oat wer Ser dk. ar ert 1 
( 1 
=2 lim LL  —— =2(1-0)=2 
n> 0 2n°+2n+1 


7 Tao X? 56 | 
4x71 +1 9605 


48, =) T= > (4 ; : 


2r?>-2rt1 “2r F2r+1) 


y 8 
=2|)1-—_.__— -2(1-)-% 
2 (8)° + 2(8) +1 145/ 145 


\ 


Sol. (Q. Nos, 4-6) 


Let pand(p + 1) be removed numbers from 1, 2, 3, ... n, then 
Sum of the remaining numbers 


_ “ 1) ~(2p +1) 


From given condition, 


n(n +1) 
105 ; —(2p +1) 


— 


4 (n -2) 
= 2n* — 103n —8p + 206 = 0 
Since, n and p are integers, so n must be even. 
Let n =2r, we get 
_ 4r? + 103(1 —r) 
a i 
Since, p is an integer, then (1 —r) must be divisible by 4. 
Letr=1+ 4t, we get 
n=2 + 8tand p=16t? -95t +1 


Now, 1Sp<n 
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=> 15 16t? -95t+1<8t+2 
=> t=6=>n =50and p=7 
49. Hence, the value of n lies in (41,51). 
50. Hence, removed numbers are 7 and 8. 
51. Sum of all numbers = at” = 1275 
Sol. (Q. Nos. 52 to 54) 
LetA={A-D,A,A+D}, B={a-d,a,a+d} 
According to the question, 
A-D+A+A+D=15 
=> 3A =15 
= A=5 ...(i) 
and a-d+at+at+d=15 
=> a=5 ...(ii) 
and D=1+d ...(iii) 
. p=(A-D)A(A+D) 
p=A(A? -D’) ...(iv) 
p=5(25- D’) ...(v) 
Similarly, q =5 (25 -d’) 
Given that, p=7(q-p) 
8p =7q 


From Eqs. (iv) and (v), we get 
8 x5 (25 — D*) =7 x5 (25 — d’) 
200 — 8D* = 175 — 7d’ 
25 =8D* —7d? 
25=8(1+d)*-7d? [from Eq. (iii)] 
25 =8 + 8d? + 16d —7d’ 


17-d* -16d =0 
d? + 16d -17=0 
(d +17)(d -1)=0 
d=-17ord =1 
= d=1 [-d > 0] 
= D=2 
52. p =5(25 — D*) =5 (25 — 4) =5 (21) = 105 
53. q =5 (25 — d*) =5 (25 —1) = 120 
54. 7D + 8d =14+8=22 
Sol. (Q. Nos. 55 to 57) 
Let A={4.a, an| 
|R 
B=: <a ar} 
LE 
A 
According to the aiesHsny aeARs 
> A’ =64>A=4 (i) 
*a-ar=64 =a'=64 >a=4 (ii) 
7 
and R=r+2 (iii) 
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ee ee 
R R 


A 16 
=—+ A?R+ A*=— + 16R + 16 
R R 
a a 
=—-a+a-art+ar-— 
r r 


2 

a 16 

=—+a*r+a*=— +4 1l6r+ 16 
r r 


Given that, Pe: 
q 2 
s (16 + 16R® + 16R)r _ 3 
(16+ 16r? +16r)R 2 
(1+ R?+R)r_ 3 
(ltr?+r)R 2 
From Eq. (iii), R=r+2 
ms (ltre'+4+4rtrt2)r_3 
(l+rt+r’)(r+2) 2 
= r+ 5r?47r _3 
r+3r+3r+2 2 
= r—r?-5r+6=0 
= (r —2)(r? +r -3)=0 
-14 13 
=> r=2orr =———_—_ 
So, R=4 
85. p=16(L+R+1)=16(4+441}=8 erase 
R \4 4 


1 1 \ 16 
56. g=i6(24r41}=16(24241)= 8x7 =8x7=56 
r 2 2 
57. r® + R’ =(4)’ + (2) =16 + 16 =32_ 
Sol. (Q. Nos. 58 to 60) 
Given sequence, 1, 3, 6, 10, 15, 21, 28, ... 
where t=h-,~+nmVn22 
So, fh=[hea t=] tn 
=t,-3+(n—-2)+(n-1l)t+n 


t=h+24+3+..4¢(n-l1)tn 
t,=1+24+3+..+n 


n(n +1) 
— 
2 
08. tsp = sa — =25 X51 =1275 
er x 
— ee =101X51=5151 
Number of positive integers lying between tho9 and to 
= 5151 —5050 -1 
=101 —1=100 


60. According to the question, (m + 1) is the nth triangular number, 


then 


+1 
LLU Sal ne 
n?>+n-2(m+1)=0 
sage 1+8(m+ 1) 
2 
1+ ybm+ 9) 
2 


-1+ /8m+9-—2m 
aa aii 


Sol. (Q. Nos. 61 to 63) 
A,, Ag, Ay, ..., Am are arithmetic means between — 3 and 828. 


So, 


=> 


= 


tA tmehogl 
2 
At Aa tact Ay =m(=2 228) 


14025 =m (=) 


[given that sum of AM’s = 14025] 
m=17X2 
m = 34 ..{i) 


Now, G,, G;, ..., G, be the GM’s between 1 and 2187. 


and 


G,G,G; ... G, =(ab)"” 


(i) Solution (Q. Nos. 64 to 66) 


ace 
2 
n=10 (ii) 
[by Eq. (ii)} 
[by Eq. ()] 
63. G+G,+..¢Gertrertuer’ 
_ 10 
ee ee ere 
l-r 
- (4) -(22)" 3m 
a 1) 
237 (1-370) 
~ (1-371) 
2 
orton” pie! miele 4ac 
a 
e B? -4AC 
+§=-—, 6=—, -§= 
alt Cala aca 


64. Since, o, B, y are in AP. 


Let 


or 


B=a+D,y=a+2Dand5=a+3D 


gape aes ee ee 
a a 


ee es (i) 
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and (i= 2 5eutpeee 
A A 


From Eqs. (i) and (ii), we get 


ww-(-242) op=1(2-5 
4\a 


‘ A a 
65. Since, , B, y, 6... are in GP. 
pat 8 
a Bp y 
=. B_S_a_B 
a y y 4 
y+5 Vyé 
b c 
= r 2 
~B YC ~ ate? ac 
A A 
2 
= sit aie = B?=AC 
aB Cc 
Hence, A, B, C are in GP. 
66. Since, a, B, y, &,... are in GP. 
oe eh 
a p y 
b 
=> a+B=a+oar=-— 
a 
{ 
=> avian” 
a 
2 3 B 
and y+ d=ar'+ar =-— 
A 
B 
> ar’ (1 +r) =-— 
(1 +r) r 
From Eqs. (i) and (ii), we get 
Paks 
bA 
[aB 
r=_./— 
\bA 


Sol. (Q. Nos. 67 to 69) 
Forn>1, we haven+1>n-1 


\? 
= Pett p(222) >p [e 
- n= 1g 
Now, pratd 
Since, a, p, b, are in AP. 
ead _b-4 
n+1 
67. pom dee hs 
n+l n+1 
dil 
68. tai +D=-4+4 2 
q a a n+1 
= _ ab (n+ 1) 
at bn 


ii) 
7 
A 
i) 
ii) 
p> 0)...(i) 


70. 


71. 


72. 
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69. Again, P_ ant | x a+ bn 
q nel, ab(n+ 1) 
_a’n + abn’ + b’n + ab 
ab(n + 1)? 
n(S+2) +0249 
. b a 
(n +1)° 
(a2 2 (4-4) 
Pp "Wb a vb va, 
=> i To wai ae 
q (n+ 1) (n + 1) 
So, Piso = Psi = p>q 
q 


From Eqs. (i) and (ii), we get 
n+1 ' 
q<p<|——| Pp 
n-1l 
a, b, c, d are positive real numbers with 
a<b<c<d 
According to the question, a, b, c, d are in AP. 
=> b=a+Qc=a+2aandd=a+3a 
a be the common difference 
and a, b, d are in GP. 
= b? =ad 
From Eqs. (i) and (ii), we get 
(a+ a)* =a(a + 3a) 
a’ n ot? + 2aa = a? + 3a0 
a” = aa 
a(a-a)=0 
a=0 or a@=a 


Yu yv JU 


a#O0by(A),soa=a 
From Eq. (i), b = 2a,c =3a and d = 4a 


be 2a-3a 3 


where, p and q are prime numbers. 


So, 
0 
a (1 + rx) =(1 + x) (1 + 2x) (1 + 3x)...(1 + 1102) 


r=1 


q=3 


= 1 4 (x 42x 43x +... + 110x) 1% +... 


So, coefficient of x in 


110 
10 
> (41x) =(4 2434+ 10) 255 x 1 
r=1 
= 6105 
Now, A(1 + 10) (1 + 10 + 10°) =A (11) (111) 
= A(111)(11)=6105 => A=5 


Let number of the form palindrome be aBa 


299 


...(iii) 


(A) 


.-(i) 


ii) 


Now, If aBa is even, then a may be 2, 4, 6, 8 and B take values 


0, 1, 2,...,9. 
So, total number of palindrome (even) = 10 x 4 = 40 
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To find the sum of all even 3 digit plaindrome 
So, sum of number start with 2 
=(200 + 2)K10+(0+1+24+3+...4+9) X10 
= 2020 + 450 = 2470 
Sum of number start with 4 = (404) x 10 + 450 
Similarly, sum of number start with 6 = (606) x10 + 450 
Similarly, sum of number start with 8 = (808) x 10 + 450 
. Total sum = (202 + 404 + 606 + 808) X10 + 450 x 4 
= 20200 + 1800 = 22000 
=2* x5? x11 
On comparing 2‘ x 5° x11! with 
27 x3 x5 «7 «1175, 
n, = 4, n2 =3, n, = 0, ny = 0, n, = 1 
Now, n, +n, +n +n, +n, =8 
73. «72+ (6-2? — 4-2) + (6-3? — 4-3) 
+... + (6-n? — 4-n) =140 
=> 24+6(2 43° +...4¢n°)-4-(2434... +n) =140 
n(n + 1)(2n-1) -1 


=> 2+6( 
6 


}-4 
(7 n+1) 
“¢ 


1) 140 
) 


=> 2+n(n+1)(n+1)-6-—2n(n +1) + 4=140 
n(n + 1)(2n + 1) -2n(n + 1) —140 =0 
2n* + 3n? + n—2n? —2n- 140 =0 
2n° + n* —n-140=0 
(n — 4) (2n? + 9n + 35) =0 
n= 4or2n" + 9n + 35=0 
2n? + 9n + 35=0 
-—9 + ./81 — 280 
4 
9+ J-—199 
n= ———_—_ 
4 
Only positive integer value of n is 4. 
74. Sx)=1+ x-x7 = x8 4 xh t xP — x8 — x74 4 00 


Yuuvuiouy 


y 


where x € (0, 1) 


S(x)=(1+ x)— x7? (1+ x)t x4 (14 x)—x° (14 x) +...400 


= S(x)=(1 + x) (1-2? + x4 — x9 +. 40] 


Y 4 
= S(x) =(1+ x)| — *! Se = — for GP 
Mowe: ler 
2+1 
According to the question, S(x) 2 
I1¢x v2+1 
So, 5= 
Vx 2 
= 2+ 2x =(V2 + 1)x2 +241 
=> (V2 +1) x? -2x-24424+1=0 
= (J2 +1) x? -2x + J2-1=0 


[complex values] 


75. 


76. 


1 
=> (V2 +1) x? -2x+ = =0 
=> [(v2 +1) x} -2(v2 +1) x4+1=0 
= (V2 +1) x-1]}? =0 
=> x= : [repeated] 
v2 +1 
So, x= 2-1 
(x +1)? =2 


@, @z, 43, ... are in GP with common ratio r 
and b, b,, bs, ... 1S also a GP i.e. b, =1 . 
b, = 4/7 - 4/28 + 1, a, = 4/28 


and y+=5a, 


1 1 1 
—t—t—tiut oh tb t+ byt... +0 
Qa @ 4a 
a 
428 fa8r 4fagr? 
=14 (47 - 428 +1) + (4/7 — 9/28 +1)? +... +00 
1 


- 8 _ 1 
pl 1-47 + 428-1 


r 


r _ 1 

= (r-1) 428 47 (4/4 -1) 
r 1 1 

~ (-1) %4 Wa -1) 


Let 4/4 = a, we get 
= ae 
(r-1)a a-1 
=> ma-r=ra-a > r=a 
=> r=4/4 
Now, ltr? 4r4=14 (44)? + (4/4)! 
=14+ 474 4=14+2+457 
Let a=10+D ..i) 
b=10+2D ..(ii) 
ab=10+3D ...{iii) 


On substituting the values of a and b in Eq. (iii), we get 
(10 + D) (10 + 2D) =(10 + 3D) 
=> 2D°+27D+90=0 


D=-6,De-~ 
2 
a,=10-6=4, 
ee ee 
2 2 
and b =10-12=-2,b,=10-15=-5 
Now, oss + nt) -(>x0: ) fj 
10 10 
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77, Given equation, Ax* + Bx’ + Cx + D=0 «»(i) 
where, A#0 
a 


Let roots are o, B, y, then B = ...(ii) 


Given relation, 2B? + A ABC + uw A7D=0 ..{iii) 
From Eq. (i), a+ B+ y=-4 
B Hg 
= 3B = - = [from Eq. (ii)] 
B 
> = -— 
P 3A 


Now, B satisfy Eq. (i), so 


_R3 _ p\2 _ p) 
(= | +3(>?) +o(=2 +D=0 
3A) 


\3A 3A |} 
-B’ B® OB 
> ge ee Si 
27A° 9A* 3A 
3 
=> 2B BC. px0 
27 A® 3A 
> 2B° -9 ABC + 27 DA? =0 
-Compare with Eq. (iii), we get 
A=-9,p=27 
2A+p =-18 +27 =9 
' 1 2 : 
78. Let P= lim + + +... upto n terms 
noelltx tx? 14x! 
n ta rv a i 
= lim g = + d = = 
mowrlitx? 1-x7 1-x7 | 


grt 1) 
= lim a+l 
sia 2 1-x 
grt 
ytd 
x 
lim etic 
Ree 1g | ite 1-x 
1 
x2" 
1 1 
_— [given] 
x-1 x-2X & 
A= 


79. Let number of AP are (a - d), a,(a +d). 
According to the question, (a — d)’, a’, (a + d)’ are in GP. 
(a) =(a-d)’ (a+ dy’ 

a‘ =(a’ -d’)’ 
a‘ =a‘ +d‘ -2a"d’ 

a’ (a -2d*) =0 

a#0, soa’ =2d? 

a= J2d (i) 


Let common ratio of GP is r. 


UU Udy Y 
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7? = (a + dy’ 
(a -d)’ 
2 a’ + d? + 2ad 
= r= ———___—_ 
a? + d* —2ad 
, 2d? +d? + 22d? 
=> | end 
2d? + d? — 2,2 d? 
[from Eq. (i) for a = V2 d] 
2 (3+ 2V2) d? 
= r= 
(3 - 22) d? 
= 2 _ 3+ 2v2)(3 + 2v2) 
9-8 
= r? =(3 + 2V2)" 
=> r? =(3 + 8)? 
r=t(3+ v3) 
=> r=3+8 [‘." r is positive] 
Similarly, for a = — V2 d, we get 
r=+(3-v8) 
=> r=(3— 48) [‘. r is positive] 
Compare r with3 £ Vk, we get 
k=8 


=[(1-1])=[0]=0 
80. (A) a, b,c, d are in AP 


By AM >GM, for a, b, ¢ 
b> Jac 


=> b? >ac 


Now, applying for b, c, d 
c>vbd = c?> bd 


From Eqs. (i) and (ii), we get 
b*c? >(ac)(bd) => be >ad 


Again, applying AM > HM for a,b. c 

2 1 1.2 
; tT 
1,1) ac 
aoc 


b> 


For last 3 terms b, c, d 


ater i 
ae ee 
bo d 


From Eqs. (iii) and (iv), we get 


1 1 2 
=> —+—->- 
b dic 


=> 


(B) a, b, c, d are in GP. 
For a, 6, c applying AM > GM, 
atc 


=> >b => at+e>2b 


[a, b, c, d are positive real numbers] 


osafi) 


(ii) 


. (iii) 


...{iv) 


sf) 
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Similarly, for b,c, d 


b+d>2c 


From Eqs. (i) and (ii), we get 


atb+ctd>2b+2e >= at+td>bic 


Now, applying GM > HM fora, bc 


Similarly, for b, c, d, we get 


2ac 

a+c 
1 1 2 
-+—d-+ 
c 6a 
1 1 2 
—+—>d= 
d be 


On adding Eqs. (iii) and (iv), we get 


1 #1 1 #1 
—+—-+-+—>2|-+- 
c h€@ \b 
1.2.1.1 
—~+—>-+- 
adobe 


(C) a, b,c, d are in HP. 
Applying AM > HM for a, b,c 


=> 


a+c 
>b 


atc>2b 


Similarly, for last 3 terms }, c, d 


—) 


b+d>2c 


On adding Eqs. (i) and (ii), we get 


=> 


atb+ct+d>2b+2c 
at+d>bte 


Again, applying GM > HM for a, b,c 


= 


Jac >b 


ac > b* 


Similarly, for 5, c,d 


=> 


On multiplying Eqs. (iii) and (iv), we get 


bd >c? 


abed > b’¢? 


ad > bc 


81. (A) a, a2, @3,..., @,,... are in AP 


and a, = >, yp = 16 
a, +a, +... +a, =110 
= 7 (i + My) = 110 
=> E434 (-10d =110 
Zi2 2 a 
5 
1e-=— 
Neate Ce i eae ge 


From Egg. (i) and (ii), we get 


n 


3 
s+(n-1)3| =a 
2[ 2 


(ii) 


...(iii) 


...{iv) 


...(i) 


wii) 


(iii) 


...(iv) 


ii) 


(B 


— 


82. (A) a;, az,... are in AP. 


= Sn + (n? ~n) = = 220 

= 3n’ + In — 440 =0 

= 3n’ + 40n —33n — 440 =0 

=> n(3n + 40) — 11 Gn + 40) =0 

=> (3n + 40)(n -11)=0 

So, nae een eli 

3 

#, n=11 [nEN] 
Let first angle =a [in degrees] 
Common difference = d [in degrees] 


Number of sides n =9 
. Sum of interior angles =(n — 2) x 180° 


= 5 [2a + (n~1) d] =(n —2) x 180° 
= = (20+ 8d) =7 x 180° 
=> a+ 4d =140° 
and largest angle T, =a + 8d < 180° 
=> 4d < 40 
=> d <10 
A d=9 
(C) Given increasing GP, 
Qj, By sory py vee 
where Qa, = 4a, 
ar? = 4a,r° [r is the common ratio] 
> re=4 
= raz [‘.’ increasing GP] 


and = @)-a, =192 
a, (r® ~ r°) =192 
a, (256 - 64) = 192 


192 
a ———— 

192 
ay =1 


Then, a, =2,a,=4 anda, +a; +... +a, =1016 
(a, + a, +...+ a,) —(a, + az + a3) = 1016 
1(2” —1) 


=1016+7 


2” =1023 + 1=1024=2"° 
n=10 


a, + dy + G7 + Gy, + G7 + Ay = 165 [In an AP, sum of the 
terms equidistant from the 1st and last is equal to sum of 
Ist and last terms] 


=> 3 (a, + do) = 165 
= ° a, + a, +19d =55 
d is the common difference of AP. 
2a, + 19d =55 (i) 
Now, Q =a, + Ag + Ais + Aig 


a =2 (a, + Q9) 
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a=2(a, +d +a, + 18d) 
O = 2 (2a, + 19d) ...(ii) 
and B =2 (ay + a2) — (a3 + aig) 
‘B=2 (a, + 8d + a, + 11d)—(a, + 2d + a, +:17d) 
B =2 (2a, + 19d) —(2a, + 19d) 
B =2a, + 19d ...(iii) 
From Eqs. (i) and (iii), we get 
a = 26 
From Eqs. (i), (ii) and (iii), we get 
0 + 2B = 4 (2a, +19d) = 4(55) = 220 
a+ PB =3(2a, + 19d) 
=3 55 =165 =15 X11 =15p, wherept € I 
a—-fB =2a, + 19d 
=55=5X11=5A, whereA EI 
(B) a, @,,... are in AP. 
a + Ast Aig + Ais + Arq + Ay = 195 
3 (a, + doq) =195 
= a, + Qo, =65 (i) 
= 2a, + 23d =65 
Now, Q=a, + a7 + ag + ay; 
=2 (a2 + a3) =2 (2a, + 23d) 
a =130 [from Eq. (i)] 
B =2 (a, + azz) — (ag + a7) 
= 2 (2a, + 23d) — (2a, + 23d) 
= 130 -—65 =65 
Then, a=2B 
O. + 2B = 130 + 130 = 260 
a+B=195 =15 x13 =15p, where pt = 13 
anda —B = 130 -65 =65 
=5X13=5A, where A = 13 
(C) a,, a,,... are in AP. 
Q + G7 + Ayy + Ag, + Ayy + Az = 225 
3 (a, + a39) = 225 
2a, + 29d =75 ...{i) 
Now, =a, + G7 + Gy + Gyo 
OQ = 4a, + 58d =2 (2a, + 29d) 
=2x75=150 
a= 150 ..{ii) 
and B =2 (ayy + G21) — (a3 + 23) 
=2 (2a, + 29d) — (2a, + 29d) = 150 —75 
B=75 (iii) 
Then, a = 28 
a + 2B = 150 + 150 =300 and a-—B =150-75 =75 
=5 x15 =5A, where A = 15 
and a + B = 150 + 75 =225=15 X15 = 15p, where pt = 15 
83. (A) 4a” + 9b? + 16c” =2(3ab + 6bc + 4ca) 


(2a)* + (3b)? + (4c)® - (2a) (3b) (4c) — (2a) (4c) = 0 


[from Eq.(i)] 


; {(2a 3b)? + (3b — 4c)? + (4c ~ 2a)°} = 0 


=> 2a -3b=0 and 3b-—4c=0 
and 4c —-2a =0=2a =3b 
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and 3b = 4c and 4c =2a 


=> quae Rahn Seendias te 
2 3 2 

=> G22 baie Sandee 
2 3 4 


So, a, bebate hh hoy 
2 4 


Reciprocal of the terms LJ ; is bed ' 
3b b 3b 

which is in AP. 

So, these a, b, c are in HP. 


(B) 17a? + 13b? + 5c? =3ab + 15bc + 5ca 
=> 34a? + 26a + 10c? —6ab —30bc — 10ca = 0 
= (3a — b)? + (5b —3c)* +(c -—5a)* =0 
=> 3a-b=0and5b —3c=0and c-5a=0 
abe 
=> —=-=-=A sa 
“a [say] 
a=),b=3A,c=5A 
Hence, a, b, c are in AP. 
(C) a? + 96% + 2562 =abe( 24 3 42 
a b ec) 


=> (a)? + (3b)? + (5c)* -15be — Sac — 3ab = 0 


- ; f(a — 3b)? + (3b — 5c)? + (Se — a)"} = 0 


= a-3b=0and 3b —5c =0and5c —a=0 
=> a =3b and 3b = Sc and 5c =a 
=> iuthardh condca” 
3 5 
5 3 
= Sep vatae Seance 


So, a,b, c are of the form 38, 6, ~ 


Reciprocal of 35, b, a? are ca La ze which are in AP. 
5 3b b 3b 


I 3 12 dot 22 


b 3b 3b. 3b Ob 3b. 
(D) (a? + b? +c?) p? —2p(ab + bc + ca)+ a? +b? +c° <0 
=> (a’p* + b? — 2abp) + (b*p? + c? — 2pbe) 
+ (c?p? + a® —2acp) <0 


=> (ap — b)* + (bp —c)* + (p—a)’ $0 
=> (ap ~ b)* + (bp —c)” + (cp — a)’ =0 
=> ap-b=0and bp-c=0andcp-—a=0 
= p=-—and p =— and p=— 
a 

b. © a 
=> —-=s—-=_— 

abe 


= a, b,c are in GP. 


84. Ifa, b,c are in GP. 


Then, b* =ac 


If middle term is added, then a + b, 2b andc + bare in GP. 
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85. 


86. 


87. 


88 


Textbook of Algebra 


oe | aw a+b-2b 


—— = —————__ [here, ]=a +b, =2b, Wl=c + b] 
H-Il 2b-(c+ b) 


Ss [. b? =ac] 


_ 2(b-c)(a + b)(b + ¢) 
c(a—b)(a+ b)(b +c) 
_ a (b* ~c*) (a + b) 
(a? — b?)(b +c) 
_ a(ac —c’) (a + b) at+b_ | 
7 c(a?—-ac)(b+c) b+e IM 
Hence, a + b, 2b, b + care in HP. 


Hence, both statements are true and Statement-2 is correct 
explanation for Statement-1. 


“"T, =2n> + 3n? - 4 
Sequence is 1, 24, 77, 172, 321, ... 


First order difference 23, 53, 95, 149, ... 
Second order difference 30, 42, 54, ... 


which are in AP. 
.. Statenemt-1 is true. 
‘ T, is of three degree and third order difference will be constant. 


Statement-2 is true, which is correct explanation for 
Statement-1. 


Statement-1 Let S be the required sum of product of numbers. 


1si<jsa 


A 
(a, — a, + @,—@, +... + G —@,)° =2 Ya? + 25 
i=l 


.. Statement-1 is true. 


Statement-2 is true but not correct explanation for 
Statement-1. 


Statement-1a+b+c=18,a,b,c>0 
Applying AM2GM fora, b,c 
rere >VYabe = Yabe <6= abc $216 


Maximum value of abc is 216 which occurs at a = b =c. 
Statement-2 is the correct explanation for Statement-1. 


Statement-1 
4a” + 9b? + 16c? —2 (Bab + 6be + 4ca) = 0 


= (2a)? + (3b)? + (4c)? — (2a) (3b) - (3b) (4c) — (2a) (4c) = 0 


= ; {(2a — 3b)? + (3b ~ 4c)? + (4c ~2a)"} = 0 


= 2a — 3b = 0and 3b — 4c = 0 and 4c —-2a =0 


3b b 
=> svdtie = andes’ = jc Baga 
3 2 2 3 4 


b | 3b 
Then, a, 5, c are of the form = b, r , which are in HP. 


So, Statement-1 is false. 


Statement-2 If 
(a, - a2)? + (a, — a3)’ + (a3 - a,)* = 0 


=> a, ~ a2 = Oand a, — a, = Oanda, —a, =0 
=> Q; = a, = a3, V a), dp, a3 E R 
So, Statement-2 is true. 
89. -.: OT ee and H = aD 
2 a+b 
Given, 4G =5H vedi) 
and G? = AH 
2 
H= S , ..{ii) 
A 


90. 


91. 


From Egs. (i) and (ii), we get 
5G? 
4G = — 5 4A =5G 
A 
2(a + b) =5Vab 
4 (a? + b* + 2ab) = 25ab 
4a” —17ab + 4b? =0 
(a — 4b) (4a — b) =0 
a= 4b, 4a—b+#0 [*- a>b} 
.. Statement-1 is true. 


Yu uy 


Statement-2 is true only for two numbers, if numbers more 
than two, then this formula (AM) (HM) =(GM)’ is true, if 
numbers are in GP. 

Statement-2 is false for positive numbers. 

Statement-1 Sum of first 100 even natural numbers 


2 (100 x 101) 
2 


E,=2+4+...+200= = 10100 


Sum of 100 odd natural numbers = 1 + 3 +... + 199 
100 
O % rs (1 + 199) = 10000 


& E-O=100 
So, Statement-1 is true. 
Statement-2 Sum of first n natural even numbers 


2n(n+1)_ 2 
2 


E=2+4+..42n= no +n 


Sum of first n odd natural numbers 
O=14+3+...+ (2n-1) 
=F ht + 2n-1=n? 


So, E-O=n*+n-n’=n 


Statement-2 is true and correct explanation for Statement-1. 
Let T, = An+ B 
T, = Ap + B, 
T,, =2Ap + B,T,, =4Ap + B 
Tp» Top, Typ are in G P. 
(2Ap + B)* =(Ap + B) (4Ap + B) 


=> ABp = 0 
B=0,A#0,p#0 
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92. a#1,b#0anda#b 


Let S =(a + b) + (a? + ab +b”) +(a? + a2b + ab? + b*) +... 0 


terms 

oe, ((a? — b*) + (a2 — b*) + (a — b*) +....+ n terms] 

= Gap it at tm terms 
—b?(1+b+ 6? +... +n terms)] 

gf web =3) po 1O"=1) 

(@-b)|} = =(a@-1) (6-1) |. 

1 [ et-e)_ 2-6") 

(a-b)| (1a) (1-6) _ 


93. Sequence of natural number is divided into group. 
1,3, 5, 7, 9, 11,... 
..nth row contains n elements 
Ist element of nth row =n? ~(n —1) 
Least element of nth row = n? + (n —1) 
.. Sum of the element in the nth row 


=F lat l=" [n? —(n-1) +n? + (n-1)) 


2 


n 
=o [n-ne ttn? +n t]=> (an?) =n? 


M opal’ =) 


r-1 
6 ee oe 1) OU =) A ADs 
b=Sx, —Sp r=. ~1) a *=1) (r’) 
a5, -5, 22" =) _ ar -1) 
i (r -1) (r -1) 
a(r” 1) an n ee _ alr’ -1) 1) 
ers (7 4+ 7741-47" -1)= eon (r")? 


From Eqs. (i), (ii) and (iii), b* =ac, soa, b, care in GP. 


95. First four terms of an AP are a, 2a, b and (a — 6 — b). 


So, 2a-a=a-6-b-b 
=> a=a-—6-2b 

ad -2b=6>b=-3 
and 2a-a=b-2a 

= b=3a => a=-1 


.. First terms a =—-1landd =a=-1 
100 
male (ee + (100 — 1) d] 


=50[-2+99(-1)] 
= 50 (- 2-99) = 50 (- 101) = — 5050 
2 


rs | 1 
96. (J >+5t+5t..t oe 
1 3 
1 1 1 
ae gh ee ~too 
fit 28. 4 1 
Car ae er Ce 


..(i) 


...(iii) 


...i) 


a) 
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a 3mm 
6 4 6 4 6 8 
i. t.. 2 f1 1 
OM at gg totea- gt] 
2?\y? 2? 
2 Oud 
ae ae 
=— -- x —=— by part (i 
ha aaa [by part (i)] 
97. Lab, = La, (1 - a,)=na — La? 
=na - X(a,-a+a)’ 
=na — Z[(a, —a)* + a? + 2a (a, —a)] 
=na — X[(a, — a)? - La? — 2a(a, — a) 
*. Lab, + La, — a)? =na — na’ - 2a (na — na) 
ne xb, = 21 - Xa, 
=na(1—a)=nab “nb=n-na 
ora+b=1 
98. Q, + a2 +... + Gogg = 137 
98 
2 (a, + Qos) = 137 
137 
é, $054 0S 2a, + 97 = — 
49 49 
1 (137 -— 4753 
Sa ee ite geese 
49 2 49 
=~ 4816 2308 “) 
‘2x49 1 49 ™ 
Now, a, + ay +...+ dog =(@, + 1) + (@, +3) +...4+(@ ou 
d=1] 
= 49a, + (1+3+...+ 97) 
=- 49x a+ +97) 
49 
= — 2308 + 497 
= — 2308 + 2401 =93 
99. t, =1andt,-t,.,=2)"',r22 
to —t, =2 
ty —t, =2? 
ty-t;=2° 
te tay =2" 
Addiing columnwise, we get 
t—-h=24+2?+..427" 
t=14+24+27+...42"7! 
1-(2" —1) ft 
= ——- >> =2 -1 
hi = Ey 
n 
So, Dit = + ty +... +h =(2—1) + 2? -1)+...4 2-1) 
r=) 
2-(2" -1 
HQ 42+ 2) n=O) gaat! —2-n 
=2?"t!1_,~2 (2-1) 
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100.(i) I, == 2nx dx = [NAME = *) 4p 
sin x 0 sinx 
_ msin (2nm — anx) a. 
~ Jo sin x 
es ron 2nx ae 
® sinx 
I,=-1, => 21,=0 => I, =0 
I, =1,=1,=...=0 


which is a constant series. 
“. This series is AP with common difference 0 and first 


term o. 
2 
- Ksin* nx F 
(ii) I, = [ dx 
“0 sin? x 
sin? sin" nx 
Let f(x)= 
sin’ x 


Hence, f(m — x) = f(x) 


/2 sin? 
So, 1, =2[- rsesilbadaae™ 


0 sin? x 
Now, Jag. + In-1 — 21, 

=2""| { (sin? (n +1) x —sin?nx) 
| sin? x 

, (sin? (n - ee —sin *nx)| ay 

sin? x 
=2[™" sin (2n + 1) x sin x — sin (2n - 1) xsin x 
0 sin’ x 
9 p72 sin (2n + 1) x —sin (2n -1)x 


dx 


- dx 
0 sin x 
= pee 2 cos 2nx sin x x 
70 sin x 
2 
=4 rr cos 2nx dx =e ~ [sin 2nx]h” ==-0=0 
n 


we deg Hd ypny R28, oA I,, Iz,...are in A P. 
107. S=7+13+214+31+...+ 7, 
$= 7+13+21+... + 7,., +7, 


0=7+6+8+10+...+n terms — T, 


T, =7+6+8+10+...+ nterms 
T, =7 + {6+8410+...+(n —1) terms} 


a) Y) 12 +(n-2)2) 
Pe 1) 
2 


T, =7 + —— 


T, =7 + (8 + 2n) 


T, =7+(n-1)(4+2) 
Tyo =7 + 69X74 =7 + 5106 =5113 


n=l x # 
=F yw Ser ys 
nel n=) * n=l n=1* 


3 uu 
1-x 
a 


(1 - x") 
(’—x°) x®(Qj-x*)  (1-x) 
103. Let d be the common difference of AP. 
LHS = af - a? + a} ~a2 +...+ a3,_, - a3, 
(a, — az) (a, + ag) + (a3 — a4) (a3 + a4) 
+... + (Qa, 1 — Gan) (Gay —1 + dn) 
=—d (a, + a,+...+ Ay; + Gy) 
=—d [(a, + aa.) + (az + dg,-1) +... + (@, + On 41)) 
= — dn (a, + ay) 
(a? -a2,) —dn(a,” -a3,) 


ax(i- x") 30-%) 
x"(1 - x) 


n 
= (@ - a3) 


104. Let a, b, c (unequal number) are in HP 


P= 2ac 
atc 
= 2 24 ay] 
2 ate 
> b=2Nandac=A(a +c) i) 
Now, a”, b*, c? are in AP 
a 
So, piak t= =>2b* =a? +c? 
=> 2(2A)* =(a + c)* ~2ac 
=> (a + c)* -2A (a +c) -84" =0 
=> (a+c-4A)(a+c+2A)= 
= at+tc=4Aora+c=-2A 
CasellIfat+c=4A 
ac = 4)" [from Eq. (i)] 
= (a —c)* =(a + c)* — 4ac 
=> (a —c)* = 162? - 1622 
=> (a-c)?=0=>a=c 


Let given that a, b, c are distinct, so a + c = 4A is not valid. 
Casell Ifa+c=-2A 
= ac=—2)" {from Eq. (i)] 
(a -c)* =(a +c)? — 4ac 
=> (a—c)? =42? + 82? > (a—c) = + 2V3A (ii) 
If a-c=2/3A, (ii 
then atc=2A 
From Egg. (ii) and (iii), we get 
a =(V3 -1)Aandc =-(1 + V3)A 

a:b:c=(¥3 —1)A:2A:—(V3 + 1)A 

a:b:c =(¥3 -1):2:-(v3 +1) 
a a:b:c=(1—-3):—-2:(¥3 +1) 
If a-c=-2y3A, ..{i¥) 
then at+c=-2A ...(v) 
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From Eqs. (iv) and (v), we get 108.LHS =(1+5°')(1+57)(1 +57‘)... (1+5°") 
a=—(V3 + 1)Aandc =(v3 -1)A ( ‘)( 5) ‘ - 
= =/1+—-])/1+—5]|1+—]...}1+ — 
a:b:c=~(J3 +1)A:2A:(v3 -1)A L & 57 54 5? 
=  a:b:c=(1+ V3):-2:(1- V3) (1-4) 
105.4, a2, a,..., a, are in AP with a, = 0 and common difference d a > (1+2)(1+3)(1+ 2). :) 
a] (1-2) 5 ae 5 5 
a, =d, a; =2d,...,a, =(n-1)d , ’ 
_§ 1 1 1 1 
eee ft) Hfeedeeadea)-oa] 
@ 43 a ay -} a 4, Gp -2 | : : 
1 -174 + 
ea) G, =e SS as ieee arias? ') =RHS 
a, a; a, 2 Gn 4 s2"*' ) 4 
1 ((n-2)d-—d] (n-1)d « 
=— (2d - d)+— 3d —d)+... + —————_- + ————_ 
7a! ) 7° ) (n-3)d (n -—2)d 109.s=) (a >1) 
azoa +1 
soe tecscis-macets n on 
n—- S.= > 
= = = + 
=(n-3)4 D cape © 2)+1 n=0a 1 
n=2 (n - 2) ee ae ee 
=(n-3)+1+ ee eee aol al ee a Hl a? +1 
n-2 n-2 ee a ee ee 2 
_a(n-2)d | dwn, = RHS lta 1+a? 1444 14a — 4442" 
d (n=2)d yy : i ar oy ee re re 
106. Let one side of equilateral triangle contains n balls. Then 1-a 1l-a} lta 14a* 144% ~~ 44 Q" 
+1 
Number of balls (initially) =1+2+3+...+ n-ne) 1 wf m i), 2 4 4 £8 ai 
“a-1 \i-a 1t+a) 14+@ 1+a4 2" 
According to the question, BMF) . 669 a8)? \ ; 5 i Pa ing 
1 
= n? + n+ 1338 =2n? —32n + 128 rw eras rec ey are 
=> n’ —33n —1210 =0 , : : 
> (n-55)(n + 22)=0 => n=550rn=—22 ee 1 + ‘Si 
which is not possible oe 
‘ n=55 1 ee 
n(n+1) 55x56 =: at ii ah es 
op ag eee Sa | =| 
107. 6, 6, @;, wee 6, are in AP. . 
gntl 
So, @, - 6, =0,-6, =...=8, -6., =d f = lim 1 fie ot = l igh ae os 
.. LHS = sin d [sec 6, sec 6, + sec 8, sec 0; + . ia a a y| 4 Bk oma 
+ sec 6, _,sec 8, ] K a’ 
. 1 1 gn-1 gu 
= sin d | —————_ + —____—_ | en | | oe 
cos 8, cos, cos 8, cos 0; 110, T= tan oa | 
1 A n-1 
+ ———_——_ esos | 2° =2 =~ tan “lo” — eanmign-l 
sant = tan (2m 20 ~ fan “2 
2 Sind =, _ sind = 5 4 __ sind Sy =T, + Ty +. + Th 
cos 8, cos @, cos @, cos 8; cos 4,_; cos 8, =(tan7!2! — tan7'2°) +(tan7!2? = tan7!2!) +... 
~ sin(®,-6) , sin(®;-@,) | , in (6, ~ &-1) + (tan“?2" - tan7!2"7) 
~ 08 6)c08 a, cos@,cos@, cos 6, cos 4, =(tan7'2" - tan™'1) 
=(tan 6, — tan 0,) + (tan 6, — tan @,) §, = tan™!2" -— 
+... + (tan 6, — tan 6, _,) 
= tan 6, — tan 6, = RHS $= lim S, = tin (tan-t2" - 5 )= 2-4-5 
aaa no 4 2 4 4 
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111. T, =tan (a + (n — 1) B} tan(a + nf) 
tan B = tan [(a + nB) — {a + (n — 1)B}] 
ties = tan (a + nB) — tan (a + (n — 1) B}) 
1 + tan (a + nB) tan {a + (n — 1)B}] 
“1+ T, = cot B [tan (a + nB) - tan {a + (n — 1) B}) 
T, = cot B [tan (a + nB) — tan {a + (n —1)B}] -1 


For n=1, 

T, = cot B [tan(a + B) - tan a] —-1 
For n=2, 

T, = cot B [tan (a + 28) — tan(a + B)]-1 
For n=3, , 


T; = cot B [tan (a + 3B) — tan (a + 2B)] -1 


For n=n, 
T, = cot B [tan (@ + nB) — tan(a + (n —1)B}] -1 
Sum columnwise, 
Sn = Ty + Tz + T3+...+T, = cot B [tan (a + nB)- tan a]—n 
sin(a+nB) | sina sin (a + nB ~ a) 
_cos(at+nB) cosa  _ cosacos(a+ nf) | 


tan B taniB 
-_sinnB 
~ cos (a + nB) cos o n tan B 
tan B 
112.5, = 5.7, = tetera erd) 
r=1 ; 
— r(r+1)(r+2)(r+3) (r-1)r(r+1)(r +2) 
= 
7 2 
te eS ls 


Mr+ij(r+2) rAr+1)(r+2) \r(r+1) (r+1)(r +2) 


T, 
a? aoe 1 1 
pap? atria 


-[! 1 (2 1) 
(6 2) 
1 1 1 n(n+3) 

2 n+2 n+1 2(n + 1)(n + 2) 

113. Let d,, d,and d, be the common differences of the 3 arithmetic 


progressions. 
=F laxa+ (nid). Vi=1,23 
n 
= 5 last) da 
a 2S, - 
=> 5, =n + a(n ED 4 a Pe els 
2 n(n —-1) 
Given that d,, d,, d, are in HP. 
iL. i. stein 
d, d, ds 


114. Let their ages be a, ar, ar’. 


2a gl 
d, d, dy 
> ce a 
2(S,-n) 2(S,—n) 2 (S; —n) 
n(n-1)  n(n-1) ~~ n(n-1) 
2 1 1 
=> — + 
Ss-n S-n S3-n 
i 2 = 53 +5, -2n 


S,-n (S,—n)(S,—n) 

=>2 [S,S; —(S, + S3) n + n?]=(S, —n) (S, + Sy - 2n) 
=> 25,5, — 25, + S3) n+ 2n? 

= $,S, + S253 — nS, —n(S, + $3) + 2n? 

= 25,83 - S253 - SS, =n (S, + S; - 28,) 

_ (2553 — 5253 - S152) 


(S, — 2S, + S3) 
2 


=> 


After 3 yr, their ages will be a + 3, ar + 3, ar? + 3. 

Given, 2 (a + 3) = ar? +3 ..{i) 
Let x rupees be the sum of the money divided. 

And let y =a + ar + ar’ (ii) 
Then, y +9 =a+3 + (ar + 3) + (ar’ + 3) 

x(a+3)_ xa 


We have, +105 
(y + 9) 
- (223-2) 210 (i) 
y+9 y) 
Also, os fla se 15 
y+9) y 
= |= ce =| 48 fi) 
yt? y P 


On dividing Eq. (iii) by Eq. (iv), we get 
y(a+3)-a(y +9) ae =, 38 =7 


y (ar +3) —ar(y +9) _ y —3ar 
=> 6y =2lar-3a => yor 
From Eq. (ii), 
ON A edged ar? 

= Sar =3a + 2ar’ w{¥) 
From Eqs. (i) and (ii), 

a=12,r= 2 

2 


s \2 
Let ages of these friends are 12, 12 x : 12 x C} i.e. 12, 18, 27. 


1 
115. al =—— andz= i 
y aa 1-b l-c 
Since, a, Sess in AP. 
= 1 -a,1-—6,1-—c are also in AP. 
=> 2 : are in HP. 


l-a1-b 1-c 


“.X,y, Z are in HP. 
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116... B,=1-A,>A,= A, < 


4 3)". 1 
Now, A, = 3 <- => (-2) >-- 
‘cae 2 4 6 
4 
Obviously, it is true for all even values of n. 
3 1 
But for n=1,--—<-- 
4 6 
) 
n=3(-2] ee ae ee 
4) 
( sy 243 1 
n=5,{-—| =-—~>-- 
4 1024 6 


which is true forn =7 obviously, no =7 
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™,! (teeny ats 1) (2n + 1), een) 
2 2 6 2 
== n(n+1)Gn? + n+2) 

Gi) Ven Ve =(r+ 1) PS fr +P -P7] 4+) 


=3r? +ar+1 
T, =3r? + 2r-1 
=(r + 1)(37 —1), which is a composite number. 


(iii) Since, T, =3r? + 2r-1 
To, =3(r +1) +2(r+1)-1 
Q =7,.,— 7, =3(2r + 1] + 2[1] 
=> Q, =6r+5 
= Q4,=Ar+1)+5 


Common difference =Q.,, -Q =6 


Aliter B,=1-A,> a 
An An rn 120. (i) A; je Oe. =vab; A, = Ze 
f -(- 4 | 2 a+b 
4, 4 ay F Hye ——— 2As oa 
| Pe - a" 3 4 1 (-2] sad fe Gs aan, ae 
| iar ar 7a 2 Aya t Hy 
Bret ae 4 Clearly, G, =G, =G,=...= Jab 
viously, it is true for - even — of n. di) Ay isAM OPA, and ff and A Sah, 
But for ae ows ’ => A, > A, > H, 
3 3 27 1 A; is AM of A, and H, and A; > H, 
n=3,(-2] ag => A, > A; > H, 
i ; A, > Az > Ay >... 
n=s(-3} i gi (iii) As above A, > Hy > Hy, Ay > Hy > Hy 
‘ ia : H, < H, < H3<... 
and for re ee (- ;) __ 2187 | 1 121. Let geometric progression is a, ar, OF was [a,r > 0] 
4 12288 «6 ; 
a=ar+ar 
Hence, minimum natural number ny = 7. Z -14 V5 
p => retr-1=0 >r= 
=(2a,+(p-1)d}] 2 7 
Lanne? _5-1 
F(a +(q-1)d] 9 : 
2 p-l 122. b, =a,, b, =b, + a, =a, + a2, by = b, + ay =a, + a, + ay 
-, 2% +(p-1)d _p a+ 2 je, and b, = bs + ay =a, + a, + a3 + Oy 
2a, +(q-1)d q q-1 “q Hence, b,, b2, b;, b, are neither in AP nor in GP and nor in HP 
‘ + 2 )q 123. Let a, ar, ar’,... 
a, as 11 3 
For —,p=llandg=41 => —=— atar=12 axi{i) 
ss a 41 and ar” + ar’ = 48 ..-(ii) 
Pe ee = [say] On dividing Eq. (ii) by Eq. (i), we get 
a 4 G3; a Gy, An -| 2 : 
; a, r°=4,ifr#—-1 
-a a,-a a= 
Then, aa, = u apn; ==, » Ay 14, = . r=-2 
: a; — dy (. terms are alternatively positive and negative] 
QQ, + a Se 
aa, a,Q, + + Q,_ 1, d Now, from Eq. (i), a=-12 
1 - ae ba aed 
Ce ee ee he ee TS = (n= 1) a4 124... S, =en 
Q 


n 1 
“QQ, + Q283 +...+ @,_14, =(n ~ 1) a4, 


119.(i) Vi= ; [ar + (r-1)(2r-1)]= ster? ee, 


Dy “if: gg S, 


ral r=] r=) 


ty =S_-Sy-1=¢(2n 1) 

Lt? = c? Z(an - 1) 
=c?¥(4n? - 4n + 1)=c7{4En? -42n+ 21} 
=| BOs ners 1) 4n(n +1) +a 
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2 | 
= ein} 2 (an? + 3n+ 1) 20-24 1S 


J 


SS pee ihn n(4n? —1) c? 
3 


2°33 3! 
1 1 2 6 10 
Ao-S= -+te+¢—4+— 
3 a. a 3s SF 
On subtracting Eq. (ii) from Eq. (i), we get 
a 
- ae ae ae 3 
1 1 
ai [3+ = J=-—+4 
3 3 33 3 3 | 
§=3 
k-1 


126.5, 


127.% 


“Y-r jl k OHT 
k 
100 
Now, 5 \(k? —3k + 1) Sel = DY (RE — 3k + 1) 
k=2 k=2 
25 (kK-1)__k 
X,| (k -2) ~ (k=1)! 
1 2 3 ale ut 
=|—=-—|+|/—-—/|+ 
o! 1! {! 2 
(2 ‘) (? | : ‘) 
=|—-—|/+]/—-—]+]}/—-- 
1! oO! 1! 2! 2! 3! 
Z 
_3_ 100 _, _ (100) 
99! 100! 
., (100)? 100 5 
+ k* —3k +1) 
ia 2 I ) S| = 
B_»zt+a& 
Q, = 20,5 ~~ 2 OTA, aa ae 


=> 


=> 


t 


2 2 
atat+aet...+a) 


e.- fF. 1 


Q;, Qo, Ay, ...are in AP. 


11 kel 


y (a, + (i - 1) d)? =11 x90 


sali) 
..-(ii) 


1 
=90 => y ay =11X90 


il 
SY. {ay + 2ajd (i - 1) + d? (i -1)’} =11 x90 


kel 
11 Xa? + 2a,d(0+14+2+3+...+ 10) 


+d? (0? +17 427 +... 


+ 10°) =11 x90 


‘41 10-11-21 
11x 15? raxisxd (22), gO) 


=11x90 
385d° + 1650d + 1485 =0 


7d? +30d + 27=0 


[-: a =15] 


= (7d +9) (d +3) = 
d=-3d¥—- [-- 27 ~ 2a, > 


@, +a, +ast+...+ 0, _ > {2a, + (11-1) d} 
11 ' 11 

=a, +5d=15-15=0 

728. Till 10th minute, number of counted notes = 1500 


3000 = aaa 2}=n (148 —n + 1) 


> n? — 149n + 3000 = 0 

=> (n — 125) (n — 24) =0 

: n= 125, 24 
n = 125 is not possible. 
n=24 


.. Total time = 10 + 24 = 34 min 
129.-: AM>GM 


a8 tee GO ag” Sieg 2g 


ata 
> (a7 Sa7 4 a7 3g7 Ban 3-1-8 g!)8 = (1451 
aon 45a "S140 4o" 


° => oo 
8 


a> +a-443a7 2 +14 a°+ a 28 
=> Required minimum value = 8 
130. Let the time taken to save 11040 be (n + 3) months. 
For first 3 months, he saves % 200 each month. 
. In (n + 3) month, 


3 x 200 + = [2 (240) + (n - 1) x 40] =11040 


600 + : (40 (12 + n —1)] =11040 


600 + 20n (n + 11) = 11040 
n? + 11n ~522 =0 
(n — 18) (n + 29) =0 
. = 18, neglecting n = — 29 
. Total time =n + 3 = 21 months 
131. Given, Az + dy + dg +... + Ayo =O ofl) 


rh ae | 


and Q, + 3 +as5 +... + Aigo =P .(y) 
On subtracting Eq. (ii) from Eq. (i), we get 
(a, — a,) + (a4 ~ ay) + (ag —@5) + ...+ 
(2299 — 99) = a -B 


=> d+tdt+dt..td=a-B => 100d=a-f 
qd = (278) 
100 
132. +. a), a2, a3, ...are in HP. 
] 
ee oe 
@ @2 a 
Let D be the common difference of this AP, then 
2 2F sbi ip 
ay 
Ji 
19 25 X19 


wWWW.JEEBOOKS.IN 


] 


4(n—1)_(95-4n+4) 
25 x19 25 x19 


[. a, < 0] 


= 99-4n<0 = n>2475 
Hence, the least positive integer is n = 25. 
133... (1) =(1 - 0) (17 +1-0+ 07) =1° -0° 
(1+2+4 4) =(2-1)(2? 42-1417) =2?-13 
(4+ 6+ 9)=(3 - 2)(3? +3-2 +27) = 3? - 23 


(361 + 380 + 400) = (20 — 19) (207 + 20-19 +197) =20° — 19° 
Required sum : 


=(P-0°)+@-1)+@ 


Also, De te ne =S{k- (k —1)} {k? + K(k - 1) + (k -1)7} 


k=1 


3° —23)+...+ (20? - 19°) = 20° = 8000 


= S'Gk? -3k +1) =3 En? -3En + 21 


k=l 
3n(n + 
7 n(n Wea Bee 5 j 


n 
= 5 Gn’ + 3n+1-3n-342)=n° 


Both statements are correct and Statement-2 is the correct 
explanation of Statement-1. 
134. Let a be the first term and d be the common difference. Then, 
100 Tigo = 50 Te 
=> 100 (a + 99d) = 50 (a + 49d) 


=> 2(a+99d)=(a+ 49d) => a+149d=0 
; Tso = 0 
135.7 x, y,z are in AP. 
Letx=y-d,z=y+d (i) 
Also, given tan™’ x, tan™! y, tan”! z are in AP. 
2tan”' y=tan™' x + tan”! z 
=> tan™’ ay = tan”! x+2) 
1-y?, t= xz) 
= ae 
l-y? I-xz  1-y’ 1-(y’-d’*) 
=> y? me y? ~d? {from Eq. (i)] 
d=0 
From Ea (i), x=yandz=y 
xays 
Aliter 
. x, y, z are in AP. (i) 
Z ay=x+z »-{ii) 
Also, tan™' x, tan™! » Eira z are in AP 


(from Eq. (ii)] 
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”.X, y, Z are in GP. ...( iii) 
From Eqs. (i) and (ii) x, y, z are in AP and also in GP, then 
x=y =z. 


136.5 = 0.7 +0.77 +0.777 +... upto 20 terms 


= (0.9 + 0.99 + 0.999 +... upto 20 terms) 
=: [(1 — 0.1) + (1 — 0.01) + (1-0.001)+ ... upto 20 terms] 


7 
a [1 +1+1+... upto 20 times) 


L. ta ‘ 
(i a oe ts _-upto 20 terms 
\10 10? 10° : 
al) 
4 10{ 10 7] woke 
9 asthe 9} 9 
10 
7 - 20 
= — (179 + 10 
a ) 
137. §, =-1°7 -2? +37 + 47-5? -6° +77 +387 - 


+ (4n —1)? + (4n)? 
= (3? - 17) + (4? - 27) + (7? — 5”) + (8? -6") +... 
+ [{(4n - 1)? ~(4n — 3)} + {(4n)? - (4n - 2)"}] 
=4(2+3+6+7+10+11+...+(4n—2) + (4n-1)] 


=8{((11+345+...+(2n-1)}+4(34+74+11 


+...¢(4n-1 
=16n + 4n=4n(4n+1),nEN ( } 


Satisfied by (a) and (d), where n = 8, 9, respectively. 
138. Let two consecutive numbers are k and k + 1 such that 
1sk<n-—1,then 


(1+2+3+...¢n)-—(k+k +1) =1224 
2 
+ +n—2450 
sity au Dek + 1) = 1224 or k= PEED 
2 
+ n—2450 
Now, 1s sn-t => 49<n<5l 
n=50 = k=25 
Hence, k -20 =25 -20=5 


139. The given series can be written as 


8 9 
peis2(H)es(H)+ ..+9{ 4) +10( 4) Ai) 
10 10 10 10 


On multiplying both sides (2 7 then 


3 10 
ik -(4) + 2(Hy rs 3(4) ck (Hy + fH) (ii) 
10 \10 10 10 10 10) — 
Now, on subtracting Eq. (ii) from Eq. (i), then 


pg 3) {BY x, 4 (1) aye) 


10 wa) \10) (ao) \10/ 


10 times 
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(1 10 
=> b= so0-{( -1t + 00(#) = 100 


ao) 


140. Let a, ar, ar’ are in GP. *: GP is increasing. 


r>1 


New numbers a, Zar, ar’ are in AP. 
2 


4ar=atar? = r?—4r+1=0 
4t /(16 -—4 
Hence, r =e = +3 [or>] 
b 
141. Let = Ser 
a b 
b=ar,c=ar" 
+b+ b 
Given, ela Sap42 > 14h4£=3(2) 48 
3 a a a 
2 6 
> l+trtro=3r+— 
a 
Now, for a =6, only we get r = 0, 2 [rational] 
So, r=2 
= (a,b,c) =(6, 12, 24) 
ar tai 14 2646-14 
at+l1 6+1 2 
(nee) 
a ee 3 2 
+2°>¢3° +...4+ +1 
$42: Fig PO ee og ho ge 
14345+...¢(2n—-1) a(1+2n-1) 4 
2 


=< (0? + 2n+1) 


n(n+1)(2n+1) ‘ 2n(n + 1) +] 
6 a 


L&= Z (in?+ 2En+ 21)= ka 
4 4 


Sy =~ [285 + 90 + 9] =96 


143. Given, m = a =>1+n=2m ali) 
and I, G,, G2, G;, n are in GP. 
ig Se Se 
Il GQ &@ G, 
=> GG, =n, Gf =1G,, G = GG, Gf =nG, i) 


Now, G! + 2G3 +G; =?Gi+ 2G; + n’Gs 
= G; (I? + 2Gz +n’) 
= G,G, (I? + 2G,G, + n’) [from Eq. (ii)] 
=In (I? +2In+n’) 
= In (I +n)? = In (2m)? 


144. Let first term = a and common difference = d 
sum ofseventerms _ 6 


[from Eq. (ii)] 


[from Eq. (ii)] 
(from Eq. (i)] = 4lm?n 


sum ofeleventerms 11 


7 
—(a, + a7) — (2a + 6d) 
Giasy » = (2a + 10d) 1 


or a=9d and 130 <a, <140 
=> 130 <a, + 6d <140 = 130 <15d <140 


Bo <d <9 = d=9 (a, d € N) 


145.-- a+d,a+ 4d,a + 8d are in GP(d #0) 
(a + 4d)? =(a + d)(a + 8d) 


=> a =8d 
“. Common aioe tt eo bios (a = 8d) 
at+d 8d+d 3 
Aliter 
Let the GP be a, ar, ar’ and terms of AP and A + d, A + 4d, 
A + 8d, then 
paar nar _(A+8d)-(A+ 4d) _4 
(A+ 4d)-(A+d) 3 


SFT BT) 


1 
= ase Ps 4 1) 


ar-@a 


-5 (HG) Cr) _,) 


25 | 6 
ae x505 = 26 x 101 ae m (given) 
25 5 5 
“m=101 
147. -. log, by, log, ba, log, bs, ..., log, bp; are in AP. 


=> b, bo, b3, ..., bg, are in GP with common ratio 2. 

(." common difference = log,2) 
Also, @;, 22, 23, ... Qo, are in AP. 
where, a, = b, and as, = bs, 


.". bp, bs, ..., Bsq are GM’s and Gp, a3, ...., sq are AM’s between b, 


and be). 
GM < AM 
=> by <p, bs <Q3,..., dgq < Aso 
Bb, + by + by +... + bs, <a, + ay + a3 +... + as; 
=> t<s . 


Also, @;, a2, 23, ..., Qo, are in AP and b,, bz, bs, .... By, are in GP. 
a, =b, and as, = bs, 
“ Dror > 240} 
148. (15a)* + (3b)? + (5c)* — 45ab — 15bc ~ 75ac = 0 
3 ; {(15a — 3b)? + (3b — 5c)? + (Sc ~ 15a)"} = 0 


= (15a —3b)* + (8b —5c)* + (5¢ — 15a)’ = 0 
or 15a — 3b = 0,3b —5c = 0, 5c —15a =0 
ey b =5a,c =3a 

=> 5a, 3a, a are in AP ie. b, c,a are in AP. 
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The technique of logarithms was introduced by John Napier (1550-1617). The logarithm is a form of indices which is 
used to simplify the algebraic calculations. The operations of multiplication, division of a very large number becomes 
quite easy and get converted into simple operations of addition and subtraction, respectively. The results obtained are 


correct upto some decimal places. 


Session 1 


Ce ER STE TT ET Re ee Eee etd ee 


eB 6:8 SE Oar = pari 


Definition, Characteristic and Mantissa 


Definition 
The logarithm of any positive number, whose base is a 
number (> 0) different from 1, is the index or the power to 


which the base must be raised in order to obtain the given 
number. 


ie. if a* = b (where a >0, #1), then x is called the 
logarithm of b to the base a and we write log, b =x, 
clearly b >0. Thus, log, b= x 9 a* =b,a>0,a#1and 
b>0. 
Ifa=10, then we write log b rather than log, b. If a =e, 
we write In b rather than log, b. Here, ‘e’ is called as 
Napier’s base and has numerical value equal to 2.7182. 
Also, log, e is known as Napierian constant. 
i.e. log yo e = 0.4343 

In b = 2.303 log jo b 


since = log i) b X log, 10= x logy b 


log io € 


= TO log 19 6 =2303 log jo | 
Remember 
(i) log 2 = logy 2 =03010 

(ii) log 3= log 193 = 0.4771 

(iii) In 2= 2.303log2= 0.693 

(iv) In 10 = 2.303 
Corollary I From the definition of the logarithm of the 
number b to the base a, we have an identity 

qi8ab —b g>0,a#1andb>0 


which is known as the Fundamental Logarithmic 
Identity. 


Corollary II The function defined by 
f(x) =log, x,a>0,a#1is called logarithmic function. Its 
domain is (0, e) and range is R (set of all real numbers). 


Corollary II] a* >0,VxER 


(i) Ifa >1, then a* is monotonically increasing. 


222 alll 
3 


For example, 5 2755 al >3 


(ii) If0 <a <1, then a* is monotonically decreasing. 


(1 2.7 j 2.5 ' Kis 
1) <(2| Or) 207) 


For example, [ 


Corollary IV 
(i) Ifa>1,thena”~ =0 
log, 0 =—- (if a >1) 
(ii) If0 <<a <1,thena™ =0 
log, 0=+(if0 <a <1) 
Corollary V (i) log, b> =, ifa>1,b 40 
(ii) log, b> --9, if0<a<1,b4& 


Remark 
1. ‘log’ is the abbreviation of the word ‘logarithm’. 
2. Common logarithm (Brigg's logarithms) The base is 10. 
3. Ifx <0,a>0 and a# 1, then log, x is an imaginary. 
+ve, x>I1 
0, r=] 
j-ve, O<x<t 


4. Ifa>1, log,x =. 


im O<x<l 

And if0 <a<1log,x=+ 0, y=] 

6 x>'1 

5. log,1=0(a>0, a# 1) 
log,a=1(a>0,a# 1) and log (1,4@=-1(a>0,a#1) 
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_[ Example 1. Find the value of the following : 
(i) log, 27 (ii) log, 5 324 

(i) log, (27/3) (iv) log.s4.2yg)6 — 26) 
(v) log, » 0.008 (vi) 27°84 5 


2 rs|t+t+ts..| . 
(i) (0.4) 153° (vil) (0.05)°8¥75(09) 
Sol, (i) Let x = log,27 
=> 9* =27 => 32% = 3? = 2x =3 

3 

x= 

2 

(ii) Let x = log, 5324 


=> (3V2)* =324 =2?-34 =» (3/2)* = (32)! 
x=4 
(iii) Let be log, )9(27V3) 
iy 
= G =27V3 => 32% =37? = -2x=7/2 


7 
x=--— 
4 
(iv) - (5 + 26) (5 - 2V6) =1 
or 5+ 2V6 = 
5 —2v6 


Now, let x = log... 2 g\(5 - 26) 


(i) 


= logis -~ 246) 2v6 = -1 [from Eq. (i)] 
(v) Let x = logy. 0.008 
=> (0.2) =0.008 => (0.2)" = (0.2) > x =3 


(vi) Let x= 9? log, Si 4°84 Be. 5 


~log2.5 tetete. 
(vii) Let x =(0.4) 33° 3 
2 
, . \-loga.5 | \-s2.(+) \oes/a{ 4} 
-(4] 1-4 -(2 2J_(5\ "2/1 
\10 at US | 2) 2 
(viii) Let x = (0.05)'°825 3) — (9 95)!28v20 4) (i) 
where, A = 0.3 
Then, A = 0.33333 ... ...(ii) 
=> 10A = 3.33333... ...(iii) 


On subtracting Eq. (ii) from Eq. (iii), we get 
(W=35 A= 
3 


ny 
log /20| — | 
Now, from Eq. (i), x = (0.05) ail3) 


= 1 
7 ( 1 i : ( 1 wal 
\20 20 


= 29° log20 3) = 99/0820 3? _ 37 _ 9 
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| Example 2. Find the value of the following: 
(i) log tan gsecot30° (ii) lOB sec? é6*«ten?60% 
(iii) OF es iapencas? aa | (iv) log so 1 
Sol. (i) Here, base = tan45°= 1 tan 
. log is not defined. 
(ii) Here, base = sec’60° — tan?60° = 1 


cos60° 


. log is not defined. 

(iii) 1OB ain? eee wor)! = log,1#1 
‘’ Here, base = 1 
. log is not defined. 

(iv) logy91=0 


Characteristic and Mantissa 


The integral part of a logarithm is called the 
characteristic and the fractional part (decimal part) is 
called mantissa. 


ie., log N =Integer + Fractional or decimal part (+ve) 


J L 


Characteristic | Mantissa 
The mantissa of log of a number is always kept positive. 


i.e., if log564= 2.751279, then 2 is the characteristic and 
0.751279 is the mantissa of the given number 564. 


And if log 0.00895 =— 2.0481769 
= —2 — 00481769 
=(~—2 — 1) +(1—0.0481769) 
=—-3 + 0.9518231 
Hence, —3 is the characteristic and 0.9518231 
(not 0.0481769) is mantissa of log 0.00895. 
In short, —3+ 0.9518231 is written as 39518231. 


’ Remark 


1. If N > 1, the characteristic of log NV will be one less than the 
number of digits in the integral part of N. 


For example, \f log 23558 = 2.3723227 
Here, N = 23568 
.. Number of digits in the integral part of N = 3 
= Characteristic of log 23568 = N-1=3-1=2 

2. If0 <N <1, the characteristic of log N is negative and 
numerically it is one greater than the number of zeroes 
immediately after the decimal part in N. 

"For example, \flog0.0000279 = 54456042 
Here, four zeroes immediately after the decimal point in the 
number 0.0000279 is (4 + 1), i.e. 5. 

3. If the characteristics of logN be n, then number of digits in N 
is(n + 1) (Here, N > 1). 

4. If the characteristics of log N be -n, then there exists (n - 1) 
number of zeroes after decimal part of N (here,0 < N <1). 
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| Example 3. If log 2= 0.301 and log 3= 0.477, find the 
number of digits in 67°. 
Sol. Let P =6” =(2 x3)” 
log P = 20 log(2 x 3) = 20{log2 + log3} 
= 20 {0.301 + 0.477} 
= 20X 0.778 = 15.560 


Since, the characteristic of log P is 15, therefore the number 
of digits in P will be 15 + 1, i.e. 16. 


| Example 4. Find the number of zeroes between the 
decimal point and first significant digit of (0.036)"°, 


where log 2 = 0.301 and log 3 =0.477. 


Sol. Let P = (0.036)'° = log P = 16log (0.036) 


= 16] (se. 4 
oP |= 16 1000 


= 16{log2” + log3” — log10°} 
= 16{2log2 + 2log3 — 3} 

= 16 {2x 0.301+ 2x 0.477— 3} 
= 16 {1.556— 3} = 24.896 - 48 © 
=-48+ 24+ 0.896 

=-24 + 0,896 = 24 + 0.896 


.. The required number of zeroes = 24— 1= 23. 


Exercise for Session 1 


1. The value of log, 3 1728 is 


(a) 6 (b) 8 
(c) 3 (d)5 
2. The value of log, ¢_3/7)(8 + 3V7) is 
(a) -2 (b) -1 
(c) 0 (d) Not defined 
ae 
was 2 ++...) 
3. The value of (0.16) |? 3 is 
(a) 2 (b) 4 
. (c)6 (d) 8 
4. \flog2 = 0.301 the number of integers in the expansion of 4’ is 
(a) 9 (b) 11 
(c) 13 (d) 15 
5. flog 2= 0.3014 then the number of zeroes between the decimal point and the first significant figure of 2 is 
(a)9 (b) 10 
(c) 11 (d) 12 
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Session 2 a 
Principle Properties of Logarithm 


Principle Properties ee ee 
of Logarithm Since, domain of log,(x”) is R ~ {0} and domain of 


log, x is (0, °°) are not same. 


Let mand n be arbitrary positive numbers, fs 
ney (viii) a'8* = Ja, ifb =a",a>0,b>0,b#1 


a>0,a#1,b>0,b#1and a, be any real numbers, then 
(i) log, (mn) =log, m+log,n (ix) q'°8b? = q?, ifb=Va,a>0,b>0,b#1 


HU Benicia, Popa ays ce Aia AOE 4 | Example 5. Solve the equation 3. x85? 4 21085 — Gy. 


+ log, x2 tlog, x3 +... tlog, x 


Sol.» 3+'85? 4 2!°85* = 64 
(where, X;,%2,X3)-+..X,_ >0) 
Or =>  3-2!08s* 4 gloss* — 64 [by extra property (i)] 
n \ on > 4 -2h85* — 64 
eee mi = 2,108. x;,Vx;>0 loss * = 42 a9! 
where, i = 1, 2, 3,...,7. & log, x = 4 
—ste 
(ii) log, [| =log,m-log,n io ony nee 
= | Example 6. 1f 4864 +9!839 = 10%*® find x. 
(iii) log, m* =a log, m e- 
‘ a Sol. -. qieeiss — /4 =2 [by extra property (ix)] 
(iv) log 5 m= 8 log, m (v) log, m= ip and g's3° — 9? = 81 [by extra property (viii)] 
, qlesie4 4 91839 2 24+81=83= 10% 
Remark > log, 83 = log, 83 
1. log,a-log,b=1 © lla 5 x=10 
09a 
2, logy a-loge b-loggc = 1 | Example 7. Prove that ave — hve? = 9, 
3. log, x-log, y:log,2z =log, x aan — ee 
j PY / - y:!004 Qa ooh ss av oe b) qv!bab x Jlog, b x Jlogs a 
os qitba b-,/ (log, a) 
Extra Properties of Logarithm a fipetiarpeapeny Gill 
(i) a'°86* = 869 p41 ab xare positive numbers. Hence, a¥@#®) _ py (logs) _ 9 


sy logg x - 
(ii) a x,a>0,a#1,x>0 log, 24 _ log 192 | 


™ 1 | Example 8. Prove that —-— 
(iii) log x= bog, x, a>0,a#1,x>0 loggg2  logyz2 


log,24 log, 192 


‘ k = 
(iv) log, x* =2klog,|x|, a>0,a#1,keI Sol. LHS logse2 _logyn2 
(v) log 2 x=— logig x, x>0,a>0,a#+landke I~ {0} = logs 24 x log, 96 — log, 192 x log, 12 
7 2k 
g Now, let 12 = A, then 
(vi) log x? =P log, x, x>0,a>0,a#1,0 40 LHS = log, 2A x log, 8A — log, 16A x log, A 
a 
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= (log, 2 + log, A) (log. 8 + log, A) | Example 9. Solve for a, A, if 
— (log, 16 + log, A)log, A log, a-log; A-log, 25=2. 
= (log, 2 + log. A) (log, 2° 4 logs i) Sol. Here, A>0,A #1 
~ (log, 24 + log, A)log, A We have, log, a- {logs A- log, 25} = 2 
= (1+ log, A) (3log, 2 + log, A) a (log, a){logs pe = 
—(4log,2 + log, A)log,A = (log, a){logs 5°} =2 
=(1+ log, A)(3 + log. A) — log, A(4 + log2A) = (log,, a) {2logs 5} = 2 
=3 = (log, a){2} =2 
= RHS i, log,(a)=lora=A 
Exercise for Session 2 
1 Ifa =logo4 12,b =logyg 36 andc =log3_ 24, 1+ abc is equal to 
(a) 2ab (b) 2bc (c) 2ca (d) ba + bc 
2 The value of logy[log, {log2(log3 81)}] is equal to 
(a) -1 (b) 0 (c) 1 (d) 2 
3 logdog2 (yy...WV2 )is equal to 
n times ; 
(a) 0 (b) 1 (c)n (d)-n 
4 Ifa =l0g35,b =log,725, which one of the following is correct? 
(aja<b (b)a=b (c)a>b (d) None of these 
5 The value of logy 75 logo J 2/(0.125) is equal to 
(a) -1 (b) 0 {c) 1 (d) None of these 


WWW.JEEBOOKS.IN 


Session 3 


Ooms 
eaten et een ee Oe rem = 


Properties of Monotonocity of Logarithm, 
Graphs of Logarithmic Functions 


eal eS ened 


Properties of Monotonocity Graphs of Logarithmic 
of Logarithm Functions 


1. Graph of y= log, x, ifa>1andx>0 


1. Constant Base 
[x>y>0,ifa>1 


(i) log, x >log, y+ 
ai lo<x<y,if 0<a<1 

Tie sees 

|x >y>0,if0<a<1 


Pp . 
Hie xoe x>a?,ifa>l 
l0<x <a?’,if0<a<1 


lo<x<a?,ifa>1 


(iv) log, x< po: (1, 0) 
; |x >a?, if 0<a<l i—— ‘ 
2. Variable Base Y 
(i) log, a is defined, ifa >0,x >0,x #1 Remark 
. 4. If the number x and the base ‘a’ are on the same side of the 
(ii) Ifa >1, then log, a is monotonically decreasing in unity, then the logarithm is positive. 
(0, 1) U (1, ©). Case ly =log,x.a>1x>1 Case ll y= log,x,0 <a<t0<x<1 
(iii) If0 <a <1, then log , a is monotonically increasing in % ur 
(0, 1) U (1, ©). fe \ 
| x’ xX —— 
Very Important Concepts OF (1,0) O] (1,0) 
(i) Ifa>1, p>1, then log, p>0 y’ y 
(ii) If0 <a <1, p>1,then log, p<0 9. if the number x and the base a are on the opposite sides of 
= the unity, then the logarithm is negative. 
(iii) Ifa > 1,0 <p <1, then log, p <0 Case ly =109,%,a> 0 <x <1 
(iv) If p>a>1,then log, p>1 Case tl y =log,x.0<a<1x>1 


(v) Ifa>p>1,then0<log, p<1 
(vi) If0<a<p<1,then0<log, p<1 
(vii) If0<p<a<1, then log, p>1 
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3. Graph of y = log, |x| 


Remark 
Graphs are symmetrical about Y-axis. 


4, Graph of y =|log,|x]|| 


Remark 
Graphs are same in both cases i.e..a> 1and0 <a<1. 


5. Graph of |y |=log,|x]| 


a> Oandaz1 


yh.) oa 


6. Graph of y = log, [x],a>landx21 
(where [ - ] denotes the greatest integer function) 
Since, when 1S x <2,[x]=1= log,[x]=0 
when 2S x <3,[x]=2=> log,[x]=log, 2 
when 3 < x <4,[x]=3 => log,[x]= log, 3 and so on. 


y 


| Example 10. Arrange in ascending order 
log 2(x), log (x), log. (x), log io (x), if 
(i) x >1 (ii) O< x <1. 
Sol. -2<e<3<10 
(i) For x > 1, log, 2 < log, e < log, 3 < log, 10 
1 1 1 1 
< < < 
loga(x) loge(x) logs(x) _ logyo(x) 


= loga(x) > log.(x) > logs(x) > logio(x) 


Hence, ascending order is 
logio( x) < logs(x) < log.(x) < log2(x) 


(ii) For0< x <1, log, 2> log, e > log, 3 > log, 10 
1 1 1 1 


=> ——> ep 
loga(x) log.(x) logs(x) logyo(x) 


loga(x) < log.(x) < logs(x) < logy(x) 
which is in ascending order. 


| Example 11. if log11=1.0414, prove that 10" >11”. 
Sol. *:  log10'' = 11log10 = 11 
and log11!° = 10log11 = 10 x 1.0414= 10.414 


It is clear that, 11> 10.414 
=> log10"! > log11"° [‘. here, base = 10] 
= 10" > 11"° 


| Example 12. If log,(x -—2)<log,(x —2), find the 


interval in which x lies. 


Sol. Here, x -2>0 
= x>2 wali) 


and log.(x — 2) < log .2(x —2)= -loga(x ~2) 
i log,(x -2)< —loga(x ~2) 


=> sloga(x ~ 2) <0 = log,(x -—2)<0 


> x-2<22 => x-2<1 
=> x<3 wil) 
From Eqs. (i) and (ii), we get 

2<x <3 or x €(2,3) 


| Example 13. Prove that log, (n+ 1) >log¢,41)(0+ 2) for 
any natural number n > 1. 


- 1 1 +2 
Sol. Since, 2 tengo aie =|" 
n n n+1 


For n> 1, 
f Ri 
nx) 


n+1 nt+1 
oe > ra > logn +1 
n n \a+1 
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= log,(n + 1) — log, n > logins y(n +2) — login4y(" +1) | Example 14. Find the least value of the expression 
7 log,(n + 1)- 1> logi,4 y(n + 2) -1 2log io X — log, 0.01, where x >0,x #1. 
log, (n + 1)> logi4:(" +2) Hence proved. Sof. Let P = 2logiy x — log, 0.01 = 2log,) x — log,(10°*) 


= 2(logi9 x + log, 10) 


How to Find Minimum Value of saad [by above article] 
A,log,x + Ap log, aa >0,x>0, ’ P24 
a#1x#1and i, Ao ER, Hence, the least value of P is 4. 
AM 2 GM | Example 15. Which is smaller 2 or (log, 2+ log, 2)? 

Ay log, x ; Az log, a > (Aj log, x) (Az log, a) = Jaap Sol. Let P = log,2 + log, 1 > 2 [by above article] [-  # 2] 
> Al ‘ 

jlog,x + A, log, a2 2VA,A2 =>  (log,2+ log, m)>2 

Hence, the minimum value of A, log, x + Az log, a is 2/A,A2- Hence, the smaller number is 2. 


Exercise for Session 3 


1 Iflogo.46(a + 1) <logo,4(a + 1), then a satisfies 
(a)a>O (b)O<a<1 (c)-1<a<0 (d) None of these 
1 


2 The value of x satisfying the inequation x'°%'9* -log,9 x < 1 is 


(a)0<x<10 (b)0<x < 10° (c)O0<x < 10" (d) None of these 
3 Iflogcosecx Sinx >0, then 
(a)x >0 (b)x <0 (c)-1<x<1 (d) None of these 
4 The value of log;9 3 lies in the interval 
21 1 2] 
@)| =, = b = c)|O— d) None of these 
(2,3) (a2) (o(02 (a) 
sts 28 3 (3) (3 
5 The least value of n in order that the sum of firstn terms of the infinite series 1+ 4 + 3) + (=) +..., should 
differ from the sum of the series by less than 10°, is (given, log2 = 0.30103, log3 = 0.47712) 
(a) 14 (b) 27 (c) 53 (d) 57 
( en . . SPOT ey oe 
Shortcuts and Important Results to Remember 
1 & °. t,,! 
ore negative number ‘a’ andn22,neN, 5 log loge [fe — 
n times 
2 The number of positive integers having base a and fooab ws 
characteristic nis a°*' - a”. ere ale 
3. Logarithm of zero and negative real number is not 7 Logarithms to the base 10 are called common logarithms 
defined (Brigg's logarithms). 
8 Ifx=log, b+log,c, y=log,c +log. a, 
4 || c a 
( log, a + log, b]22, Va>0,a4#1b>0,b¥1 z=log,b + logya then x2 + y? + z¢ -4=xz. 
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JEE Type Solved Examples : 
Single Option Correct Type Questions 


eee ee 8 ee ee ee ten ee see + 


® This section contains 8 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
ONLY ONE is correct. 


4 f \ 
@ Ex. 1 The expression log . 5 — Ye, sof )] reduces 
k=1 \ 
to z. where p andq are co-prime, the value of p’ + q? is 


(a) 13 (b) 17 (c) 26 


4 kn ‘ 
Sol. (b) Let p = log.5- Sey n( )} 


k=1 \ 


= log,5- {sn z) | + oes an) 


ls} 


+log, (sn( ) + es(sn( 


nm. 2m ,. 3m ... 40 
— log24sin—- a sin — -sin — 
5 5 5 | 


| 
oes sin*{ iz) -sin? (= 


5 J 
(1 - cos72° )(1- cos 144°)| 


=1 =] 
5a 


1—sin 18° )(1+ cos36° 
ss X ] 


(Hite 


= log,5— log: ~ fs 


(d) 29 


= log,5 


= log,5— 


= log,5- 


4 | 
5— V5)(5+5)| _ (2) 
= log,5-1 [ewetee = log, 5—log,| — 
0822 — 1062) 64 | O82 — 1082 6 
A 4 
= tog, 5 7) ee a a [given] 


p =4,q=1 
Hence, p+q’ = 4? 417 =17 


@ Ex. 2 If3S$as2015,3 $b < 2015 such that 


log, b+6log, a=5, the number of ordered pairs (a, b) of 
integers is 


(a) 48 (b) 50 (c) 52 (d) 54 
Sol. (c) Let x =log,b ...(i) 
= xp a5 me x? -5x46=0 3 x=23 


x 


From Eq. (i), we get log,b = 2,3 


=> b=a* ora’ 


ee et mm me ee me me ee tr ere rm rn em nn ee eee ee 


The pairs (a, b) are 

(3, 37), (4, 4”), (5,52), (6, 67),.... (44, 447) and (3, 3°), (4, 4°), 
(5, 5°),..., (12, 127). 

Hence, there are 42 + 10 = 52 pairs. 


@ Ex. 3 The lengths of the sides of a triangle are log jp 12, 
log 1 75 and log 1) n, wherene€ N. Ifa and b are the least 
and greatest values of n respectively, the value of b —a is 
divisible by 
(a) 221 (b) 222 
Sol. (c) In a triangle, 
logyg 12 + logyg 75 > logign =n < 12 x 75 = 900 


(c) 223 (d) 224 


n<900 ..{i) 
and logig 12 + logig n > logy) 75 
7 29 
=> i 
12 4 
n> Ai 
4 


From Eqs. (i) and (ii), we get <n<900 


n = 7,8, 9,10) org 
a=7,b=899 
b-—a=892= 4 x 223 

Hence, b—a is divisible by 223. 


5 899 
vente 


f ‘ 
@ Ex. 4 ifSlog,,.(a° +b° +e?) =3) 1+ log 3(abc) a 


\ log3(abc) , 


b m ‘ , 
(abc)?*°** =1 andi =—, where m and n are relative primes, 
n 


the value of|m+n|+|m—n] is 
(a) 8 (b) 10 (c) 12 
Sol. (b)*: (abc)°*"** =1=(abc)° 
atb+c=0 = a+b? +c? =3abe 
Now, LHS = 5log,,,(a° + b° +c") = 5log,4,(3abc) i) 
i+ bes(ah) _ af eli 
. log3(abe) | log,(abc) 
= 3A log.4.(3abc) .-(ii) 
From Eqs. (i) and (ii), we get 
5 log,4.(3abc) = 3A log,,.(3abc) 


(d) 14 


and RHS=3A 


jetel [given] 
3 on 
= m=5,n=3 


Hence, |m+n|+|m—n|=8+2=10 
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lo 
@ EX, 5 Ifa!’ = 3. 3843 , glogs384? | glog4 384? ad tt 
where a, b, cE Q, the value of abc is 
(a) 9 (b) 12 (c) 16 (d) 20 
Sol. (c) glsbe — git logs 3+ (logs 3)? + (logy 3)? +... © 
- 3i/(i- log, 3) - 3M logs (4/3) - 3084/34 
a=3. b= z, c=4 
5 
4 
Hence, abc aaa a =16 
® Ex. 6 Number of real roots of equation 
gloes(x?—4x +3) = (x _ 3) is 
(a) 0 (b) 1 (c)2 (d) infinite 
Sol. (a): 3iss(x*~4x+3) < (3) Ai) 
Eq. (i) is defined, if x? -4x+3>0 
> (x-1)(x-3)>0 
> x<lorx>3 oval il) 
Eq. (i) reduces to x? -4x4+3=x-3 = x?-5x+6=0 
x=2,3 ...{iii) 


From Eqs. (ii) and (iii), use get x € 
. Number of real roots = 0 


®Ex.7 iflog,atlog, b+log, c=6, wherea, b, ce N and 
a, b,c are in GP and b —a is a square of an integer, then the 


value ofa+b—c is 


(a) 21 (b) 15 (c) 9 (d) 3 
Sol. (b)." logga+log,b + log,c =6 
=> log,(abc) = 
= abc = 6° 
% p= ot [B= ac] 
= b = 36 
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Also, b-— a = 36-—ais a square for a = 35, 32, 27, 20, 11 
B36 

¢ = — = — is an integer for a = 27 
a a 

a=27,b=36,c = 48 


Hence, a+ b—c = 27 +36— 48 = 15 


Now, 


@ Ex. 8 Ifx= og “| y= iepecl a 
\ 
‘abd ( abc ‘ 
=o abd | andw =lo —— | and 
Bl 4) B sd 5 
T 1 1 1 
—~ + -—— + —— + —— = log ..g N +1, the value of N is 
x+1 yl Z24l wt! 
(a) 40 (b) 80 
(c) 120 (d) 160 
Sol. (od): = log al (=) 
= x+1= van = log,,(abcd) 
a = lo 2a 
x+1 oie 


Similarly, tg logatca 30, 2 logahed 4C 
ytl zZ+1 


and log. ;*)5d 
wtl 


. i ip al Dai ae nf O 3b- 4c -5d) 
x+1 yrtl z+1 wi 
= logareg(120abcd) 
= logeted 120+1 
= logaread N+1 [given] 
Hence, N = 120 


More than One Correct Option Type Questions 


LR ee 


~ ee ee 


® This section contains 4 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 


more than one may be correct. 


@ Ex. 9 The equation 

(log 4) x + 2)? + (log io x -1)° =(2log jy) x +1)° has 
(a) no natural solution —_(b) two rational solutions 
(c) no prime solution 

Sol. (b, ¢ d) Let logiyx+2=a and logiyx-1=6 
. a+b=2log,, x +1, then given equation reduces to 


a> +b>= (atb)’ 


(d) one irrational solution 


= 3aKat+b)=0 = a=O0orb=O0oratb=0 
=> logy) x +2= Oor log,, x-1=0 
or 2logip9 x +1=0 
> x=107 orx=100rx =10°"? 
Hence, p= eee 

100 10 


@ Ex. 10 The value pps? Wb legs? xs 1 
log; V6 log , V6 


is 


co-prime with 


(a)1 (b) 3 (c) 4 (d) 5 
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logs 9: log, 5-log;7 1 
ro ee er Se + ee 
log, V6 log, V6 


log,9 
= +log 74=1 9+1 4 
log, V6 BYé OB Ys 7 T NOB Ye 


Sol. (a, b, d) Let P= 


= log (36) = log (v6) =4=— P=4 


which is co-prime with 1, 3, 4 and 5. 


@ Ex. 11 Which of the following quantities are irrational 
for the quadratic equation 


(log 9 8)x? —(log yo 5)x = (log. 10) 

(b) Product of roots 
(c) Sum of coefficients (d) Discriminant 

Sol. (c, d)*" (logy98)x? — (logy 5)x = (log. 10)’ - 
=> (3logi92)x* +(1— logy. 5)x —2log,,2= 0 


-x? 


(a) Sum of roots 


=> (3logy,2)x* +(logy9 2)x —2logy) 2 = 0 


Now, Sum of roots = -> = Rational 


2 
Product of roots = i. = Rational 


Sum of coefficients = 3logy9 2 + logy9 2 — 2logi9 2 
= 2log,) 2 = Irrational 
Discriminant = (logy, 2)” + 24(logyy 2)” 
= 25 (log,)2)* = Irrational 
@ Ex. 12 The system of equations 
log 19(2000xy) —log io x: logip y =4 


log io(2yz) —logig y logo z =1 
and log j9(zx) —logi9 z-logio x =0 
has two solutions (x,, y;, Z,) and (x2, ¥2, 22), then 


JEE Type Solved Examples : 
Passage Based Questions 


re ct ne re ee 


® This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 13 to 15) 


Suppose that log i9(x — 2) + logy, y =0 and 
vx + J(y —2) = (x ty). 


13. The value of x is 


(a)2+V2 (b)1+-¥2 9 (c)2V2—s (dd 4 - V2 
14. The value of y is 
(a) 2 (b)2V¥2. ss (c) 1+ V2 (d) 2+ 22 


ee es Pr ene oe ee re oe tee ee 


15. If x28 4 yS-2 


(a) x; +x, = 101 
(c) X X92 = 100 


(b) y; +y2 = 25 
(d) z,z, = 100 


Sol. (a, b, c, d) Let logy) x =a, logy) y = b and log,,z =c¢ 


Then, given equations reduces to 


a+ b—ab= 4 — logy) 2000 = logy,)5 i) 
b+c~be =1— logy) 2 = logy)5 ; ..{ii) 
and ct+a-—ca=0 iii) 


From Eqs. (i) and (ii), we get 
at+b-ab=b+c- bce 
=>  (c-a)-Kce-a)=0 
=> (c -—a)(1—b) =0 
1-b#0c-a=0 > c=a 
From Eq. (iii), we get 
2a-a? =0 = a=0,2 


Then, c=a >c=02 
and b = logy95,2—logy)5 
logo x =0,2 => x=10°, 10° 
=> x =1, 100 
= x,= 1, x2 = 100 
and logig Y = logio 5, 2— logio5 
= logy 5, logig 20 
= y =5 20 
= Vi = 3, Y2 = 20 
and log;9z=0,2 > z= 10°, 10” 
> z= 1, 100 
=> z,= 1,zZ, = 100 


Finally, x, + x2 =1+100 = 101, y, + yz =5+20 =25, 
X4X_ =1X100= 100 and z,z, = 1X 100 = 100 


Oe te ee ee te ee ee 


=6, the value of t, ty ts t, is 


(a) 1 (b) 2 (c) 4 (d) 8 


Sol. (Ex. Nos. 13-15) 


logio(x - 2) + logy y =0 


x-2>0,y>0 
=> x>2y>0 .-{i) 
and logig{(x — 2)y} =0 
=> (x -2)y=10° =1 
S (x -2)y=1 i) 
Also, given that Vx + (y — 2) = (x + y) 


> x20, y22 .. (iii) 
On squaring both sides, we get 
xty-2+2vxf(y-2axty 
=> vx Jy -2=1 
> x(y-2)=1 ...(iv) 
From Eqs. (i) and (iii), we get 
x>2y22 


and from Eqs. (ii) and (iv), we get y = x 
From Eq. (ii), (x -—2)x =1 
=> x? -2x-1=0 
2t/4+4 
x = ———_—_. 
2 
13, (b) x =(V2 +1), 
14, (c) y=x=aJle1 


15. (d) x2?-6 py wag 


[neglect —ve sign, since x > 2] 


2_ — 

=~ x?! 6 +(x a 6 =6 
ae 3 -2\7-3 

> (ey +(x") 6 


=>  (3+2V2)-3 +(3-2V2)" "3 <6 


Now,weget ¢?-3=+1 
> , 342 
t=+2,+2 


ty ty ty ty =(2)(—2)(v2)(—v2) =8 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


* This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 


© Ex. 19 If x, and x, are the solutions of the equation 

x10" = 100x such that X;>1and x <1, the value o XW? ig 

Sol. (5) «. . 

Taking logarithm on both sides on base 10, then we get 
logyy x - logy) x = logy, 100 + logy) x 


x'810* — 199x 


=> (log,) x)? - logip x —2=0 
=> — (logy) x — 2) (logy) x + 1) =0 
: logip xX =2,-1=>> x =107,107' 
1 
x, = 100, x, = — 
* 10 


X1X2 
2 


=5 
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Passage II 
(Ex. Nos. 16 to 18) 


16 10 08? "84 (logy x)} _ land log, {log (log x)} =0. 


16. The value of x is 


(a) q’ (b) r4 (c)r? (d) rq 
Sol. (b)*: 19 BP leg oer *)) - 1 = 19° 
= log, {log, (log, x)} = 0 
= log, (log, x)=1 => log, x =q 
= x=? 
and log, {log-(log, x)} =0 
a log,(logy x)=1 =» log,x=r 
x=p" 
From Egg. (i) and (ii), we get x=r? =p’ 
17. The value of p is 
(ayr7"——(b) rq (c) 1 (d) 7’ 
Sol. (a). | rizp' 
=> p=rt!" 
18. The value of q is 
(a)r?'" — (b) plogyr (c)rlog,p (d)r°” 
Sol. (c) From Eq. (iii), 
qlogr=rlogp > q=r E24 =rlog, p 
1OBr | 


© Ex. 20 If(31.6)* = (0.0000316)° = 100, the value of 


1 Ae 
—-—is 
a b 
Sol. (3) (31.6)* = (0.0000316)’ = 100 
=> alo g1o(31.6) = blog,9(0.0000316) = log.) 100 
=> alog,o(31.6) = blogi9(31.6 x 10°°)= 2 
=> alog,o(31.6) = blog:9(31.6)— 6b = 2 
=> a log1o(31.6) 
a 
2 
and ; = logio(31.6) — 6 
e4¢ 
a b 
> i = i =3 
a b 


325 


sail) 


..-(ii) 


.(iii) 
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JEE Type Solved Examples : 
Matching Type Questions 


= This section contains 2 examples. Examples 24 and 25 
have three statements (A, B and C) given in Column I and 
four statements (p, q, r and s) in Column JI. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


© Ex. 21 


Column | Column Il 


If x, and xz satisfy the equation 
(x + 1)!9810(**1) = 100(x + 1), then 
the value of{x, + 1) (x2 + 1) + 5is 


The product of all values of x 
which make the following 
statement true 


(log; x) (log,9) — log, 25 + log;2 
= log, 54, is 


(A) 
(p) irrational 


(B) | 
(q) | rational 
(r) 


prime 


f 
(C) | Iflog,a=—3,log,c=4andifthe | (s) 
value of x satisfying the equation 
a°* =¢*~! is expressed in the form 
p/q, where p and q are relatively 


prime, then q is 


composite 


(t) | twin prime 
Sol. A > (q, s, t), B -(p), C > (q, r) 
(A) (x + 19°80 *) = 100(x +1) 

Taking logarithm on both sides on base 10, then we get 

logig(x + 1): logy(x + 1) = logy) 100 + logyo( x + 1) 

= {logio(x + 1)}° =2 + logyg(x +1) 

=> {logis (x +1)}? — logy (x +1)-2=0 

= {logio(x + 1) — 2} {logig(x +1) + 1}=0 

‘ logyo(x +1) =2,-1 


=> (x +1)= 107,107 
(x, +1)(x2 +1) =10? x 107! =10 
= (x, + 1)(x2 +1)+5=1045 


=15=3%x5 
(B) te) (log; x) (logs 9) = logy 25 + log32 = log; 54 


=> 2logs x — 2log, 5 = log; 54 — log,2 - 
= log,(27)=3 
Let log, x =A, then 
7 er 
A 
=> 217 - 3A -2=0 
=> 2.7 - 44 +A -2=0 


ok(A -2)+ (A -2)=0 = hen s,2 


1 
log, x =~--,2 
Bs 2 
= 1 
=> x=5 2 5? of x = —,25 
V5 
Product of the values of x = Es x 25 = 5v5 
cae 
(Cc) = log,a=-—3 and log,c = 4 
ci 
log.a = —-— ..{i) 
4 
and a* =¢7"! 
= 3x loga =(x — 1)loge 
=>  3xlog.a=x-1 
=> 3xx -: =x-1 [from Eq. (i)] 
=> -9x=4x-4 or ee 
15 
q =13 [prime and rational] 
@ Ex. 22 
Column | Column I! 
(A) | IfaandB are the roots of (p) | divisible by 2 
ax’ + bxt+c= 0, where 
a= glog2 <r 3/083 A 
b=1+ gv logz 3 vlogs 2 
divisible by 4 
and c = log, oes Vyvvee ; \4i , 
then HM of cand ® is 
(B) (r) | divisible by 6 


The sum of the solutions of the 
equation 


|x — 1]!982*° ~2logx 4 =(x ag)! is (s) 


(C) | IfS(log, x + log, y) =26, xy = 64, | (t) 
then the value of | x — y| is 


Sol. A > (p,q, 1), B-> (p, 1), C > (p, x, t) 
(A) -- a=3-2=1,b=1,c= log, log, 2” 
= log,(2°) = -6 


divisible by 8 


divisible by 10 


The equation reduces to x* + x -6=0 
a+BP=~-1, oB =-6 


(B) Obviously, x = 2 is a solution. Since, LHS is positive, 
x — 1>0. The equation reduces to 


log, x” — 2log, 4 =7 
2A - ka = 7, where A = log, x 
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=> 


ee Sil ite ee 


' 


1 
=> ae Tat => dae 


1 = 
ere 4) = x=24,o1? 


=> . x=16,x#—= [fo x'> 1] 


“. Solutions are x = 2, 16 
.. Sum of solutions = 2 + 16 = 18 
(C) If a =logx,B = logy 


B 

log, x + log, age 
S(log, x + log, y) = 26 
=> a , B _ 26 
B a 5 


JEE Type Solved Examples : 
_ Statement | and Il Type Questions 


i 
a rn eer er ee: 


"Directions Example numbers 23 to 24 are 
Assertion-Reason type examples. Each of these examples 
contains two statements: . 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 
Is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
1s not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


20 
® Ex. 23 Statement-1 IfN -(=) then N contains 
7 digits before decimal. \ 0.4 


Statement-2 Characteristic of the logarithm of N to the 
base 10 is 7. 


Sol. (d- N= (2) ~ (2) 
0.4 2 


= logig N = 20(1 — 2log,9 2) = 20(1 — 2 x 0.3010) 
= 20X 0.3980 7.9660 . 


Since, characteristic of logy) N is 7, therefore the number of 
digits in N will be7 +1, ie. 8. 


Hence, Statement-1 is false and Statement-2 is true. 
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Let 2 =% then ot open 
B A 65 


5? - 261 +5=0 


= 
=> 5A°-254-A+5=0 
=> (A -5)(5A -1)=0 
=> A ae. 
5 
o 6 2 = a =5 
B 5 8B 
= a= .».{i) 
and a +f = logx + logy = log(xy) = log(64) 
a +B =6log2 ...(ii) 
— Eqs. (i) and (ii), we get 
B = log2 and a = 5log2 
=> y=2x=320ry =32,x =2 


|x-yl= 


ee 8 wee ce ae © meee es ee 


e &. 24 statements If p,q N satisfy the equation 


= Yx (x) x)* andq> p, thenq is a perfect number. 


siitewents 2 If a number is equal to the sum of its factor, 
then number is known as perfect number. 


Sol. (d)* xv® =(Vx)* 


Taking logarithm on both sides on base e, then 
In(x)"* = In(Vx)* 


=> VeInx=xinvx = yx inx=Inx 


Vx 
=> lnxie (1-2 | 


= nx =0.1z=01-“ =0 
x=1,0,4 
xEN 
x=14 => p=landq=4 
4=1X2xX2 => 44#14+2+2 
.. q is not a perfect number. 
Hence, Statement-1 is false and Statement-2 is true. 
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Subjective Type Questions 


om eee 


tee er we ee am ee 


® In this section, there are 21 subjective solved examples. 


@ Ex. 25 Prove thatlog; 5 is an irrational. 
Sol. Let log;5 is rational. 


log,5= F where p and q are co-prime numbers. 
q 


=> 5=3°/9 =» 3P = 59 


which is not possible, hence our assumption is wrong. 
Hence, log, 5 is an irrational. 


@ Ex. 26 Find the value of the expression 
(log 2)? + log 8- log 5 + (log 5)?. 
Sol.* log2 + log5 = log(2-5) = logi0 = 1 ...(i) 
=> (log2 + log5)*® =1 
=> (log2)° + (logs) + 3log2log Xlog2 + log5) = i? 


=> (log2)’ + (log5)’ + log2° logX1) =1 [from Eq. (i)] 


= (log2)* + log8logs + (log5)* =1 


@ Ex, 27 1f2°835 =81, find the value of \!'83 5) 
Sol. *: nies > = 81 


. (ales 5 less 2 os (81)'°83 5 

ini fogs 5)* = 34 log3 5 _ 3°63 5 = 54 =. 695 
@ Ex. 28 Find the product of the positive roots of the 
equation a{(2009)(x)!082009 * = x?, 


Sol. Given, .{(2009)(x)!°8209* = x? 
Taking logarithm both sides on base 2009, then 


log 2009 (2009) + log 2009 x - log 2099 x = logaoag x ? 


> . + (log 2009 x) = 2102 2009 x [for x >0] 


1 
> (log 20099 x) = 210g 2009 xt 2 =0 
If roots are x, and x2, then logoo99 X; + log2o99 X2 = 2 


= log 2009(X1X2) = 2 OF X4X2 = (2009)* 


@ Ex. 29 Prove that log, 11 is greater than log, 5. 
Sol. -. 11>5 
=> log11> log5 will) 


ee ee eee ee ee 


and 8>7 
=> log8 > log7 ..(ii) 
From Eggs. (i) and (ii), we get 
log11-log8 > log7 - logs 
Het, 1052 = log, 11> logs5 


log7 logs 


@ Ex. 30 Given, a? +b? =c’. Prove that 
log,,,-atlog._,a=2log.,,a-log._,a,Va>0,a#l 
c—b>0,c+b>0 
c—b#1,c+b#1. 
Sol. LHS = log,,,a+ log._,a 
1 1 
~ log,(c + b) ° log,(c — b) 
_ log,(c + b) + log,(c — b) 
~— log,(¢ + b)log,(c — b) 
___log,(c? - b”) 
~ log(c + b)-log,(¢ — 6) 


log, a” 


= (rc? — b =a"] 
log,(c + 5)-log,(c — 5) 
a) 2log,a 
log,(c + b)-log,(c — b) 
2 


~ Jog,(c + b)-log,(c ~ b) 
= 2log.,,a-log._,a= RHS 


© Ex. 31 Leta>0,c>0,b=,ac ,a,c andac #1,N>0. 
Prove that SBN 0b Pee 


log. N log, N —log, N- 
14 
Sol. RHS = 082N ~logeN _ logya logyb 
log,N-log,N 1 1 
logy logye 
— (logy 6 = log a) loge 
(logyc — logy b) logna 
. b . 
oeu( 
\a) log,N _ log,N = LHS 


ied c ) log.N log. N 


fvb= Vac 8" ieee 
a b 
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6Ex, 92 ifa=b,b” =c.c? =a,x=log,a",y=log, 5”,  (b+c)Ina+(c +a)Inb +(a+b)Inc =0 
b+e ct+a atb _ 
z=log, c'3, find the minimum value of 3k, + 6k2 +12k3. = Ing" + Inb’'" + Inc’™” =0 
Sol. «: a= cz =(b’)? og = bY] => In (ape =0 
= b” =(a*)" =a (b=a*] -* aP*? Bf te.et*h =e =] ...(i) 
xyz=1 Again, AM 2 GM 
Also, xyz = log, a“! ‘log, pk -log, c®? - a’* + tt 4 08"? >(aPt® pte. cathy 
= k,-k,-k-log,a: log, b-log,c ? sie 
1= kkk; =(1)°° =1 [from Eq. (i)] 
AM2 GM or ie ier aaa 
3k 
Seen t TONS ah sé, 12k, )!/3 
: 1/3 © Ex. 35 Simplify sig. vs(12) +log 5 
= (3-6-12-k,kok;) : aor 
= (3-6-12)'/3 (-" kikeks = 1] ; ; 
= (2? .3)!/3 = +08 12] = 
eo ate 10 +2421 


or 3k, + 6k, + 12k, 218 rs(2) — 
.. Minimum value of 3k, + 6k, + 12k, is 18. Sol. 5 eee ae 2 
4(V7 - V3) 
=lo [si 5) 
al Fs an) 


= log (v7 - 3) 


@ Ex. 33 ifx=1+log, bc,y =1+ log, ca,z =1+log, ab, 
prove that xyz = xy +yz + zx. 


Sol... x=14 log, be = 1+ CE = i+ logb + loge 


oga loga = log a/2(V7 - V3) 
loga + logb + 1 
—— = + Jog,(v7 - V3) 
loga 1/2 
ot a loga A) = log,(V7 — V3)? = log,(10 - 2V21) 
x loga+logb + loge fo 4 We 
and log,, }=og,t0+2 21) 
Similarly, — = ee ii) M21 10 + 2v21 
y logat logb + loge Hence, 
and 1_ = loge ...(iii) i logrys(1/ 2) 1 ’ 
z loga+tlogb + loge & + log 7 i)" logy2 lore | 
/ 


On adding Eqs. (i), (ii) and (ii), we get 
See eae) anne eNEIE? = 2+ log,(10 — 2v21) + log,(10 + 2V21) 


| ee ee | 
ao a , = 2+ log, {(10 — 2V21) (10 + 2V21)} 
or xyz =xy + yz+2x = 2+ log,(100 — 84) = 2 + log,(2)' =2+ 4 =6 
@ Ex. 34 fe a Inc , prove that ® Ex. 36 Find the square of the sum of the roots of the 
(b-c) (c-a) (a-5) equation log, x: log; x- log; x =log, x- log; x 
hte pete. cath 4 +log; x logs x tlog, x-log, x. 


Sol. Let log, x = A, log; x = B and log, x = C, then the given 


Also, prove that = a*° +. b°*4 +c2* 33, equation can be written as 


Sol. Since, a>0,b>0,c >0 ABC = AB+ BC +CA= Asc| i++) 
Ina Inb Inc lc A B 


(bc) (c-a) (a-8) 
_(b+c)Ina+(c + a)lInb +(a+b)Inc 
0 11,1 
' ‘ : or A =0, B=0,C =0,—+—+—-1=0 
[using ratio and proportion] A. Bb e 


‘> are a ae 
=> ABC| ++ = -1]=0 
LA BC 
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log, x = 0, log, x =0, logs x =0, log, 2+ log, 3 + log,5=0 
x>0 x>0,x#1 

or x=2°,x=3°, x =5° log,(2-3-5)=0 

or x=1,x=1,x =1,x =30 

. Roots are 1 and 30. 

Hence, the required value 


= (1 +30) =(31)? = 961 


@ Ex. 37 Given thatlog,a=A,log,b=A? and 


log 


2 . Qa 
1(8)=—2, writelog,| 
. +1 


2,5 \ 


: J as a function of 2’ 


\ Cc 


(a,b,c >0,c #1). 


Sol. *. 


@ Ex. 38 Given that log, 3 =a,log;5=b, log; 2 


logsa=A = a=2" 
=> logy b= 2 
= b= 4 22h’ 

d l 8 : 
an og.2(8) = re 
=> Peps : 

2 +1 
=> log. - 
3(A° + 1) 
, 2a 

or log, c ao » =2! * 


2 3 
= log, {224.2 10A gata oh 
= log, {222 *104° - 30° #1 


= 2A + 104? — 3(A? +1) 


=¢, 


express the logarithm of the number 63 to the base 140 in 
terms of a, b and c. 


Sol. -: log,3=a wall) 
=s = log35= we = 0828 [from Eq. (i)] 
log25 = ab (ii 
and log;2= c 
” =c or log, 7= 1 ..(iii) 
log27 c 
«7 
Now, log y49 63 = 10g263 _ _ Wea 
log. 140 log,(2° x 5x7) 


_ 2log,3+log,7 _ ae 
2+log,5+log27 94 aha 
c 
[from Eqs. (i), (ii) and (iii)] 
_ ‘pac +1 \ 
2c + abc + 1) 


@ Ex. 39 Show that the sum of the roots of the equation 
x +1=2log,(2” +3) —2log ,(1980 - 2°“) islog, 11. 
Sol. Given, 
x +1=2log,(2” + 3) — 2log,(1980 — 2°*) 
= 2log,(2* + 3) — 2log, (1980 - 2°*)' 


= 2log,(2* +3)—- 2-log,(1980 -2*) 


= log,(2* + 3)? — log,(1980 — 2°*) 


x 27" 
= jog, 2 +3" | 
| 1980 - 2-* | 
1980 — 2°” 
= 1980(2"*") ~—2=27* +9 +6-2" 


=> 2x _ 3954-2 +11=0 wi) 
If x}, X2 are the roots of Eq. (i), then 
27) .2*2 =11 or 2°17%2 =11 


= X, + X2 = log, 11 


@ Ex. 40 Solve the following equations for x andy 
= log 100 4. 


1 
1oB 100 x +¥|=— loB10 y —log rol | 


Sol. *- logioo|x + yl = ; 
=> |x + y]=(100)"”? = 10 
=> |x + y| =10 .-i) 
and logio ¥ ~ logyo|x| = pa 4,y>0 
y ) 
=> logio} — Y js log. 2° = “login 2 
ix} 

=> eed y) logi92 => »Y =2 

\Ix[) |x| 
=> y =2Q|x| wii) 
From Eqs. (i) and (ii), we get 

|x + 2|x|| = 10 (iii) 


Case If x > 0, then |x| = 
From Eq. (iii), 
|x + 2x| = 10 
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= 3] x| = 10 => {xj =— 
1 2 
x=—,y=—- {from E . (ii) 
so q. (ii)] 


Case Il If x <0, then |x|=-x 
From Eq. (iii), 


|x — 2x| =10 
= |- x] =10 => |x] =10 
-x=10 

* x=-10 
From Eq. (ii), y =20 


Hence, solutions are | = = {-10, 20}. 


@ Ex. 41 Solve the following equation for x 

6 ose wlogyo tlogg 5 __ 3!0810(x/ 10) sec g!°B100 x +log4 2 

5 

~- at x-log 19 @logg 5 = log 10 (x/10) g!°B100 x + log 2 


Sol. 


1 
=] = 
= ©, xlosios _ g(logiox-1) a — 4 [by property] 


6 3/°810 x ad 
=> — eb10* — is 30610 **" [by property] 
Let logig x= A, then 
r 

= 25-3 3.3 

6 
= St =a\(243) D3 

5 3 

oe eae , _ 

= 5"~* = 3°" * which is possible only, where A = 2. 
=> logo x=2 


x =10? = 100 


@ Ex. 42 Find the value of x satisfying the equation 
|x —1)'°83 x? -2log x 9 =(x a4)". 
Sol. The given equation is, 
|x - jjlogs x? ~2logx 9 =(x- 1)’ ...(i) 
This equation is defined for 
x? >0,.x>0,x#1 and x-121 
> x 2 2, then Eq. (i) reduces to 
(x = 1)!983 **~2 logy 9 = (x = 1)’ 
Taking log on both sides, then 
(log, x? — 2log,.9)log(x — 1) =7 log(x — 1) 
> log(x - 1){log, x” — 2log, 9 -7}=0 
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Cm ear : -qh=o 


O63 x J 
log(x — 1){2(log, x)” - 7log, x — 4}=0 
log(x — 1) (log; x — 4) (2log; x+1)=0 


x=1=(10) x=3".2=3°"° 


Y u’yudvay 


erg ag dieters 
v3 


x=2,81 


© Ex. 43 Find all real numbers x which satisfy the 
equation 2log, log, x +log 2 log »(2V2x) =1. 


Sol. Given, 
2log, log, x + log;,2 log.(2V2x) =] 


2log,log, x — log, log,(2V2x) = 1 
2log, log, x — log, {log (2V2) + log, x}=1 


} 
2log, log, x — log, (3 + log, er =1 


Let log, x =A, then 2log,A — og,( 2 + | =1 


=> log, ” ~tog,(3-+)=1 
‘| 
=> etl -=1> A =2! 
2+] -~+A 
2 
= MW =3+2A => A? -21-3=0 
=> (A-3)(A +1) =0 
A=3,-1 
or log, x =3,-1 
= x=2?,27' 
=> gags 
2 


But the given equation is valid only when, 
x >0,2V2x > 0, log, x > 0, log,(2V2x) >0 


1 
=> x>0x>0,x>1x>—= 
2v2 


Hence,x > 1 


From Eq. (i), the solution of the given equation is x = 8. 


@ Ex. 44 Solve for x, 
log 3/4 log g(x? +7) +log 1/2 logy4(x? +7) =-2. 
Sol. Given, 

logsi4 logs (x? +7) + logy, logy, (x? +7) =-2 


331 


log(x — 1) =0, log; x = 4, log, x = -5 


[vances] 
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= logaya log. (x? +7) + log,-1 log, -2 (x? +7) '=~-2 


1 | (1 3 
=> logy ;4 see ale logy > legal x +7) =< 


Let logo(x? +7) =6A 
Then, logs ;4(2A) — log,(3A) = —2 
= Hog M) Age Gad 
log2(3/4) 
_1+ bogs __ — (log, 3 + log, A) = - 
log, 3 — log, 4 
1+ log, A 
—__—_2*— ~ (log, 3 + log, A) = —- 
G2 (log. 3 + log, A) 


Again, let log, A = A and log,3 = B, then 
1+A 


ea 
> 1+ A—B? - AB+2B+2A=-2B+4 
- A(3 — B) = B? - 4B +3=(B-1)(B-3) 
=> = —-(B-1) 

[. B-3 #0, ie. log,3 #3] 
=> A+B=1 = logzdA + log.3=1 
=> log,(3A) = 1 
=> Sh SZ 
=> 3-“loga(x” +7)=2 [from Eq. (i)] 
=> logo(x? +7)=4 
= x? +7=24 =16 orx’ =9 


x=t3 


@ Ex. 45 Prove that 


, (Vlogg Yab +logy Yab - Jloge fb /a + logy Yfarb) Jloggb 
_{ 2,b2@>1. 
|2'8e® 1<b< 


Sol. Since, /log, Jab + log, fab = | = loga(ab) + ~ logs(ab) 


= [7 (1+ log,b + logsa + 1) 


a 


and ,/log, 4/(b/a) + log, 4/(a/b) 


fi, (6) a 
= lee {2} + toa :) 


2 dog ~1+ log,a—1) 
y 


és vlog, {/ab + log, ab - J log, tIb/a + log, 4/(a/b) 


P (say) 


| 
P=-%,/|I 
i log, 5| ‘a ~ logabl + 
_ 1 
a 
p ghvs? 9) 29 


Case Il If 1 < b <a, then 


i| 1 es | 
P=-1 filog,b| + + /llog, b| - | 
2| a yllog. b| wiles [log, b| 
[log, D| 
“ 9? loga b = 2!Bab 
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a Logarithms and Their Properties Exercise 1: 
~ Single Option Correct Type Questions 


® This section contains 20 multiple choice questions. 


11. If logo, 3(x — 1)< logo.g9(x — 1), then x lies in the interval 
Each question has four choices (a), (b), (c) and (d) out of 


which ONLY ONE is correct a a 1) 
1, If logy) 2= 0.3010..., the number of digits in the number (c) (2, 29) 
200° is (d) None of the above 
(a) 6601 = (b) 6602 (c) 6603 = (d) 6604 {2 Thewsiuwora” = FF is Guieree=ailoeb and 


2, There exist a positive number A, such that 
log, x + log, x + logs x = log, x, for all positive real 


y= Jlog, a,a>0,b>Oand a,b #1) 


(a) 1 (b) 2 
numbers x. (c) 0 (d) -1 
If =%/a, where a, bE N, the smallest possible value of 
(a+b) is equal to 13. If x =1+ log, bc, y=1+ log, ca,z=1+ log, ab, then 
(a) 12 (b) 63 (c) 65 (d) 75 _*" is equal to 
3. Ifa, band c are the three real solutions of the equation A el mn 
(a) 0 1 
¥ logio x +logig x° +3 _ 2 (c) -1 (d) 2 
a - sd ge logs (logs N) 
Vx+1-1 yxt1+1 14, The value ofa "8? is 
where, a> b>c, then a, b,c are in (a) log, N (b) log, N 
(a) AP (b) GP (c) log ya (d) logy 
(c) HP (dja +b =c"! 
a ae 15. The value of 494 +55, where A =1- log, 2and 
4. If f(n) = TTI log, (i + 1), the value of >. f(2*) equals B=-—logs 4 is 
i=2 k=1 (a) 10.5 (b) 11.5 
(a)5010  — (b) 5050 ~—S_ (c) 5100 (d) 5049 (c) 12.5 a) a> 
5. Iflog; 27-log, 7 = log», x-log, 3, the least value of x, is 16. The number of real values of the parameter A for which 


(a7 (b) 3? ()73 (a) 3” (logy, x)” — logy, x + log,, A =0 with real coefficients 
6 Ifx= log. (1000) and y = log.,(2058), then will have exactly one sia is 
(a)x>y (b)x<y a ; a 4 
(c)x=y (d) None of these ; 
17. The number of roots of the equation x! *3" =16is 


7. If logs 120+(x —3)—2log,(1—-5*~*) 
=—log,(0.2—5*~*), then x is 
‘ (a) (b) 2 (c) 3 (d) 4 


8 If x, > X_-1 >...> X_ > xX, > 1, the value of 


al | 


18. 


(b) 0 
(d) 4 


(a) 1 
(c) 2 


The point on the graph y = log, log, {2°'?**” + 4}, 
whose y-coordinate is 1 is 


Kir (a) (1, 1) (b) (6,1) 
| @)0 a ‘ = (c)(8 1) (d) (12, 1) 
| (c)2 (d) undefined 19. Given, log 2 = 0.301 and log3 = 0.477, then the number of 
| gh rly +2 — x) _y(ztx—y)_ 2(xty-2) digits before decimal in 3"? x 2° is 
| log x logy logz (a)7 (b) 8 
then x”y* =zy” is equal to (c)9 (d) 11 
(a) z*x? (b) x7y* (c) x%y? (d) x*y” 20. The number of solution(s) for the equation 


1 1 

10. Ify=a'~"&* andz=a'~ °&” then x is equal to 
1 1 1 1 

(a) a’ * !oBe 2 (b) qzt log, z (c) qi !B. z (d) a? ~ "8+? 


2log, a+ log,,a+3log.:, a=0 is 


(b) two 
(d) four 


(a) one 
(c) three 
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a Logarithms and Their Properties Exercise 2: 


More than One Correct Option Type Questions 


® This section contains 9 multiple choice questions. Each 
question has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct. 


2 
21. If x {lee: x) ~Sles2 x +11 — 64 then x is equal to 


(a) 2 (b) 4 (c) 6 (d) 8 
22. Iflog, x-log, A = log, 5,A #1, >0, then x is equal to 
(a) 2 (b) 5 (c) : (d) None of these 


23. 1ES= (x: log , 3x, where log, x >—1}, then 
(a) S is a finite set (b)S Eo 
(c) S (0, -) (d) S properly contains (2 <<} 
\30 J 


24. If x satisfies log,(9*"' +7) =2+ log,(3* +1), then 


(a)xEQ 

(b)xEN 

(c)x e{x EQ: x < 0} 

(d) x EN, (set of even natural numbers) 


25. log log 49 4).-.A p>Oand p # 1is equal to 


n times 


(a)n (b) -n 
(e)~ (d) log 1 ,(p") 


- —~o- —~- ~~ ~ 0 oe ne me 


26. If log, x=0, log, x =B, log. x = y and log, x =6,x#!1 
and a, b,c,d #0,>1, then log,,.g x equals 


(@ sStP ere’ er il lt 
] 1 
OS ey se apys 


27. If logy) 5= aand log,, 3=b, then 


b 
(a) logio8 =3(1 — a) (b) logy 15 = — 
(c) log 24332 = (? ; *) (d) All of these 


28. If x is a positive number different from 1, such that 
log, x, log, x and log; x are in AP, then 


_ a(loga) (log c) a+e 
a) P= (loga + loge) ow 
(c) b = Vac (d) c? = ee 


29. If|a|<|b|,b-a<1anda, bare the real roots of the 
ae x* —|a|x—|B|=0, the equation 


logya| = -1=0has 


(a) one root lying in interval -_ a) 
(b) one root lying in interval (b, °) 
(c) one positive root 

(d) one negative root 


7) Logarithms and Their Properties Exercise 3 : 


~ Passage Based Questions 


ee a ee 


s This section contains 4 passages. Based upon each of the 
passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 30 to 32) 
Let log, N =a, +h, log; N =a, +b, and 
logs; N =a; +b;, where a,,a2,a3€/] and 


by, 52, b; €[0, 1). 
30. Ifa, =5and a, =3, the number of integral values of N is 
(a) 16 (b) 32 (c) 48 (d) 64 
31. Ifa, =6,a, =4 anda, =3, the largest integral value of 
Nis 
(a) 124 (b) 63 
(c) 624 (d) 127 


ee EE OE Oe 


A ee once 


32. If a, =6,a, = 4 and a, =3, the difference of largest and 
smallest integral values of N, is 


(a) 2 (b) 8 
(c) 14 (d) 20 
Passage II 


(Q. Nos. 33 to 35) 
Let ‘S’ denotes the antilog of 0.5 to the base 256 and ‘K’ 
denotes the number of digits in 6'° (given 
log j9 2=0.301, log 19 3= 0.477) and G denotes the number of 
positive integers, which have the characteristic 2, when the 
base of logarithm is 3. 


33. The value of Gis 


(a) 18 (b) 24 (c) 30 (d) 36 
34, The value of KG is 
(a) 72 (b) 144 (c) 216 (d) 288 
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35. The value of SKG is Passage IV (Q. Nos. 39 to 41) 


i a ie aa Let G,O, E and L be positive real numbers such that 
eee log (G-L)+ log (G: E)= 3, log (E-L) + log (E-0) = 4, 
Passage III log (O-G) + log (O-L)= 5 (base of the log is 10). 


| 


(Q. Nos. 36 to 38) 


Suppose U' denotes the number of digits in the number 


(60) and ‘M’ denotes the number of cyphers after decimal, 


before a significant figure comes in (8)*”*. If the fraction 


UIM is expressed as rational number in the lowest term as p/q 
(given log jg 2=0.301and aa 3=0.477) 


36. The value of p is 


(a) 1 (b) 2 (c) 3 (d) 4 
37. The value of g is 

(a) 5 (b) 2 

(c) 3 (d) 4 


38. The equation whose roots are p and q, is 
(a) x” -3x+2=0 (b) x? -5x+6=0 
(c) x? -7x+12=0 (d) x? -9x + 20=0 


ce ee EE CERT RT ER ON SE On 8 ee EE ee 


# This section contains 10 questions. The answer to each 
question is a single digit integer, ranging from 0 to 9 
(both inclusive). 


42. If x,ye R* and log, (2x) + logy) y=2and 


logig x” — log,)(2y) =4 and x + y= m where mandn 
n 


are relative prime, the value of m —3n° is 


43. A line x =) intersects the graph of y = log, x and 


= log;(x + 4). The distance between the points of 
intersection is 0.5. Given A = a + Vb, where aand bare 


integers, the value of (a + b) is 


44, If the left hand side of the equation 
a(b-—c)x* +b(c —a)xy+c(a—b)y” =0is a perfect 
square, the value of 
[log( (atc) +log(a—- 2b+0)| 


(a,b,c € R*,a>c)is 
log (a —c) 


45. Number of integers satisfying the inequality 


[r+ 


(: ‘a |x] 
3; 


>9 is 


39. If the value of the product (GOEL) is A, the value of 


vlog A,Jlog A,/log A... is 


(a) 3 
(c) 5 


40. If the minimum value of 3G + 2L +20 + E is 2*34%5”, 


(b) 4 
(d) 7 


where A, 1 and vare whole numbers, the value of 
YO +p yis 


(a) 7 
(c) 19 


(b) 13 
(d) None of these 


41, If log (<| and log (2) are the roots of the equation 


(b) x? -x=0 
(d) x7 -1=0 


(a) x? + x=0 
(c) x? -2x+3=0 


a Logarithms and Their Properties Exercise 4 : 
™ Single Integer Answer Type Questions 


RN tN RL Ee EAS A EE RL CT SN NE FL NS OOS 


46. If x >2is a solution of the equation 
jlog 5 x —2|+|log, x —-2|=2 then the value of x is 


47. Number of integers satisfying the inequality 
log, Vx —2log?,4 x +1>0, is 


48. The value of b(> 0) for which the equation 
2 log, ;25 (bx + 28) = —log,(12 — 4x — x”) has coincident 


roots, is 


logars 2 = 3082 125 —4 
49. The value of ——_—_-_—_——_ is 


50. If x, and x, (x2 > x,)are the integral solutions of the 
equation 
(log, x)? +log;, (=} = 1, the value of | x, —4x, | is 
x 
St. live 


log, a=log, b= log, cand 


a+] 


log, c =nx"”’, the value of n is 
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«3, Logarithms and Their Properties Exercise 5: 
Matching Type Questions 


a) 


8 This section contains 3 questions. Bvecunns 52 to 54 have four statements (A, B, C and D) given in Column I and four 
statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 


statement(s) given in Column II. 


52. Column I Column II 
(A) log 243 (p) positive integer 
log, V32 
(B) 2 log 6 (q) | negative integer 


(log 12 + log3) 


= (r) 
log, 4{] 


rational but not 
(C) 


integer 
(D) log;16 — log, 4 (s) | prime 
log, 128 
53. Column I | Column II 
(A) The expression ,/logg58 has the value _—(P) i 
equal to | 
(B) The value of the expression (q) 2 


(logio2)? + logy98-logy95 + (log,95)° +3, is: 
B & 


(C) Let N =log235-logir<2-log3{ =} The (r) 3 
\ { 


value of [N] is (where [-] denotes the | 
greatest integer function) 


[ra 


Vose | 


o 


Statement | and ll Type Questions — 


a. ee 


= Directions Question numbers 55 to 60 are Assertion- 
Reason type questions. Each of these questions contains 
two statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these questions also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below. 
(a) Statement-1 is true, Statement-2 is true; Statement-2 

is a correct explanation for Statement-1 

Statement-1 is true, Statement-2 is true; Statement-2 

is not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


55. Statement-1 logy, x< log; x< log, x < log, x 
(x>0, x #1). 
Statement-2 If0< x <1, then log, a> log, b>0<a<b. 


(b 


— 


3 
56. Statement-1 The equation 7'°8"* *” ~ x? =1 has two 


distinct real roots. 


Column I _ | Column It 
(D) 1f(52.6)* = (0.00526)’ = 100, tie altie of ©) 4 
--—is 
a b 
54. Column! _ | Column I 
P aieaa) 7 ') 1] 
(A) . iw logy jx‘ | 2(-2) | 21, then x can (0 3 | 
(x +1) (e-5)| _ 
| belongs to | 
(B) | If log, x — log x $= ‘ogi then x 9 (1, a) 
_can belongs to | 
(C) - If log, ,2(4 — x) 2 logy)22 - logy;2(x — 1), | (r) | £3, 


| then x belongs to 


(D) | ‘Let a and B are the roots of the suadvaiie | (s) (3; 8) 
‘ equation | 
(2-30 + 4)x?-4(24--1)x+16=0, | 
‘ifo andB satisfy the condition B >1 >a, | 
then p can lie in 


Logarithms and Their Properties Exercise 6 : 


re a we ee ee eee eee 


Statement-2 a!°&% = N where a>0,a¥#1landN>0. 


iy 47 
57. Statement-1 2) <(2) 
3 4 


1 (1 
=> 7 lo *}< 4og{ +} => 7<4 
e(?) & \3 
Statement-2 If ax < ay, where a<0, x, y>0, then x>y. 


58. Statement-1 The equation x'°8 (-x¥ = 9 has two 
distinct real solutions. 


Statement-2 a” = b when a>0,a¥1,b>0. 

59. Statement-1 The equation (log x)? + log x” —3=0has 
two distinct solutions. 
Statement-2 log x? =2log x. 


60. Statement-1 log, 3- log. ;5 3= logs,(3) has a solution. 
Statement-2 Change of base in logarithms is possible. 
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ai Logarithms and Their Properties Exercise 7 : 


Subjective Type Questions 


ne re ne 


* In this section, there are 27 subjective questions. 
67. (i) If log,12 =a, log,,24 =, then find value of logs, 168 in 
terms of a and b. 
(ii) If log, 4 =a, log;3 =6, then find the value of log;10 in 
terms of a and b. 


Ina Inb Inc 


62 If —— = —— = ——_ prove the following. 
b-~c c-a a-b 
(i) abe =1 
(ii) a®-bP cf = 


(iii) g? there pe tata wct tabee? =1 
(iv)at+b+c23 
(v) a? + bo +6 33 


(vi) gh there? £ pe teata? + ci tab+b? >3 
63. Prove that logy, 2lies between ; and - 


: 64, If log2 = 0.301 and log3 = 0.477, find the number of 
integers in 
(i) 5° (i) 69 
(iii) the number of zeroes after the decimal is 3°. 
65. If log2 = 0.301 and log3 = 0.477, find the value of 
log (3.375). 
66. Find the least value of log, x — log, (0.125) for x > 1. 


67. Without using the tables, prove that 
1 1 


+ > 2. 
log 4 Tv 


log; 7 
68. Solve the following equations. 
(i) x'* 80 * — 19x 
(ii) log.( 9 + 2") =3 
(iii) 2- 21983 4 38 * = 27 


(iv) log ,logjlog, x =0 
logig x+5 
(v) x 3 =10 5+ logy, x 
f 1 
(vi) logs| loggx+—+ 9*| =2x 
\ 2 } 


(vii) 4!Bi0 x41 _ 6°80 * _ 9.3 !B10 x42 _ 0 


logio(x -3) _ 1 
logi(x’~21) 2 


(ix) x 82 xr+4 =32 


(viii) 


(x) log, x = x, where a = x °8+* 


(xi) log 5 i, x(1 + cosx) =2 


~ eee ete ets SOs ee + 


+ ee wane eS ee me eee 


69. Find a rational number, which is 50 times its own 
logarithm to the base 10. 


70. Find the value of the expression 


2 3 
+ —____——_.. 
log ,(2000)° — log,(2000)° 


71. Find the value of x satisfying 
log, {1 + log, {1 + log.(1+ log, x)}}=0. 


72, Find the value of 4°82 @- ¥6)— 6logs(V3 - v2) 


73. Solve the following inequations. 
(i) loggr+3)X* <1 
(ii) log.,(x? —5x + 6) <1 
(iii) log (2 ~ x) < log, ,2(x + 1) 
(iv) log 2(x +2)<1 
(v) 308 VHD ¢ gloeste-9 4g 
(vi) log, )o( 3x — 1)? < logy ,o(x + 5)? 
(vii) logy x + 2 $ logigx 
(viii) logyo(x? — 2x —2) $0 


( 3\ 
ix) log,| 2x --—| >2 
(ix) B:| i 


(x) logi;3x < logy,;2x 
(xi) logo,43x” < log,,, 3(2x + 3) 


(xii) log} x + 3log, x 2 "tog /316 
(xiii) (x? + x +1)* <1 


: 1 
(xiv) log 3,2 2) 2 so 


(xv) x (log, xj- 3log,, x +1 > 1000 

(xvi) log, {14 + log,(x” —64)} $2 
(xvii) log(9 ~ 2%) < 10°80 3-*) 
(xviii) log, (2) 2 0 for 

x 
(aja >1, (bF)0<a<1 
(xix) 1+ logo(x- 1) $ log,_,4 
(xx) logs,. a(x’) S logs,4 4(2x + 3) 


74, Solve log, (ax)"”§ + log,(ax)'’* 
i (a 1/5 
+/log,4j—| tlog,|— = 
| on 2) "e (¢) ° 


75. It is known that x =9 is root of the equation, 
8ax 


log, (x* + 15a’) — log, (a—2)=log, ae 
a- 


find the other roots of this equation. 
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76. Solve log , (log; x) + log ,,4(log,,3 y) =O and 83. Find the solution set of the inequality 
17 9 
x? +y?=—. 2logy4(x+5)>—log , (9) + log paz3) (2). 
4 4653 
77. Find the real value(s) of x satisfying the equation 84, Solve log, (vx +| Vx - 1|) = logy (4vx —3+4|V¥x -1]} 


log 2, (4x) + log 4, (16x) = 4. 


78. Find the sum and product of all possible values of x 89) Inithetine quality 


2 
. ; 5 
which makes the following ee? true (log. x)! - (ive a — 20 log, x +148<0 
4 
log. 54+ log, 16=log 5 x—-lo — |, 
Bo Ex bV2 636 (£) holds true in (a, b), where a, be N. Find the value of 


79. Solve the equation ab(a +b). 


86. Find the value of x satisfying the equation 


(log, 3x + log, 3/3x)-log, x? 


80. Solve log, (4**! + 4):log,(4” +)=lo8,.4{+} a ———— ee ———_ crs 
£3 3/| —| + log, 3/|— 
; ry i V of 5 { x}, 


log, x" =2. 
81. Solve the system of equations av*+Vy = 256 and 
3 87. If P is the number of natural numbers whose logarithm 
logio xy 08 : to the base 10 have the characteristic P and Q is the 
number of natural numbers reciprocals of whose 3 
82. Solve the system of equations logarithms to the base 10 have the characteristic — q, 
log. y=log,(xy —2), logy x° +log3(x—y)=1. show that logi) P— logy, Q=p—q+1. 


= loga(x +2)? +3=log,(4—x)* + log,(x +6)’. 


:| Logarithms and Their Properties Exercise 8 : 
Questions Asked i in Previous 13 Year's Exam 


or een RO NE ON NE CTT EE EE LL LS TT TT 


# This section contains questions asked in IIT-JEE, 90. The value of 
AIEEE, JEE Main & JEE Advanced from year 2005 to 
year 2017. 6 + log3;2 


‘\ 


ik 1 | 1 
~Selt-se eis 


[IIT-JEE 2012, 4M] 


Bh 
32 


88. Let a= log,log, 2 and an integer k satisfying 
1<2**3") <2thenkequalsto —_firt-JEE 2008, 1.5M] 


(a) 0 (b) 1 91. If 3X =4*~", then x equals [JEE Advanced 2013, 3M] 
ee, @>? 2log,2 2 
89. Let (xy, yo) be solution of the following equations (a) 2log, 2-1 (b) 2 —log,3 
(2x)! = (3y)'"3 and ginx = 2!"Y then Xq is is 1 Blog ,3 
' ; ; (IT-JEE 2011, 3M] 1—log,3 2log,3 -1 
(a) “e (b) - (c) ; (d) 6 
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Exercise for Session 1 69. 100 70. : 71.1 72.9 


fa) .() 3B) 4) 5 (8) n.@xe(-Za)uenadxe (0.3) va006.5 


Exercise for Session 2 


ss 1-5 1+ V5 
1. (b) 2. (b) 3. (d) 4. (c) 5. (c) (iii) xE i l, <a ) U ex . 2 
Exercise for Session 3 (iv) xe (— 2,1) U (2,0) ~ E10} (v) x> 6 
1. (c) 2. (c) 3. (d) 4.(a) 5.(c) (vi) xe (--,- S)U(- 5, -N UG, ~) 
(vii)x€ (0, 107'] U{10", ~) 
Chapter Exercises (viii)xe [-1, 1- V3) U (1+ V3, 3] 
L() 2) 3.0) 4) Sa) 6) (ix) xe (2. 4 U (| >} (x) xe (0,1) 
7.(a) 8. (b) 9. (a) 10.(c)  I.(c) 12. (¢) 32 2). 
13.(0) 14.(b) = -15.(c) 16. (bY 7. (B)—‘18. (d) a: wee, oe ? (0. 4| 2, co) 
19.(c) 20. (b) ine etehey Ge Oe) 
21. (a,b, d) 22. (b,c)23. (c,d) 24.(a,b) 25. (b, d) (xiii) xe (— ©, - 1) (xiv) x€ (- ©, — 1) U (I, @) 
26. (a,c) 27. (a, b, c, d) 28. (a, d) 29. (c, d) (xv) x € (1000, 2) (xvi) xe (- 10, -8) U (8, 10] 
30.(b) 31.(d) 32. (a) «= -33. (a) = 34. (b) 35. ie (xvii) x € (— ©, 0] A ; 
46.(b) 37. 38.(b) 39.(b) 40.(a) 41. (d) . — “f : -2) 
2.(9) 43. a 44, yi 45.3)  46.(9)  47.(3) (xviii) (a) x€ (- 2, — 3] U 0, ») (®)x it at 
4.(4) 49.(7)  50.(1) «51. (2) 8 8 \o ee 
82.(A)->(p, 5), (B) > (P), (C) > (@), (DI) 7 © (xix) xe (2, 3] (xx) xe ( z 4 a lad, 
53. (A) > (r), (B) > (s), (C) > (q), (D) > (a) ™ a = 
$4.(A) > (q), (B) > (P), (C) (G1), ©) > ©) 74. x= a" — x=15 fora=3 
$.(d)  56.(d)  57.(d) 58.(d) 59.(c) 60. (d) Pe emihar 7 y= or? 
. ab+1 ,..ab+2 . sg cate 
a0 * © 64. (i) 140 (ii)16 238 65. 0.528 
ia a (8 - 5b) " 2b Y ce 11.x= 1,27? 78. Sum = > Product = 2 
yee we 
6.2/3 68.(i)10, ii) xe 19.x=2 80.x=0 81.(9, 25) and (25, 9) 
(ii)x=16  (ivyx=8 — (v) 107°, 10°} ee 83. x€ (-5,-4) U (-3,-1) 
(a= ies on (viii) x=5 (ix) x=2 oF = pele 85.3456 86.xE(1,3] 88. (b) 
(x)x=2 (ri) x= 2 89. (c) 90.(4) 91. (a, b,c) 
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Solutions 


1. logi92 = 03010 
Let y =20007™ 


logio Y = 2000 log, 2000 = 2000 x (log; 92 + 3) 
=2000 x 33010 = 6602 
So, the number of digits in 2000°™ = 6602 + 1 = 6603. 


2.°: A4>OandA#1 and x>0 
log, x + log, x + logs x = log, x 


1 1 
=> loga x + > logs sete bee Be 
=> log x = log, x 
11 11 

= —_—_——_ = 

6log.2 log,A 
= lllog,A—6log,2 =0 

uM 
= log, ry =0> —= 
= a2 = Aa2h 
= ea al 
Given that, A =a anda,beEN 
1 

=> =a? 


From Eqs. (i) and (ii), we get 
a=2° and b=11 


=> at+b=644+11=75 
3 4810 * + logio a 2 
° 1 1 
yx+1-1 Jx+1 41 


<ic(l) 


.(ii) 


Given, a, b andc are real solution Eq. (i) and a > b > c and for 


Eq. (i) to be defined x > 0, x >-1 = x >0 from Eq. (i), 


810 X + 3logig x + 3 os 2x 
2 
On taking logarithm both sides on base 10, then 


(log%, x + 3logig x + 3)logyy x = logig x 


=> (log?y x + 3logio x + 2)logi) x =0 
= (loge + 1)(logig x + 2) logy) x =0 
logig xX = —2, -1, 0 
x=107, 1077, 10° 

i 
100 10 
ss. 
100 


1 
So, a,b,c can take values a = 1,5 = a" c= 


a, b,c € GP 


(a>b>Cc) 


4. 


. log,27-log,7 = 


n-1 


log (i + 1) + 1) _ log(n) _ 
Fin) = Il log (i) log(2) pace 
flt)=k 


100 100 : 
=F = 100-(000 + 1) 
k 


Then, ¥ f(2) = 5050 


k=1 
logo, x: log73 (i) 
Eq. (i) valid for x>0,x#1 
On solving Eq. (i), 
log 3(3°)-log,.7 = «logs x: log73 


= 9-log,7 = log, x 
=> 9 =(log, x)? 
=> log,x = +3 

= 


x=7 or x=7° 


1 e 
Then, the least value of x is = ie.,7 >. 


6.» x=log,(5° x8) =3 + log,8 
=> x-3=logs8 (i) 
and y = log,(77 x6) =3 + log,6 
= y -3 = log76 ...(ti) 
8>6 and 7>5 
= log8 > log6 and log7 > log5 
or (log 8)(log7) > (log 6) (log5) 
=> log 8 > log76 
=> x-3>y-3 (from Eqs. (i) and (i) 
Fa x>y 
7. * logs 120 + (x -3) —2log,(1 -5”~°) =—log,(0.2 -5*" 4) 
=> logs(5 x 24) +(x —3) 
aja 
= log, (1 age - on : 
=> 1+ log,24+(x—3)=log, {5-(1-5*~°)} 
=> 1 + log,(24-5%~*) =1 + log.(1 -5”~*) 
= 24-57" 3=1-5*-? 
= ag S41 
= gent ang? 
x-1=0 > x=1 
8. Given, x, > %, -) >°"5 > xX. >%,>1 
tt 
log x, log x, log, + logs, sles “x 
Xe tn-? 
= log,, log,, log ,,**: log x,-1 "~ 
= log,, 4 =1 (." log, a =1) 
9. Let x(y+z—-x)_y@tx-y) _2(x+y-z)_1 
log x logy logz n 
Then, log x =nx(y + z—- x) (i) 
logy =ny(z + x -y) (ii) 
and logz =nz(x + y -z) wii) 
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ylogx + xlogy = ylogz + zlogy 
=zlogx + xlogz 
= log(x” + y*) = log(y” -z”) = log(x” -z*) 


> x oy® sy? 27 =z*.x? 
1 
10, -: y = gq! ~ loBa x 
1 : 
> log, y = ————_ ..-(i) 
1 - log, x 
1 
and z=qi~ Bey 
or log,z = eae ...(ii) 
1-log,y 
From Eqs. (i) and (ii), we get 
log, z= eee ees = 1 
iia 1 log, x 
1 - log, x 
1 
> =(1 — log, z) = log, x = ———_—— 
log, x ( 622) = loge x (1 — log, z) 
pe 
x= a! ~ loga z 
11. logy s(x — 1) < logy o9(x — 1) --(i) 
Eq. (i) defined for x > 1, ...(ii) 
= logy3(x-1)- log 4.3)2(* -1)<0 
= logo3(x -1) - 5 logua(x -1)<0 
=> = logy -1)<0 
> logo3(x -1) <0 
> (x-1) >(03)° 
[‘.” base of log is lie in (0, 1)} 
=> x>2 ...(iii) 
From Eqs. (ii) and (iii), we get 
x>2 => x &(2,0) 
12. “gt = qv!eeb 
= qv ioseb Vlogs’ Jlogya _ log blogya =blogya _ py 
. a*-b%=0 
13. x=1+ log, be = log, a+ log, bc = log, (abc) 
1 : 
-—= logabe @ ...(i) 
x 
Similarly, as logan, b ...(ii) 
y 
1 eC 
and — = logatee .. (iii) 
z 
On adding Eqs. (i), (ii) and (iii), we get 
1 1 1 
—+—+-—=log,,,abe =1 
x y 2 
og EA tor — 1 
xyz xy + yz + 2x 
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log, (log, N) 
14. q (Bet = gltalless™) — log N 
15. 494+5° =? 
A=1-log;2 


A = log,7 — log;2 


7 7 
A= log;- => gAa_ => 494 <2 
2 2 4 


/ 
and B =~logs4=logs| +} ee 
V4, 4 


49 1 
498 60 2g > = 2405 
4 4 4 


16. (logy, x)” — logy, x + log,,A =0 


2 
Eq. (i) defined for x > 0,A > of logs. x- 1) 
\ 7] 


For exactly one solution, 


1 
log,.,.x--=0 
B16 3 


1 1 
-—+log,,A=0 = log, A=- 
4 B16 Bis r 


or 4 =(16)'4 =2 

17. x lBx(x+ a) 2 16 

From Eq. (i), x >Oand x #1 

By Eq. (i), (x +3)? =16 

=> : x+3=t4 

=> x=1 or x=-7 

From Eq. (ii), no values of x satisfy Eq. (i). 
Number of values of x satisfy Eq. (i) 
Number of roots = 0 


18. Given, y = log, log,(2¥2** ! + 4) ...(i) 

From Eq. (i) to be defined, 

2x+1>0 => x> -> 

We find value of x for which y =1 
1 = log, log,(2¥**! + 4) 
log (242**! + 4) =2 

av2=ti 4 4236 
gv?t+! 32225 =» J2xt1 =5 


2x+1=25 => x=12 


Yuu d 


So, required point is (12, 1). 


19. Given that, log2 = 0301 
log3 = 0.477 
Let y= a Ko" 


log y = 12log3 + 8log2 
= 12 x (0.477) + 8(0301) = 8.132 
So, number of digits before decimal in 3'* x 2° =8 + 1=9 
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i) 


1 
a log,,A = 0 


i) 
.. (ii) 


... (ii) 
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20. Given, equation 2log,a + log,,a + 3log 2,4 =0 


2 1 3 
=> a a A a aly 
log,x 1+log,x 2+ log,x 


Let log, x =t 
Then, Eq. (ii), 


2 1 3 
= + ——+——=0=> 67 4118+ 4=0 
t l+t +t 
4 | 
= t=-- or-- 
3 2 
So, saa” of Gea 


(ii) 


Two value of x possible for which Eq. (i) is defined and satisfy. 


21. Decimal on x > Oand x #1. 
Taking logarithm on both sides on base 2, we get 
{(log, x)* - 6log,x + 11}log, x =6 


Let logox =t 

%, P—6t? + 111-6 =0 

=> (t-1)(t-2)(¢-3)=0: => t=1,2,3 
=> log. x =1,2,3 

= x =2,2°,2° 


22. log, x-log,A = log,5 
A#1,A>0 and x>0, x#1 


= logsx=log,5 => (logsx)*=1 
=> logsx=+1 = x=5) and 5 
x=5 and - 
23. S ={x: vlog, V3x : log, x >~1) 
log3x>-1 
~ x>+ 


Let y = Jlog,V3x, x #1 


To be defined y,3x >0 = x>0 


and log, V3x 20 

From Egg. (i) and (iii), 

for re(2} = ¥3x<1 
1 

= 3x $1 — xs 5 


No solution for this case. 


1 
Now, for x > 1, from Eq. (iii), V3x21 = x2 ; 


ae x>1 
24. Given equation, 
log (9% ~! + 7) =2 + log.(3*~' + 1) 
2(x =-1) 
{3 + 7} =9 
30) 44 
= sD 472 4.3%") +1} 
=> 3-9}? 4.3%" 43=0 


> logs 


(i) 


25. 


26. 


> (37 -' ~3)(37-'-1)=0 
=> x-l=lorx-1=0 
=> x=2orx=1 
y =log, log (4%)---2/p ) [p>0p#l] 
n times 
; i 
A 1 
= log, ; log ,(4)--/p)? -= log, : ieee ae) 
i a al 
= log, }—-—log (4/4}--/P ) 
"|p p aie 
(n - 2) times | 
f ‘ 
=log,| —|=—n, logy, p" = 
= 108 p =—N, lOBiypp =—n 
log, x = & log, x =f, log. x =y, logy x =5 
=> log,a =a! i) 
=> log, b =B"' ..{ti) 
=> log,c =" (iii) 
=) log, d = 8" ..{iv) 
On adding Eqs. (i), (ii), (iii) and (iv) , we get 
bmabti=—a eee _y) 
a Bp y 8 
log x= ee see 
ee a +B ty 4 8 
For o B, y, 8 
en a ee 
4 alt+p +y'4+8 
1 a+B+y7+5 
y +54 16 
or logoicd XS onpei*e [from Eq. (¥)] 
log,95 = a@ and log,)3 = b Ai) 
logio2 = og. © =l-a es) 
Option (a) 
log 198 =3log,)2 =3 (1 — a) [from Eq. (ii)] 


opiowiy ike ir logio1S _ MBiols X 3) 
logo 40 log 19(2 x 5) | 
— 108105 + logio3 


logig2? + logyo5 


gee. ee) 
3(l-a)+a  (3-2a) 
logio2 


Option (c) log 4332 = log.s 2° = > logs? = 
5 log 92 
er a [from Eqs. (i) and (ii)] | 


a 
Hence, all options are correct. | 
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28. sx >Oandx #1 
Given, log, x, log, x and log, x are in AP. 
=> 2log, x = log, x + log. x 
- alogx _ logx | log x 
logb loga loge 
“ 2 1 1 bee #0 


—— == + ———— 
logb loga loge xt 
es ie siitas 2(log a) (log c) 
(loga + loge) 
Absa: logb ___2loge 
loga loga + loge 
2 
> log, b= loge = log (ac) c? 
log(ac) 
a 2 = (ac)!8=> 
29, |a| <|b|,b-a <1 
a,b ex’ —|a| x -|B| =0 ili) 
So, ato= la | ...{ii) 
ab = — |p| 
Given equation, log)» | -1=0, logy, | =1 
a a 
- ~) = |b} 
a 
= |x| = [ab] 
=> |x] = |B] [from Eq. (ii)] 
i x=tB 
Sol. (Q. Nos. 30 to 32) 
log. N =a, + }, 
> b, = log, N - a 
Given, 05d <1>0S log, N -a, <1 
=> a, Slog,N<1+a, 
=> Fignao™ ...(i) 
Similarly, 3°27 <N 3°”? ..(ii) 
and S3 SN <5it8s »»{ili) 


30. Here, a, =5 and a, = 3, then from Eqs. (i) and (ii), 
2<N<2° and 3°SN<3* 
“. Common values of N are 32, 33, 34, ..., 63 
Number of integral values of N are 32. 
31. Here, a, = 6, a, = 4and a, =3, then from Eqs. (i), (ii) and (iii), 
a°sN<2’,3'<N<3° and 5°SN <5‘ 
= 64, 65, 66,..., 127, 81, 82, 83,..., 242 and 125, 126, ..., 624 
.. Largest common value = 127 
32. Here, a, =6, a, = 4 anda, =3 
From question number 31, we get 
64, 65, 66,..., 127; 81, 82, 83, .... 242 and 125, 126,...,624 
Largest common value = 127 
and smallest common value = 125 
.. Difference = 127 — 125 =2 
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Sol. (Q. Nos. 33 to 35) 


33. 
34. 
35. 


S = Antilog of (0.5) to the base 256 
= logaseS = 05 
S = (256)°5 = (28)? 
S22" 
S=16 (i) 
K =Number of digits in6"° 
(*" log;92 = 0301, log93 = 0.477] 


Let a =6'° 
log & = 10log,,6 = 10(0301 + 0.477) 
= 10(0.778) 
log(6"°) = 7.78 
So, x=7+1,x=8 


Number of positive integers which have characteristic 2, when the 
base of logarithm is 3 


=32+1_32 218 
ae G=18 
The value of G = 18 
The value of KG =8 x 18 = 144 
The value of SKG = 16 x8 X18 = 16 x 144 = 2304 


Sol. (Q. Nos. 36 to 38) 


U =Number of digits in (60)'” 


Let a = (60)'” 
logyp & = 100 log 1960 = 100(1 + logi92 + log 493) 
= 100 (1.778) 
logy9 & =1778 
So, U=177+1 = U=178 ...{i) 


M =Number of cyphers after decimal, before a significant 
figure comes in 6g)" 
Let B =(8)** 
log io =(—296) log 198 =(—296) x 3log,92 
logioB = (—296) x 3 x (0301) 
= — 267.288 = —267 — 0288 
= —267 —1 + (1 — 0.288) =—268 + 0.712 
logioB = 268.712 
M =268 ~ 1 =267 


Now, = = De 
M 267 
According to the question, 
U2 
M 3 
5 Let 
M 4 
So, p=2 
and q=3 


. 36. The value of p =2 


37. The value of g =3. 


38. The equation whose roots are pandq is x? -5x +6=0. 
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Sol. (Q. Nos. 39 to 41) 

According to question, G,O, E, L > 0 and are real numbers. 

Such that, 

logyo(G- L) + logi(G- E) =3 => log) G°LE =3 

=> G°LE =10° Ai) 

and log)) E-L + logy, E-O = 4 

=> log E*-L-O=4 

=> E*.L-O=104 

and log, (O-G) + log,(O- L) =5 

=> logyO°GL =5 = O’GL =10° 

From Eqs. (i), (ii) and (iii), we get 
Gor = 10’? 

GOEL = 104 
=> A=10' 
39. Now, let 


1101 
y= log Ay/log A./logA--- = (log A)? ae ta 


1/2 
, = (log A)!~"? = (log A) 
= log10* = 4log10= 4 
40. Minimum of 3G + 2L + 20 + E =2°3"5” 


where A, y,0 € W 
Apply AM2 GM for 3G, 2L, 20, E 


3G 4 2b 420+ EXE XOXE 


8 
So, 8x ¥G31707E =2%3'5” 
(equality hold, if G=L=O=E) 
° From Eqs. (i) and (iii) of Q. 10, we get 
G°LO°E = 10° 


...{v) 


From Eq. (v), 8 x (10°)/8 = 24345" 
8X10 = 24345” 
2* x5) = 27345” 
A=4,0=1N=0 
D(H + *) =(4° + 04) + (0! +: 1°) + (14 + 4!) 
=(1+ 0)+(0+1)+1+4=7 
41. og. + og. 2] = log ©) = logy)1 =0 


[divide Eq. (iv) and Eq. (ii) of Q. 39] 


G O 1 
P = logy a logio= = log{ =) log(10) = -1 


[by dividing Eq. (i) by Eq. (ii) and dividing Eq. (iii) by Eq. (iv) in 


Q. 10] 
=x?-0-x+(-1)=0=x'~1 
42, logi(2x) + logy =2 = 2xy=10° .. sali) « 
and logig x” — logyg2y = 4 
= = 16° ...(ii) 


43. 


45. 


From Eqs. (i) and (ii), x? =10° = x=100 


From Eq. (i), 


(given) 


a m=201 and n=2 
=> m-3n* =201 -3(2)° =201 -192=9 
Solving, x = A and y = logs x, we get 
A=(A, logsA), A> 0 
and solving x = A and y = log,(x + 4), we get 
B={A, log.(A + 4)},A>-4 
Given, AB=05 
=  log,(A+4)—-logsA=05 
om oo =(5)!? = 5 


4 _ 405 +1) 
V5 -1 4 
=1+ V5 =a+vb 
a a=1 and b=5 
Then, at+b=1+5=6 
. a(b —c)x* + b(c -a)xy +c(a—b)y? =b,y #0 ..{i) 


= Az 


[given} 


2 
ato 2] + ble-a)[2}+ (a8) =0 
y y 


/ 


Let —-=X 


=>  a(b-—c)X* + b(c-a)X + cla—b) =0 
a(b—c) + b(c—a) + cla -—b) =0 

ee X=1 

Eq. (i) is perfect square. 

. Roots are equal. 

_ c(a—b) 

7 a(b —c) 


1x1 


- b = 2a fil) 
ate 


Now, log(a + c) + log(a—2b + c) 
= log {(a + c)* —2b (a +c)} 
= log {(a +c)? — 4ac} [from Eq. (ii)] 
= log(a —c)* = 2log(a—c) 
= log(a + c) + log(a —2b + c) - 
log(a —c) 
_ flog(a + c) + log(a-2b + c)|*_ ; 
“ log(a —c) | 7 
According to the is xe! 
x+2 


2-|, 


Given equation, : >9 [x#+2] (i) 


|x+ 2] 


=> 37-l4 5 3? -, 1*+2l ,, 


2-|2| 
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|x + 2| 
jx|-2 

|x + 2]~2] x] +4 
|x| -2 


-2>0 


0 


x+2 
~(x + 2) 
which is not possible. 

Case II -2 < x < 0, then Eq. (ii) 
x+2+2x+4 
=e 

—3(x + 2) 
(x + 2) 
which is not possible. 
Case III when x > 0 
From Eq. (ii), 


>0>-1>0 


=> 


>0-3>0 


x+2-2x+4 
x-2 


>0 => 


Gg 
2 ao 


; x-2 
2<x<6 
So, the integer values of x = 3, 4,5 
So, the number of integer values of x is 3. 


46. x>2 


log 3 x —2| + |log,x -2|=2 
|2 log, x —2| + |log, x -2|=2 
2|log, x - 1| + |log, x —2| =2 
Let log; x=y 
Then, Eq. (i) => 2|y — 1] +|y -2| =2 


‘ 


A; 


< 
1 
nm 
i 
! 
“yo 


; 


ea 


“< 
i 
_h 
| | 


Case! y <1, then x <3 
Eq. (ii) becomes -2y +2-y +2=2 
2 
-3y =-2y=- 
y aa 
log3x =- 
- x=328 


which is less than 2, so not acceptable. 
Case Il 1<y<2,then3<x<9 
From Eq. (ii), 2(y -1) -(y -2) =2 


3x +6 
—(x + 2) 


>0 


...(ii) 
47. 
48. 
..-(i) 
...(ii) 


49. 


lfromEq. ()} 


From Eq. (ii), 
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= y=2 
=> log;x =2 
x=3?=9 
y 22, thenx29 
2(y —1) + (y -—2) =2 
y =2, log, x =2 
x=9 


[impossible] 
Case III 


{acceptable} 
Given equation is 
log, vx -2 log? x+1>0 --(i) 


From Eq. (i), x>0 


; 1 2 2 
.(i) = - log, x - ——~ log3 x + 1>0 
Eq. (i) 3 &2 (2) B2 


\ 


1 1 
5 eee x5 loge x +1>0 


(log. x)? — (log, x) -2<0 
(log, x — 2) (log, x + 1) <0 
—1<log,x <2 
o exe2" 


ee 
2 


Y uv YUU SY 


xéEl, so x=1,2,3 
So, number of integer value of xis 3. 
Given that, b > 0 


2 logyja5 (bx + 28) = — logs (12 - 4x - x”) ..{i) 
ae logs (bx + 28) = — logs (12 - 4x - x’) 
(2) 

=> bx + 28 =12 -4x—- x’ 

and bx + 28>0 

and 12-4x-x">0 


=> x? +(44b)x+16=0 ...(ii) 
and x>—= and -6<x<2 


Since, Eq. (i) has coincident roots, so discriminant Eq. (ii) is zero. 
(4+ b)? -64=0 
b+4=18 
b=4 or b=-12 
Since, b>Osob=4 
for this value x > - 7 and-—6 <x <2 
gloeira2 _ 380827125 _ 4 9 og2 2 _ glog 7s. 4 


74 logas9 ay 7 log..2 2 
2*-5-4 16-9 
= ——_—- = —— =7 
qzlogr?_3 2? ~3 
2 5 
(logs x)" + logs, | —|=1,x>0,x #- 
x 
log (=) 
sI- 
1-] 
= (log, x)? + ——4 =1 = (log, x)? + ——25* =1 


logs (5x) 


1+ log, x 


Let log, x =t, then 
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rP+r-2t=0 
t(t+2)(t-1) =O = t=-20,1 
x=57 5° 5} 


Yu Jy 


Y 
» 
Ml 


1 
—,1,5 
25 
XX ET 


x, =1,x,=5 
[x2 - 4m] =|5- 4] =1 


51. Given, x = log, a = log, b =5 log, cand log, c=nx"*! 
x = log, a = log, b = log, vc and log, ¢ = nx"*! (i) 
From Eq. (i), log, a x log, 6 + log, ve =x? 


log, Ve = *, 5 log, c= x? 


log, ¢ =2x° 
Compare with log, c=nx"*? 
=> n=2 
5 
52. (A) log; 243 _ log33" 5 x2 = 2 (pis) 
log. J/32 med log, 2° 
2log6 _2log6 2log6_ 


(p) —— 8° _ 8°. B21) 


log12+log3 log36 2 log6é 
iv" , 
(C) logis (2 | =~ log; 3* =- 4(q) 
9) 
lo (5) 
©) logs 16 - logs 4 _ e514 __ logs (2) 26 
log, 128 log, (2)’ logs Q) 67" 


53. (A) flog?, 28 = /log?,, 8 = (log. -1 2°)? 
\2 
= log:2| = y(-3)* = v9 =3@) 
\ v4 


(B) (logy 2)° + logyg 8-logyy 5 + (logo 5)° 
= (log192)° + 3 logyy 2 logig 5 + (logio 5)” 
= (logy92)° + 3-logyy2-logig 5+ (logy 2 + logig 5) 
+ (logy95)° 


[= logio 2+ logio 5= logo 10= 1) 


= (logo 2 + logy 5)? = (logy 10)° =(1)° =1 
3 + (logyo 2)° 4 logio 8: logyo5 + (log,5)° 
=3+1=4(s) 
(C) N =log, 15: log,2- log, - 
= log, 15 (— log,2) (— log; 6) 


wp 10815 | log 2 . logs _ 


—— = log; 15 
log2 log6 log3 2 


9<15 <27 
2< log, 15 <3 
So, [N] =2(q) 
(D) (52.6)* = (0.00526) = 100 
(52.6)? =100 and (0.00526)’ = 100 
2 
52.6 = 102 Ai) 
(52.6) x 1074 = 10? 
(52.6)” =107* 4° 


(* ‘*) 
= 526=10\ ° .-{ii) 
From Eqs. (i) and (ii), we get 
2 2+ 46 
10° =10 ? 
= Ek ed 
a b 
1 1 
> —-=-=2(q) 
: 2(x -2) : 
54. (A)G that, log,,, ——-————— (i) 
(A) Given that, log,, Paes) 
for log to be defined 9 sth 
(x + 1) (x —5) 
then x €(-1, 2) U(5, &) 
gy + 
= Fs 2 5 
Let x>0 andx#1 : 
So, x €(0, 1) U(I, 2) U6, »%) 
Casel xe€(0,1) «Aii) 
1 
—>1 
x 
' 2 (x — 2) 
By Eq. (i), 1 — 
ye Eee Tas) 
= _2(x-2) 51 
(x+1)(x-5) x 
=> Pa ioe may, 


(x+1)(x-5) x 
2x (x — 2) -—(x + 1)(x +5) 
 x(x#i)(x-5) 

ax? — 4x —x? + 4x45 

x (x + 1)(x -5) 

x? +5 
x (x + 1) (x -5) 
= x(x +1)(x-5)>0 


aa, 


= x €(- 1,0) UG, ») 
But by Eq. (ii), x € (0, 1) 
So, no solution for this case. 
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Case II Let x € (1, 2) U(5, 2) ..-(iii) 
1 
—<1l 
x 
2 (x ~ 2) 
Eq. (i) = log, —————— 
BL e+ 1)(x-5) 
2(x -2) A 
(x+1)(x-5) x 
=> _2(x-2) 1, 
(x+1)(x-5) x 
x7 45 
=> —_—_——-—— <0 I 
x(x + 1)(x -5) [by case 1 
= x(x+1)(x-5)<0 
=> x €(— 0, —1) U(0, 5) .iv) 
Eq. (iii), x € (1,2) UG, ©) 
= wa 0 \ - Js 
From Eqs. (iii) and (iv), x € (1, 2] (q) 
(B) log, x -log3 x<—log , 4 -»(i) 
2 af ; 
defined, when x > 0 
logs x~ log] x2 2x{ =?) x2 x1 
2 3 
> log, x — log? x + 250 
= log} x — log, x -220 
=> (log, x — 2) (logs x +1) 20 
=> logy x S—-1 
or log, x22 
> xScorx29 
From Eq. (i), x >0 
So, re(o slop 20) (p) 
(C) log, (4-— x) 2 log, 2- log, (x-1) ..-(i) 
2 2 2 
- 1g, = 
2 
= ~~ 9-5, 
=> (x -—4)(x-1)2-2 
=> x°-5x+4+220 
=> x*-5x +620 


(x -3)(x -2) 20 

xS2orx23 ...(ii) 

From Eq. (i) to be defined, 4 - x > Qand x-1>0 
x<4andx>1 


iii) 


55. 


56. 
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From Eqs. (ii) and (iii), 
x €(1, 2] U [3, 4) (q, r) 
(D) Given equation is 
(A? -3A + 4) x? ~4(2A—1) x+16=0 sali) 


2 2 2 
#34 4-0 -20+(2) -(3] +4=(2-2] re 
2 2 2, 4 


So, N-3A4+4>0,VAER 


D>0 


1S: r 
a ...(ii) 
Let f(x) =(A? - 30 + 4) x? =4(2A-1) x + 16 
f(1) < 0 by graph of f(x) 
 - 110 + 24<0 
(A -3) (A -8) <0 
3<X<8 
From Eqs. (ii) and (iii), we get 
3<A<8 = E(3,8)(s) 
If 0<a<b 


and 


=> We get 


(iii) 


Statement-1 If x>1 

=, log, a<log, 6 

.. Statement-2 If0<x<1 

= log,a>log,b 

.. Statement-2 is true, also 
10>3>e>2 

If x>t1, 


then log, 10> log, 3 > log, e> log, 2 
1 1 1 1 


< 
log, € 


log, 10 log,3 log, 2 

=> logy) x < log; x < log, x < log, x 
0<x<l 

logig x > logy x > log, x > log, x 


x>0,x#1 


and for 
We get, 
It is clear that for 

Statement-1 is false. 


3 
Statement-1 787 (+) Ly? ...(i) 


xo+1-x?=1|forthisx?>+1>0 
xx =01>x>-1 
x? (x-1)=0/—x>-1 
x = 0 (repeated) or x =1 
Thus, Eq. (i) has 2 repeated roots. 
“. Statement-1 is false. 
Statement-2 a" =N,a>0,a#landN>0 


which is true. 
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57. 


58. 


59. 


60. 


ay fi 
Statement-1 (*) <| :) . Taking log on both sides, 
\ 


to. (1) <tog,(2) 
og.|-| <log.|- 
. \3) e \3, 


1 1 
7 log. — < 4 log, - 
Be 5 Bes 


1 
Now, log, ; <0 [2 <e <3] 
So, 7>4 
Statement-1 is false. (i) 
Statement-2 ax <ay 


and a<0,x>0,y>0 
Eq. (i) divide by a, we get x > y 
Statement-2 is true. 


Statement-1 x 8 &- 2. a 9 
Eq. (i) is defined, if 
(1 - x)? =9 ) #4 (1) 
x#1,x>0 
i-x=13 
x=-2or4 
x=4 [acceptable] 


.. Eq. (i) has only one solution. 
Statement-] is false. 


Statement-2 a!®> = b wherea > 0,a#1,b>0 

which is true. 

Statement-1 (log x)? + log x? -3=0 ..(i) 
> (log x)? +2 log x -3 =0 

=> (log x + 3) (log x —-1)=0 

=> ; log x = —3orlog x=1 

=> x=10° or x=10 


Eq. (i) is defined for x > 0. 
So, Eq. (i) has 2 distinct solutions. 
Statement-2 log x’ #2 log x 

* LHS has domain x € R and RHS has domain x € (0,°°) 
. Statement-2 is false. 
Statement-1 

log, 3- log y/9 3 = logs, 3 ...(i) 

Eq. (i) holds, if x > 0, x#1, x #9 


1 1 1 
By Eq. (i), 


ee ST oe 


logs x (logyx+2) 4 
(log, x)* +2 log,x -4=0 
(log, x)? +2 log,x + 4=8 

(log, x + 2)’ =8 
log, x +2=+ 2,2 
log, x =2(-1+ V2) 

m x = 32-1 t ¥2) 
Two values of x satisfying Eq. (i) 
So, Statement-1 is false. 


Statement-2 Change of bases in logarithm is possible. 
“. Statement-2 is true. 


61. (i) «-a=log, 12 = 0812 _ 2 log 2 + log 3 


log 7 log 7 
a= 2 + log23 wi) 
logs 7 
and be opie eye Obie Flee 
log 12 2 log 2 + log3 
_3t log, 3 (i 
2+ logs 3 . 


Let log, 3=Aand log, 7 =p 


From Eq. (i), a = aa 


3+A 
and from Eq. (ii), b = ——-, t 
rom Eq. (ii) aaa NE 
je nage 
_ a(b—-1) 


logs, 168 = 108 168 _ log (2° x 3x7) 
log 54 log (3° x2) 
_ 3 log 2+ log 3 + log? 
= 3+ loged + loge? 3+ Ath 


3 log. 3 +1 3A +1 
a) a 
_ b-1 a(b-1) 
36-2) |, 
b-1 
_ (ab +1) 
a (8 — 5b) 
(ii) -* a = log, 4and b = log, 3 
: ab = logs 4 (i) 
Hed: ioe aid'= logs 10 _ 2 logs 10 
logs 3 2 logs 3 
_ logs (100) _ logs (4 x 25) 
2b 2b 
log, 4+2 ab+2 
= = from Eq. (i) 
2b 2b (from Ea (0 
62. -. 20 gh te [by using law of proportion] | 
b-c c-a a-b | 
: Ina _ iInb_— Inc | 
() ale 
b-c c-a a-b 
Inat+Inb+ Ine _ In(abc) | 
b-c+c-ata-—b 0 
= In(abe)=0 => abc=1 | 
(i Ina , Inb Inc alna+blnb+clnc 
b-c c-a a-b a(b-c)+b(c-a)+c(a-b) 
_Ina?+inb’+inc® _ In(a’-b°-c’) 
0 0 


= In(ab’c*) =0 
=> atb’c’ =] 
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] 


Ina 


dnd _ Inc 
a-b 
[(b? + bc +c?) Ina + (c? + ca +a”) Inb 
7 (a2 + ab +b?) Inc] 
[(b? + bc + c?) (b —c) + (c? + ca + a”) (c —a) 
+ (a? + ab + b*) (a -b)] 
ing’ ere In bo tte 4 In ct tobe? 


(b> —c*) + (c? —a*) + (a -— b’) 


In (a? *be+ pe toata® 


b-c c-a 


2 2 
-¢? +ab+b ) 


0 


2 2 2 2 
=> In (a? +bhete ag +cata 


2 2 
cf +ab+b )=0 


2 2 2 2 2 2 
b* + be tec be +cata -¢2 +ab+b =| 


a 
(iv) - AM2 GM 
Fe Pe parc’ [from Eq. (i)] 
stay => at+b+c23 
(v) -- AM2 GM 
a 5 c 
“a at+b+c > (at «bP -f)9 
a . 
== [from Eq. (ii)] 
a b ¢€ 
> aes => a+b c>3 
(vi): AM> GM gh there’ 5 pel beata? 5 pa? +ab+b? 


3 
2 2 2 2 2 2 
> (a? tbet+e -b° +cat+a .¢2 +ab+b ye 


=) [from Eq. (iii)] 
=] 
” gh there? + pe tata’ a taba! ro 
3 
=i ge tere’ 4 pe teat? a tab? >3 


63. To prove log, 2 lies between : and ; 


2!? = 4096 
1000 < 4096 < 10000 
10° <2)" 16" 


Taking logarithm to the base 10, 


logio 10° < logio ou < log) 10° 


‘1 
3 <12 log, 2 <434 < logio 2 a 


64. log 2 = 0301 


log 3 = 0.477 
(i) Leta =5?% 


log & = 200 log 5 = 200 (log 10 — log 2) = 200 (1- 0.301) 
= 200 x 0.699 = 139.8 
So, number of integers in 5?” = 139 + 1 = 140. 
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(ii) a =6" 
“. log &@ =20 log 6 = 20 (log 2 + log 3) 
= 20 (0.310 + 0.477) 
= 20X 0.778 = 15.560 
So, number of integers in6”” = 15 + 1 = 16 
(iii) Let 
log a = —500 log 3=— 500 x (0.477) =— 238.5 
=— 239+ 0.5=239.5 
So, number of zeroes after the decimal in 
37° = 239 -1=238 
65. Given that, log,,2 = 0301 
log 193 = 0.477 


a=3 


and 


349 


log 3.375 = log (3375) — log 10° = log 5° x 3° —3 log 5 x2 


=3 log 5 +3 log 3 ~3 log 5 —3 log 2 
= 3 (0.477) — 3 (0.301) = 3 (0.176) 
= 0.528 


66. Let P= log. x - log, (0.125) = log.x = log . (2) 
= log, x +3 log, 2 


s AM2 GM 
=> weak TT! 2 y(log, x) (3 log, 2) = 3 
Pos 
‘ 2 
= P22V3 


Least value of log, x — log, (0.125) is 2V3. 


67. Lety= + = log, 3 + log, 4 
log, m log, tt 
= log, 12 
Now, 12>n° 
log, 12 > log,” y>2 
68. (i) .. x) * io = 10x 
=> x-x"%o* = 10x 
=> x [x Bot -10}]=0 
x #0, so i ie? 190 
= xb0* =10 
=> logyo x = log, 10 
=> (log,) x)” =1 
= logy x= +1 
=> x=10*! 
1 
= x =10 or — 
10 
(ii) log, (9+ 2”) =3 
= 9+2* =8 
> 2*=-1 


which is not possible, so x € 9. 


(i) 


[- x > 0] 
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(iii) 2 x'843 4 glogex — 97 => Ou (2 +1)-4 (2 + 1) =0 
2-31°8s* 4 glogex — 97 at = Phe p=-+p=4 
, 2 9 
gloga (x +1) 2 93 p> 
log, (x +1) =3 
log, x =2 Cams 
x=16 a -2 
3 3) 
i = j = = =| => A=-2 
(iv) log, log, log, x = 0 én(i) ) ) 


Defined for x > 0, log, x > 0 and log, log, x > 0 


=> x>0,x>1,x>3 
x>3 
log, log, x =1 
log, x =3,x =8 
which satisfy Eq. (i). 
logig x + 5 
(v) x 3) =195* B10* 
Defined for x > 0 
Let logigx =y 
=> x= 10" 
»(2+4) 
By Eq. (i), 10S > 7 19> 
=> y? + 5y =15 + 3y 
=> y’ + 2y-15=0 
=> (y + 5)(y -3) =0 
=> y=-Sory=3 
=> x=—< or x=10° 
10 


x = {107,107} 
( 1 
(vi) log, [logs x + ; + 9] =2x 
Defined for x > 0, 


1 
logy a al Mal 


1 -— 
=> logge => x=9 2 
=> x=37 
1 
x=- 
3 


(vii) 4B x +1 _ clogio x — 2.3!810 x” +2_9 


= 2 2 logio x+2 =(2 x 3)!0810 x — 2.370810 x+2 _ 0 


Let logy x =, then 
grrt2 -(2 x 3)* ~2.37A+2~ 9 


faXa 
Let {= 2 
.2J 
18u7 + -4=0 
=> 187 + 9-8 -4=0 


~ 1 
Hence, x = 10* = 10 a 
10 


evi) 26m (€-3)_ 1 
logip(x° -—21) 2 


is defined for x > 1 and x? > 21. 


x>/21 
--{i) > 2 logo (x — 3) = logy, (x? - 21) 
= logyy (x ~3)” = logy (x? - 21) 
=> (x -3)? =x? -21 


x? -6x+9=x?-21 
oe x=5 
satisfy Eq. (i), hence x =5. 
(ix) x82 *+4 = 39 

Defined for x > 0, 
log, x + 4=log,2° 


log, x+4= 
log, x 


(log, x)’ + 4log,x-5=0 
(log, x + 5) (log, x -—1) =0 


> log, x = —5 or log, x =1 
=> x=2° orx=2! 
x= s. orx=2 
32 
which satisfy Eq. (i). 
(x) log, x =x 
and a = x !84* 
Defined for x > 0 


From Eq. (i), x=a* 


(i) I 


From Eq. (ii), x = le 
1 
=> _-= log, x 
.; x 
= x=log,4 = x*=4 
x=2 


(xi) log Js sin x (1 + cos x) =2 
Defined for 1 + cos x > 0, V2 sin x >0 


and V2 sin x # 1, then 


1+ cos x =2sin? x 


1 ft maw os 


(i) 


(i) 


=) 
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2cos’ x + cosx-1=0 


(2 cos x —1)(cos x + 1) =0 
1+ cos x#0 


1 
So, -cosx=— 
2 


x= “ Eq. (i) is defined for that value of x. 


69. Let rational number be x, then 


x =50 logigx = 2x =100: login x 


Taking logarithm to the base 10, then 
logi92 + logig x =2+ logo (logio x) 


Let logig x =A 
y log 192 + x =2+ logy (A) 
=> logio (+) = x —2 
which is true for A = 2. 
ce logigx =2 
> x = 107 = 100 
70. Let y = ee + 2 


log; (2000)° 
=2 108 (o900)6 : +3 10g 006 5 
. 108 «2000)6 a+ 108 2000) 5 


log, (2000)° 


= 10g «2000)6 (4? x 5°) 


1 lo 2000 = : 
6 & 2000 6 
7 


~~ 


- log, [1 + log, {1 + log, (1+ log, x)}]=0 
=> ‘1+ log, {1 + log, (1+ log, x)} =1 
log, {1 + log, (1 + log, x)}=0 
1+ log, (1 + log, x) =1 

log, (1 + log, x) =0 

1+ log,x=1 
log, x =0 

x=p" 


UuUUUIUY 


x=1 
Eq. (i) is satisfied for this value of x. 

12,95 log, 3 ~ V6) —6 log, (v3 - V2) 

=5 log, si2 (3 - V6) —6 log, 5 (/3 - V2) 


=5x— log, ( ~ v6) ~ 6 x= log, (3 ~ v2) 


= log; (3 - V6)" — log, (v3 - V2)? 


=lo (5%) = (5 (3 - V2) 
ewe) | Ga—ae) J 


«= 45!0B4yz (3- V6) - 6 logy (V3 - 2) 


= 4)°82 3 a2, 3 = 2'82 9 =9 
73. (i) logos 3 x? <1 
CaseL0 <2x+3<1ie—2<x<-l 


Eq. (i), x? >2x+3 


2 
= log23 
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x’? -2x-3>0 
(x -3)(x+1)>0 
x<-lorx>3 


(3 


Case] 2x+3>1 => x>-1 
Eq. (i), x? <2x +3 
(x -3)(x+1)<0-1<x<3 
=> x €(-1,3] 
Eq. (i), x#0 


Eqs. (ii), (iii) and (iv), x € (- . ‘ ) U {-1, 0} 


(ii) log, (x? —5x +6) <1 


For Eq. (i) to be defined 2x > 0 and 2x #1 


So, x>Oandx#- 

and x? -5x+6>0=9x <2orx >3_ 
1 

Case! Dat Sa 


From Eq. (i), log., (x? —5x + 6) <1 
x? -5x+6<2x 
x? -7x+5>0 


(x -6)(x-1)>0 
x<lorx>6 


(0) 


From Eq. (i), log2, (x* —5x +6) <1 


From Eqs. (iii), (iv) and (ii) 


1 
Case i ag 


=> x? -5x+6<2x 
=> x? -7x+6<0 
=> 1<x<6 


From Eqs. (ii), (v) and (vi), 
x €(1, 2) U(3, 6) 


From Eqs. (A) and (B), x € (0 1) U(1, 2) UG, 6) 


(iii) log, (2 — x) < logy,2 (x + 1) 


From Eq. (i) to be defined2 -x >0 => x <2 
and x+1>0>x>-1 
So, x €(-1,2) 
Now, from Eq. (i), log, (2 — x) + log, (x + 1) <0 
(2-x)(x+1)<1 
(x —2)(x+1)+1>0 


x?-x-2+1>0 


x?-x-1>0 
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(ii) 


...(iii) 
...(iv) 


...(i) 


..(ii) 


...(iii) 


...{iv) 


Avi) 


...(B) 


ii) 
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= gelowe 
2 
or zits 


From Eqs. (ii) and (iii), 
re)! + 5 


2 


(iv) log 2 (x +2) <1 


From Eq. (i) to bedefined, x+2>0=x>- 2| 


and xé@R,x#0andx#1 | 
CaseI x €(-1,1) ~ {0} 
Eq. (i), (x +2) > x" 
x?-x-2<0 
(x —2)(x +1) <0 
x-1<x<2 
From Eqs. (ii), (iii) and (A), 
x €(-1, 0) U(0, 1) 
Case II x € (— -», — 1) U(I, &) 
Eq. (i), xt+2<x? 
x? -x-2>0 
x<=—lorx>2 
From Eqs. (iv), (v) and (A), 
x E€(-2,-1) U2, =) 
From Eas. (B) and (C), 
x €(- 2,1) U(2, 2) ~ {= 1, O} 
(v) 3/83 Jx-1 < 3!083 (x ~ §) + 3 
From Eq. (i) to be defined 
x-1>0 > x>1 
and x-6>0 => x>6 
From Eqs. (ii) and (iii), x > 6 
Eq. (i), fx -1 -(x -6)-3 <0 
Jx-1 -x+3<0 
fx -1 <(x-3)x-1<(x-3) 


x°+9-6x-x+1>0 


x’ -7x+10>0 
(x -—5)(x-2)>0 
x<2orx>5 
From Eqs. (iv) and (v), x >6 
(vi) log yz (3x — 1) < logy/2 (x + 5)” 


From Eq. (i) to be defined x # 7 x#-5 


Eq. (i), (8x —1)? >(x + 5)? 
(x-1-—x-5)Gx-1+x+5)>0 
(2x —6)(4x + 4) >0 
(x -3)(x+1)>0 
x<-lorx>3 
From Egg. (ii) and (iii), 
x €(—, —5) U(-5,-1) UG, ») 


.. (iii) 


(i) 


»(A) 
...(ii) 


...(iii) 
...(B) 


...{iv) 


(Vv) 


wlC) 


esefi) 
. (ii) 


.. (iii) 
(iv) 


...(v) 


(i) 
ii) 


.. (iii) 


(vii) logip x + 2S logy, x 
From Eq. (i), x>0 
logi) x + logiyx-—220 
(10\9 x —2) (logygx +1) 20 
logig x S—1or logy) x 22 
xs a or x 2.100 
10 


From Egg. (ii) and (iii), 


a 
x €| 0, — | U[100, 0) 
\ 10 


or x €(0, 107'] U[10?, ©) 
(viii) logy) (x? - 2x - 2) <0 
From Eq. (i), x? -2x~-2>0 


x? -2x+1-3>0 

(x - 1)? - (73)? > 0 

[x -(1 + V3)] [x-(1 - v3)] >0 
x €(—-, 1 — ¥3) U(1 + V3, ~) 

x? -2x-2S1 

x? -2x-350 

(x -3)(x+1)<0 

-1<S$xs3 

From Eqs. (ii) and (iii), we get 

x €(-1,1-¥3) U(1 + V3, 3] 


3 \ 
log, | 2x-—|>2 
(ix) og (2x Vie 


From Eq. (i) to be defined x > 0, x #1, 2x - >0 


x>0x#1,x>2 


( 3) 
From Eq. (i), 1 2x-—|>2 
q: (i) 0B: | 2x 4} 


Case I 0<x<1 
3 
ee ae ce 
4 
8x -3-4x* <0 
4x” -8x+3>0 
4x* -6x -2x+3>0 
(2x -1) (2x -3)>0 
1 3 
x<-orx>- 
2 2 


From Egg, (ii), (iii) and (iv), 


Eat) = 2x2 > 


8x -3> 4x? 


4x* -8x+3<0 


(i) 


(iii) 


..-(ii) 


...(iii) 


..{iii) 


...iv) 


w(Vi) 
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1 3 
-<x<- 
2 2 


From Eqs. (ii), (vi) and (vii), we get 
xe (4, 3) 
X 2 


From Eqs. (v) and (viii), we get 


(3 | é | 
xél-,-|]Us1,—- 
\8'2 | 2 

(x) logy; x < logy). x (x > 0) 


> log, x > log. x 
log x __ log x is 


= 
log3 log 2 
og +| 983182) <0 
, log 2 log 3 
= logx<0 => x<1 
So, x €(0,1) 


From Eq. (i) to be defined, 
2x+3>0 
3 
x>--=- 
2 
2x+3 #1 
x#-1 
x € R—- {0} 
From Eq. (i), logo, 43 x? <1 


Casel 0<2x+3<1 => ~o<xcn] 


From Eq. (ii), logo. 43 x° <1 


=> x? >2x4+3 = x*?-2x-3>0 
=> (x -3)(x+1)>0 
=> x<-lorx>3 


From Eqs. (A), (iii):and (iv), x € ‘ aq - i} 
~ 2 @ 


Casell If 2x+3>1 = x>-1 
logar43 X° <1 
x? <2x+3 

x’ -2x-3<0 

(x -3)(x +1) <0 

=> -1<x<3 

So, Eqs. (A), (v) and (vi), x € (- 1, 3) 
From Egs. (B) and (C), 


\ 
rela! ewe) 
2-2 
(xii) log} x + 3 log, x22 log, yz 16 
log} x +3 log, x ~ > x = log, 1620 


log} x + 3 log, x-420 
(log, x + 4) (log2x -1) 20 


...(vii) 


...(viii) 


.(A) 
.. (ii) 


..-(iii) 


...(iv) 


Avi) 
Ae 


(i) 
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1 
logax S$-4orlog,x21 => oar 


or x22 ...{ii) 
From Eq. (i), x>0 (iii) 


( 
From Eqs. (ii) and (iii), x € [0 +| € [2, 09) 


(xiii): (x? + x +1)" <1 


Taking logarithm on both sides, then 
x log (x? + x+1)<0 
4 xe4xt+1>0VxER 
CaselI_ If x>0 ...(i) 


Then, log (x? + x+ 1) <0 

vextl<i 
=> x(x+1)<0 
=> -I1<x<0 sedi) 
From Eqs. (i) and (ii), x € 
Case ll If x <0 .. (iii) 
Then, log (x? + x+1)>0 
=> xeextil>i 
=> x(x+1)>0 

x €(— 2, — 1) U(0, &) ...{iv) 

From Eqs. (iii) and (iv), we get 

x €(- <9, -1) 


(xiv) log (342 si 2< ; 
2 <(3x? +1)" 
(3x7 +1>1,V x€R) 
4<3x° +1 
3x’ >3 
x? >1 
x<-lorx>1] 
=> x E(-— 9, -1) U(l, &) 
(xv) 810 7 ~3 8 10**! S 1999 Ai) 
From Eq. (i) to be defined, x > 0 and x #1 
Let logipx=y = x=10" 
From Eq. (i), 107% -3¥#) 5 493 
y>-3y?+y-3>0 
y’ (y -3) + 1(y —3) >0 
(y -3)(y?+1)>0 
y>3 
logigx >3 
x > 1000 
x € (1000, --) 
log, {14 + log,(x* —64)} $2 ..(i) 
14 + log,(x? - 64) $16 


log, (x? - 64) $2 
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x’ - 64.536 
x’ $100 
-10S$xS10 
From Eq. (i), x’ -64>0 
=> x<-8o0rx>8 


From Egg. (ii) and (iii), 
x €[- 10, — 8) U(8, 10] 
(xvii) log, (9-2") s Ci al 
From Eq. (i) to be defined, 
9-2">0 = 9>2* 


= 2*<9 = x<log.9 
3-x>0 => x<3 

Then, x<3 

From Eq. (i), log, (9 - 2%) $3 - x 

=> 9-2" <2°-* 

=> 9-2* -8-2* <0 

= (27)? -927 +820 

= (2* -8) (2% -1)20 

= 2* $1or2* 28 

=> xsOorx23 


From Eqs. (ii) and (iii), x $< 0 = x E(- %, 0] 
(xviii) log, (# : | >0 
x 


From inequation (a), a>1 


2x+3 
By Eq. (i), 222s 
x 
a 
e oa -_— 
=> 2 >0 
x-0 
3 
=> He otaee 


From Eq. (i), log, (2 + 3) 20 
\ 7 


24321 
x 
3+Xx 
x 
x-C3,, 
x-0 
xS-30rx20 
From Eqs. (ii) and (iii), 
xS-30rx>0 


20 


=> x €(—~, —3] U(0,-) 
From inequation in (b), 0<a<1 

2x+3 
From Eq. (i), oa Si 


...(ii) 


..(iii) 


(i) 


..{ii) 


..-(iii) 


...(i) 


...(ii) 


iii) 


...{iv) 


+3 
= iz s0 
x 
= -3<Sxs0 
=> x €[-3, 0) 


From Eqs. (ii) and (v), we get x € |- 3,- 2) 


(xix) 1 + log, (x — 1) S$ log(, -1) 4 
From Eq. (i) to be defined, x -1>0=>x>1 
and x-14#1 => x#2 


By Eq. (i), 1 + log, (x —1) $2 log, -1) 2 
Let log, (x —1) =A, then 


eee 
A 
2 —_ 
= N+h-2.) 
A 
= (A+2)(A-1) < 
r 
Ze, | ie 
eee ear 
=> As-20r0<AS1 
or 0 < log, (x-1)S1 
= x-1S$27 or2°<x-1S2! 
=> xS*0r2<xS3 


From Eqs. (ii) and (iii), we get 
x €(2,3] 
(xx) logsr4 4 x” S logsys 4 (2x + 3) 


4 

From Eq. (i) to be defined, 5x + 4 > lane 
3 
5x+441 > acl 


2x +3>0=—9x>-2 
and x & (— 0, 00) — {0} 


ye Hot aii 
= xe( 5° 2 u gO VO ) 


From Eq. (i), logs, 4 4 x” S$ logs, 4 4 (2x + 3) 
2 


x 
lo — $s 
Bsr+4 OG 
Case! 0<S5x+4<1 
4 3 
= ie La 
5 5 
x? 
From Eq. (iii), -———— 2 1 
4. ( Lor 
2 — 
x" —2x 359 
2x+3 


AV) 


..{i) 


.-(ii) 


(ii) 


wi) 


...{ii) 


...(iiil) 


...{iv) 
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(x -3)(x +1) 


3 , 


= -1 3 


20 


xe e oe | U[3, ©) -{v) 
\ 2 
From Eqs. (ii), (iv) and (v), x € > ..(Vi) 
Case Il §Sx+4>1 => x>-> ..(vii) 
2 
From Eq. (iii), —~ 
rom Eq. (iii), ee $1 
(x -3)(x +1) 
{x-( _{.3\| 
ay, 
3 x<~orxe[-1,3] ..(viii) 
From Eqs. (ii), (vii) and (viii), 
(23 3 ep 
ey 5 a} ut 1, 0) U(0, 3] ix) 


From Eqs. (vi) and (ix), we get 
3 3) 
xeé eee [> 1, 0) U(0, 3] 
e] a) 


74, Given equation is 


ye Aue 


+ log, (ax 
eA) ing (ey 
+ '°6 (=) + log, (2 a) 


1 
—= 1+ log,a+1+ log, x 
$3 ig x-1+log,a-l=a 
5 Ba x 
-2= 5a 


1 1 
log, x + +2+ /logax+ 
log, x log, x 


log , (ax 


=a adi) 


ry 


1 1 
vl log, x| + —————] + iy log, x| - === |= V5a...(ii) 
vlog, x| vilog. x| 
Let vilog. x] = y [y 20] 
+ le pee” = /5a ...(iili) 
y y 


CisclxSia SEG Gi Sy +24 p= elie 
y y 


= a 2y = V5a 
2,j|log, x| = 5a 


vlog, x| = Be 


75. 


76. 
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log, x=—a 
x=a‘ 


CaselII 1<x<a 


By Eq (ii), y+=-y+~=5a 
y bf 

a 

ine 

y 5a 

lo j= 

Be 5a 

=> loge x= = 

5a’ 


Given equation, 


log, (x? + 15a”) ~ log, (a — 2) = log, — 
a _ 


Eq. (i) is defined, ifa -2>0=a>2 

8ax 

a-2 
a>z2 


>0 


So, ax > 0, then x > 0 
Eq. (i) for x=9,a>0 
2 2 
(x° + 15a pars 8ax 
(a —2) a-2 
x’ + 15a? =8ax 
(x —3a)(x —5a)=0 
‘a: x =3a and x =5a 
For a=3,x=9andx=15 
=> x=15 fora =3 
Given that, 
log, (log, x) + logy,, (logy)3y) = 0 


log, 


= ; log, log, x — ; log ,(— log; y) = 0 


= a log, logs x |] _ 
2 — log; y } 
- ee Se 
logs y 
=> log; x =— log; y 
‘.” 
=> log; x = log, + 
y, 
1 
=> x=-— 
y 
Also, given that, x+y or 
tee 
4 


* | 
ni] 


wWwW.JEEBOOKS.IN 


355 
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(i) 
ii) 


.. (iii) 


wii) 


...(ii) 
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77. 


78. 


79. 


1 
For these values of x, y = ; or2 


loga, 4x + logy, 16x =4 
From Eq. (i) is defined for x > 0, x # : x# ; 


log 4x n log 16x _ 4 
log2x log 4x 


= 


2log2+logx | 4log2+log x, 
log2+logx 2log2+ log x 
On dividing by log 2, then 
2+log.x 4+ log.x _ 
1+ log.x 2+log,x 
Let log. x =A, then 


[by Eq. (i) x > 0, y > 0} 


[by Eq. (ii)] 
..Ai) 
(ii) 


(2+ A)? +(1+A)(44 A) =4(1 + A)(2+A) 
=> 27 +94 4+8=427 + 12048 
=> 27 + 3A =0 
ee eee 
2 
3 
=> log, x= 0, logn x= — 5 


x=2°,x =2° 3? 
or £=1x<= oo 
Given equation, 


4 
log,54 + log, 16 = log 5 x — logs, ; 


Eq. (i) holds, if x > 0, x #1 
From Eq. (i), 


..(i) 


2 
1+ log.9 + 4 log, 2 =2 log, x — log, 7 


1+ log,9 + loge + 4 log, 2-2 log, x=0 


=> 

= 2+ 4 log,2—2 log,x =0 

= (log, x)? — log, x -2 =0 

=> log, x =2 or log,x =-1 

= x=4orx= ; 

Sum of the values of x satisfy Eq. (i) = 4 + ; = ‘ 
Product of the values of x satisfy Eq. (i) = 4 x ; =2 


Let “log (x +2)? +3 =log,(4— x)? + log, (x +6)" 


Eq. (i) holds, if4-x>Oandx+0>0,x+2>0 


80. 


i.e., -2<x<4 ..{ti) 
From Eq. (i), 


1 1 
5X2 x5 log, (x + 2)] +3 =~ x3 loga(4 ~ x) 


+= x3 logs (x #6) 


=> log, (x + 2) + 2 = log, (4 — x) + log, (x + 6) 
= log, {4 (x + 2)} = log, {(4 — x) (x + 6)} 
= 4(x + 2) =(4— x) (x +6) 


4x+8=—-x"?-2x +24 
‘x’ +6x-16=0 
(x + 8)(x—2) =0 
5 x=-8,x=2 .~-{iii) 
From Eqs. (ii) and (iii), we get x =2 


1 
log, (4**? + 4)-log,(4* + 1) = log,, 5 4 (i) 


Eq. (i) defined, for 4* + 1 > 0 which is true for all x € R. 
log, [44% + 1)]-log,(4* + 1) = log 5 v8 =3 
(2 + log, (4* + 1)] log, (4% + 1) =3 
Let log,(4* + 1)=y 
(y+2)y=3 
y’ +2y-3=0 
(y +3)(y -1) =0 
y=lory=-3 
“. log, (47 +1)=1 or log, (4% +1)=-3 
4*4+1=2 or a +1=2 
1 


4*=lor #=--1 
8 


x=0 or 4*=- . which is not possible. 


x=0 
81. 2% + VY = 256 
=> gv* + Vy = 28 
=> Vx + vy =8 (i) 
Also, given that, logy Jxy — logio ; =1 (i) 


which is defined, xy > 0 
— Pisa 2, 8) 
So, Eq. (ii) => logyo [xy = logio | 10 x I 
\ 


=> Jxy =15 
=> xy = 225 (i) 
From Eq. (i), x + y + 2./xy = 64 
x+y =64-30 
x+y =34 
From Eq. (iii), xy =225 


After solving, we get x =9 or x = 25, then y =25 ory =9 
Hence, solutions are (9, 25) and (25, 9). 
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83. 


82. Given, log, y = log, (xy — 2) ..(i) 
Eq. (i) defined for y > Oand xy -2>0 ..(ii) 
xy >0 ..(iii) 
From Eqs. (ii) and (iii) => y>0,x>0 
By Eq. (i), y= xy -2 
y?—xy +2=0 ...{iv) 
y(x-y)=2 AV) 
Also given that, 
log, x? + log; (x—y) =1 (Vi) 
which is defined for x € R — {0} andx-y>0 
=> x>y 
By Eq. (vi), xx-y) =3 = x? - xy =3 ...(vii) 
and x(x-y) =3 .».( viii) 
Form Eqs. (iv) and (vii), y> +2= x? -3 
x? —y? =5 .(ix) 
On dividing Eq. (v) by Eq. (viii), 
y_2 ay ae 2x A(X) 
x 3 3 
From Eqs. (ix) and (x), 
x=3andy =2 
Given that, 
2 logs (x + 5) >= logisy3 9 + log pas 2 .-(i) 
By Eq. (i), x +5>0=>x>-5 
x+54#1—>5 x#-4 
So, x €(-5, — 4) U(— 4, 2) .(ii) 


Now, by Eq. (i) 
2 9 2 
Se rf log, 9-2 log,452>0 


— log, (x +5) +3-—2 log,452>0 


- log, (x + 5) - —————. +3 > 0 ...(iii) 
sa Tl aes 

Now, let log, (x + 5) = y, then Eq. (iii) becomes 

-y-~243>0 

bs 
2 

— + — 

ws ee TAO, 
y 
y’ -3y +2 
> ———_—_—— <0 
y 
m -2)-1) 4 
y 
+ + 
- /0 1 = 2 

ae y <Oorl<y <2 
= log, (x +5) <Oor1 < log, (x +5) <2 
= x+5<lor2<x+5<4 
> x<-4 ...(iv) 
or -3<x<-l .».{v) 


84. 


85. (log, x)* - 


86. 
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From Eqs. (ii), (iv) and (v), 
x €(-5,- 4) U(-3, -1) 
logs (Vx + [vx -1|) = logs (4Vx -3 + 4|Vvx -1)) ...(i) 
From Eq. (i) is defined, if x 2 0 
then logs (Vx +|Vx —1|) = log,» (4Vx -3+ 4|Vx - 1) 
=> AVx + |vx -1))=4V¥x -3 + 4|Vvx -1 
= 3-24 x =2|vx -1| 
On squaring both sides, then 
9+ 4x —12Vx =4x 4+ 4-4Vx 
=> BVx =5 
25 
x=— 
64 


f 5\2 
logiy2 =| —20 log. x + 148 <0 


From Eq. (i), x > 0 
=> (log, x)* —(5 log, x - 2)? —20 log, x + 148 <0 w-(i) 
(log, x)‘ — 25 log} x — 4 + 20 log, x— 20 log, x + 148 <0 
(log, x)‘ —25log} x + 144<0 
{(log , x)’ - 16} {(log, x)’ - 9} < 0 
9 < (log, x)* <16 


3<log.x <4 or —4<log,x<-3 


8<x<16 (ii) 
1 1 vou 
or —<x<- .. (iii) 
16 8 


According to the question in Eq. (i) holds, for x € (a, b) 
where a,b EN 
So, from Eq. (ii), a = 8, b = 16 
: ab(a+ b) =8 x 16(8 + 16) 
= 144 x 24 = 3456 


(log; ¥3x) + (log, ¥3x) log, x° 


ES 


+ ic i + log, i) log,x° =2 (i) 
3 x 


Eq. (i) is defined for x > 0, x #1 
From Eq. (i), ie (1+ logsx + 1+ log,3)3 log,x 


+ : (log;x —1 + log,3 —1)3 log,x 


=2_|| logyx + ! ‘ale log3x + =o 
q logsx ) log3x 


= 2,][log ,3| 


= Jjlog; x| + = 2,j{log, 3] 


i + yilogs x! - 


1 
yilogs x 


1 
vl log x| 
(ii) 
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>0 


Case I If x 23, Jlog;x — : 
vlogs x 


2Jjlog,x =2,/log, 3 


(log, x)’ =1=9x=3or_,sox=3 


Case ll If1<x <3, 2 =2,/log, 3 
Vlog; x 


=> log; x: log, 3 =1 
=> 1=] 
which is true, for all x € (1, 3} 
So, x €(1, 3} 
P =Number of natural numbers, whose logarithms to the base 
10 have characteristic p. 
Let ‘x’ represent the natural number, i.e. 
x=2xX10? [A =O, - Op: Gy ...] 
So, P = Number of natural numbers which have (p + 1) digits 
=9-10P -1+1=9-10? 
Q = Number of natural numbers which have (q) digits. 
Q=9-107-'-14+1=9-109"! 
So, logiy P — logy) Q = logyo(9 +10") — logyo(9- 10? ~*) 
=(logi99 + p) —(logio9 + g ~ 1) 
=p-qtl 


88. a= log, log; 2 
=> 3° = log,2 
3° = log, 3 
Now, ieee?” 22" 
=> aig es gg 
0<-k+3™% <1 
=> 0<-—k+ log,3<1 
=> 0>k-—log23>-1 
= log.3 —1<k <log,3 
A k=1 
89. - (2x)"? =(3y)"3 
Taking log with base e on both sides, then 
In 2(In 2 + In x) =1In3(In3 + Iny) sili) 
and gmx giny 


Taking log with base e on both sides, then 
In x-In3 =Iny-In2 woltt) 
From Eqs. (i) and (ii), we get 


in2(n2+ In s)=In3(in3+ 


In x-1n3 
In 2 


(a aa oe 
=> inx( ae sie ((In 3)° —(In 2)") 


\ 


Inx=-In2=in(+] 


1 1 fa 
90. LetS =—= /4-—~,|4- 4-—=..,00 
Ey mA ny 32 


om =—= /4- 
3/2 v 
or (3/2 s) =4=6 
=> 1887+S—-4=0 
- (9S — 4) (25+1)=0 
i 95 -4=0 (25 +1 #0] 
-2 
or s=4-(2) 
9 \2 
™ log2S = —2=96 + logy, S=6-2=4 


Hence, 


A i 
1 1 1 1 
6+] ay ey) ee | eae 
vena mal mal 32 | 
91. (3/4)* =1/4 


Taking log with base 2 
=> x(log,3-2) = -2 
x= ae = a => (b, c) 
2-log.3 1-—log,3 
and taking log with base 3 
=> x(1—log, 4) = —2log,2 
_ 2log,2 
7 2log32-1 
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In everyday life, we need to know about the number of ways of doing certain work from given number of available 
options. For example, Three persons A,B and C are applying for a job in which only one post is vacant. Clearly, vacant 
post can be filled either by A or B or Ci.e., total number of ways doing this work is three. 


Again, let two persons A and B are to be seated in a row, then only two possible ways of arrangement is AB or BA.In 
two arrangements, persons are same but their order is different. Thus, in arranging things, order of things is important. 


Session 7 


ee = eee SS eee oo ~ ED 


Sa ec er EO Re Se cere ee er ee ce en evens TR 


Fundamental Principle of Counting, Factorial Notation 


Fundamental Principle 
of Counting 


(i) Multiplication Principle 
If an operation can be performed in ‘m’ different ways, 
following which a second operation can be performed in ‘n’ 
different ways, then the two operations in succession can be 
performed in m Xx n ways. This can be extended to any finite 
number of operations. 

Note For AND-—>'x’ (multiply) - 


[| Example 1. A hall has 12 gates. In how many ways 
can a man enter the hall through one gate and come 
out through a different gate? 

Sol. Since, there are 12 ways of entering into the hall. After 


entering into the hall, the man come out through a differ- 
ent gate in 11 ways. 


Hence, by the fundamental principle of multiplication, total 
number of ways is 12 X 11 = 132 ways. 


| Example 2. There are three stations A, B and C, five 
routes for going from station A to station B and four 
routes for going from station B to station C. Find the 
number of different ways through which a person can 
g0 from A to C via B. 


Sol. Since, there are five routes for going from A to B. So, 
there are four routes for going from B to C. 


ZS 
B 


Hence, by the fundamental principle of multiplication, total 
number of different ways 


=5x4 
= 20 ways 


[ie A to Band then B to C] 


(ii) Addition Principle 
If an operation can be performed in ‘m’ different ways and 


another operation, which is independent of the first 
operation, can be performed in ‘n’ different ways. Then, 


_ either of the two operations can be performed in (m +n) 


ways. This can be extended to any finite number of 
mutually exclusive operation. 
Note For OR- ‘+’ (Addition) 


[| Example 3. There are 25 students in a class in which 
15 boys and 10 girls. The class teacher select either a 
boy or a girl for monitor of the class. In how many 
ways the class teacher can make this selection? 

Sol. Since, there are 15 ways to select a boy, so there are 10 

ways to select a girl. 


Hence, by the fundamental principle of addition, either a 
boy or a girl can be performed in 15 + 10 = 25 ways. 


| Example 4. There are 4 students for Physics, 6 
students for Chemistry and 7 students for Mathematics 
gold medal. In how many ways one of these gold 
medals be awarded? 

Sol. The Physics, Chemistry and Mathematics student's gold 
medal can be awarded in 4, 6 and 7 ways, respectively. 
Hence, by the fundamental principle of addition, number 
ways of awarding one of the three gold medals. 


=4+6+7 =17 ways. 


Factorial Notation 


Let n be a positive integer. Then, the continued product of 
first ‘n’ natural numbers is called factorial n, to be denoted 
by nlornie., n!=n(n—-1)(n—2)...3-2-1 

Note When nis negative or a fraction, nl is not defined. 
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Some Important Properties 
(i) n!=n(n-1)!=n(n—-1)(n—2)! 

(i) O!=1!=1 

(iti) (2n)!=2" n![1-3-5...(2n —1)] 


n! 
(iv) <= n(n —1)(n—2)...(r +1) [r <n] 
n! 
OM ep MD -2)...a-r +) [r<n] 
ill 1 = _ 5 
wi a ee then A =(n +2) 
(vil) Ifx!=y!= x =yorx=0,y=1 
ox=Ly=0 
[Example 5. Find n, if (n+ 2)! =60x(n—1)! 
Sol. - (n +2)! =(n + 2)(n + 1)n(n — 1)! 
(n+2)! _ 
> (n- 0)! =(n +2)(n +1)n 
=> 60 =(n +2)(n +1)n [given] 
=> 5X4xX3=(n+2)x(n+1)xn 
, n=3 
fn 
lExample 6. Evaluate Sr xr!. 
ral 
Sol. We have, yr Xri= ¥ U(r +1)-1}r! = S(r+ I)t—r! 
r=] r=1 r=1 
=(n+1)!-1! 
[ putr =nin(r +1)!andr =1isr!] 
=(n+1)!-1 


n 
| Example 7. Find the remainder when 5" r! is divided 
by 15, ifn> 5, i 


n 
N= Vrisw+2ts3ie 4l+5'+6lt7!+...4n! 
r=1 
=(1!+2!+3! 4+ 4!) +(5!+6!4+7! 4..4n!) 
=33+(5!+6!+7!+...+n!) 
N 33 Git 6+ 7! +..+ n!) 


15 15 15 


Sol. Let 


=2+ = +Integer [as5!,6!,... are divisible by 15] 
= + Integer 
15 . 


Hence, remainder is 3. 
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Exponent of prime p inn! 


Exponent of prime p in n! is denoted by E,(n!), where p is 
prime number and n is a natural number. The last integer 


amongst 1, 2, 3, ...,(m — 1), n which is divisible by p is = 
Pp 


where [-] denotes the greatest integer function. 
E,(n!) =£,(1-2-3...(n—1)-n) 


| n | 
=E,| p-2p-3p...(n—1)p E | | 
L y 
[because the remaining natural numbers from 1 to nare 


not divisible by p] 
-|#]+2,(1-25.. 4 i) 
ues PI) 
sid 


\ 
Now, the last integer amongs 1, 2, 3, | | win is 
ie 


divisible by p is = . Now, from Eq. (i), we get 


~~ [ws [3 


E,(n!) -|2|s E, [n2nap {Sb 
P Pp 


[because the remaining natural numbers from 1 | are 


L 
— P| 
not divisible by p] 


viens fea lees-[) 


Similarly, we get 


oto tebe. 


where, s is the largest natural number such that 
p < n < p +1 
Note Number of zeroes at the end of nl = & (nl). 


| Example 8. Find the exponent of 3 in 100! . 
Sol. In terms of prime factors 100! can be written as 27-3" 5-77... 


Now, b= E;(100!) 


100] [100] [100 =| 
= | —] +} —|+) —]+| —|+... 
3 at Lae Le 
=33+11+3+1+0+...= 48 
Hence, exponent of 3 is 48. 
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Aliter 


100!=1x2x3x4x5x...x98 x99 x 100 


=(1X2X4x5X7X...x 98 X 100) 
(3X6X9X...X96 X99) 

=kx3?(1x2x3X...x 32x 33) 

=[k(1x2x4x5xX...x 31 x 32)] 
(3X6X9X... x30 Xx 33) 


= 37k, x31 x2%*3%...x 10X11) 
=3" [k, (ix2*x4x5X... 
=k, 
Hence, exponent of 3 in 100! is 48. 


x 10x 11)](3 x6 x9) 


x3" x3! x2=k, x38 


| Example 9. Prove that 33! is divisible by 2° and what 
is the largest integer n such that 33! is divisible by 2”? 


Sol. In terms of prime factors, 33! can be written as 
2.356 796, ‘ 


Now, £,(33!) = I+ >>| + 3 ~ A + BA ai 
=16 +8+44+24+1+0+... 
=31 
Hence, the exponent of 2 in 33! is 31. Now, 33! is divisible 
by 2°’ which is also divisible by 2'’. 
‘, Largest value of n is 31. 


j Example 10. Find the number of zeroes at the end 
of 100!. 
Sol. In terms of prime factors, 100! can be written as 
27.3 .5¢ .74 
[100] [100] [100] | [100] [100] [100] 
f) =; — 
No E00) = Lae Le ae de PL 


=50+254+12 +6 +3+1=97 

00 100 

and E;(100!) =| o|+|a 
5] [5 

= 20+ 4=24 


= 297 3° 524 7d = 273 .3°.(2 x 5)“ .74 ree 
= 275 .3°.(10)"4.77 

Hence, number of zeroes at the end of 100! is 24. 

min (97, 24) = 24. 


100! 


or Exponent of 10 in 100! = 
Aliter 
Number of zeroes at the end of 100! 


= E5(100!)= +(e. 
3 5 
=20+4+0+...=24 


| Example 11. For how many positive integral values of 


n does n! end with precisely 25 zeroes? 
Sol. « Number of zeroes at the end of n! = 25 [given] 


=> E,(x!)=25 


- Eb(sbEsl— 


It’s easy to see that n = 105 is the smallest satisfactory value 
of n. The next four values of n will also work (i.e., n = 106, 
107, 108, 109). Hence, the answer is 5. 


| Example 12. Find the exponent of 80 in 180!. 
Sol... 80=2* x5 


E,(180!) = 180 180 % 180 % 180 
3 2 ro 3 
180 180 180 P 
+ ro + ro + a eee 
=90+ 45+224+114+5+24+1=176 
and £,(180!) = ni + bs + ai + 
'§: 5? 53 


=36+7+1+0+... 
= 44 


[176 | 


Now, exponent of 16 in 180! is ie if 44, where [-] denotes the 


greatest integer function. Hence, the exponent of 80 in 180! is 44. 
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| Exercise for Session 1 


1. 


10. 


11. 


There are three routes: air, rail and road for going from Chennai to Hyderabad. But from Hyderabad to 
Vikarabad, there are two routes, rail and road. The number of routes from Chennai to Vikarabad via 
Hyderabad is 

(a) 4 (b) 5 (c)6 (d)7 


There are 6 books on Mathematics, 4 books on Physics and 5 books on Chemistry in a book shop. The 
number of ways can a student purchase either a book on Mathematics or a book on Chemistry, is 


(a) 10 (b) 11 (c) 9 (d) 15 
. Ifa,b andc are three consecutive positive integers such thata <b <cand = + = = x _ the value of V/A is 


(aja (b)b (c)c (dJja+bt+e 
Ifn!, 3 xn!and(n + 1)! are in GP, thenn!,5 xn!and(n + 1)! are in 
(a) AP (b) GP (c) HP (d) AGP 


fn 
Sum of the series }'(r? + 1) Ais 
~ ape 


(a) (n+ 9)! (b) (n + 2)!-1 (c)n-(n+ D! (d)n-(n + 2)! 
If 15!=2%.39.57.75.4 49.13% the value ofa -B + y-8+0-dis 

(a) 4 (b) 6 (c) 8 (d) 10 
The number of naughts standing at the end of 125! is 

(a) 29 (b) 30 (c) 31 (d) 32 
The exponent of 12 in 100! is 

(a) 24 (b) 25 (c) 47 (d) 48 
The number 24! is divisible by | 

(a) 64 (b) 248 (c) 12" (d) 48° 
The last non-zero digit in 20! is 

(a) 2 (b) 4 (c) 6 (d) 8 


The number of prime numbers among the numbers 105! + 2,105! + 3,105!+ 4,...,105!+ 104 


and 105!+ 105 is . 
(a) 31 (b) 32 (c) 33 (d) None of these 
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Session 2 


a a De en Taal a ee oe ee oe re 


BADER LL Lear ar? © ames Pt et eR i te ee ee ~ 


Nee SU a ee 


Divisibility Test, Principle of inclusion und Exclonion, 


Permutation 


Divisibility Test 
In decimal system all numbers are formed by the digits 0, 


1, 2, 3,..., 9. Ifa bed eis a five-digit number in decimal 
system, then we can write that. 


abcde=10'-a +10° -b+10° 
Number a b c d e will be divisible 

(1) by 2, ife is divisible by 2. 

(2) by 4, if 2d +e is divisible by 4. 

(3) by 8, if 4c + 2d + e is divisible by 8. 


‘c+10-d+e. 


(4) by 2‘, if number formed by last t digits is divisible by 2°. 


For example, Number 820101280 is divisible by 2° 
because 01280 is divisible by 2°. 

(5) by 5, ife =0 or 5. 

(6) by 5‘, if number formed by last t digits is 
divisible by 5‘. 
For example, Number 1128375 is divisible by 5° 
because 375 is divisible by 5°. 

(7) by 3, ifa+b+c+d+e(sum of digits) is divisible 
by 3. 

(8) by 9, ifa+b+c+d +e is divisible by 9. 


(9) by 6, ife=even anda+b+c +d + eis divisible by 3. 


(10) by 18, if e= even anda+b+c+d +e is divisible 
by 9. ° 

(11) by 7, if abcd —2e is divisible by 7. 
For example, Number 6552 is divisible by 7 because 
655 —2 X2 =651=93 x7 is divisible by 7. 


(12) by 11,if atet+e - bt+d 
Sum of digits at Sumef digits 
d places at even places 


is divisible by 11. 
For example, Number 15222163 is divisible by 11 


because 
(1+2+2+6) —(5+2+41+43) =0is-divisible by 11. 


(13) by 13, if abcd + 4e is divisible by 13. 


For example, Number 1638 is divisible by 13 because 
163 + 4X8 =195 =15 x 13 is divisible by 13. 


Principle of Inclusion 
and Exclusion 


1. If A and Bare finite sets, from the Venn diagram (i), it 
is clear that 
U 


A B 


(i) 
n(AU By) =n(A) +n(B)-—n(ANB) 
and n(A’ 1 B’)=n(U) —n(A UB) 


2. If A, Band C are three finite sets, then from the Venn 
diagram (ii), it is clear that 


(il) 


n(AU BUC)=n(A) +n(B) +n(C)—n(ANB) 
—n(BAC)—n(CNA)+n(ANBNC) 
and n(A’ B’NC’)=n(U) -n(AUBUC) 
Note if A,A,.A3, .... 4, are finite sets, then 


MAUAY..UA)=IKA)- LAA NA) + THA NA NA)- 
wet (=1)" THA, NAN... NA) 


and KA A An... A) = AKU) - AAU AU...U A). 


| Example 13. Find the number of positive integers 
from 1 to 1000, which are divisible by atleast 2, 3 or 5. 
Sol. Let A; be the set of positive integers from 1 to 1000, 


which is divisible by k. Obviously, we have to find 
n(A,U A; U As). If [-] denotes the greatest integer 
function, then 


n(A2)= = |- = [500] = 500 


nas) =|] = [300.39] =399 
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n(As) 


v4 = [200] = 200 


— = [16667] = 166 


sae el - [6667] = 66 


Lh [100] = 100 


and n(Az 0 A; As) = 


From Principle of faditsion and Exclusion 
n(A, U A3 U As) = n(A2) + n(A3) + n(As) 
—n(A,NA3) 
-n(A; NV A;)—n(Az M As) +n(Az M Az 9 As) 
= 500 + 333 + 200 — 166 — 66 — 100 + 33 = 734 
Hence, the number of positive integers from 1 to 1000, 
which are divisible by atleast 2, 3 or 5 is 734. 
Note 


The number of positive integers from 1 to 1000, which are not 

divisible by 2. 30r5 isn(4, NA, NA). 

hAly Ay A’5) = KU) - (AU AU A) (here , (U) = 1000] 
= 1000 — 734 = 266 


Permutation 


Each of the different arrangements which can be made by 
taking some or all of a number of things is called a 
permutation. In permutation, order of the arrangement is 
important. 


Important Results 


1. The number of permutations of n different 
things, taking r at a time is denoted by " P, or 
P(n, rr) or A (n, r), then 


"P.=n(n-1)(n-2). 
n! 


‘7 (n-r)! 
where,néN,reW andO<Sr<n. 
Proof LHS = " P, = Number of ways of filling up r 


..(n-r+1) 


vacant places simultaneously from n different things 


aways (n-1) ways (n-2) ways 
=n(n—1)(n—-2)...(n—r +1) 
_n(n—1)(n-2)...(n—r +1) X(n—-1) 

7 (n—r)! 

=RHS 


(n-1+ 1) ways 


a eery 
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Note 
(i) Tne number of permutations of ndifferent things taken all at 
atime= "P, =n! 
(i) "A, = 1,°R =nand “P= °F, =a 
(ii) "PR =AK°-'P_,) =Aln—1)("-7P_») 
=n(n-1)(n-2)("~ 3A. _3)=... 


(iv) mi — 


(v) — =(n—-r+ 1) 


r-1 


| Example 14. If °P. 5 : ™P,43 =30800:1, find 'P,. 


56 
RE 
Sol. We have, = obaee 
r+3 oe 
54 
P 
=> (56)(55)—— uk Pac [from note (iii)] 
r+3 1 
54 
P 
a = r+4 = 10 
Pees 
=> 54-(r+4)+1=10 (from note (v)] 
r= 41 
"P, = “"P, = 41-40=1640 
1(n-1 
| Example 15. if "*°P,,, = ie, "+5p find n. 
at+5 
Pi. - 
Sol. We have, a lia) 
n+3p 2 
+5)(n + 4)"*>P_ m 
= (a+5yin+ 4)" f-1 1 (a1) [from note (iii)] 
A 2 
\ = 
(a +5}(n + 4) = 11(n ~ 1) (from note (v)] 
(n+3-—n+1) 2 
=> (n + 5)(n + 4) =22(n — 1) 
=> n? —13n + 42=0 
— (n —6)(n —7)=0 


n=6,7 


| Example 16. if "*"P, =90 and ™~"P, = 30, find the 
values of m and n. 


Sol. *. m+np =90=10x9= P, 
m+n=10 ...(i) 
and m-"D =30=6X5= "P, 


m—n=6 ...{ii) 
From Eqs. (i) and (ii), we get 


m=8andn=2 
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366 = Textbook of Algebra 


| Example 17. Find the value of r, if 
(i) "PB =990 
(ii) ®p, +5. 8p, = 9p 
(ii) “Bg e Bp = 11252 


Sol. (i). "P =990=11x10x9="'P, 
r=3 
(ii) Sp +5-°P = °P 
(8p \ 
=> Pp ae +s|= °p 
P, 
=> 8p. (8-5+14+5)= PR [from note (v)] 
=> Q: SP, = 9p 
=> Ps = °P [from note (iii)] 
r=5 
(iii) » P44: P42 = 11:52 
_ “oo _il 
Pe 52 
22-21: °P_, il 


0 a 
(19 —r)-(20—r)-(21—r)-P_, 52 
[from note (iii) and (iv)] 
> (21 —r)-(20—r)-(19 —r) =52X2x21 
=14x13x12 
r=7 


[ Example 18. Prove that 


142+ 2p, 43. 5Pp+ itn P, = oF'p 


nar — 1 


Sol. LHS ='P +2-°P, +3-°P; +..+n-"P, 


«Sr "P= S(r+)-1)- Pp 


r=1 r=1 


= ¥((r +1)-'R -'R)} 
r=1 


[from note (iii)] 


ie 
= Fey = F) 


= "tp Ra PW 
= RHS 


| Example 19. Determine the number of permutations 
of the letters of the word ‘SIMPLETON’ taken all at 
a time. 

Sol. There are 9 letters in the word ‘'SIMPLETON’ and all the 


9 letters are different. Hence, the number of permutations 
taking all the letters at a time 


= °P, = 9! = 362880 


Note Total number of letters in English alphabet = 26 
(i) Number of vowels = 5 
i.e, A, E,1,0,U 
(ii) W and Y an half vowels. 
(iii) Number of consonants = 21 
he, BG, Dok. Grad, é 
(iv) Words which contains all vowels are 
EDUCATION, EQUATION, ... 
(iv) Words which do not contains any vowels are 
BIGy, BLY, TRY: 


[strong vowels] 
(weak vowels] 
(except vowels} 


[| Example 20. How many different signals can be 
given using any number of flags from 4 flags of 
different colours? 

Sol. The signals can be made by using one or more flags at a 
time. Hence, by the fundamental principle of addition, the 
total number of signals 

= "P+ ‘P+ ‘Pp + *P, 
4+(4x3)+(4x3x2)+(4x3x2x1) 
=4+12+24+24=64 


| Example 21. Find the total number of 9-digit 
numbers which have all different digits. 
Sol. Number of digits are 10 (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) 
Total number of 9-digit numbers = '°P, 


Out of these, the number of numbers having zero at the 
first place = °P, 


Hence, required number of numbers = '°Pp — *P, 


=10x °P, — °P=9x °P 
! 

a0% A a0 KS 
1! 


Note Total number of ndigit numbers (1< n< 10), 
which have all different digits = '°P, - 9P,_, 


[| Example 22. A 5-digit number divisible by 3 is to be 
formed using the numbers 0, 1, 2, 3, 4 and 5 without 
repetition. Find total number of ways in which this can 
be done. 

Sof. A number will be divisible by 3, if sum of the digits in 

number be divisible by 3. 


Here,0+1+2+3+44+5=15, which is divisible by 3. 
Therefore, the digit that can be left out, while the sum still 
is multiple of 3, is either 0 or 3. 


If 0 left out 
Then, possible numbers = *P; = 5! = 120 
If 3 left out 


Then, possible numbers = °P; —*P, = 5! — 4! = 120-24 =% 


Hence, required total numbers = 120 + 96 = 216 
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{Example 23. A 5-digit number is formed by the digits 
1, 2, 3, 4, 5 without repetition. Find the number of the 
numbers, thus formed divisible by 4. , 


Sol, 


Let a 5-digit number be abcde. 

It will be divisible by 4, if 2d + e is divisible by 4. 

=> 2d + eis divisible by 4 
— 


Even 


.. e must be even. 


/ 


\ 
> 2 {2 + 4 is divisible by 4 


Should be even 


Then, e=2,d= 1,3,5| 
> Total four cases 
ande= 4,d=2 | 


“. Required number of ways = 4 x 3! = 24 
Number of ways 


filling abc after filling de. 


Aliter A number will be divisible by 4, if the last two digits 
of the number is divisible by 4, then for divisible by 4, last 
two digits 12 or 24 or 32 or 52 


| [| fj Jf Tt 


-—_—_——. 3! ways ——————-+»——__ 4 ways ———1 


Hence, the number formed is divisible by 4 = 3! x 4 = 24. 


[Example 24, Find the number of permutations of 
letters abcde f g taken all together if neither ‘beg’ 
nor cad’ pattern appear. 


Sol. 


i) 


The total number of permutations without any restriction is 7! 
n(U) =7! = 5040 
Let n(A) be the number of permutations in which ‘beg’ 
pattern always appears 
begacd f 
n(A) =5! = 120 
and let n( B) be the number of permutations in which ‘cad’ 
pattern always appears 
cadbefg 
Le., n({B) =5! =120 
Now, n(A © B) = Number of permutations in which ‘beg’ 
and ‘cad’ pattern appear 
begcadf 
ie, n(A A B)=3!=6 
Hence, the number of permutations in which ‘beg’ and ‘cad’ 
patterns do not appear is n(A’ 7 B’). 
or n(A’ 7 B’)=n(U)-—n(A VU B) 
=n(U)—[n(A)+n(B)-n(A 2 B)] 
= 5040 — 120—120+6= 4806 


ie., 


. The number of permutations of n things taken all 


at a time, pare alike of one kind, q are alike of 
second kind andr are alike of a third kind and 


piqir! 


the restn -(p+q+r) are all different is 
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Proof Let the required number of permutations be x . 
Since, p different things can be arranged among 
themselves in p! ways, therefore if we replace p 
identical things by p different things, which are also 
different from the rest of things, the number of 
permutations will become x x p! 

Again, if we replace gq identical things by q different 
things, the number of permutations will become 
(x x p!) xq! 
Again, if we replace r identical things by r different 
things, the number of permutations will become 
(x x p!xq!) xr!. Now, all the n things are different 
and therefore, number of permutations should be n!. 
Thus, x x p!xq!xr!=n! 

n! 


x= 
piqir! 


Remark 


The above theorem can be extended further i.e. if there are 
nthings taken all at a time, p, are alike of one kind, p, are alike of 
second kind,p3 are alike of third kind, ..., p, are alike of rth kind 
such that p, + Po + Py +...+ p, =A”, the number of permutations 


of these nthings is —_—_——__. 

Py! Po! pa}... p,! 

| Example 25.How many words can be formed with 
the letters of the word ‘ARIHANT’ by rearranging them? 

Sol. Here, total letters 7, in which 2A’s but the rest are 


7 
different. Hence, the number of words formed = os = 2520 


| Example 26. Find the number of permutations of the 
letters of the words ‘DADDY DID A DEADLY DEED’. 


Sol. Here, total letters 19, in which 9D’s, 3A’s, 2Y’s, 3E’s and 


rest occur only once. 
19! 


. Required number of permutations = ———————— 
9! x3! x 2! x3! 


| Example 27. How many words can be formed with 
the letters of the words 
(i) HIGH SCHOOL and 
(ii) INTERMEDIATE by rearranging them? 


Sol. (i) Here, total letters are 10, in which 3H’s and 20's, but 
the rest are different. Hence, the number of words 


(ii) Here, total letters are 12, in which 21's, 2T’s and 3E’s 
but the rest are different. Hence, the number of words 
12! 


2! 2!3! 
High School = 10 th class = Total number of letters are 10 


Intermediate = 12 th class = Total number of letters 
are 12 
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formed = Note [For Remember] 


368 = Textbook of Algebra 


3. The number of permutations of n different 
things taken r at a time when each thing may be 
repeated any number of times isn’. 


Proof Since, the number of permutations of n 
different things taken r at a time = Number of ways in 
which r blank places can be filled by n different 
things. 

Clearly, the first place can be filled in n ways. Since, 
each thing may be repeated, the second place can be 
filled in n ways. Similarly, each of the 3rd, 4th,..., rth 
place can be filled in n ways. 


By multiplication principle, the number of 
permutations of n different things taken r at a time 
when each thing may be repeated any number of 
times 


=nXnxXnx...Xr factors 


=n" 
Corollary When r =n 
i.e., the number of permutations of n different things, 


taken all at a time, when each thing may be repeated 
any number of times in each arrangements is n”. 


| Example 28. A child has four pockets and three 
marbles. In how many ways can the child put the 
marbles in its pockets? 
Sol. The first marble can be put into the pocket in 4 ways, so 
can the second. Thus, the number of ways in which the 
child can put the marbles = 4 x 4 x 4 = 4° = 64 ways 


| Example 29. There are m men and n monkeys 
(n> m). lf a man have any number of monkeys. In how 
many ways may every monkey have a master? 

Sol. The first monkey can select his master by m ways and 
after.that the second monkey can select his master again 
by m ways, so can the third and so on. 

All monkeys can select master = mX mxXm... 
factors =(m)" ways 


upton 


| Example 30. How many four digit numbers can be 
formed by using the digits 1, 2, 3, 4, 5, 6, 7, if atleast 
one digit is repeated ? 
Sof. The numbers that can be formed when repetition of digits 
is allowed are 7* = 2401. 


The numbers that can be formed when all the digits are 
distinct when repetition is not allowed are ’ P, = 840. 


Therefore, the numbers that can be formed when atleast 
one digit is repeated = 7‘ — ’P, 
= 2401 — 840 = 1561 


| Example 31. In how many ways can 4 prizes be distributed 
among 5 students, if no student gets all the prizes? 


Sol. The number of ways in which the 4 prizes can be given 
away to the 5 students, if a student can get any number 
of prizes = 5‘ = 625. 
Again, the number of ways in which a student gets all the 4 
prizes = 5, since there are 5 students and any one of them 
may get all the four prizes. 


Therefore, the required number of ways in which a student 
does not get all the prizes = 625 — 5 = 620. 


[| Example 32. Find the number of n-digit numbers, which 
contain the digits 2 and 7, but not the digits 0, 1, 8, 9. 
Sol. The total number without any restrictions containing digits 
2, 3, 4,5, 6, 7isn(U)= 
The total number of numbers that contain 3, 4, 5, 6, 7 is 
n(A)=5". 
The total number of numbers that contain 2, 3, 4, 5, 6 is 
n(B)=5". 
The total number of numbers that contain 3, 4, 5, 6 is 
n(A M B)= 4" 
The total number of numbers that do not contain digits 2 
and 7 isn(A U B) 
ie. n(A U B)=n(A)+n(B)—n(A 2 B) 
=5" 45" — 4" =2(5")- 4" 
Hence, the total number of numbers that contain 2 and 7 is 
n(A’ B’) 
n(A’ O B’)=n(U) ~ n(A U B) = 6" —2-(5") + 4" 


| Example 33. Show that the total number of 
permutations of n different things taken not more than 
r at a time, when each thing may be repeated any 
n(n’ —1) 
(n=1) 


Sol. Given, total different things =n 


number of times is 


The number of permutations of n things taken one at a time 

= "P =n, now if we taken two at a time (repetition is 

allowed), then first place can be filled by n ways and second 

place can again be filled in n ways. 

.". The number of permutations of n things taken two ata time 
="Px"P=nxn=n? 


Similarly, the number of permutations of n things taken 
three at a time = n° 


The number of permutations of n things taken r at a 
time = n’. Hence, the total number of permutations 
=ntn ent tn! 


2 ir 2 ee [sum of r terms of a GP] 
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Exercise for Session 2 


7, 


2. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


If "Ps =20- "P3, then n equals 


(a) 4 (b) 8 (c) 6 (d)7 
If 9P5 +5- 9P, = "P, , thenn +r equals 
(a) 13 (b) 14 (c) 15 (d) 16 


m 
P 
If "* °P, =56 and ”~"P; = 24, then — equals 
P, 


(a) 20 (b) 40 (c) 60 (d) 80 
If2"*"p,_4:2°-'p =7:10, then "P; equals 

(a) 60 (b) 24 (c) 120 (d) 6 
In a train, five seats are vacant, the number of ways three passengers can sit, is 

(a) 10 (b) 20 (c) 30 ; (d) 60 


If a denotes the number of permutations of x + 2 things taken all at a time, b the number of permutations of x 
things taken 11 at a time and c the number of permutations of (x — 11) things taken all at a time such that 

a = 182 bc, the value of x is 

(a) 10 (b) 12 (c) 15 (d) 18 

The number of nine non-zero digits such that all the digits in the first four places are less than the digit in the 
middle and all the digits in the last four places are greater than that in the middle, is 

(a) 48 (b) 7560 (c) 10080 ° (d) 576 

Total number of words that can be formed using all letters of the word ‘DIPESH' that neither begins with ‘I’ nor 
ends with 'D' is equal to 

(a) 504 (b) 480 (c) 624 (d) 696 

The number of all five digit numbers which are divisible by 4 that can be formed from the digits 0, 1, 2, 3, 4 
(without repetition), is 


(a) 36 (b) 30 (c) 34 (d) None of these 

The number of words can be formed with the letters of the word ‘MATHEMATICS’ by rearranging them, is 
11! 11! 11! 

a) — b)— c) ——— d) 11! 

( Fra ) 2! ( IFIP (0) 


Six identical coins are arranged in a row. The number of ways in which the number of tails is equal to the 
number of heads, is 
(a) 9 (b) 20 (c) 40 (d) 120 


A train time table must be compiled for various days of the week so that two trains twice a day depart for three 
days, one train daily for two days and three trains once a day for two days. How many different time tables can 
be compiled? 

(a) 140 (b) 210 (c) 133 (d) 72 

Five persons entered the lift cabin on the ground floor of an 8 floor house. Suppose each of them can leave 


the cabin independently at any floor beginning with the first. The total number of ways in which each of the five 
persons can leave the cabin at any one of the floor, is 


(a) 5’ (b) 7° (c) 35 (d) 2520 
Four die are rolled. The number of ways in which atleast one die shows 3, is 
(a) 625 (b) 671 (c) 1256 (d) 1296 


The number of 4-digit numbers that can be made with the digits 1, 2, 3, 4 and 5 in which atleast two digits are 
identical, is 
(a) 4° ~ 5! (b) 505 (c) 600 (d) 120 


There are unlimited number of identical balls of three different colours. How many arrangements of atmost 7 
balls in a row can be made by using them? 
(a) 2187 (b) 343 (c) 399 (d) 3279 
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Session 3 
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Number of Permutations Under Certain Conditions, 
Circular Permutations, Restricted Circular Permutations 


Number of Permutations 
Under Certain Conditions 


(i) Number of permutations of n different things, taken r 
at a time, when a particular thing is to be always 
included in each arrangement, isr-"~'P._, 


Corollary Number of permutations of n different 
things, taken r at a time, when p particular things is 
to be always included in each arrangement, is 


pi(r—(p—1))""P, -p. 


(ii) Number of permutations of n different things, taken r 
at a time, when a particular thing is never taken in 
each arrangement, is 


ea 2) 
re 


(iii) Number of permutations of n different things, taken 
all at a time, when m specified things always come 
together, is 

m!X(n-—m+1)! 

(iv) Number of permutations of n different things, taken 
all at a time, when m specified things never come 
together, is 

ni!—m!x(n-m+1)! 


| Example 34. How many permutations can be made 
out of the letters of the word ‘TRIANGLE’ ? How many 
of these will begin with T and end with E ? 


Sol. The word ‘TRIANGLE’ has eight different letters, which 
can be arranged themselves in 8! ways. 


. Total number of permutations = 8! = 40320 


Again, when T is fixed at the first place and E at the last 

place, the remaining six can be arranged themselves in 

6! ways. 

.. The number of permutations which begin with T and end with 
E =6! =720. 


[ Example 35. In how many ways can the letters of 
the word ‘INSURANCE’ be arranged, so that the vowels 
are never separate? 


Sof. The word ‘INSURANCE’ has nine different letters, 
combine the vowels into one bracket as (IUAE) and treat- 
ing them as one letter we have six letters viz. 


(TUAE) NS RNC and these can be arranged among 


t 
themselves in ~ ways and four vowels within the bracket 


can be arranged themselves in 4 ! ways. 


6! 
”. Required number of words = a x 4! = 8640 


| Example 36. How many words can be formed with 
the letters of the word ‘PATALIPUTRA’ without 
changing the relative positions of vowels and 
consonants? 
Sol. The word ‘PATALIPUTRA’ has eleven letters, in which 
2P’s, 3A’s, 2T’s, 1L, 1U, 1R and iI. Vowels are AAIUA 


These vowels can be arranged themselves in 7 = 20 ways. 


The consonants are PTLPTR these consonants can be 


t 
arranged themselves in rT = 180 ways 


.. Required number of words 
= 20 X 180 = 3600 ways. 


[| Example 37. Find the number of permutations 
that can be had from the letters of the 
word ‘OMEGA’ 
(i) O and A occuping end places. 
(ii) E being always in the middle. 
(iii) Vowels occuping odd places. 
(iv) Vowels being never together. 
Sol. There are five letters in the word ‘OMEGA’. 
(i) When O and A occuping end places 
i.e., MEG (OA) 


the first three letters (M, E, G) can be arranged 
themselves by 3!=6 ways and last two letters (0, A) 
can be arranged themselves by 2! = 2 ways. 


“. Total number of such words 


=6 xX 2=12 ways. 
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(ii) When E is the fixed in the middle, then there are four 
places left to be filled by four remaining letters O, M, 
Gand A and this can be done in 4 ! ways. 


. Total number of such words = 4 ! = 24 ways. 
(iii) Three vowels (O, E, A) can be arranged in the odd 
places in3! ways (1st, 3rd and 5th) and the two 


consonants (M, G) can be arranged in the even places 
in 2! ways (2nd and 4th) 


.“. Total number of such words 
=3!x2!=12 ways. 
(iv) Total number of words = 5! = 120 


Combine the vowels into one bracket as (OEA) and 
treating them as one letter, we have 


(OEA), M, G and these can be arranged themselves in 

3! ways and three vowels with in the bracket can be 

arranged themselves in 3! ways. 

.. Number of ways when vowels come together 
=3!x3!=36 ways. 

Hence, number of ways when vowels being 

never together = 120 — 36 = 84 ways. 


Circular Permutations 


(i) Arrangements round a circular table 


Consider five persons A, B,C, D and E on the 
circumference of a circular table in order which has no 
head now, shifting A, B,C, D and E one position in 
anti-clockwise direction we will get arragements as 
follows 


A D E C 0 B 
B Cc A B E A 
(i) (il) (ii) 

B A 
C A B E 
D E C D 


(iv) (v) 


We see that, if 5 persons are sitting at a round table, they 
can be shifted five times and five different arrangements. 
Thus, obtained will be the same, because anti-clockwise 
order of A, B,C, D and E does not change. 


But if A, B,C, D and E are sitting in a row and they are 
shifted in such an order that the last occupies the place of 
first, then the five arrangements will be different. Thus, if 
there are 5 things, then for each circular arrangement 
number of linear arrangements is 5. 
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Similarly, if n different things are arranged along a circle 
for each circular arrangement number of linear 
arrangements is 7. 

Therefore, the number of linear arrangements of n 
different things =n x number of circular arrangements of 
n different things 


(ii) Arrangements of beads or flowers 

(all different) around a circular 

necklace or garland 
Consider five beads A, B,C, D and E in a necklace or five 
flowers A, B,C, D and E in a garland, etc. If the necklace or 
garland on the left is turned over, we obtain the 
arrangement on the right i.e. anti-clockwise and clockwise 
order of arrangement is not different we will get 
arrangements as follows: 


We see that arrangements in figures are not different. 


" Flip to right 


Then, the number of circular permutations of n different 
things taken all at a time is s(n —1)!, if clockwise and 
anti-clockwise orders are taken as not different. 


[| Example 38. Find the number of ways in which 12 
different beads can be arranged to form a necklace. 
Sol. 12 different beads can be arranged among themselves in a 
circular order in (12 — 1)!=11! ways. Now, in the case of 
necklace, there is no distinction between clockwise and 
anti-clockwise arrangements. So, the required number of 


1 
arrangements = a 11!) 


] Example 39. Consider 21 different pearls on a 
necklace. How many ways can the pearls be placed in 
on this necklace such that 3 specific pearls always 
remain together? 


Sol. After fixing the places of three pearls, treating 3 specific 
pearls = 1 unit. So, we have now 


18 pearls + 1 unit = 19 and the number of arrangement will 
be(19 —1)!=18! 

Also, the number of ways of 3 pearls can be arranged 
between themselves is 3! = 6. 


Since, there is no distinction between the clockwise and 
anti-clockwise arrangements. 


So, the required number of arrangements = -18 1.6 =3(18!). 
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Restricted Circular 
Permutations 


CaseI If clockwise and anti-clockwise orders are taken as 
different, then the number of circular permutations of n 
different things taken r at a time. 


Note For checking correctness of formula, put r = n, then we get 
(n-1)! [result (5) (i)] 


| Example 40. In how many ways can 24 persons be 
seated round a table, if there are 13 sets ? 
Sol. In case of circular table, the clockwise and anti-clockwise 
orders are different, the required number of circular 
24 
Pz _ 24! 
13. 13x11! , 


permutations = 


=> n!=n xX number of circular arrangements of n 


different things 


=> Number of circular arrangements of n different things 
! 
=fs (n -1)! 
n 


Hence, the number of circular permutations of n different 
things taken all at a time is (n — 1)!, if clockwise and 
anti-clockwise orders are taken as different. 


| Example 41. Find the number of ways in which three 
Americans, two British, one Chinese, one Dutch and 
one Egyptian can sit on a round table so that persons 
of the same nationality are separated. 


Sol. The total number of persons without any restrictions is 
n(U) = (8 — 1)! 
= 7!=5040 
When, three Americans (A;, Az, A3) are sit together, 
n(A)=5! x3! 
= 720 
When, two British (B,, B,) are sit together 
n(B) =6! x 2! 
= 1440 


When, three Americans (A;, Az, A3) and two British (B,, B,) 
are sit together n(A 1 B) = 4! x3! x 2! = 288 


n(A U B)=n(A) + nB)- n(A 2 B) 
= 720 + 1440 — 288= 1872 


Hence, n(A QO B’)=n(U)—-n(A VU B) 
= 5040 — 1872 
= 3168 


| Example 42. In how many different ways can five 
boys and five girls form a circle such that the boys and 
girls alternate? 


Sol. After fixing up one boy on the table, the remaining can be 
arranged in 4! ways but boys and girls are to alternate. 
There will be 5 places, one place each between two boys 
these five places can be filled by 5 girls in 5! ways. 


B, 


Bs 
Bo 


B, 
Bs 


Hence, by the principle of multiplication, the required 
number of ways = 4! x 5! = 2880. 


| Example 43. 20 persons were invited to a party. In 
how many ways can they and the host be seated at a 
circular table ? In how many of these ways will two 
particular persons be seated on either side of the host? 
Sol. I Part Total persons on the circular table 
= 20 guest + 1 host = 21 
They can be seated in (21 — 1)! = 20! ways. 


II Part After fixing the places of three persons 
(1 host + 2 persons). 


Treating (1 host + 2 persons) = 1 unit, so we have now 
{(remaining 18 persons + 1 unit) = 19} and the number of 
arrangement will be (19 — 1)! = 18! also these two particular 
persons can be seated on either side of the host in2! ways. 


Poy H P, 
Pig ePa 
of 


p P; 
Piz ; Ps 
p 
Pye a 
Prs 
Py4 Py 
Pag ‘a Pg 


Pre Psy P19 a 


Hence, the number of ways of seating 21 persons on the 
circular table such that two particular persons be seated on 
either side of the host = 18! x 2!=2x 18! 


Case Ill If clockwise and anti-clockwise orders are taken as 
not different, then the number of circular permutations of 


; a | n! 
different things taken r at a time = poe =—.- 


Note 
For checking correctness of formula put r = 7, then we get 
al [result (5) (i] 
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[ Example 44, How many necklace of 12 beads each can be made from 18 beads of various colours? 


Sol. In the case of necklace, there is no distinction between the clockwise and anti-clockwise arrangements, the required 
number of circular permutations. 


Pp, 18! | 18X17 x16 15x 14x13! 119 x13! 


2x12 6!x24 6X5xX4xX3xX2x1x24 2 


Exercise for Session 3 


1. 


17. 


How many words can be formed from the letters of the word ‘COURTESY’ whose first letter is C and the last 
letter is Y ? 
(a) 6! (b) 8! (c) 2(6)! (d) 2(7)! 
The number of words that can be made by writing down the letters of the word ‘CALCULATE’ such that each 
word starts and ends with a consonant, is 
(a) ; (7)! (b) 2(7)! (c) : (7)! (4) 3(7)! 
The number of words can be formed from the letters of the word ‘MAXIMUM’, if two consonants cannot occur 
together, is 
(a) 4! (b) 3!x 4! 
4! 

\ i 

(c) 3! (d) 31 


All the letters of the word ‘EAMCET' are arranged in all possible ways. The number of such arrangements in 
which two vowels are not adjacent to each other, is 

(a) 54 (b) 72 

(c) 114 (d) 360 


How many words can be made from the letters of the word ‘DELHI’, if L comes in the middle in every word? 
(a) 6 (b) 12 (c) 24 (d) 60 


In how many ways can 5 boys and 3 girls sit in a row so that no two girls are sit together? 
(a) 5!x 3! _(b) 4P, x 5! (c) §P, x 5! (d) °P; x 3! 


There are n numbered seats around a round table. Total number of ways in which n, (n, <7) persons can sit 


around the round table, is equal to 
(a) "C,,, (2) (c) "Cs (d) Aa 


In how many ways can 7 men and 7 women can be seated around a round table such that no two women can 
sit together? 
(a) 7! (b) 7!x 6! (c) (6!) (d) (7!) 


The number of ways that 8 beads of different colours be string as a necklace, is 
(a) 2520 (b) 2880 (c) 4320 (d) 5040 


If 11 members of a committee sit at a round table so that the President and secretary always sit together, then 
the number of arrangements, is 
(a) 9! x2 (b) 10! (c) 10!x 2 (d) 11! 


In how many ways can 15 members of a council sit along a circular table, when the secretary is to sit on one 
side of the Chairman and the deputy secretary on the other side? 
(a) 12!x 2 (b) 24 (c) 15!x 2 (d) 30 
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Session 4 


Combination, Restricted Combinations 


Combination 


Each of the different groups or selections which can be 
made by some or all of a number of given things without 
reference to the order of the things in each group is called 
a combination. 


Important Result 


(1) The number of combinations of n different 
things taken r at a time is denoted by "C, or 


"C, =———_ [(O<rs<n] 


r! 
_a(n-I)(n-2)...(a-r+t) 
r(r-1)(r-2)...2-1 
Proof Let the number of combinations of n different things 
be "C,. 
Now, each combination consists of r different things and 
these r things can be arranged among themselves in r! ways. 


Thus, for one combination of r different things, the 
number of arrangements is r!. 


née N andrew 


taken r at a time 


Hence, for "C, combinations, number of arrangements is 


pec. wud) 
But number of permutations of n different things taken r at 
atime is ” P.. ..-(ii) 


From Eqs. (i) and (ii), we get 


1 n n n! 
rix"C,=°P, = 


(n-r)! 


a =-—""___ reWandneN 
ri(n—r)! ; 
Note the following facts: 
(i) "C, is a natural number 


(ii) "C, =0,ifr>n 


(iii) "C, ="C, =1,"C, =n 

Gy) ° P= "C..iff=0oer 1 

(v) "C, = "Cyanifr>7 

(vi) If"C, ="C, >x=yorxt+y=n 


wi) “€, 4°C, 4 = °C, [Pascal’s rule} 


iS pe 
(vili)"C, =. ESN 
(ix) n- les ON =(n-r+1)- oom 
n 
C,  n-rti 
Ts 
“r=l1 


(xi) (a) Ifnis even , "C, is greatest for r => 


-l] ntl 
(b) If nis odd, "C, is greatest for r = or 


(xil) "Co +"C, + "Co +...4"C, =2" 
(xiii) AC, "C6, HC, +... 

="C, @ C5 4 "Cee" 
(ayy. Oe. rides OF ee ae OO = 22h 
(xy) "Ce OIC, EMC, EPO, Bice 


mn cue 2-3 Sag ee 


| Example 45. if °c; ="C,,3, find 'C, . 
Sol. We have, Cy = ae 


> 3r=r+3 

or 3r +r 43515 

=> 2r=3or4r=12 
5 

=> r=-orr=3 
2 


but r € W, so thatr + - 
Then, 'C,= °C, =7C,=3 
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_ [Example 46. If "Cg = "Cz, find n. = ==2 
r 
Sol. "C=" - 7 
| We have, Cy = "Cp n= 947 [9 #7] as eer ...(ii) 
| “ n=16 On solving Eqs. (i) and (ii), we get n = 10 andr =5. 
_ [Example 47. Prove that | Example 50. If °C,_, = 36, °C, =84 and 
’ i 
F n }+( n }-(""?) "C, 41 =126, find r. 
r r-1 r—2 r a 
. : -- Sol. Here, at sige 
Sol :( ="C, C24 36 
r| - 
p % = pore. 7 .  C, ~n-re+l 
é us =(")+2 bay r 3 "Cra r 
r rahe ures 7 
‘ a3 => 3n-3r+3=7r 
= C, +2 Cri. + C.=9 
= 10r —3n =3 (i) 
=("C, +"C,_\)+("C,-1+"C,- - i 
vc Ow Gres 2) 5 Cra1_n—(r+1)+1_ 126 "C, _n-re+l 
SG, tpg Pe, is (r + 1) 84 "Gus r 
=("7) ris - nar 3 
J r+1 2 
| Example 48. If 2"C;:"C; =11:1, find the value of n. = BOE ar Se 
Sol, We have, ) = —— - 
200, "Cy = 11s or 10r —-4n=-6 *- .xsfit) 
On subtracting Eq. (ii) from Eq. (i), we get 
a oe 
= aid n=9 
"C3 1 : 
From Eq. (i), we get 
2n(2n — 1)(2n — 2) 
—— a 107 -27=3 => 10r =30 
Loe # ag , SCKSD 
n(n — 1)(n - 2) (n — 2) jest 
ee | Example 51. Prove that product of r consecutive 
= 8n-4=11n-22 => 3n=18 positive integers is divisible by r! . 
n=6 Sol. Let r consecutive positive integers be (m), 
nth : pk (m +1),(m+2),...,(m+r—1), where me N. 
| Example 49. TE Cra Cr: C,-1 =11:6:5, “. Product = m(m + 1)(m+2)...(m+r-—1) 
find the values of n and r. _ (m—1)! m(m + 1)(m+2)...(m +r —1) 
aed m-—1)! 
Sol. Here, Crt = 1! ( ) 
a oe 6 (tray _ri-(m+r—1)! 
_ n+1"C, WU ie 2 acie (m — 1)! r!(m-1)! 
rti "C, 6 oe = eal [(."*°~'C, is natural number] 
nt+1_11 ance". 
=> =o 
r+1l 6 which is divisible by r!. 
=> 6n+6=liIr+11 le 52 | 
- ee Aires § Ai) | Example . Eva uate 
n 47 50-j 56 ~-k 
and Bigs Cyt > 1C3t DN Cos ek. 
Gg 3 j=0 k=0 
3 a 
4 a ""'C,-1_6 wc, o8lg Sol. We have, "Cyt OCs a a PCs 
rae 3 r j=0 k=0 


WWW.JEEBOOKS.IN 


376 Textbook of Algebra 


3 ; 5 
="C, + yes ‘ > Gs aa Oe — a Ce | 
J=0 k=0 


a uC; +(%C, ee ac oo rs ba 6" 4 a | 
+( Cy + PCy + Cy + PCs + Cs + IC) 
= ac OF es as ar ee eC. 4: "CG; as “Cs + mC 
+ Ce MC, + Cy PC, + MC, 
ses, ra 7C,)+ oP + we, if. oF ee ae 
sie 9 i Oo ald Oe as Oe oa 
= C0, + "C34 Cs + C3 4+ Cy +...4 *C; 


= C,4+ °C, + Cy +...4 Cy 


= uC; . 2, = uC, 


| Example 53. Prove that the greatest value of 
2c (O<rs2n)is 2"C, (for 1<rsn). 


2n n r 
-_rt+ = 
Sol. We have, a = én-r+1 “ oO = n—-r+l 

r-! r a r 

_ 2(n—r)+(r +1) _ 1+2(n—r)+1 

r r 
2n 
> >—>!1 [fori srs n] 

anc 

r-1 


a 2C 
On putting r =1, 2, 3, ..., n, 
tiga Cy = iy Ce Crass eee Op 
On combining all inequalities, we get 
= iG 2G "GC, 2 "C, €..< "C. . 2 e. 
but 2"C, = *"C., _;, it follows that 

UG aC oe Cg OO te. SC ee OS 

Hence, the greatest value of 2"C, is ?"C,. 

| Example 54. Thirty six games were played in a 


football tournament with each team playing once 
against each other. How many teams were there? 


Sol. Let the number of teams be n. 


Then number of matches to be played is "C, = 36 


x 

=> Ny ce Oe Ae. 
1x2 

=> n=9 


Restricted Combinations 


(i) The number of selections (combinations) of r objects 
out of n different objects, when 


(a) k particular things are always included= " Ee 4. 
(b) k particular things are never included = "~* C,. 


(ii) The number of combinations of r things out of n 
different things, such that k particular things are not 
together in any selection ="C, —"~*C,_, 


(iii) The number of combinations of n different objects 
taking r at a time when, p particular objects are 
always included and g particular objects are always 
excluded = ""?~9 oa 


Note 


(i) The number of selections of r consecutive things out of 
nthings inarow=n-r +1. 
(ii) The number of selections of r consecutive things out of 
nifren 


nthings along acircle={ f 
Liiva 


| Example 55. In how many ways can a cricket, eleven 
players by chosen out of a batch 15 players, if 
(i) a particular is always chosen. 
(ii) a particular player is never chosen? 

Sol. (i) Since, particular player is always chosen. It means 
that 11 — 1 = 10 players are selected out of the 
remaining 15-1= 14 players. 

”. Required number of ways = “C,, = “C, 
_ 14-13-12-11 
4-234 


= 1001 


(ii) Since, particular player is never chosen. It means that 
11 players are selected out of the remaining 15 - 1=14 


players. 
‘. Required number of ways = “C,, = “C; 
_ 14-13-12 = 364 
2:3 


| Example 56. How many different selections of 6 
books can be made from 11 different books, if 
(i) two particular books are always selected. 
(ii) two particular books are never selected? 
Sol. (i) Since, two particular books are always selected. It 
means that 6 — 2 = 4 books are selected out of the 
remaining 11 —- 2=9 books. 


98-76 _ 196 
4 


‘. Required number of ways = °C, = 
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(ii) Since, two particular books are never selected. It 
means that 6 books are selected out of the remaining 
11-2=9 books. 


.. Required number of ways = °C, 


J Example 57. A person tries to form as many different 
parties as he can, out of his 20 friends. Each party 
should consist of the same number. How many friends 
should be invited at a time? In how many of these 
parties would the same friends be found? 


Sol. Let the person invite r number of friends at a time. Then, 
the number of parties are °C, , which is maximum, 
when r = 10. 


Ifa particular friend will be found in p parties, then p is the 
number of combinations out of 20 in which this particular 
friend must be included. Therefore, we have to select 9 
more from 19 remaining friends. 


Hence, p= °C, 

(2) The number of ways (or combinations) of n 
different things selecting atleast one of them is 
2" -1. This can also be stated as the total 
number of combinations of n different things. 


Proof For each things, there are two possibilities, whether 
it is selected or not selected. 


Hence, the total number of ways is given by total 
possibilities of all the things which is equal to 
2X2X2x...Xn factors = 2” 
But, this includes one case in which nothing is selected. 
Hence, the total number of ways of selecting one or more 
of n different things =2”" —1 
Aliter Number of ways of selecting one, two, three, ..., 7 
things from n different things are 
"C1,"Co, "C3,..., "C,, respectively. 
Hence, the total number of ways or selecting atleast one 
thing is 
"Cy + "Co + "C3 t...+ "C, 
=("Cy + *C, + "Co 5 ee a Ce) = "C5 =2" ale | 


| Example 58. Mohan has 8 friends, in how many 
ways he invite one or more of them to dinner? 


Sol. Mohan select one or more than one of his 8 friends. So, 
required number of ways 


= *C, + °C, + °C, +...4 °C; 


= 2° —~1=255, 
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| Example 59. A question paper consists of two 
sections having respectively, 3 and 5 questions. The 
following note is given on the paper “It is not 
necessory to attempt all the questions one question 
from each section is compulsory’. In how many ways 
can a candidate select the questions? 


Sol. Here, we have two sections A and B (say), the section A 
has 3 questions and section B has 5 questions and one 
question from each section is compulsory, according to 
the given direction. 


.. Number of ways selecting one or more than one question 
from section A is2> —1=7 

and number of ways selecting one or more than one 
question from section Bis 2° —1=31 


Hence, by the principle of multiplication, the required 
number of ways in which a candidate can select the 
questions 


=7 X31 =217. 


| Example 60. A student is allowed to select atleast 
one and atmost n books from a collection of (2n + 1) 
books. If the total number of ways in which he can 
select books is 63, find the value of n. 


Sol. Given, student select atleast one and atmost n books from 
a collection of (2n + 1) books. It means that he select one 
book or two books or three books or ... or n books. 
Hence, by the given hypothesis. 


ae + eee anni oe gene =63_ ...(i) 
Also, the sum of binomial coefficients, is 
ied 7 aul OF Oe cag ee Orcas 
oe le ee 
a(iei "=o" 
=> sleds OF) Geiddiilal Oe shia Coe Ee aac C70 | 
g28tlo, a2 PIC = 6. ..] 
=>  142x634+1=27"*'=128=27"*! 
= 27 =2?" tl 7=2n +1 
n=3 


| Example 61. There are three books of Physics, four 
of Chemistry and five of Mathematics. How many 
different collections can be made such that each 
collection consists of 
(i) one book of each subject, 
(ii) atleast one book of each subject, 
(iii) atleast one book of Mathematics. 
Sol. (i) °C, x *C, x °C, =3x 4x5 =60 
(ii) (22 — 1) x (24 -— 1) x (2° — 1) =7 X 15 X 31 = 3255 
(iii) (2° — 1) x 2” =31 x 128 = 3968 
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Exercise for Session 4 


1 


2, 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


If *3C,_¢ = "Cs, 4, the value of r is 


(a) 6 (b) 8 (c) 10 (d) 12 
If 8Cy5 +2 ('8Cyg) + Cys + 1= "Cz, the value of nis 
(a) 18 (b) 20 (c) 22 : (d) 24 
If °C, 42 = "Cig , the value of n is 
(a) 7 (b) 10 (c) 13 (d) None of these 
leuere > 52-'C. is equal to 
r=1 
(a) "CG; (b) “e; (ec) =C, (d) None of these 
If "C3 + "Cy > "* 1C then . 
(a)n>6 (b)n<6 (c)n>7 (d)n<7 
The Solution set of '°C, _;>2. "°C, is 
(a) {1, 2, 3} (b) {4, 5, 6} (c) {8, 9, 10} (d) {9, 10, 11} 
If 2°C2: "Cp =9:2 and "C, =10, thenr is equal to 
(a) 2 "  (b)3 (c) 4 (d) 5 
lf "C5: "C2 =44 :3, for which of the following value of r, the value of "C, will be 15. 
(a)r =3 (b)r =4 ier =5 (d)r=6 
If "°C, ="C,.., and "P, = "P,,,, the value ofr is 
(a) 2 (b) 3 , (c) 4 (d)5 
If °P, =840, "C, =35, the value of n is 
(a) 1 (b) 3 (c)5 (d)7 
If "P3 + "C, 2 =14n, the value of n is 
(a) 5 _ (b)6 (c) 8 (d) 10 


There are 12 volleyball players in all in a college, out of which a team of 9 players is to be formed. If the captain 
always remains the same, in how many ways can the team be formed ? 


(a) 36 (b) 99 (c) 108 (d) 165 

In how many ways a team of 11 players can be formed out of 25 players, if 6 out of them are always to be 
included and 5 are always to be excluded 

(a) 2002 (b) 2008 (c) 2020 (d) 8002 

A man has 10 friends. In how many ways he can invite one or more of them to a party? 

(a) 10! (b) 2'° (c) 10!- 1 (d) 2'° - 4 

In an examination, there are three multiple choice questions and each question has four choices. Number of 
ways in which a student can fail to get all answers correct, is 

(a) 11 (b) 12 (c) 27 (d) 63 

In an election, the number of candidates is 1 greater than the persons to be elected . If a voter can vote in 
254 ways, the number of candidates is 

(a) 6 (b)7 (c) 8 (d) 10 

The number of groups that can be made from 5 different green balls, 4 different blue balls and 3 different red 
balls, if atleast one green and one blue bail is to be included 

(a) 3700 (b) 3720 (c) 4340 (d) None of these 

A person is permitted to select atleast one and atmost n coins from a collection of (2n + 1) distinct coins. If the 


total number of ways in which he can select coins is 255, then n equals 
(a) 4 (b) 8 (c) 16 (d) 32 
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Session 5 


Combinations from 
Identical Objects 


(i) The number of combinations of n identical objects 
taking r objects (r <n) at a time = 1 

(ii) The number of combinations of zero or more objects 
from n identical objects =n +1 


(ili) The total number of combinations of atleast one out 
of a, +a, +a, +...+a, objects, where a, are alike of 
one kind, a, are alike of second kind, a, are alike of 
third kind, ...,@, are alike of nth kind 


=(a, +1)(a, +1)(a3 +1)... (a, +1)-1 


| Example 62. How many selections of atleast one red 
ball from a bag containing 4 red balls and 5 black 
balls, balls of the same colour being identical? 


| Sol. Number of selections of atleast one red ball from 4 identi- 
cal red balls = 4 


Number of selections of any number of black balls from 5 
identical black balls 


=5+1=6 
“. Required number of selections of balls 
=4x6=24 


| Example 63. There are p copies each of n different 
books. Find the number of ways in which a non-empty 
selection can be made from them. 
Sol. Since, copies of the same book are identical. 
“. Number of selections of any number of copies of a book 
is p + 1. Similarly, in the case for each book. 
Therefore, total number of selections is (p + 1)". 


But this includes a selection, which is empty i.e., zero copy 
of each book. Excluding this, the required number of 
non-empty selections is(p +1)" — 1. 


[Example 64. There are 4 oranges, 5 apples and 
6 mangoes in a fruit basket and all fruits of the same 
kind are identical. In how many ways can a person make 
a selection of fruits from among the fruits in the basket? 
Sol. Zero or more oranges can be selected out of 4 identical 
oranges = 4 + 1=5 ways. 
Similarly, for apples number of selection = 5 + 1 = 6 ways 
and mangoes can be selected in 6 + 1 =7 ways. 


Pu 0 £e TRY © wee sew as~ 


Combinations from Identical Objects 


.. The total number of selections when all the three kinds of 
fruits are selected =5x6X7=210 


But, in one of these selection number of each kind of fruit is 
zero and hence this selection must be excluded. 


“. Required number = 210 — 1 = 209 


Combinations when both Identical 
and Distinct Objects are Present 


The number of combinations (selections) of one or more 
objects out of a, +a, +a, +...+a, objects, where a, 
are alike of one kind, a, are alike of second kind, a, are 
alike of third kind, ..., a, are alike of nth kind and k 


are distinct. 
= {(a, +1) (a. +1) (a3 +1)---(a, +1)} 
C6; 4 "°C. 4°C, face" C)=1 


=(a, +1) (a, +1) (a3 +1) +... +(a, +1)2* -1 


| Example 65. Find the number of ways in which one 
or more letters can be selected from the letters 
AAAAA BBBB CCC DD EFG. 
Sol. Here, 5A’s are alike, 4 B’s are alike, 3C's are alike, 2D’s 
are alike and E, F, G are different. 

.. Total number of combinations 
=(5+1)(4+1)(34+1)(2+1)2°-1 
=6:5-4-3-8-1 
= 2879 
[excluding the case, when no letter is selected] 

Explanation Selection from (AAAAA) can be made by 6 


ways such include no A, include one A, include two A, 
include three A, include four A, include five A. Similarly, 
selections from ( BBBB) can be made in 5 ways, selections 
from (CCC) can be made in 4 ways, selections from (DD) 
can be made in 3 ways and from E, F, G can be made in 
2xX2xX 2 ways. 


Number of Divisors of N 


Every natural number N can always be put in the form 


a a Qa a 
N=p,°* pf)" * py? os fips Where p,, PouP axes Pp OTE 
distinct primes and ,,Q ,,013,..., QL, EW. 
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(i) The total number of divisors of N including 1 and N 
=(a, +1) (QO, +1) (a3 +1)...(@, +1) 
(ii) The total number of divisors of N excluding 1 and N 
=(a, +1)(@2 +1)(@3 +1)...(Q, +1) -2 
(iii) The total number of divisors of N excluding either 1 
or N =(, +1) (@2 +1) (@3 +1)...(@, +1)-1 
(iv) Sum of all divisors =(p} + pi + pj +p; +...+p;") 
(pz + pz + pz + pz +... 4+ pz?) .. 


(Pet Py t+ Pe tP, +. +P,*) 
* 


m fecruna al ign 
1-p, }\ 1-pe 1— px 


(v) Sum of proper divisors (excluding 1 and the 
expression itself) 
= Sum of all divisors —(N +1) 


(vi) The number of even divisors of N are possible only if 
Pp 4 
p, =2, otherwise there is no even divisor. 


.. Required number of even divisors 
=O, (A. +1)(@3 +1) +... +(H, +1) 
(vii) The number of odd divisors of N 
Case! If p, =2, the number of odd divisors 
=(Q2 +1)(@3 +1)... (a, +1) 
Case II If p, #2, the number of odd divisors 
=(%, +1) (>. +1)(@3 +1)... (&, +1) 
(viii) The number of ways in which N can be resolved as a 


product of two factors 


if Nis nota 


1 
| 3 +1)(Q@2 +1)...(%% +1), perfect square 


if Nisa 
pertect square 


5 {on +1) (G2 +1)...(@, +1) +}}, 


(ix) The number of ways in which a composite number N 
can be resolved into two factors which are relatively 
prime ( or coprime) to each other is equal to2"~’, 
where n is the number of different factors (or different 
primes) in N. : 

[| Example 66. Find the number of proper factors of 


the number 38808. Also, find sum of all these divisors. 
Sol. The number 38808 = 2° -37-7?-11 


Hence, the total number of proper factors (excluding 1 and 
itself i.e., 38808) 


=(3+1)(2+1)(2+1)(1+1)-2 
=72-2=70 
And sum of all these divisors (proper) 
= (2° +2) +2? +27)(3° +3! +37) 
(7° +7' +77)(11° + 11!) — 1 - 38808 
= (15) (13) (57) (12) — 38809 
= 133380 — 38809 
= 94571 


| Example 67. Find the number of even proper divisors 
of the number 1008. 


Sol. «1008 = 24 x3? x7! 
‘, Required number of even proper divisors 


= Total number of selections of atleast one 2 and 
any number of 3’s or 7’s. 


=4x(2+1)x(1+1)-1=23 


| Example 68. Find the number of odd proper divisors 
of the number 35700. Also, find sum of the odd 
proper divisors. 
Sol. -- 35700 = 2° x3 x5? x7! x17! 
., Required number of odd proper divisors 
= Total number of selections of zero 2 and any 
number of 3’s or 5's or 
7's or 17's 
=(1+1)(24+1)(1+1)(1+1)-1=23 
. The sum of odd proper divisors 
= (3° +3!) (5° +5! 4+57)(7° +7')(17° +7')-1 
=4x31x8x 18-1 
= 17856 — 1 = 17855 


| Example 69. If N =10800, find the 


(i) the number of divisors of the form 
4m+2,¥mew. 
(ii) the number of divisors which are multiple of 10. 


(iii) the number of divisors which are multiple of 15. 
Sol. We have, N = 10800 = 24 x 3? x 5? 
(i) * (4m + 2) = 22m + 1), in any divisor of the form 
4m + 2, 2 should be exactly 1. 
So, the number of divisors of the form 
(4m+2)=1xX(34+1)x(2+1)=1X4xX3=12 
(ii) .. The required number of proper divisors 


= Total number of selections of atleast one 2 and one 
5 from 2, 2, 2, 2, 3, 3, 3, 5,5 


=4x(3+1)x2=32 


wWWW.JEEBOOKS.IN 


(iii) . The required number of proper divisors 


= Total number of selections of atleast one 3 and one 
5 from2:2: 2.2,3,3,3:5:5 


=(4+1)x3x2=30 


[Example 70. Find the number of divisors of the 
number N=2°.3°-5 7.79.9" which are 
perfect square. 
Sol. «:N =23.35.57.7 9.91 
=23.35.57.79 322 
=23.377.57.79 
For perfect square of N, each prime factor must occur even 
number of times. 
2can be taken in 2 ways (i.e., 2° or 2”) 
3 can be taken in 14 ways (ie.,3° or 3” or 3* or 3° or3° or 
3” or 3"? or 34 or 3! or 3'® or 37 or 3% or 374 or 3”) 
5 can taken in 4 ways (i.e.,5° or 5” or 5* or 5°) 
and 7 can taken in 5 ways 
(ie, 7° or 7? or 74 or 74 or7° or 7) 
Hence, total divisors which are perfect squares 
=2x14x4x5=560 


| Example 71. In how many ways the number 10800 
can be resolved as a product of two factors? 
Sol. Let N = 10800 = 2* x 3° x 5” 


Here, N is not a perfect square [‘.: power of 3 is odd] 


Hence, the number of ways = ; (4 +1)(3 + 1)(2+ 1)=30 


| Example 72. In how many ways the number 18900 
can be split in two factors which are relatively prime 
(or coprime)? 

Sol. Let N = 18900 = 27.3 -5?-7! 

Relatively prime or coprime Two numbers not neces- 
sarily prime are said to be relatively prime or coprime, if 
their HCF (highest common factor) is one as 2, 3, 5, 7 are 
aeatveNy prime numbers. 

n=4 _ [number of different primes in N] 


Baits number of ways in which a composite number N 
can be resolved into two factors which are relatively 
prime or coprime = 24~' = 2? =8 


Division of Objects Into Groups 


(a) Division of Objects Into Groups of Unequal Size 
Theorem Number of ways in which (m +n) 
distinct objects can be divided into two unequal 

(m+n)! 

m! 


groups containing m and n objects is 
n! 
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Proof The number of ways in which (m + n) distinct 
objects are divided into two groups of the size m and n 


= The number of ways m objects are selected out of 
(m +n) objects to form one of the groups, which can 
be done in ™*"C,, ways. The other group of n objects 


is formed by the remaining n objects. 


(Tree diagram) 


a oe To _ (m+n) 


. mint 


Corollary I The number of ways to distribute (m + n) 


distinct objects among 2 persons in the groups 
containing m and n objects 


= (Number of ways to divide) x (Number of groups) 
_ (m+n) 


min! 


x2! 


Corollary II The number of ways in which (m +n + p) 


distinct objects can be divided into three unequal 
groups containing m, n and p objects, is 


© e) 


@) 
(Tree diagram) 
m+n+p + (m+n+ p)! 
a om am 'e. oC, Pa eae 5 
m!n! p! 


Corollary If The number of ways to distribute 

(m+n-+ p) distinct objects among 3 persons in the 

groups containing m, n and p objects 

= (Number of ways to divide) x (Number of groups) 
(m+n+p)! 

. minkp 


x3! 


Corollary IV The number of ways in which 
(x, +X. +X +++: +-x,,) distinct objects can be 
divided into n unequal groups containing x,, 
X2,X3,-.-,X, objects, is 


wWWW.JEEBOOKS.IN 


Textbook of Algebra 


@) (x) 


(Tree diagram) 


(x) +X_g t+X3+°°°+x,)! 
eee oc ae 
Corollary V The number of ways to distribute 
(x, +xX_ +X4 +... +X,,) distinct objects among n 
persons in the groups containing x), X2,...,Xp 
objects 
= (Number of ways to divide) x (Number of groups) 
! 
mcs +xX,+X4+...+%x,)! pei 
Ky bts Kal ox, ! 


(b) Division of Objects Into Groups of Equal Size 


The number of ways in which mn distinct objects can 
be divided equally into m groups, each containing n 
objects and . 

(i) If order of groups is not important is. 


13) 13 
(3) 3) 
(Tree diagram) 
_ 
52! — x Hitz as 
4! (13!) (13!) 
Aliter Each player will get 13 cards. Now, first player can 
be given 13 cards out of 52 cards in ™C,; ways. Second 
player can be given 13 cards out of remaining 39 cards (i.e, 


52—13=39)in *?C,, ways. Third player can be given 13 
cards out of remaining 26 cards (i.e.,39 — 13 = 26) in a 
ways and fourth player can be given 13 cards out of 
remaining 13 cards (i.e., 26 — 13 = 13) in '3C,, ways. 
Hence, required number of ways 
= Cin x Cis x Cys x PCyy 
52! 39! 26! 52! 
= ——_— X —— X xX1l= j 
13!39! 13!26! 13!13! (13!) 


(ii) Here, order of group is not important, then the 
number of ways in which 52 different cards can be 
divided equally into 4 groups is 


l 
. (mn)! . 1 
(nt)™ J m! 
(ii) If order of groups is important is. 


2 cms = A 


! ™ 
\(n 1)" im! (n!)™ (Tree diagram) 
Note Division of 141 objects into 6 groups of 2n, 2n, 2n, 2n, 3n, 3n, 52! 
Gerereicorered 4! (131)4 
l ! 
size is ee = vo ¢ Aliter Each group will get 13 cards. Now, first group can be 
ate} (C2) (CS))" 42 given 13 cards out of 52 cards in **C,, ways. Second group 
Now, the distribution ways of these 6 groups among 6 persons is can be given 13 cards out of remaining 39 cards (i.e., 
(149)! ee ae SL) 52 — 13 = 39) in ’C,, ways. Third group can be given 13 


(Canny (32 412! (any ty* (anny? 


cards out of remaining 26 cards 

(i.e., 39 — 13 = 26) in *°C,, ways and fourth group can be 
given 13 cards out of remaining 13 cards (i.e., 26 — 13 = 13) 
in Ca ways. But the all (four) groups can be interchanged 
in 4! ways. Hence, the required number of ways 


_ 52 39 26 13 1 
=" Cy3 & C3 X OC 3 X C3 . 


| Example 73. In how many ways can a pack of 52 
cards be 
(i) distributed equally among four players in order? 
(ii) divided into four groups of 13 cards each? 
(iii) divided into four sets, three of them having 17 cards 52! 39! 26! : 52! 
each and fourth just one card? 


Sol. (i) Here, order of group is important, then the numbers 
of ways in which 52 different cards can be divided 
equally into 4 players is 


= -———— X x —— Xx SRR BR 
13!39! 13126! 13! 13! 4! (13!)"4! 


(iii) First, we divide 52 cards into two sets which contains 
1 and 51 cards respectively, is 


* 52! 


1!51! 
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Now, 51 cards can be divided equally in three sets each 
contains 17 cards (here order of sets is not important) 
51! 


« 


314171) 


in ways. 
Hence, the required number of ways 
52! 51! 
=—— x 
51! 34171) 
_ 52! 52! 
1134(17)° — (17!)°3! 


Aliter First set can be given 17 cards out of 52 cards in 
*°C,,. Second set can be given 17 cards out of remaining 35 
cards (i.e.,52 — 17 = 35) in °C,7. Third set can be given 17 
cards out of remaining 18 cards (i.e.,35 — 17 = 18) in ne. 
and fourth set can be given 1 card out of 1 card in 'C,. But 
the first three sets can interchanged in 3! ways. Hence, the 
total number of ways for the required distribution 

= Gin S Cy ® “Cyt "Cx :! 


52! 


17135! 


(52)! 
(17!) 3! 


35! 


18! sie st 1 
17/1! 


17! 18! 3! 


I Example 74. in how many ways can 12 different balls 
be divided between 2 boys, one receiving 5 and the other 
7 balls? Also, in how many ways can these 12 balls be 
divided into groups of 5, 4 and 3 balls, respectively? 

Sol. I Part Here, order is important, then the number of ways 

in which 12 different balls can be divided between two 


boys which contains 
5 and 7 balls respectively, is 


SO @ 
(Tree diagram) 
12! -11-10-9:8-7! 
= )_ 22-11 10°9:-8-7! 5 1584 
5!7! (5:4°3-2:1)7! 


Aliter First boy can be given 5 balls out of 12 balls in "Cs. 


Second boy can be given 7 balls out of 7 balls (i.e., 
12-5=7) but there order is important boys interchange by 
(2 types), then required number of ways 


12! 
="¢, x ?C, x2!=—— x1 x2! 
517! 
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= A = = 1584. 
5X7! 5-4-3-2-1-7! 


II Part Here, order is not important, then the number of 
ways in which 12 different balls can be divided into three 
groups of 5,4 and 3 balls respectively, is 


12! 


5! 4!3! 5) °4-3°2-1-3-271 


(Tree diagram) 


Aliter First group can be given 5 balls out of 12 balls in 
'2C, ways. Second group can be given 4 balls out of 
remaining 7 balls (12-5 =7) in ’C, and 3 balls can be 
given out of remaining 3 balls in *C3. 


Hence, the required number of ways (here order of groups 
are not important) 


_ iat. 7! 
517! 43! 
_ 12! 
51413! 


| Example 75. in how many ways can 16 different 
books be distributed among three students A,B,C so 
that B gets 1 more than A and C gets 2 more than B ? 
Sol. Let A gets n books, then B getsn+1andC getsn +3. 
Now, n +(n+1)+(n +3) =16 
=> 3n = 12 
n=4 


16 


4) 7 
(Tree diagram) 


=> A,B,C gets 4,5 and 7 books, respectively. 
Hence, the total number of ways for the required 
distribution 
16! 
~ 4'5!7! 
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| Example 76. In how many ways can 9 different 
books be distributed among three students if each 


receives atleast 2 books? 


Sol. If each receives atleast 2 books, then the division as 
shown by tree diagrams 


(ii) (ii) 


The number of division ways for tree diagrams (i), (ii) and 
(iii) are 


9! 1 9! 9! 1 g 
x—, and ——— x —-, respectively. 
(2!)? (5!) 2! at3!4! (383! 


Hence, the total number of ways of distribution of these 
groups among 3 students is 


9! 1 9! 91 1 
x — $+ ——— + —— x —] x3! 
(21)? (5!) 2! 2t3ta! ayy 3! 
= [378 + 1260 + 280] x 6 
= 11508 


Exercise for Session 5 


1. There are 3 oranges, 5 apples and 6 mangoes in a fruit basket (all fruits of same kind are identical). Number of 
ways in which fruits can be selected from the basket, is 


(a) 124 (b) 125 


(c) 167 (d) 168 


2. Inacity no two persons have identical set of teeth and there is no person without a tooth. Also, no person has 
more than 32 teeth. If we disguard the shape and size of tooth and consider only the positioning of the teeth, 


the maximum population of the city is 
(a) 22 (b) (32)? - 1 


(ce) 2? 4 (d) 2°" 


oe Af @, 22 43,...,2@,41be(n + 1) different prime numbers, then the number of different factors (other than 1) of 


m . 
4, -42°83,...,8ng 418 


(a)m+ 1 * (b) (m+ 92° 

4. Number of proper factors of 2400 is equal to 
(a) 34 
(c) 36 


5. The sum of the divisors of 2°-3* 5? is 
(aya? 7'- 417 
(c) 3-7-1431 


(c)m-2° + 1 _ (d) None of these 


(b) 35 
(d) 37 ° 


(b) S27! 45 
(d) None of these 


6. The number of proper divisors of 2° 69-21’, V p,q,r EN, is 


(a)(9+q+1)Q+rt+1)(7 + 1) 
(c)(p+q)Qtr)r-2 


(b)(P+Q+Nigtr+)r+)-2 
(d)(p+a)Q+ry 


7. The number of odd proper divisors of 3° -69-15", V p,q,r EN, is 


(al(p+Nq+Dr+)-2 
(c)(ptqtr+D(ir+ 1-2 


(b)(p+ Nq+Dir+ H-1 
(d)(p+q+r+Dirt+ }-1 


8. The number of proper divisors of 1800, which are also divisible by 10, is 


(a) 18 (b) 27 


(c) 34 (d) 43 


9. Total number of divisors of 480 that are of the form 4n + 2,n 20, is equal to 


(a) 2 (b) 3 
10 


(a) 54 (b) 55 


(c)4 (d) 5 


Total number of divisors of N =2°-3*.5'.7°5 that are of the form 4n + 2,n > 1, is equal to 


(c) 384 (d) 385 
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Total number of divisors of N =3°-5 “7° that are of the form 4n + 4. 20 is equal to 


385 


(a) 15 (b) 30 (c) 120 (d) 240 
Number of ways in which 12 different books can be distributed equally among 3 persons, is 
12! 12! 12! 12! 
(a) —— —< —<. (d) 
arp ©) ay ay (31)° 
Number of ways in which 12 different things can be distributed in 3 groups, is 
12! 12! 12! 42! 
(a {b) : {o) fd) 
ay B14!) 413! (3! 
Number of ways in which 12 different things can be distributed in 5 sets of 2, 2, 2, 3, 3, things is 
12! b 1215! 12! ‘d 12!5! 
Z75io 2/91\9 (C) Sana ae )— 
(3!)* (2!) (3!) (2!) (3!)° (2! (3!)? (217° 


. Number of ways in which 12 different things can be divided among five persons so that they can get 2, 2,2, 3, 
3 things respectively, is 


12! 12!5! 12! 12! 5! 
Fa dca oe (d) > 
® Srey (3!) (3!) (21° airy ©) Seay (3!) (2!)° 
. The “ number of ways in pie 2n persons can be divided into n couples, is 
an! 


(qh i). (c) (d) None of these 


a oy ni(2n!)* 


n different toys have to be distributed among n children. Total number of ways in which these toys can be 
distributed so that exactly one child gets no toy, is equal to 


(a)n! (b) n!"C, (c) (n- 9!'C, (d)n!""c, 
. In how many ways can 8 different books be distributed among 3 students if each receives atleast 2 books? 
(a) 490 (b) 980 (c) 2940 (d) 5880 


wWWW.JEEBOOKS.IN 


Session 6 


mE RS 


Multiplying Synthetically 


Arrangement in Groups 


(a) The number of ways in which n different things 
can be arranged into r different groups is 
r(r+1)(r+2)...(r+n—-1)orn!""'C,_, 
according as blank groups are or are not admissible. 
Proof 


(i) Let n letters a,, a2, @3,...,a, be written in a row 
in any order. All the arrangements of the letters 
in r, groups, blank groups being admissible, can 
be obtained thus, place among the letters (r — 1) 
marks of partition and arrange the (n +r —1) 
things (consisting of letters and marks) in all 
possible orders. Since, (r — 1) of the things are 
alike, the number of different arrangements is 
(n+r-—-1)! 

(r-1)! 
(ii) All the arrangements of the letters in r groups, 
none of the groups being blank, can be obtained 
as follows: 
(I) Arrange the letters in all possible orders. This can be 
done in n! ways. 
(II) In every such arrangement, place (r — 1) marks of 
partition in (r —1) out of the (m — 1) spaces between 
the letters. This can be done in "~'C,_, ways. 


? L. 


=r(r+1)(r —2)...(r +n—1). 


Hence, the required number is n!-"~'C,_. 


| Example 77. in how many ways 5 different balls can 
be arranged into 3 different boxes so that no box 
remains empty? 

. Sol. The required number of ways =5!-°~'C,_, =5!:4C, 


4-3) _ 
= (120) ($5) = 720 


Aliter 

Each box must contain atleast one ball, since no box 
remains empty. Boxes can have balls in the following 
systems 


Number of Or | Number of 
balls balls 


Arrangement in Groups, Multinomial Theorem, 


All 5 balls can be arranged by 5! ways and boxes can be 
arranged in each system by 7 


! 3! 
Hence, required number of ways = 5! x +5!X a 


= 1203+ 1203 =720 
(b) The number of ways in which n different things 


can be distributed into r different groups is 
r"—" C,(r-1)"+"C,(r—2)" -...+(-1)"""C,4 


Or 
2d -0 "Cy -(r-p)" 
p= 

Or 


Coefficient of x" inn!(e* —1)’. 

Here, blank groups are not allowed. 

Proof In any distribution, denote the groups by 

£1, £2, 83,-+» £, and consider the distributions in 

which blanks are allowed. 

The total number of these is r”. 

The number in which g, is blank, is(r —1)”. 

Therefore, the number in which g;, is not blank, is 
r" —(r—-1)" 

of these last, the number in which g, is blank, is 
(r=) raz)" 

Therefore, the number in which gy, g2 are not blank, is 
r" —2(r—1)" +(r-2)" 

of these last, the number in which g; is blank, is 
(r—1)" —2(r -—2)" +(r—-3)" 

Therefore, the number in which g,, go, £3 are not 

blank, is - 
r" —3(r—1)" +3(r—2)" —(r—3)" 

This process can be continued as far as we like and it 


is obvious that the coefficients are formed as ina 
binomial expansion. 


Hence, the number of distributions in which no one 
of x assigned groups is blank, is 


r" —*C,(r —1)" + *C.(r — 2)" —...+(-1)"(r- 2x) 
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when x =r, then 

r"—"C\(r—-1)" + "C,(r-2)" =... +(-1)"71 -'C,_ 
(ra(r= Dy HE ly "Chr ry” 

Or 

r —"C\(r—-1)" +"C,(r—2)" —...4(-1)" "CC, 

Aliter 

By Principle of Inclusion and Exclusion 

Let A; denotes the set of distribution of things, if ith 

group gets nothing. Then, n(A; ) =(r — 1)" 

[as n things can be distributed among (r — 1) groups 

in(r -1)" ways] 


Then, n(A; (A; ) represents number of distribution 
ways in which groups i and j get no object. Then, 


n(A; A A;)=(r—2)" 
Also, n(A; VA; A A,) =(r -3)" 


This process can be continued, then the required 
number is 


n(A,’ Ap’... NA,’ ) 
=n(U)-n(A, UA: V...UA,) 
=r" ~{ SA.) - ¥n(A; 0.4;) 
+) n(A; NA; OA)... 
+(-1)" ¥n(Ay AA, N...0.4,)} 
ar" {1 Cy(r 1)" = "Car -2)" 
£"°C(pa3)? ey Cy 
=r" —"C,(r-1)" + "C,(r -2)" 
='"C,(r=3)" +..4C1)" "C414 


t 
Note Coefficient of x’ ine” = . 
r 


| Example 78. in how many ways 5 different balls can be 
distributed into 3 boxes so that no box remains empty? 
Sol. The required number of ways 


=2° = "O(a 1) + *C,(3=02) ="C,G=3) 
= 243 —-96 +3 —0= 150 
Or 
Coefficient of x ° in 5!(e* - 1)? 


= Coefficient of x° in5'(e3* —3e?* + 3e* — 1) 


13 a 
=5i{ 5 -3x 43x — |=3° 32° +3= 243-96 +3= 150 


5! 5! 


Aliter 


Each box must contain atleast one ball, since number box 


. Yemains empty. Boxes can have balls in the following 


systems 
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The number of ways to distribute the balls in I system 
= *C, eek °C, 


.. The total number of ways to distribute 1, 1,3ballsto the boxes 
4 3! 
="6.% "Gx; x 5 5X4 X1X3= 60 


and the number of ways to distribute the balls in I system 
= "C) x e x "Os 

. The total number of ways to distribute 1, 2, 2 balls to the 

boxes 21 

= °C, % "C2 x "Cr X= 

=5x6xX1x3=90 

“. The required number of ways = 60 + 90 = 150 


| Example 79. In how many ways can 5 different 
books be tied up in three bundles? 


Sol. The required number of ways = = (8 —3C,-2° + °C, -1°) 
=— =25 


| Example 80. If n(A)=5 and n(B) = 3, find number of 
onto mappings from A to B. 
Sol. We know that in onto mapping, each image must be 
assigned atleast one pre-image. 
This is equivalent to number of ways in which 5 different 
balls (pre-images) can be distributed in 3 different boxes 
(images), if no box remains empty. The total number of 
onto mappings from A to B 
=3° — 3C,(3-1)° + °C,(3 -2)° 
= 243 —-96+3= 150 


(c) The number of ways in which n identical things 
can be distributed into r different groups is 


Atr-1 n-1 
C,.1 OF C,-1 


According, as blank groups are or are not 
admissible. 

Proof 

If blank groups are not allowed Any such 
distribution can be effected as follows: place the n 
things in a row and put marks of partition in a 
selection of (r — 1) out of the (n — 1) spaces between 
them. This can be done in "~'C,_}. 


If blank groups are allowed The number of 
distribution is the same as that of (n +r) things of the 
same sort into r groups with no blank groups. For 
such a distribution can be effected thus, put one of the 
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(n +r) things into each of the r groups and distribute 


the remaining n things into r groups, blank lots being ° 


allowed. Hence, the required number is "*"~'C,_,. 


Aliter The number of distribution of n identical 
things into r different groups is the coefficient of x" 
in(l+x+x° +... +e)” orin 

(x¢x7°¢x° 4... 
are or are not allowed. 


+0)" according as blank groups 


These expressions are respectively equal to 
(1-—x) andx'(1-x)” 
Hence, coefficient of x” in two expressions are 


n+r-lc _, and "~'C,_,, respectively. 

| Example 81. In how many ways 5 identical balls can 
be distributed into 3 different boxes so opal no box 
remains empty? 


Sol. The required number of ways = *~ 
Aliter Each box must contain atleast one ball, since no 


box remains empty. Boxes can have balls in the following 
systems. 


Here, balls are identical but boxes are different the number 
of combinations will be 1 in each systems. 


1 ! 
*. Required number of ways = 1 xo 1 x= =343=6 


[| Example 82. Four boys picked up 30 mangoes. In 
how many ways can they divide them, if all mangoes 
be identical? 

Sol. Clearly, 30 mangoes can be distributed among 4 boys such 


that each boy can receive any number of mangoes. 


Hence, total number of ways = ***~'C,_ 


= 8, = 3332-31 cies 
198 


[| Example 83. Find the positive number of solutions of 
X+ y+z+w =20 under the following conditions 


(i) Zero value of x, y, z and w are included. 
(ii) Zero values are excluded. 
Sol. (i) Since, x +y+z+w=20 
Here, x20,y20,z20,w20 


The number of Sols of the given equation in this case 
is same as the number of ways of distributing 20 
things among 4 different groups. 


(ii) Since, x +y+z+w=20 wi) 

Here, x21, y21,z21,w21 

or x-120,y-120,z-120,w-120 

Let xy=x-1> x=x,+1 
yy = yay es 
Zz=z7-15 2z=2,+1 
W,=w-l > w=w,tl 

Then, from Eq. (i), we get 
X,+1+y, +1+2z,+1+ w, +1=20 


=> X, + y, +2, + w, = 16 
and x, 20, y, 20, 2,20, w,20 
Hence, total number of Solutions = '®*‘4~'C,_ 
19-18: 
="C,= P18: TT = 57-17 = 969 

; 1-2-3 
Aliter 
Part (ii) -" x+y+z+w=20 


x21y21,z21,w21 
Hence, total number of solutions 


SNS a Cea 009 


| Example 84. How many integral solutions are there 


tox+y+z+t=29, when x21, y>1,z2>3andt20? 


Sol. Since, x +y+z+t=29 .-i) 


and x, y,z,f are integers 
x21,y22,223,t20 

= x-120,y-220,z-320,t20 

Let x,= 


orx=x,+1,y=x,+2,z= x3 +3and then x, 20,x,20, 
x320,t20 


From Eq. (i), we get 
X,t1+x,+2+ Xx, +3+t=29 


x-1,x, =y—-2,x3=z-3 


=> X,+X2 +X, +t=23 
Hence, total number of solutions = 2*4~'C,_, 

wn 760), = 20°09°78 — 600 
Aliter 
" x+y+z+t=29 --(i) 
and x21,y-121,z-221,t+121 
Let X= X,Y =y—-1z,=72-2f,=t+1 
or X=X,Y=Hy+1,2=2,4+2t=t,-1 
and then x,21,y,21,2,;21,t,21 
From Eq. (i), x; + y, #142, +2+t,-1=29 
=> xX, + y, +2, +t; =27 
Hence, total number of solutions = 7”~'C,_,= **C, 

_ 26-25-24 


= 2600 
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{Example 85. How many integral Solutions are there 
to the system of equations x, + x, +X3+Xy4+X5 =20 
and x; +X =15, when x, 20? 


Sol. We have, x, +x. + x3 + x4 + x5 =20 ..(i) 
and X, +X, =15 ..(ii) 
Then, from Egs. (i) and (ii), we get two equations 

X34+X4+x,=5 ...(iii) 
X,+ x2 =15 ...{iv) 


and given x, 20, x, 20, x; 20, x, 20and x, 20 
Then, number of solutions of Eq. (iii) 

- a oo Gs, 

=f 54 

1:2 

and number of solutions of Eq. (iv) 

meat ie ae RG. = 16 
Hence, total number of solutions of the given system of 
equations 


= 21 X 16= 336 


{Example 86. Find the number of non-negative 
integral solutions of 3x+ y+z=24. 


Sol. We have, 
3x + y +z =24 and given x20, y20,z20 
Let x=k 
y+z=24-3k eal) 
Here, 24 > 24 —3k20[ x20] 


Hence, 0S k <8 
The total number of integral solutions of Eq. (i) is 
ia Cm — suis! SA =25—3k 


Hence, the total number of Sols of the original equation 
8 8 8 
= $(25-3k)=25 )1-3 Pk 
k=0 k=0 k=0 
= 25:9 - < = 225 — 108 = 117 
(d) The number of ways in which n identical things 

can be distributed into r groups so that no group 
contains less than | things and more than m 
things (1 < m) is coefficient of x"~"" in the 


expansion of (1—x™~/*!)"(1—x)7. 
Proof Required number of ways 
= Coefficient of x” in the expansion of 


{+1 +2 


Cae se ae a ee ae 


[.* no group contains less than / things and 
more than m things, here r groups] 
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= Coefficient of x" in the expansion of 
x4 xe tig) 


= Coefficient of x"~" in the expansion of 
(Gteee +.¢e7 7 


= Coefficient of x"~" in the expansion of 
(pram tty) 
(1- x) 
[sum of m —1+1 terms of GP] 


= Coefficient of x"~"" in the expansion of 


(1-—x™ -I+l ya—x)7 


| Example 87. In how many ways can three persons, 


each throwing a single dice once, make a sum of 15 ? 


Sof. Number on the faces of the dice are 1, 2, 3, 4, 5, 6 (least 


number 1, greatest number 6) 

Here, |! =1,m=6,r =3andn=15 

. Required number of ways = Coefficient of a 
expansion of (1 — x°)°(1- x) 


~1*3 in the 


= Coefficient of x'? in the expansion of 
(1-3x° +3x!?)(1+ 2Cyx + 1Cyx? ti. + Cox’ +... 
+'C,. x +...) 
= 4C,.-3x °C, +3="C,-3x °C, +3 


=91-84+3=10 


] Example 88. In how many ways in which an 


examiner can assign 30 marks to 8 questions, giving 
not less than 2 marks to any question. 


Sol. If examiner given marks any seven question 2 (each) 


marks, then marks on remaining questions given by 
examiner = -7 X 2+ 30= 16 


If x, are the marks assigned to ith question, then 
Xyt+X_ + Xz +...+ xX, =30and2s x; $16 

for P= 1,2, 3,05 8: 

Here, |! =2,m = 16,r =8 and n = 30 

“. Required number of ways 


= Coefficient of x *~ ?** in the expansion of 


(1 = x'6 -~2+ nea - xy? 
= Coefficient of x'* in the expansion of 
(1— x P(r + 8Cyx + °C x? +...4 Cx" +...) 


= Coefficient of x" in the expansion of 
(1+ 28Cyx + Cx? t...4 "Cx +...) 


= AG. ee 1G, 


Note Coefficient of x’ in the expansion of (1- x)" is °*~'G,. 
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(e) If a group has n things in which p are identical, 
then the number of ways of selecting r things 
from a group is 


r r 
Y ""PC, or > "~PC, according asr $ por 


r=0 r=r-p 


r2 p. 


| Example 89. A bag has contains 23 balls in which 7 
are identical. Then, find the number of ways of 
selecting 12 balls from bag. 


Sol. Here, n = 23, p=7,r =12 (r> p) 


12 
*, Required number of selections = »y mao 


r=5 
=O. 4 BOC, + Cy + Cy + Cig + Cy, + 8Cyp 
= ("Cx + Cy) + ("Cy + Cg) + ("Cy + Cio) 
+("C\, + Cy) 
("C+ "C._,= "tC ] 
["C, ="C,_,] 


2 NG, a: NG. i. MG E NG 
= G4 He Me. re TGs + "iC 
=("Cy,+ "Ci2) + ("Cy + wes) 


_ 18 8wA _ 18 
= "C2 + Cio = 


m 4, 1A 
Le vr Lg 


Derangements Any change in the order of the things in 
a group is called a derangement. 


Or 


When ‘n’ things are to be placed at ‘n’ specific places but 
none of them is placed on its specified position, then we 
say that the ‘n’ things are deranged. 


Or 


Assume a), @2, @3,...,a, ben distinct things such that 
their positions are fixed in a row. If we now rearrange a, 
a>, @3,...,@, in such a way that no one occupy its original 
position, then such an arrangement is called a 
derangement. 

Consider ‘n’ letters and ‘n’ corresponding envelops. The 
number of ways in which letters can be placed in the 
envelopes (one letter in each envelope) so that no letter is 
placed in correct envelope is 


f 
n! Into t.., +(-1)" +) 
q t 2-3! ! 
Proof nletters are denoted by 1, 2, 3,..., n. Let A; denote 
the set of distribution of letters in envelopes (one letter in 
each envelop) so that the 
ith letter is placed in the corresponding envelope, then 


n(A,;)=1x(n-1)! 


[. the remaining (n — 1) letters can be placed in (n~-1) 
envelopes is (n — 1)!] 
andn(A; 7 A;)=1x1X(n—2)![‘"iand j can be placed in 
their corresponding envelopes and remaining (n — 2) 
letters can be placed in (n — 2) envelopes in (n — 2)! way] 


Also, n(Aj NA; ON A;,) =1X1X1xX(n-3)! 
Hence, the required number is 
n(A,’ AA2’ NA3'0...0A,’) 
=n(U)-n(A, U A, UA, U...UA,) 
=n!—{ >) n(A,)- ¥ (A, VA;) 
+ 3 n(Aj AA; OA,) -. +(-1)" 
Sin(Ay 0 Ag VA 0... 04a) 
=n!—{"C, x(n—1)!-"C, x(n—-2)! 


+ "Cy X(n—-3)!—...+(-1)"7' x "C, x1 


wn ORD AD (0-2) 
+O 31-4 HY 
hae ! ! | 

ante ae +a)" 
=n! esta (-1)" 
7 1! 2! 3! n! 

Maha Short Cut Method ; 

‘ Dyanifi- tat 2 a] 
" )" ab at 3! n! 


Then, D, 4, =(n +1)D, +(-1)"*7,VxeEN 
and D,4, =n(D, +D,-1),VxEN — {1} 
where D, =0 
For n=1, from result I 

D, =2D, +(-1)? =0+1=1 
For n=2, from result I 

D3; =3D, +(-1)° =3x1-1=2 
For n=3, from result I 

D, =4D, +(-1)* =4x24+1=9 
For n= 4, from result I 

D, =5D, +(-1)? =5X9-1=44 
For n=5, from result I 

D, =6D, +(-1)° =6 x 44+1=265 

Note D, =0, D, = 1, D; =2, D, =9, D, = 44, D, = 265 [Remember] 


WWW.JEEBOOKS.IN 


Remark 

fr things goes to wrong place out of nthings, then (n — r) things 
goes to original place (here r < n). 

I(D, = Number of ways, if all nthings goes to wrong places. 

and D, = Number of ways, if r things goes to wrong places. 


itr goes to wrong places out of n, then(n—- 1) goes to correct 
piaces, 


Then, D, = "Gael, 
where, D, = rl oe OL oe ae (-y 1) 
a a ri) 


n 
ifatleast p things goes to wrong places, then D, = > "Ging 
=p 


[Example 90. A person writes letters to six friends 
and addresses the corresponding envelopes. In how 
many ways can the letters be placed in the envelopes 
so that (i) atleast two of them are in the wrong 
envelopes. (ii) all the letters are in the wrong 
envelopes. 


Sol. (i) The number of ways in which atleast two of them in 
the wrong envelopes 


: 6 
=) Cy_,-D, 
r=2 
— 6 6 6 6 
= °C, X Dz + °Cy xX D3 + °C, X Dy + °C, 

x De #*Cy XD; 
=15D,+20D,+15D,+6D;+D, [from note} 
=15xX1+20x2+15X9+6x 44 + 265 
=719 


(ii) The number of ways in which all letters be placed in 
wrong envelopes = D, = 265 [from note] 


Aliter 


(i) The number of all the possible ways of putting 6 
letters into 6 envelopes is 6!. 
Number of ways to place all letters correctly into 
corresponding envelopes = 1 
and number of ways to place one letter in the wrong 
envelope and other 5 letters in the write envelope =0 
[- It is not possible that only one letter goes in the 
wrong envelope, when if 5 letters goes in the right 
envelope, then remaining one letter also goes in the 
write envelope] 
Hence, number of ways to place atleast two letters 
goes in the wrong envelopes 

=6!-0-—1=6!-—1 =720 -1=719 

(ii) The number of ways 1 letter in 1 address envelope, so 
that one letter is in wrong envelope =0 ..(i) 
[because it is not possible that only one letter goes in 
the wrong envelope] 
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The number of ways to put 2 letters in 2 
addressed envelopes so that all are in wrong 
envelopes 


= The number of ways without restriction — The 
number of ways in which all are in correct envelopes 
— The number of ways in which 1 letter is in the 
correct envelope 

=2!-1-0=2-1 

=1 ...(ii) [from Eq. (i)] 
The number of ways to put 3 letters in 3 
addressed envelopes so that all are in wrong 
envelopes 


= The number of ways without restriction — The 
number of ways in which all are in correct envelopes 
— The number of ways in which 1 letter is in the 
correct envelope — The number of ways in which 2 
letter are in correct envelope 


=3!-1-%C, x1-0 [from Eqs. (i) and (ii)] 


=2 
[ °C, means that select one envelope to put the letter 
correctly] 


The number of ways to put 4 letters in 4 
addressed envelopes so that all are in wrong 
envelopes 

= The number of ways without restriction —- The 
number of ways in which all are in correct envelopes 
— The number of ways in which 1 letter is in the 
correct envelope — The number of ways in which 2 
letters are in correct envelopes — The number of ways 
in which 3 letters are in correct envelopes 


=4!-1- "C, Xx2- "Cs x1- "G; x0 
[from Eqs. (i), (ii) and (iii)} 
=24-1-8-6-0=9 ...(iv) 
The number of ways to put 5 letters in 5 


addressed envelopes so that all are in wrong 
envelopes 


= The number of ways without restriction — The 
number of ways in which all are in correct envelopes — 
The number of ways in which 1 letter is in the correct 
envelopes — The number of ways in which 2 letters are 
in correct envelopes — The number of ways in which 3 
letters are in correct envelopes — The number of ways 
in which 4 letters are in correct envelopes 
=5l=i="G) 26 ="C, 50 ="C, scl ="C,, SO 

{from Eqs. (i), (ii), (iii) and (iv)] 
=120-1-45-20-10-0=44 
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The number of ways to put 6 letters in 6 addressed 
envelopes so that all are in wrong envelopes 
= The number of ways without restriction — The 
number of ways in which all are in correct envelopes 
— The number of ways in which 1 letter is in the 
correct envelope — The number of ways in which 2 
letters are in correct envelopes — The number of ways 
in which 3 letters are in correct envelopes — The 
number of ways in which 4 letters are in correct 
envelopes — The number of ways in which 5 letters 
are in correct envelopes. 
=6!-1- °C, x 44— °C, x9- °C, x2 
— °C, x1- °C, x0 

{from Eqs. (i), (ii), (iii), (iv) and (v)] 

=720 —1—264 — 135 — 40 —15 =720 — 455 =265 


Multinomial Theorem 


(i) If there are | objects of one kind, m objects of second 
kind, n objects of third kind and so on, then the 
number of ways of choosing r objects out of these 
objects (i.e.,/+m+n+...) is the coefficient of x” in 


the expansion of 
(itxtx2gx3 ti. tx! litxtx? +...427) 


(l+x+x7 4+...4+x7) 


Further, if one object of each kind is to be included, 
then the number of ways of choosing r objects out of 
these objects (i.e.,/ +m+n+...) is the coefficient of 


x" in the expansion of 
(xtxr exe titx! xtx2 tx 4...4x7) 
(xtx7 4x3 4...42x"7)... 

(ii) If there are | objects of one kind, m objects of second 
kind, n objects of third kind and so on, then the 
number of possible arrangements/permutations of r 
objects out of these objects (i.e.,/-+m+n+...) is the 
coefficient of x’ in the expansion of 


x x? x! x x? x™ 
Ps — fs ee FF | 1 A ee 
| es I! 1! 2! m! 


Different Cases of 
Multinomial Theorem 


Casel If upper limit of a variable is more than or 
equal to the sum required, then the upper limit of 
that variable can be taken as infinite. 


| Example 91. In how many ways the sum of upper 
faces of four distinct die can be five? 


Sol. Here, the number of required ways will be equal to the 
number of solutions of x, + x2 + x3 + x4 =5ie., 18 x, $6 
for i= 1, 2, 3, 4. 


Since, upper limit is 6, which is greater than required 
sum, so upper limit taken as infiite. So, number of Sols is 
equal to coefficient of «° in the expansion of 
(1+a+a7 +... +00)! 


= Coefficient of a in the expansion of (1 - ar 
= Coefficient of a° in the expansion of 
(1+ ‘Ca + °C,a? +...) 
= °c; = om sere S cake 
1:2:3 


Case II If the upper limit of a variable is less than 
the sum required and the lower limit of all variables 
is non-negative, then the upper limit of that variable 
is that given in the problem. 


| Example 92. In an examination, the maximum marks 
each of three papers is 50 and the maximum mark for 
the fourth paper is 100. Find the number of ways in 
which the candidate can score 60% marks in 
aggregate. 


Sol. Aggregate of marks = 50 x 3 + 100 = 250 
60 
. 60% of the aggregate = a x 250 = 150 


Let the marks scored by the candidate in four papers be x, 
X, X3 and x4. Here, the number of required ways will be 
equal to the number of Sols of x, + x2 + x3 + X4 = 150ie, 
OS xX, X2, X3 S50 and0s x, < 100. 


Since, the upper limit is 100 < required sum (150). 
The number of solutions of the equation is equal to 
coefficient of a'*° in the expansion of 

(a +o' +a? +...40° (0° +0) +0? +...40'%) 


= Coefficient of a) 


in the expansion of 
(1 a a (1 _ 0 \(1 ie a) 


°° in the expansion of 


= Coefficient of a 
(1 — 30.5) + 30:7 )(1 - (1 + *Ciae + °C, 0? +... 4%) 


°° in the expansion of 


= Coefficient of a 
(1 — 3005! — op!) + 31! (1 + AC, + °C, 07 +... 4%) 

a a Sn a) x a OO ms or ame x ore 

- wale = x ae 924 = ue. + 3 x sO 


= 110556 
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Very Important Trick 

On multiplying py + p,a& + p. a” + p30? tac pyar 
by (1+), we get 

Po +(Po + pi) +(p, + pz)” +(p2 + p3)O° +... 


+(Pa-2 + Pn—1)0" ) +(Pa_y + Pn )a” + pp” *” 


ie. we just add coefficient of aw” with coefficient of a” ~' 
(ie., previous term) to get coefficient «’ in product. 

Now, coefficient of a” = p,_, + p, 

On multiplying py + p+ p. a? +p3,a° +...+p,a" by 
(lta +07) 


we get, Dy +(po +p, )O+(po +p, + pz) a” 


+(p, + po +p3)Q° +(p. + p3 + py) Q* +... 


Le,, to find coefficient of &” in product and add this with 2 
preceding coefficients. 


Now, coefficient of a” = p,_. + p,-1 +p, 
| Similarly, in product of py + p,Q + p, a’ +... with 
(1+a +a” +0,°), the coefficient of &” in product will be 
Pr-3 + Pr-2+ Pr-1* Pr 
3 preceding coefficients 
and in product of po +p, +p, a” +... with 
(itata’? +a2 +a ), the coefficient of a” in product 
Will be p,_4 + Pr-3 + Pr-2 + Pr—1 + Pr 
4 preceding coefficients 
Finally, in product of py + p,& +p, a’ +... with 
(l1t+a+0? +0° +... +uptoce), the coefficient of a.” in 
product will be Potpi+po+...+Pr-it Pr 


all preceding coefficients 


[Example 93. Find the coefficient of «® in the 
product (lt+a+a7)(i+at+a2)(Itata7+a°) 
(1+ a)(1+ 0) (+a). 

Sol. The given product can be written as 
(Itato’)(1ta+ea’2)(1ta+a?+a°)(1+a)° 
o(l+a+oa’\(1+a+a’\(itat+a?+a’) 

(1+30 +307 +a°) 


Multiplying Synthetically 


ite fe fo [ot | | oF I. 
ists fa fofol{o | 
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... on multiplying by 1+ a +a? +a° — To each coefficient 
add 3 preceding coefficients 


ee he) oe Pe 


...on multiplying by 1 +0 +a” > To each coefficient add 2 
preceding coefficients. 


..on multiplying by 1 +a + a? — To each coefficient add 2 
preceding coefficients. 


Hence, required coefficient is 53. 


| Example 94. Find the number of different selections 
of 5 letters which can be made from 
5A's, 4B’s, 3C’s, 2D's and 1E 


Sol. All selections of 5 letters are given by 5th degree terms in 
(14+ A+A?+A?>+A‘+A°)(1+B+ B? +B +B’) 
(1+C+C72+C°)(1+ D+ D?)(1+ E) 

*. Number of 5 letter selections 
= Coefficient ofa in(itat+a?+a>+a‘t+a°) 
(tate? +oa°+a‘\(1+a+a? +07) 
(1+a+07)(1+a) 


Multiplying synthetically 


------------------------------ xl+atat+a’?+a°+a! 


1 2 3 4 s) ee 


-~---------------------------- x1+a+07% +a° 


1 3 6 10 14 i? 
~----------------------------- xi+a+a7 
1 4 10 19 30 41... 
wren nnn x1+oa 
1 5 14 29 49 71 
Hence, required coefficient is 71. . 


| Example 95. Find the number of combinations and 
permutations of 4 letters taken from the word 
EXAMINATION. 


Sol. There are 11 letters 
A, A, N,N, X, M,T, O. 
Then, number of combinations 


= coefficient of x‘ in(1+.x+ x’) (1+ x) 


[‘." 2A's, 21 ’s, 2N’s, 1E, 1X, 1M, 1T and 10] 
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= Coefficient of x* in {(1+ xp + x9 4+H14 x)? x? 
+X1+x)x'}(1+ x) 
= Coefficient of x* in 
(1+ x)8 + x°(1+ x) +3x7(1+ x)’+3x4(1 + x)*%} 


ee 43° ee gas 70+ 63-43 
1-2-3-4 12 


= °C, +0+3:'C, +3= 
= 136 
and number of permutations 


3 
2 5 

' . ¥ x 
= Coefficient of x4 na(re Zs] [+=] 
1! 2! 1! 


3 
2 
; x 
= Coefficient of x‘ in af +x+ =| (1+ x)? 


\ 


5 4. 
= Coefficient of x" in 


ail :,% 3 27 5 mA 5 
i ind oe ey x ra (1+ x)}(1 + x) 


= Coefficient of x‘ in 


. 
3 
mle +x)P+ at +x) + 5 +x) + =x * “| 


| 
= afte 20420) 4 3} no gore 
2 4| 123-4 21-2 4f 
=8-7-6:5 + (3-7-6) + 6:3 = 1680 + 756 + 18 = 2454 
Aliter There are 11 letters: 
A, A,1,1,N,N, E, X, M, T,O 
The following cases arise: 
CaseI Ali letters different The required number of 
choosing 4 different letters from 8 different (A, I, N, E, X, 
M, T, O) types of the letters 
3. 8°7°6°5 


= °C, =——— =70 
1-2-3-4 


and number of permutations = °P, =8 -7-6-5=1680 


Case II Two alike of one type and two alike of 
another type This must be 2A’s, 2I’s or 21's, 2N's, or 
2N’s, 2A’s. 


.. Number of selections = °C, =3 


For example, [for arrangements] 


Pata tila | 


4! 
and number of permutations =3 - Te =18 
Case III Two alike and two different This must be 
2A’s or 21's or 2N’s 
and for each case 7 different letters. 


For example, for 2A’s, 7 differents’s are I, N, E, X, M, T, O 


For example, [for arrangements] 


-. Number of selections = °C, x 


and number of permutations = 63 - ar = 756 


From Case I, IJ and III 


The required number of combinations =70 +3 + 63 =136 
and number of permutations = 1680 + 18 +756 = 2454 


Note Number of combinations and permutations of 4 letters 
taken from the word MATHEMATICS are 136 and 2454 
respectively, as like of EXAMINATION. 


Number of Solutions with the 
Help of Multinomial Theorem 


Case I If the equation 
O+2P+3y+...¢q0=n (i) 
(a) If zero included, the number of solution of Eq. (i) 
= Coefficient of x” in(l+x+x? +...) 


\itxi tx’ +...).. 
(i+x? +x4 4...) 


(I+ x? +24 4... 


= Coefficient of x” in 
(1—x) 7 (1—x*)"(1-—x3)7) 2. (1-7) 
(b) If zero excluded, then the number of solutions of Eq. (i) 
=Coefficient of x” in(x +x? +x° +...) 
(a? se ee ee a ae” ae Pane) 
(et 4x74 +...) 


= Coefficient of x” in x'*?*3*--*9(1— x)" 


(Q= x7) (=27)7 l=? 
nog) 
= Coefficient of x 2 in 
(V—x) (1-2?) (1 x3)78 1) 


[| Example 96. Find the number of non-negative 
integral solutions of x, +x, +X3+4x, =20. 


Sol. Number of non-negative integral solutions of the 
given equation 


= Coefficient of x” in(1— x) (1 - x) (1- x) (-x')" 

= Coefficient of x” in(1— x)7°(1 - x‘) 

= Coefficient of x” in(1 + °C, + 4Cz x? + °Cgx? + °Cyx" 
iat Cx” fae "Cig xl Fed “Cyx” Fu. 

$C x te Lt xt txt + xl? + x! + x 4...) 


=1+ "Gs + OG, + "Cis + “or + “Gs. 
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=1+ °C, + °C, + 4c, + ¥C, + C, 


2 (=) 10-9 14-13 18-17\ (22-21 

=1+] — | +] ——] +] —— ]+}] —— ]+] — 
1-2 1:2 1-2 al 1-2 

=1415-+45+91 + 153 +231 = 536 


| Example 97. Find the number of positive unequal 
integral solutions of the equation x+ y+zZ+Ww =20. 
Sol. We have, xt+y+z+w=20 (i) 
Assume x < y< z< w. Here, x,y,z, w2 1 
Now, let x = x1, y- x =X2,2-—y=x3 andw-Zz= Xx, 
X=X,Y=xX,+XQ,Z= xX, + Xz + Xy and 
WE=xX, +X, +X,+Xq 
From Eq. (i), 4x, + 3x2 + 2x3 + x4 =20 
Then, x), X2, X53, X_2 1 
4x, +3x_q + 2x; + x, =20 ...(ii) 
: Number of positive integral solutions of Eq. (ii) 
= Coefficient of x7°~'° in 
(Q-x4— P= x? xy 
= Coefficient of x'® in 
d=e Wes O-* 7 =a 
= Coefficient of x’ in(1 + x4 + x® + x"? +...) 
x(1+ x2 + x5 4x79 4x7 +...)x 
(14 x2 ttt xo 4 x84 x 4 yx(re xt xr tx? + x’ 
$x tx etx te x8 gx? 4x! 4..,) 
= Coefficient of x'° in 
(it Pt x84 x? ett x7 + x19 4 x8) 
x(L4 x7 4 xt gx 4 x8 ¢ x Yt xt x7 4+ x7 
txttxrt xo tax t xP tx? + x!) 
[neglecting higher powers] 
= Coefficient of x!° in 
(Le xr txt exo tg xo gg xt x5 4x7 4x7 4+ x 
$reg Pt xt te xh 4 x8 tl 4 x? + x2 4 xl? 
xP gx ypext xr exe ate xr xo tx? 
+x°+4x° +x!) [neglecting higher powers] 
=L+1414+14141414+14¢14+14+14+141 
+L$14141414141414+141=23 


' But x, y,z and w can be arranged in * P, = 4! = 24 


Hence, required number of Sols = (23)(24) = 552 


| Example 98. In how many ways can 15 identical 
blankets be distribted among six beggars such that 
everyone gets atleast one blanket and two particular 
beggars get equal blankets and another three 
particular beggars get equal blankets. 


Sol. 
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The number of ways of distributing blankets is equal to 
the number of solutions of the equation 3x + 2y + z = 15, 
where x 2 1, y2 1, z2 1 which is equal to coefficient 


of aw? in 
(03 +0° +07 +0? +0) +...) 
x(a? +04 +0° +08 +0? +0)? +044...) 
x(ata? +07 4+..405 +4...) 
= Coefficient of a’ in(1+a° +a° +0) 
x(1+a? +a‘ +a° +0°) 
x(ltato?+a°t+at+oa°+0° +a’ +0% +07) 
[neglecting higher powers] 
= Coefficient ofa’ in(i+a? +a’ +a°+a° +03 
+a +a’ +0’ 0° +e° +0") xl +o’ 
o+at+a°+a°+a’ +0° +07) 
[neglecting higher powers] 
=14+14+14+14+14+14+14+14+1+14+1+1=12 


Case II If the inequation 


X, tX_t¢Xz+...¢X, Sn ...(i) 
[when the required sum is not fixed] 


In this case, we introduce a dummy variable x, 4,. 
So that, 


x; + X2 +X Fine Phy, oe onan | =f, 


...(ii) 


Xm+i 20 


Here, the number of Sols of Eqs. (i) and (ii) will be same. 


| Example 99. Find the number of positive integral 
solutions of the inequation 3x + y +z 30. 


Sol. Let dummy variable w, then 


3x +y+z+w=30,w20 ...{i) 
Now, leta=x-1,b=y-1,c =z-1,d=w, then 
-3a+b+¢e+d =25, wherea,b,c,d20 sx{ il) 


*. Number of positive integral solutions of Eq. (i) 
= Number of non-negative integral solutions of Eq. (ii) 
= Coefficient ofa® in(1+a> +a° +...) 


(itata’?+...y 
= Coefficient of a” in(1+a? +0°+...)(1-a)” 
= Coefficient of a” in 
(+o +a° +...)(14+ 2Ca + 4C,0? +...) 


aS 6 Ct "Og te “Oy + Giger “Cig oe, 

roe Pe ag 
= 70,4 40, + %C, 4 "C, + "C,+"C, + °C, 

+ °C, + °C, 


= 351 + 276 + 210 + 153 + 105 + 66 + 36+ 154+3= 1215 
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Aliter 
From Eq. (ii), 3a + b+ ¢ +d = 25, where a,b,c,d20 
Clearly,0S$a<8 ifa=k, then 


b+c+d=25~-3k -».(iii) 
Hence, number of non-negative integral solutions of 
Eq. (iii) is 
= Z -3k 27 — 3k)(26 — 3k 
B-3k+3-10 ako, = | ( ) 
2 
Pyne 
= 5 (3k — 53k + 234) 
Therefore, required number is 
3 & 
= S"(3k? - 53k + 234) 
reo 3f, (8x9x17 8x9 | 
=+}3- ma = s3(°%2) 234 X9}=1215 
2 6 2 j 


| Example 100. In how many ways can we get a sum 
of atmost 15 by throwing six distinct dice ? 
Sol. Let x,, x2 , x3, X4, X5 and x, be the number that appears 
on the six dice. 
The number of ways = Number of solutions of the inequation 
Xy +X. t+ Xg t+ XetxX54+%,515 
Introducing a dummy variable x(x, 2 0), the inequation 
becomes an equation 
Xp t+ Xq¢xgtxXgt xs +X, +X, =15 
Here, 1S x, $6 fori = 1, 2, 3, 4,5,6 and x, 20. 
Therefore, number of solutions 
= Coefficient of x’? in(x + x? +x° +x44x° + x°)® 
X(1+x+x? +...) 
= Coefficient of x° in(1— x°)°(1— x)? 
= Coefficient of x* in (t - 6x°)(1+ "Cyx + °C, x? +...) 
[neglecting higher powers] 
= Cc, ~6x °C, = 8C, -6x °C, 
= 5005 — 504 = 4501 
Case Ili If the inequation 
Ky HXp tXy Hact%, 22 
{when the values of x,, X2,..., X, are restricted] 
In this case first find the number of solutions of 
X, +X. +x3+...+x, Sn-—land then subtract it 
from the total number of solutions. 


[| Example 101. In how many ways can we get a sum 
greater than 15 by throwing six distinct dice? 
Sol. Let x,, x2, x3, X4, X5 and x, be the number that appears 
on the six dice. 
The number of ways = Number of solutions of the 
inequation 
Xp + X_+X34+X,+X5 + X_>15 


Here, 1S x; $6,i=1, 2, 3, 4, 5, 6 
Total number of cases = 6° = 2° x 3° = 64 x 729 = 46656 


and number of ways to get the sum less than or equal to 15, 
which is 4501 [from Example 100] 


Hence, the number of ways to get a sum greater than 15 is 
46656 — 4501 = 42155 


Case IV If the equation 

RNG ey ade, HOS 5™ 
where @,, Qz, 3, ... are natural numbers. 
In this case number of positive integral solutions 
(X1,X2,X3,...,X,) are 


ite or aaa Nailed Fie 


| Example 102. Find the total number of positive 
integral solutions for (x, y,z) such that xyz = 24. 


Sol. xyz =24=2' x3! 
Hence, total number of positive integral solutions 
=(2*3-I¢,_ Ct" 'e5.1) 
= °C, x 3C, =30 
Aliter 
xyz =24=2) x3} 
Now, consider three boxes x, y, z. 
3 can be put in any of the three boxes. 
Also, 2, 2, 2 can be distributed in the three boxes in 
3*3-1C,_, = °C, =10 ways. Hence, the total number of 


positive integral solutions = the number of distributions 
which is given by 3 x 10 = 30. 


Geometrical Problems 


(a) If there are n points in a plane out of these points no 
three are in the same line except m points which are 
collinear, then 

(i) Total number of different lines obtained by 
joining these n points is "C, - ™C, +1 
(ii) Total number of different triangles formed by 
joining these n points is "C, —- "C3 
(iii) Total number of different quadrilateral formed 
by joining these n points is 
get” Cy Cy" Cae Ca) 
| Example 103. There are 10 points in a plane out of 


these points no three are in the same straight line 
except 4 points which are collinear. How many 


(i) straight lines (ii) trian-gles 
(iii) quadrilateral, by joining them? 
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Sol. (i) Required number of straight lines 
aC 165 pie Pe eas hat aw 
1:2 1-2 
(ii) Required number of triangles 


_ 10-9-8 
2 


a oa ; ~ ‘C, =120~ 4 =116 


(iii) Required number of quadrilaterals 
= me, fa Ce, 4 °e + Kor . °) 


10:9-8-7 4 6 
= —(°C,°C, +11 
‘cial (°C, -" Cy + 1.1) 


= 210-(4 x6 + 1) = 210 — 25 = 185 
(b) If there are n points in a plane out of these points no 
any three are collinear, then 
| (i) Total points of intersection of the lines joining 
| these n points = ?C,, where p= "C, 
| 


(ii) If n points are the vertices of a polygon, then 


-3 
total number of diagonals = "C, -—n= at 


[Example 104. How many number of points of 
intersection of n straight lines, if n satisfies 


» 11(n-1 
PrP te bs ee 
| Sol. We have, mSp = in=1) \ ntsp 
2 
! = ! 
s (n +5)! _ 1(n 1) (n +3)! 
4! 2 3! 
ze (n+5)(n+4)  11(n —1) 
4 2 
> n* —13n + 42=0 = (n-6)(n-7)=0 
> n=6orn=7 


The number of points of intersection of lines is °C, or 7C 


= 15o0r 21 


[Example 105. The interior angles of a regular 
polygon measure 150° each. Then, find the number of 
diagonals of the polygon. 

Sol. Each exterior angle = 30° 


tT 
2. Number of sides = —— = ———180 = 12 
0° T 
30 x — 
180 


’. Number of diagonals = '"C, -— 12 = 66-12 =54 


I Example 106. In a polygon the number of diagonals is 
71. Find the number of sides of the polygon. 
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Sol. Let number of sides of the polygon =n, then "C, —-n =77 
n(n — 1) n(n-3) _ 14X11 
2 2 


-~n=77 => 


n=14 

(c) n straight lines are drawn in a plane such that no two 
of them are parallel and no three of them are 
concurrent. Then, number of parts into which these 
lines divides the plane is equal to 


n 2 
+n+2 
eS eek ae) 
k=1 2 


we get, 


| Example 107. If n lines are drawn in a plane such 
that no two of them are parallel and no three of them 
are concurrent, such that these lines divide the plane 
in 67 parts, then find number of different points at 
which these lines will cut.. 

Sol. Given number of straight lines =n, then 


n 2 
1+ Yk =67 = ae 
k=) 


=> n?4+n—-132=0 => (n+12)(n—-—11)=0 


67 


n=l1l,n#—-12 
Hence, required number of points = "C, = ''C, 


=55 


_ 11-10 
2 


(d) If m parallel lines in a plane are intersected by a 
family of other n parallel lines. Then, total number of 
parallelograms so formed 


="C. Cie. mn(m — 1)(n — 1) 
ls a ar 


| Example 108. Find number of rectangles in a chess 
board, which are not.a square. ° 
Sol. Number of rectangles = °C, x °C, = (36)? = 1296 
Number of squares =8X8+7X7+6X6+...+1X1 
= 204 
“. Required number = 1296 — 204 = 1092 
123456789 


Square can be formed as follows : 

To form the smallest square, select any two consecutive 
lines from the given (here 9) vertical and horizontal lines. 
This can be done in 8 x 8 ways (1-2, 2-3, 3-4, ..., 8-9) 
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Again, to form the square consists of four small squares, 
select the lines as follows (1-3, 2-4, 3-5,..., 7-9) from both 
vertical and horizontal lines, thus 7 x 7 squares are 
obtained. Proceed in the same way) 


Note If n parallel lines are intersected by another n parallel lines, 


then number of rhombus = }°(n - 7 = ae 


(e) Number of Rectangles and Squares 
(i) Number of rectangles of any size in a square of 


n 
nxnis ¥ r* and number of squares of any 


r=] 
size is by r?, 
r=) 
(ii) In a rectangle of n x p(n < p) number of 
rectangles of any size is (n +1)(p+1) and 
number of squares of any size is 


¥ (nti-r)(pt1-r). 


r=} 


| Example 109. Find the number of rectangles 
excluding squares from a rectangle of size 9 x 6. 
Sol. Here, n =6 and p=9 


.. Number of rectangles excluding square 


= (649040 Y= 4W0-7 


r=) 
6 
= 945 — }'(70- 17r +r?) =945 — 154 =791 
r=1 
(f) If there are n rows, first row has &, squares, 2nd row 

has &, squares, 3rd row has 3 squares, ... and nth 
row has a, squares. If we have to filled up the 
squares with B X, such that each row has atleast 
one X. The number of ways = Coefficient of x B in 


CC Oe tac C2) 


x Cet "Ca Heath Cy) 


x(C es Ok” tat MC ye) x 


waa ("Cp Cox? Hi Cg) 


| Example 110. Six X ’s have to be placed in the 
squares of the figure below, such that each row 
contains atleast one X. In how many different ways 
can this be done? 


Sol. The required number of ways 
= Coefficient of x° in(?C,x + ?C, x”) (4Cyx +1C, x’ 
+ 1C5x3 + 4Cyxt)(2Cyx + C22") 
= Coefficient of x>in(2+ x)” (4 +6x + 4x? + x’) 
= Coefficient of x3in(4 + 4x + x?)(4 + 6x +4x7 + x’) 


=4+16+6 

= 26 

Aliter 

In the given figure there are 8 squares and we have to place 
6X’s this can be done in 


8-7 
*C,=*C,= jo 28 ways 


But these include the possibility that either headed row or 
lowest row may not have any X. These two possibilities are 
to be excluded. 


“. Required number of ways = 28 — 2 = 26 


| Example 111. In how many ways the letters of the 
word DIPESH can be placed in the squares of the 
adjoining figure so that no row remains empty? 


Sof. If all letters are same, then number of ways 
= Coefficient of x° in(°C,x + 3C,. x? + ‘Cy (Cixl 
= Coefficient of x in(3 +3x + x’)? 
= Coefficient of x in(3 +3x)° 
[neglecting higher degree term] 

= 27x °C,=81 

But in DIPESH all letters are different. 

. Required number of ways = 81 x 6! 
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Exercise for Session 6 


1. \f number of ways in which 7 different balls can be distnbuted into 4 different boxes, so that no box remains 
empty is 100 A, the value of A is 
(a) 18 (b) 108 (c) 1008 (d) 10008 
2. If number of ways in which 7 different balls can be distributed into 4 boxes, so that no box remains empty is 
48 i, the value of A is 
(a) 234 (b) 331 (c) 431 (d) 531 
3. If number of ways in which 7 identical balls can be distributed into 4 boxes, so that no box remains empty is 4A, 
the value of A is 
(a) 5 (b) 7 (c)9 (d) 11 
4. Number of non-negative integral solutions of the equation a + b +c =6is 
(a) 28 (b) 32 (c) 36 (d) 56 
5. Number of integral solutions ofa +b +c =0,a 2-5,b 2—-Sandc 2-5, is 
(a) 272 (b) 136 (c) 240 (d) 120 
6. Ifa, band care integers anda >1b >2andc 23. lfa+b +c =15, the number of possible solutions of the 
equation is 
(a) 55 (b) 66 (c) 45 (d) None of these 
7. Number of integral solutions of 2x + y +z =10(x 20,y 20, Z20)is 
(a) 18 (b) 27 (c) 36 (d) 51 © 
8. Aperson writes letters to six friends and addresses the corresponding envelopes. Let x be the number of ways 
so that atleast two of the letters are in wrong envelopes and y be the number of ways so that all the letters are 
in wrong envelopes. Then, x — y is equal to 
(a) 719 (b) 265 (c) 454 (d) None of these 
9. A person goes for an examination in which there are four papers with a maximum of m marks from each paper. 
The number of ways in which one can get 2m marks, is 
4) 
(a) Re, (b) (=| (m+ 9 (an? + an 9 
\3) 
(c) ( 3 \im + 4) (am? + 4n + 3) (d) None of these 
\¥/ 
10. The number of selections of four letters from the letters of the word ASSASSINATION, is 
(a) 72 (b) 71 (c) 66 (d) 52 
11. The number of positive integral solutions of 2x, + 3x2 + 4x3 + 5x4 =25, is 
(a) 20 (b) 22 (c) 23 (d) None of these 
12. \fa,b,and care positive integers such that a + b + c $8, the number of possible values of the ordered triplet ( 
a,b,c )is 
(a) 84 (b) 56 (c) 83 (d) None of these 
13. The total number of positive integral solutions of 15 < x, + Xp + X3 $20 is equal to 
(a) 685 . (b) 785 (c) 1125 (d) None of these 
14. The total number of integral solutions for (x, y,z) such that xyz =24, is 
(a) 36 (b) 90 (c) 120 (d) None of these 
15. There are 12 points in a plane in which 6 are collinear. Number of different straight lines that can be drawn by 


joining them, is 
(a) 51 (b) 52 (c) 132 (d) 18 
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16. 4 points out of 11 points in a plane are collinear. Number of different triangles that can be drawn by joining 


them, is 
(a) 165 (b) 161 (c) 152 (d) 159 
17. The number of triangles that can be formed with 10 points as vertices, n of them being collinear, is 110. Then, n 
is 
(a) 3 (b) 4 (c) 5 (d) 6 


18. ABCD is a convex quadrilateral. 3, 4, 5 and 6 points are marked on the sides AB, BC, CD and DA, respectively. 
The number of triangles with vertices on different sides, is 
(a) 270 (b) 220 (c) 282 (d) None of these 


19. There are 10 points in a plane of which no three points are collinear and 4 points are concyclic. The number of 
different circles that can be drawn through atleast 3 points of these points, is 


(a) 116 (b) 120 (c) 117 (d) None of these 

20. 4 points out of 8 points in a plane are collinear. Number of different quadrilateral that can be formed by joining 
them, is 
(a) 56 (b) 60 (c) 76 (d) 53 

21. There are 2n points in a plane in which m are collinear (n >m >4). Number of quadrilateral formed by joining 
these lines 
(a) is equal to 2"C, - "C, (b) is greater than 2"C, - "C, 
(c) is less than 2"C, — "C, (d) None of these 


22. \na polygon the number of diagonals is 54. The number of sides of the polygon, is 
(a) 10 (b) 12 (c)9 (d) None of these 


23. \Inapolygon no three diagonals are concurrent. If the total number of points of intersection of diagonals interior 
to the polygon be 70, then the number of diagonals of the polygon, is 


(a) 20 (b) 28 (c) 8 (d) None of these 


24. nlines are drawn ina plane such that no two of them are parallel and no three of them are concurrent. The 
number of different points at which these lines will cut, is 


n=4 
(a) Yk (b) n(n - 1) (c)n? (d) None of these 
k=1 


the number of parts into which these lines divide the plane, is 
(a) 15 (b) 22 (c) 29 (d) 36 


26. A parallelogram is cut by two sets of m lines parallel to its sides. The number of parallelogram thus formed, is 
(a) ("C,)? (b) ("* C,)° orc (d) None of these 


27. The number of rectangles excluding squares from a rectangle of size 11x 8 is 48A, then the value of 1 is 
(a) 13 (b) 23 (c) 43 (d) 53 


28. The number of ways the letters of the word PERSON can be placed in the squares of the figure shown so that 
no row remains empty, is 


Ry 
Ro 


R3 


25. Six straight lines are drawn in a plane such that no two lines are parallel and no three lines are concurrent. Then, 
(a) 24x 6! (b) 26 x 6! (c) 26x 7! (d) 27x 7! | 
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Session 7 wt 
Rank ina Dictionary, Gap Method 


Rank ina Dictionary | Example 113. if letters of the word are arranged as in 


The dictionary format means words are arranged in dictionary, find the rank of the following words. 


alphabetical order. (i) INDIA (ii) SURITI (iii) DOCOMO 
Following Examples will help you learn how to find the Sol. (i) The letters in alphabetical order are A, D, I, 1, N 
rank in the dictionary. ‘. The first word is ADIIN 


4! 
Number of words beginning with A = — = 12 
| Example 112. if the letters of the word are arranged aie 2! 


as in dictionary, find the rank of the following words. 
(i) RAJU (ii) UMANG 
(iii) AIRTEL Number of words beginning with [A =3!=6 
Sol. (i) In a dictionary, the letters in alphabetical order are Number of words beginning with ID = 3! =6 
A,J,R, U Number of words beginning with I=3!=6 
Number of words beginning with INA =2!=2 
Number of words beginning with INDA =1!=1 


Number of words beginning with A = Number of Number of words beginning with INDIA = 1 
ways arranging J, R, U=3!=6 


Number of words beginning with D = = =12 


The first word is AJRU. 


.. Rank of the word INDIA 
Number of words beginning with J =3! =6 
shee te tensciaaneninnea =12+12+6+6+6+2+14+1= 46 
é next word begin with R and it is RAJU. ad The letters in alphabetical order are I, I, R, S, T, U 
‘. Number of words before RAJU = 12 . The first word is URSTU 
‘. Rank of word RAJU = 13 Number of words beginning with I = a '=120 
(ii) The letters in alphabetical order are A, G, M, N, U ’ Number of words beginning with R = — = 60 


‘. The first word is AGMNU Number of words beginning with SI = ’ '=24 
Number of words beginning with A = 4! = 24 
Number of words beginning with G = 4! = 24 
Number of words beginning with M = 4! = 24 


Number of words beginning with SR = 2 =12 


Number of words beginning with N = 4! = 24 Bumnbenot wantsibeemnme wit Shae 

Number of words beginning with UA = 3! =6 Number of words beginning with SUI = 3 = 

Number of words beginning with UG =3! =6 Number of words beginning with SURI = 

Number of words beginning with UMAG = 1! =1 Number of words beginning with at =1 

Number of words beginning with UMANG=1__. .. Rank of the word SURITI 

‘. Rank of the word = 120+ 60+ 244+12+12+6+1+1=236 

UMANG = 24 + 24 +24 +24+6+6+1+1=110 (iii) The letters in alphabetical order are C, D, M, O, O, O 
(iii) The letters in alphabetical order are A, E, I, L, R, T “. The first word is CDMOOO 5! 

*. The first word is AEILRT Number of words beginning with C = a = 20 


Number of words beginning with AE = 4! = 24 a ; 4! 
Number of words beginning with AIE =3! =6 Number Of WakdsibeE mining Sane '= 3! oe 
Number of words beginning with AIL =3! =6 
Number of words beginning with AIRE =2!=2 
Number of words beginning with AIRL = 2! =2 Number of words beginning with DOCM = oe 1 
Number of words beginning with AIRTEL = 1 2! 
. Rank of the word AIRTEL= 24+6+6+2+2+1 = 41 


! 
Number of words beginning with DM = = =4 


Number of words beginning with DOCOMO = 1 
.. Rank of the word DOCOMO = 20+ 4+4+41+1=30 
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402 Textbook of Algebra 


Gap Method 


[when particular objects are 
never together] 


[| Example 114. There are 10 candidates for an 
examination out of which 4 are appearing in 
Mathematics and remaining 6 are appearing in 
different subjects. In how many ways can they be 
seated in a row so that no two Mathematics 
candidates are together? 

Sol. In this method first arrange the remaining candidates 

Here, remaining candidates = 6 
x0x0x0x0x0x0x 

x: Places available for Mathematics candidates 

0: Places for others 


Remaining candidates can be arranged in 6! ways. There 
are seven places available for Mathematics candidates so 
that no two Mathematics candidates are together. Now, 
four candidates can be placed in these seven places 

in ’ P, ways. » 


Hence, the total number of ways = 6! x ™P, =720 x 840 
= 604800 


[| Example 115. In how many ways can 7 plus (+) and 5 
minus (—) signs be arranged in a row so that no two 
minus (—) signs are together? 

Sol. In this method, first arrange the plus (+) signs. 

Here, minus (—) signs = 5 
0+0+0+0+0+0+0+0 


We can put minus (—) sign in any of the 8 places in the | 
above arrangement i.e., we have to select 5 places out of 8 
which can be done is °C, ways = °C, ways=56 ways. — 


[| Example 116. Find the number of ways in which 5 
girls and 5 boys can be arranged in a row, if no two 
boys are together. 


Sol. In this example, there is no condition for arranging the 
girls. Now, 5 girls can be arranged in 5! ways. 


xGXGXxXGXGXGX 


When girls are arranged, six gaps are generated as shown 
above with ‘x’. 


Now, boys must occupy the places with ‘x’ marked, so that 
no two boys are together. 


Therefore, five boys can be arranged in these six gaps in 
° Ps ways. 


Hence, total number of arrangement is 5! x °P;. 


| Example 117. Find the number of ways in which 5 
girls and 5 boys can be arranged in a row, if boys and 
girls are alternate. 


Sol. First five girls can be arranged in 5! ways 
ie, XGXGXGXGXG or GXGXGXGXGX 


Now, if girls and boys are alternate, then boys can occupy 
places with ‘ x’ as shows above. 


Hence, total number of arrangements is 

SIX 5!+51x5!=2x (5!) 
Use of Set Theory 
A set is well defined collection of distinct objects. 


Subset 


If every element of a set A is also an element of a set B, 
then A is called the subset B, we write 


ACBe {xeA>xe B} 
Union 
The union of two sets A and Bis the set of all those 
elements which are either in A or in B or in both. This set is 
denoted by AU BorA +B. 
Symbolically, AU B= {x:xe Aor xe B} 
Intersection 
The intersection of two sets A and B is the set of all 
elements which are common in A and B. This set is denoted 


by A QM Bor AB. 
Symbolically, A 7 B={x:xe A and xe B} 


| Example 118. A is a set containing n elements. A 
subset P, of A is chosen. The set A is reconstructed by 
replacing the elements of P,. Next, a subset P, of Ais 
chosen and again the set is reconstructed by replacing 
the elements of P, . In this way m (> 1) subsets 
P,,P2,....Pm Of A are chosen. Find the number of ways 
of choosing P,P ,...,Pm, So that 

(i) RAP, AP A... AP, =O 


| 
| 
(iil) R UP, UP; U.P, =A 
Sol. Let A = {a), a2, a3,..., a,} 
(i) For each a (1S i <n), we have either aé P; or 
a, € P; (1S j<m).ie., there are 2” choices in which 
a,(1S iS n) may belong to the P;’s. 
Out of these, there is only one choice, in which q; € P; 
for all j = 1,2,..., m which is not favourable for 
BRORARA..O P, to be >. Thus, 
a € POP, 1... P, in(2” — 1) ways. Since, there 
are n elements in the set A, the total number of : 
choices is (2” — 1)". | 
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(ii) There is exactly one choice, in which, a, € P; for all 
j =1,2,3,..., m which is not favourable for 
RUPRU P;U...U P, to be equal to A. Thus, a, can 
belong toh UP, UP, U...U P, in(2” — 1) ways. 
Since, there are n elements in the set A, the number of 
ways in which A, U P, u P; U...U P, can be equal to 
Ais(2” — 1)". 


[Example 119. A is a set containing n elements. A 
subset P of A is chosen. The set A is reconstructed by 
replacing the elements of P. A subset of A is again 
chosen. Find the number of ways of choosing P and Q, 
so that 


(i) P-\Q contains exactly r elements. 
(ii) PQ contains exactly 2 elements. 
(il) PAQ=o 
Sol, Let A = {a;, a2, 3, ..., dq} 
(i) The r elements in P and Q such that P 7 Q can be 


chosen out of n is "C, ways a general element of A 


must satisfy one of the following possibilities [here, 
general element be a,(1< i < n)] 

(i)a,€ Panda,eQ 

(ii) a; € Panda; ¢Q 
(iii) a; Panda;eQ ° 
(iv) a, ¢ Panda, ¢€Q 
Let a), @2,...,4,€ PAQ 
There is only one choice each of them (i.e., (i) choice) 
and three choices (ii), (iii) and (iv) for each of 
remaining (n — r) elements. 
Hence, number of ways of remaining elements = 3" ’ 
Hence, number of ways in which P \ Q contains 
exactly r elements = "C, x 3"~" 


(i) Putr =2, then "C, a: 
(iii) Putr =0, then "C, x3" =3" 


Sum of digits 


(i) The sum of the digits in the unit’s place of all numbers 
formed with the help of a, a2,...,@, taken all at a time 
is (n—1)!(a, +a. +...+4,) 

(repetition of digits not allowed) 


Sol. Required sum =(5—1)!(142434445)| 
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| Example 120. Find the sum of the digits in the unit’s 


place of all numbers formed with the help of 3, 4, 5, 6 
taken all at a time. 


Sol. Sum of the digits in the unit’s place 


=(4-1)!(3+4+5+46)=6 xX 18= 108 
(ii) The sum of all digit numbers that can be formed using 
the digits a, a;,...,@, (repetition of digits not allowed) 


is=(n—1)!(a, +a, FOS, la 


| Example 121. Find the sum of all five digit numbers 


that can be formed using the digits 1, 2, 3, 4 and 5 
(repetition of digits not allowed) 
10° -1) 


| 
Aliter | 
Since, one of the numbers formed with the 5 digits a, b, c, d 
and eis 10‘a + 10°b + 10°c + 10d +e; 


= 24-15-11111= 3999960 


Hence, 10*a will occur altogether in 4 ! ways similarly each 
of 10°, 10*c, 10*d, 10*e will occur in 4 ! ways. 


Hence, if all the numbers formed with the digits be written 
one below the other, thus 


10'-a+10°-b+10°-c+10-d+e 
10'-b + 10°-c+10°-d+10-e+a 
10'-c +10°-d+10°-e+10-a+b 
10*-d +10°-e +10°-a+10-b+c 
10*-e + 10°-a+107-b+10-c+d 


Hence, the required sum 
=4!x(atb+c+d+e)x(10‘ +10° + 10° +10+1) 


=4!xX(1+24+3+4 4 +5) (11111) = 3999960 


Difference between Permutation and Combination 


Problems of permutations Problems of combinations 


Selections, choose 


1. Arrangements 


2. Standing in a line, seated in a row | Distributed group is formed 


Geometrical problems 


3. Problems on digits 


4. Problems on letters from a word 
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Textbook of Algebra 


Exercise for Session 7 


1. 


The letters of the word “DELHI” are arranged in all possible ways as in a dictionary, the rank of the word 
“DELHI” is 


(a) 4 (b) 5 

(c) 6 (d)7 

The letters of the word “KANPUR” are arranged in all possible ways as in a dictionary, the rank of the word 
“KANPUR" from last is 

(a) 121 (b) 122 

(c) 598 (d) 599 

The letters of the word “MUMBAI” are arranged in all possible ways as in a dictionary, the rank of the word 
“MUMBAI” is 

(a) 297 (b) 295 

(c) 299 (d) 301 


The letters of the word “CHENNAI” are arranged in all possible ways as in a dictionary, then rank of the word 
“CHENNAI” from last is 


(a) 2016 (b) 2017 

(c) 2018 (d) 2019 

If all permutations of the letters of the word "AGAIN” are arranged as in a dictionary, then 50th word is 
(a) NAAGI (b) NAGAI 

(c) NAAIG (d) NAIAG 
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Shortcuts and Important Results to Remember 


When two dice are thrown, the number of ways of getting 
a total r (sum of numbers on upper faces), is 


() r-tif2<rs7 
(li) 13-7, if8srs12 
When three dice are thrown, the number of ways of 
getting a total r (sum of numbers on upper faces), is 
(i) ‘~'C.,if 3sr<8 
(ii) 25, ifr =9 
(iii) 27, ifr =10, 11 
(iv) 25, ifr =12 
) °-'C, if138<7<18 
ae product of k consecutive positive integers is divisible 
VK}, 
Number of zeroes inn! = E;(n!) 


straight lines are drawn in the plane such that.no two 
lines are parallel and no three lines are concurrent. Then, 
the number of parts into which these lines divides the 

2 
plane is equal to eis) 
"C, is divisible by n only, ifn is a prime number 
(isrsn-1, 
The number of diagonals in n-gon (n sides closed 
polygon) is ae 


Inn-gon no three diagonals are concurrent, then the total 
number of points of intersection of diagonals interior to 
the polygon is "Cy. 

Consider a polygon of n sides, then number of triangles in 
al no side is common with that of the polygon are 
grin — 4)(n - 5). 


If m parallel lines in a plane are intersected by a family of 
other n parallel lines. The total number of parallelograms 


so formed = "C3 -"Cp = i 


11 Highest power of prime pin °C, , since 


If 


and 
Then, 


A n!} 
“rin=0! 
Hp(n !) =a, 
Hp (r)=B 
Hp{(n-r)!} =y 
Hp (°C,)=a -(B +7) 


Highest power of prime pin °P. , since 


np fa! 
Fi Til 


If Hy(n =A, Hp {(n —1)!} =p. Then, A(R )=A-p 


If there are n rows. Ist row has m squares, IInd row has m, 


squares, Illrd row has m3 squares and so on. If we placed 
i X’s in the squares such that each row contains atleast 


| 
| 


one X. Then the number of ways = Coefficient of x* in 
CG ™ Cs tat C5) 

KC Ryn? + Cx? ek Cp XTX 

(Cx +™Cp x2 +...4 Cn, X™) x... 


trastetivxya eN 
x yon 


=> 


where J is divisor of n°. 


Then, number of integral solutions (x, y) is equal to 
number of divisors of n?. 


Ifn =3,n? =9=3%, the equation has 3 solutions. 
(x, y) = (4, 12), (6 6), (12, 4) 


(x -n)(y-n)=n? 


x=n+i, 
Ae 

yet ys 
A 
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JEE Type Solved Examples: 


Single Option Correct Type Questions 


a This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


@ Ex. 1 Number of words of 4 letters that can be formed 
with the letters of the word IIT JEE, is 
(a) 42 (b) 82 (c) 102 
Sol. (c) There are 6 letters I, 1, E, E, T,J 
The following cases arise: 
Case 1 All letters are different 
‘P= 4!=24 
Case II Two alike and two different 


(d) 142 


! 
2G °C. x =n 


Case III Two alike of one kind and two alike of another 
kind 4! 


Hence, number of words = 24 + 72+6=102 
Aliter 


Number of words = Coefficient of x* in 


2 2 
afre242) (1+ x)? 


= Coefficient of x* in6[(1 + x)? +1]°(1+ x)? 
= Coefficient of x* in 6[(1 + x)° + 2(1+ x)* +(1+ x)*] 
= 6[°C, +2-4C, + 0]=6(15 + 2) = 102 


© Ex. 2 Lety be element of the set A ={1, 2, 3, 5, 6, 10, 15, 

30} and x,, X,, X3 be integers such that x,x, x, 

number of positive integral solutions of x,x,. x =y, is 
(a) 27 (b) 64 (c) 81 (d) 256 


Sol. (b) Number of solutions of the given equations is the same 
as the number of solutions of the equation 


=y, the 


X) X_ Xy X,=30=2XK3XS 
Here, x, is infact a dummy variable. 
If x, x2 x,= 15, then x,= 2 and if x,x, x,=5, then x,=6, etc. 
Thus, 


Each of 2,3 and 5 will be factor of exactly one of x,, x2, x3, 
x, in 4 ways. 


X, X_ X4yX_=2X3XS 


. Required number = 4° = 64 


® Ex. 3 The number of positive integer solutions of 
a+b+c=60, wherea is a factor of b andc, is 
(a) 184 (b) 200 (c) 144 (d) 270 


2 tee SO A OS 


ais a factor of b and c = a divides 60 
A a=1, 2, 3, 4, 5, 6, 10, 12, 15, 30 
ai? ma,c =na,whenm,n21 
a+b+c=60 
(60 .) 
=> a+mat+na=60 => mena |=) 
a 


Sol. (9 s : 
"a #60 


e414 60 ) 
.. Number of solutions = @ C,_,=|—" 2 
a 


Hence, total number of solutions for all values of a 
=58+28+18+134+104+8+44+34+2+0=14 


@ Ex. 4 The number of times the digit 3 will be written 
when listing the integers from 1 to 1000, is 

(a) 269 (b) 271 (c) 300 (d) 302 
Sol. (c) Since, 3 does not occur in 1000. So, we have to count 


the number of times 3 occurs, when we list the integers 
from 1 to 999, 


Any number between 1 and 999 is of the form xyz, where 
OS x,y,zS9. 


Let us first count the number in which 3 occurs exactly 
once. Since, 3 can occur at one place in °C, ways, there are 
°C, x9 x9 = 243 such numbers. Next 3 can occur in exactly 
two places in °C, x 9 = 27 such numbers. Lastly, 3 can 


occur in all three digits in one number only. Hence, the 
number of times, 3 occurs is 1 X 243 + 2X 27 +3xX1=3W 


© Ex. 5 Number of points having position vector 
ai + bj+ck, where a, b,c € {1, 2,3, 4,5} such that 2° +3? 45° 
is divisible by 4, is 
(a) 70 
(c) 210 
Sol. (a) 


(b) 140 
(d) 280 
2843" 45° = 27 4(4-1)) + (4415 
=2 + 4k +(-1)" +(1) 
=2 + 4k +(-1)) +1 
I.a=1,b =even, c = any number 
I. a # 1, b = odd, c = any number 
‘. Required number of ways =1X2x5+4X3xX5=70 


[‘. even numbers = 2, 4; odd numbers = 1, 3,5 and any 
numbers = 1,234.5] 


@ Ex. 6 Number of positive unequal integral solutions of 
the equation x + y + z =12 is 
(a) 21 (b) 42 (c) 63 (d) 84 
Sol. (b) We have, x t+ y+z=12 mT 
Assume x < y< z. Here, x, y,z21 
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. Solutions of Eq. (i) are 
(1,2, 9), (1, 3, 8), (1, 4, 7), (1, 5, 6), (2, 3, 7), (2, 4, 6) and (3, 4, 5). 
Number of positive integral solutions of Eq. (i) = 7 but 
x, y,z can be arranged in 3! = 6 
Hence, required number of solutions = 7 x 6 = 42 
Aliter 
letx=a,y-x=B,z-y=y 
“xX=Oy=at+B,z=at+B+y 
From Eq. (i), 3a + 2B + y =12;0,B,y21 
.. Number of positive integral solutions of Eq. (i) 
= Coefficient of A'? in 
(AP 4 AS 4? +A? +...) 
(AP +A +a ene e VO +d +...) 
(A+ 423 4...4A17) 
= Coefficient of A° in(1+A7 + AS) +02 +45 +A°) 
(tnt err eater? +A’) 
= Coefficient of A° in(1+A7 +A7+A° + a + r°) 
X(L4 A 40 +P +A +> +A°) 
=14+14+14+141+1+1=7 
but x,y, z can be arranged in 3! = 6 
Hence, required number of solutions =7 x 6 = 42 


© Ex. 7 12 boys and 2 girls are to be seated in a row such 
that there are atleast 3 boys between the 2 girls. The number 
of ways this can be done is X X12!, the value of d is 
(a) 55 (b) 110 (c) 20 (d) 45 
Sol. (b) Let P= Number of ways, 12 boys and 2 girls are 
seated in a row 
=14!=14 x 13 x 12! = 182 x 12! 
P =Number of ways, the girls can sit together 
=(14~2+1)x2! x 12! =26 x 12! 
P, = Number of ways, one boy sits between the girls 
=(14 -3+1) x2! x 12! =24 x 12! 
P,; = Number of ways, two boys sit between the girls 
=(14-441)x2!x 12! = 22x 12! 
. Required number of ways = (182 — 26 — 24 — 22) x 12! 
=110x 12!=A x 12! [given] 
A =110 


@ Ex. 8 A is a set containing n elements. A subset P of A is 
chosen. The set A is reconstructed by replacing the elements 
of P. A subset Q of A is again chosen, the number of ways of 
choosing so that (P U Q) is a proper subset of A, is 

(a) 3” (b) 4” (c)4"-2" (d) 4" -3" 
Sol. (d) Let A = {a,, a5, @3,..., ,} 

a general element of A must satisfy one of the following 

possibilities. 

[here, general element be a,(1$ i < n)] 

(i)a,e P,a,eQ (ii) a, € P,a, €Q 

(iii) a, ¢ P,a, EQ (iv) a, € P,a, €Q 
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Therefore, for one element a, of A, we have four choices (i), 
(ii), (iii) and (iv). 


.. Total number of cases for all elements = 4” 


and for one element a, of A, such that a, € P U Q, we have 
three choices (i), (ii) and (iii). 


. Number of cases for all elements belong to PU Q=3" 


Hence, number of ways in which atleast one element of A 
does not belong to 


PUQ=4"-3'. 


@ Ex. 9 Let N be a natural number. If its first digit (from the 
left) is deleted, it gets reduced to = The sum of all the digits 


of N is 
(a) 14 (b) 17 
(c) 23 (d) 29 


Sol. (a) Let N =a, a,_, @,_2 ... @3 Gy @; Ay 
= dy + 10a, + 10°a, +...410"'a,_, +10", ...(i) 
N 
Then, 5h = A, 1 Gq 9 Ty_3 +0 Ay Ay Q Ay 
=a, + 10a, +10°a, +...+10"~*a,_,+10""'a,_, 
or N =29(a, + 10a, + 107a, +... 
+10°~7a,_, +10"~'a,_,) ...(ii) 
From Eqs. (i) and (ii), we get 
10" -a, = 28(a, + 10a, + 10°a, +... +10"~'a,_,) 
=> 28 divides 10"-a, >a, =7,n22=95° =a, + 10a, 


The required N is 725 or 7250 or 72500, etc. 
. The sum of-the digits is 14. 


@ Ex. 10 If the number of ways of selecting n cards out of 
unlimited number of cards bearing the number 0, 9, 3, so that 
they cannot be used to write the number 903 is 93, thenn is 


equal to 
(a) 3 ‘ (b) 4 
(c)5 (d) 6 


Sol. (c) We cannot write 903. 
If in the selection of n cards, we get either 
(9 or 3), (9 or 0), (0 or 3), (only 0), (only 3) or (only 9). 
For (9 or 3) can be selected = 2x 22x... X n factors = 2" 
Similarly, (9 or 0) or (0 or 3) can be selected = 2” 


In the above selection (only 0) or (only 3) or (only 9) is 
repeated twice. 


“. Total ways = 2" +2" +2" —-3=93 
=> 3-2°=96 => 2" =32=2° 


n=5 
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JEE Type Solved Examples : 


More than One Correct Option Type Questions 


we ner ewe re 


eee 


« This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 


more than one may be correct. 


@ Ex. 17 Ina plane, there are two families of lines 
y=x+r,y=—x +r, wherer é {0,1, 2,3, 4}. The number of 
squares of diagonals of the length 2 formed by the lines is 


(a)9 (b) 16 (SC; (d)5¢, + *P, 


Sol. (a, c) There are two sets of five parallel lines at equal 


distances. Clearly, lines like 1, 1,, m, and m, form a square 


whose diagonal’s length is 2. 


. The number of required squares =3 X3=9 = a C, 


[‘. choices are (1, 1,), (1, 1,) and (1, [,) for one set, etc.] 


@ Ex. 12 Number of ways in which three numbers in AP 
can be selected from |, 2, 3,...,n, is 


y 2 
@ (2) , if nis even (6) “=” itnis even 


2) 

(n -—1/ 
(c) ; —,ifnisodd  (d) 
Sol. (b, Aion eae AP ten a+c=2b 


aand c both are odd or both are even. 


ane 2 if n is odd 


Case! If nis even 
Let n = 2m in which m are even and m are odd numbers. 
. Number of ways = "C, + "C,=2-"C, =2- m(m — 1) 
_n(n_,)_na-2) 
2. J 4 


Case Il If nis odd 


Let n = 2m + 1in which m are even and m + 1 are odd numbers. 


.”. Number of ways= "C, + "IC, 


_m(m—1),(mti)m_ a 
2 2 4 


@ Ex. 13 Ifn objects are arranged in a row, then number of 


ways of selecting three of these objects so that no two of 
them are next to each other, is 


[n= 2m] 


—~ em = . —— - wt Ne te ene eee ee 


ay". (by C4? 


(c) a (d) °C, 


Sol. (a, b, c) Let a, be the number of objects to the left of the 


first object chosen, a, be the number of objects between 
the first and the second, a, be the number of objects 
between the second and the third and a, be the number of 
objects to the right of the third object. Then, 


a, a, 20anda,,a,21 


also. a, +a,+a,+a,=n-—3 

Let a=a,+1,b=a, +1, thena21,b21 such that 

ata+a,+b=n-1 

The total number of positive integral solutions of this 

equation ae! OF — 1-2 C,= a oF + mcr 

_ (n—2)(n —3)(n — 4) 
. 7 1233 

© Ex. 14 Given that the divisors of n =3? -5% -7' are of the 
form 44 +1, A 20. Then, 


(a) p+risalwayseven (b) p+q +ris even or odd 
(c)q can be any integer (d) if p is even, then r is odd 
Sol. (a, 5, c) 
“ 3° =(4-1)? = 42, +(-1)?, 
57 =(44+1)) =42,41 
and 7’ =(8-1) =8A, +(-1) 
Hence, both p andr must be odd or both must be even. Thus, 
p + ris always even. Also, p + q + rcan be odd or even. 


@ Ex. 15 Number of ways in which 15 identical coins can be 
put into 6 different bags 


(a) is coefficient of x"> in x°(1+ x + x? +... oo)’, if no bag 
remains empty 


(b) is coefficient of x'® in(1- x)® 
(c) is same as number of the integral solutions of 
atb+ctdtert f =15 
(d) is same as number of non-negative integral solutions of 
6 


yx) = 15 
i=1 


Sol. (a, b, d) Let bags be x,, x2, x3, X4, X 5 and x,, then 
X, +X, +X +X, +X, +X, = 15. 
.. For no bags remains empty, number of ways 
= Coefficient of x'> in (x! + x? + x? +...) 
= Coefficient of x! in x°(1+ x +x? +... 00) 
= Coefficient of x” in(1 - x)* 


In ontion (c). it is not mentioned that solution is positive integral. 
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JEE Type Solved Examples : 
Passage Based Questions 


" This section contains 3 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 


(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 


dll the letters of the word ‘AGAIN’ be arranged and the 
words thus formed are known as ‘Simple Words’. Further 
Mo new types of words are defined as follows: 


(i) Smart word: All the letters of the word ‘AGAIN’ are ° 


being used, but vowels can be repeated as many times 
as we need. 

(it) Dull word: All the letters of the word ‘AGAIN’ are 
being used, but consonants can be repeated as many 
times as we need. 


16. If a vowel appears in between two similar letters, the 
number of simple words is 


(a)12 (b) 6 (c) 36 (d) 14 
17. Number of 7 letter smart words is 
(a) 1500 —_ (b) 1050 (c) 1005 (d) 150 


18. Number of 7 letter dull words in which no two vowels 
are together, is 


(a)402 —(b) 420 (c) 840 (d) 42 
Sol. 
16, (b) 

“. Required number of simple words = 3! = 6 
17, (b) 


. Number of 7 letter smart words 
a. 7! 
i$ —— = 210 + 420 + 420 = 1050 

4! 2!3! 3!2! 
18. (b) Now, 3 vowels A, I, A are to be placed in the five 
available places. 
[x Nx Gx Nx Nx 
OR 
4X Nx Gx Gx Gx 
OR 


xX Nx Gx Gx Nx 


rrr meet te me rae ee ne te ee 
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ee tm ee rr rrr 9 ee 


Hence, required number of ways 


' ' ' ‘a 
ate ge = y 41 at at] 
3! 3! tas] 


= 30(4 + 4 +6)= 420 


Passage II (Ex. Nos. 19 to 21) 


Consider a polygon of sides ‘n’ which satisfies the equation 
se ae oe 


19. Rajdhani express travelling from Delhi to Mumbai 
has n stations enroute. Number of ways in whicha 
train can be stopped at 3 stations if no two of the 
stopping stations are consecutive, is 
(a) 20 (b) 35 (c) 56 (d) 84 

20. Number of quadrilaterals that can be formed using the 
vertices of a polygon of sides ‘n’ if exactly 1 side of the 
quadrilateral is common with side of the n-gon, is 
(a) 96 (b) 100 (c) 150 (d) 156 


21. Number of quadrilaterals that can be made using the 
vertices of the polygon of sides ‘n’ if exactly two 
adjacent sides of the quadrilateral are common to the 
sides of the n-gon, is 
(a) 50 (b) 60 (c) 70 

Sol. -. 3-"P, = *"p, 

It is clear that n 2 6 
“. 3-n(n—1)(n — 2)(a — 3) =(n — 1)(n — 2)(n -3) 

(n — 4)(n —5) 
=> (n —1)(n ~ 2)(n —3)(n? — 12n +20) =0 
=> (n — 1)(n — 2)(n —3)(n — 10)(n — 2) =0 
Y n=10,n #1,2,3 
=> n=10 

19. (d) Let a, be the number of stations to the left of the 


station I chosen, a, be the number of stations between the 
station I and station II, a, be the number of stations 
between the station I] and station III and a, be the 
number of stations to the right of the third station. Then, 


a), a, 20anda,,a,21 
Also, ad) +@,+@, +a,=n+1-3 
Let a=a,+1,b=a, +1, thena, b2 1 such that 
at+at+a,+b=n 
.”. Required number of ways=""'C,_,= °C, [here,n = 10] 
= 84 
20. (c) Number of quadrilaterals of which exactly one side is 


the side of the n-gon 
Sax "C= 10% “C. = 150 [sn = 10] 
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(d) 80 


[nn 26] 


410 = Textbook of Algebra 


21. (a) Number of quadrilaterals of which exactly two adjacent 

sides of the quadrilateral are common to the sides of the 

n-gon 
=nx"°C=n(n-5)=10X5 (-n = 10] 


= 50 
Passage Ill 


(Ex. Nos. 22 to 23) 
Consider the number NV = 2016 


22. Number of cyphers at the end of "Cia ts 


(a) 0 (b) 1 
(c) 2 (d) 3 
23. Sum of all even divisors of the number N is 
(a) 6552 (b) 6448 
(c) 6048 (d) 5733 


JEE Type Solved Examples : 


Single Integer Answer Type Questions 


ae nee ote ae 


en ee ne ee eS ee ee te 


23. (b)-: 


Sol. 
t 
22. (¢)? NG is “3 20160 wa ver 
[(1008)!] 
} | 2016 
E,(2016!) = (2016| [2016] | [2016 + ea 
Bi: oi 5? 53 i 5 
= 403 + 80+ 16 +3=502 
1008] 
and E,(1008!) = 1008] , [1008] | { 1008] , [ 1008 
5? Mt 5° 5! 
= 201+ 40+8+1= 250 
Hence, the number of cyphers at the end of 20160. 
= 502 — 250 — 250 = 2 
N =2016 = 2°-37-7! 


. Sum of all even divisors of the number N 
= (2+ 27 +23 +24 +25)(1+3+3°)(1+7') = 6448 


ne ee ee ee 


= This section contains 2 examples. The answer to each @ Ex, 25 if be the number of 3-digit numbers are of the 


example is a single digit integer ranging from 0 to 9 


(both inclusive). 
f f f 
18 18 18 20 
© Ex. 24 if +2 + 2 i then the 
r-2 r-1 r \13 , 
number of values of r are 
‘18 18)_ (20 
+ 2 
eomd? ary a 


It means that *C,_, +2-8C,_, + °C, 2 C,, 


18 
Sol. (7) We have, | +2 
r _ 


= (MG. ¢ Bo )+(8C_, + #C)2 %c, 
- HG. 'e = M6. 
= MC 2%, 
or sa ON te 
= 7Srs13 


r =7,8,9, 10,11, 12,13 


Hence, the number of values of r are 7. 


form xyz with x <y, z<y and x #0, the value Zier is 


Sol. (8) Since, x21, then y22 racy) 
If y=n, then x takes values form 1 to n - 1 and z can take 
the values from 0 to n — 1 (i.e., n values). 


Thus, for each values of y(2< y $ 9), x and z take n(n - 1) 
values. 


Hence, the 3-digit numbers are of the form xyz 


= Yat -1)= Yntn -1) [vatn=1,n(n-1)=0] 


r 9 9 
=n? - yn 
n=l] n=l 
99 +118 +1) 9(9 +1) 
—r"mns 
= 285 — 45 
=240=A [given] 
A — 
== 
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JEE Type Solved Examples : 
Matching Type Questions 


re ee ee 


(no ee peer enemae e — 


a 
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« This section contains 2 examples. Examples 26 and 27 have four statements (A, B and C) given in Column I and four 
statements (p,q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 


statement(s) given in Column II. 


© Ex. 26 


Column I! 


Column ! 


(A) | The sum of the factors of 8! which are odd 
and are the form 3A + 2,A EN, is 


(B) | The number of divisors of n = 27 -3°-5° 
which are the form 4A + 1,A €N, is 


(C) |Total number of divisors of 
n=2°>-3.5!°.76 which are the form 
4. +2,X21,is 


(D) |Total number of divisors of n =3°-5’-7° 
which are the form 4A + 1, A > 0, is 


Sol. (A) > s; (B) > 7, (C) > p;(D) 9 
(A) Here, 8! = 


27.3? .51.7) 
So, the factors may be 1, 5, 7, 35 of which 5 and 
35 are of the form 3A +2. 
Sum is 40. 

(B) Number of odd numbers = (5 + 1)(3 + 1) = 24 
Required number = 12, but 1 is included. 


. Required number of numbers = 12 — 1 = 11 of 
the form 4A +1. 


(C) Here, 4A +2=2(2A +1) 
“. Total divisors = 1-5-11:7 —1= 384 


[‘." one is subtracted because there will be case 
when selected powers of 3, 5 and 7 are zero] 


(D) Here, any positive integer power of 5 will be in 
the form of 4A + 1 when even powers of 3 and 
7 will be in the form of 4A + 1 and odd powers of 
3 and 7 will be in the form of 4A — 1. 


.. Required divisors = 8(3:5 + 3-5) = 240 


@ Ex. 27 


Column I Column Il 


(A) | Four dice (six faced) are rolled. The number of 
possible outcomes in which atleast one die shows 
2, is 


Let A be the set of 4-digit numbers a,a,a,a,, where | (q) 
a, > a, >a, >a,. Then, n{A) is equal to 
(C) | The total number 3-digit numbers, the sum of (r) 
whose digits is even, is equal to 
(D) | The number of 4-digit numbers that can be formed | (s) 
from the digits 0, 1, 2, 3, 4, 5, 6, 7, so that each 
number contains digit 1, is 


480 


(B) 


s,(D) > q 
(A) The number of possible outcomes with 2 on atleast one die 
= The total number of outcomes with 2 on atleast one die 


Sol. (A) > r, (B)> p, (C)> 


outcomes) — (The number of 


dice) 


= (The total number of 
outcomes in which 2 does not appear on any 
= 6* —5* = 1296 — 625 = 671 

(B) Any selection of four digits from the 10 digits 0, 1, 2, 3,..., 9 


givesone number. So, the required number of numbers 
is '°C, ie., 210. 


(C) Let the number be n = pqr. Since, p + q +r is even, p can 
be filled in 9 ways and q can be filled in 10 ways. 
r can be filled in number of ways depending upon what is 


the sum of p and q. 
If(p + q) is odd, then r can be filled with any one of five 
odd digits. 


If (p + q) is even, then r can be filled with any one of five 
even digits. 
In any case, r can be filled in five ways. 


Hence, total number of numbers is 9 x 10 x 5 = 450 


(D) After fixing 1 at one position out of 4 places, 3 places can 
be filled by ’ P, ways. But for some numbers whose fourth 


digit is zero, such type of ways is ° P,. Therefore, total 
number of ways is ’ P, — °P, = 480 
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JEE Type Solved Examples: 
Statement | and Il Type Questions 


es en a EEE TT a 


s Directions Example numbers 28 and 29 are 
Assertion-Reason type examples. Each of these examples 
contains two statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below. ~ 


(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


@ Ex. 28 Statement-1 Number of rectangles on a chess- 
board is °C, x °C). 

Statement-2 To form a rectangle, we have to select any two 
of the horizontal lines and any two of the vertical lines. 


Sol. (d) In a chessboard, there are 9 horizontal lines and 9 
vertical lines. 


.. Number of rectangles of any size are ’C, x °Cp. 
Hence, Statement-1 is false and Statement-2 is true. 


Subjective Type Examples 


nn ee 


® In this section, there are 17 subjective solved examples. 


@ Ex. 30 Solve the inequality 
= ws 5 
Pe nO, ee Ae <0,x EN. 


Sol. We have, *C, -*"1C, -2-2A, <0 
4 


ey (XTX = 2-3 = 4) _ (X= (4 = 2)(x-3) 
1-2:3-4 1-2:3 


~2-(x-2)(x~3)<0 


= (x —1)(x —2)(x -—3)(x-4)- 4(x —1)(x -—2)(x -3) 
—30( x —2)(x -3)<0 
= (x —2)(x —3){(x-1)(x- 4)- 4(x-1)-30} <0 


-2 2 3 11 


> (x—2)(x-3){x? -9x -22}<0 
= (x-2)(x-3)(x+2)(x-11)<0 


AP A a 


ee ee 


@ Ex. 29 Statement-1 /f f : {a,,a,,43,4,,45} 


{@,,4,,4;,4,,a5}, f is onto and f(x) #x for each 
x €{@,,@,,43,@,4,a<}, is equal to 44. 


® Statement-2 The number of derangement for n objects is 


rp a y 


Ds Abid 
2 st a! OS 


spel ta Lig 1) 


— ave 120) 
=6—2045-1 
= 65-21 
= 44 


Hence, Statement-1 is true, Statement-2 is true and 
Statement-2 is a correct explanation for Statement-1. 


ee ne em ee ee ee ne ee ee 


From wavy curve method 


x € (-2,2) U (3,11) 


but xeEN 
x =1,4,5, 6, 7, 8, 9, 10 fi) 
From inequality, 
x-124,x-123,x-222 
or x25,x24,x24 
Hence, x25 (ii) 


From Eqs. (i) and (ii), solutions of the inequality are 
x =5, 6, 7, 8, 9, 10. 


@ Ex. 31 Find the sum of the series 
(17 +1)1!4+(2? +1) 2!4(3? £1)314.4(n? +1)nl 
Sol. Let S, = (17 +1)1!+ (2? + 1)2!+ (3? +1)3!+...4(n? +1)a! 
”. nthterm T, =(n? +1)n! 
= {(n+1)(n+2)-—HAn+1)+2}n! 
T,, =(n+2)!—HAn +1)! + 2n! 
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Putting n = 1, 2, 3, 4,...,.7 

Then, T, = 3!—3-2!+2-1! 
T, = 4!—3-3!+2-2! 
T, =5!-3-4!1+2-3! 
T, = 6!-3-5!+2-4! 


T,-; =(n +1)!—3n!+ %n—1)! 
T,, =(n +2)!—3(n +1)!+2n! 
S, = T, + T, + T3+...+T, 

=(n+2)!-An+1)! 
=(n+2)(n+1)!—2An+1)! 
=(n+1)!(n+2-2) 

=n(n +1)! 


[the rest cancel out] 


® Ex. 32 Find the negative terms of the sequence 


Pd: eee 
== 
Pas2 4P, 
Sol. We have, 
ie? 143 
x, =——- 
Pisa 4F, 
x = (BF 4Yn+3)(n+2)(n +1) _ 143 
; (n +2)! 4n! 
(n+2)(n+1)n! 4n! 


_(n+4)(n+3)_ 143 _ (4n? +28n = 95) 
* n! 4n! = 4n! 
‘. x, is negative 
2, (ant +28n-95) 
4n! 
which is true for n = 1,2. 


H Oo 4 23 ; 
ence, xX, = — ra and xX, = ae are two negative terms. 


© Ex. 33 How many integers between 1 and 1000000 have 
the sum of the digits equal to 18? 
Sol. Integers between 1 and 1000000 will be 1, 2, 3, 4, 5 or 6 


digits and given sum of digits = 18 
Thus, we need to obtain the number of solutions of the 
equation 


Xp t Xp +X, txt xX, +X, =18 oil} 
where, 0S x, $9, i=1,2,3, 4,5,6 
Therefore, the number of solutions of Eq. (i), will be 


= Coefficient of x"® in(x° txigx7 ex +..+ x7) 
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i= gl e 
i-<x 


= Coefficient of x’® in(1— x'°)°(1 -— x)-® 


= Coefficient of x’? in 


= Coefficient of x" in(1—6x")(1+ °C\x + ’C,x? +... 
+ PC,x8 +..4 2C,,x"8 +...) 
= %c,,-6-"C, = 3C, -6°C, 
7 _g 13:12:11-10-9 
1-2-3-4°5 
= 33649 — 7722 = 25927 


@ Ex. 34 How many different car licence plates can be 
constructed, if the licences contain three letters of the 
English alphabet followed by a three digit number, 
(i) if repetition are allowed? 
(ii) if repetition are not allowed? 
Sol. (i) Total letters = 26 (i.e., A, B,C,...,X,Y,Z) 
and total digit number = 10 (i-e., 0, 1, 2, ..., 9) 


If three letters on plate is represented by, then first 
place can be filled = 26 


Second place can again be filled = 26 
[. repetition are allowed] 
and third place can again be filled = 26 


an 


Hence, three letters can be filled = 26 x 26 x 26 

=(26)° ways 
and three digit numbers on plate by 999 ways 

(ie., 001, 002, ..., 999) 
Hence, by the principle of multiplication, the required 
number of ways = (26)°(999) ways 


(ii) Here, three letters out of 26 can be filled = **P, 


— 


[. repetition are not allowed] 
and three digit can be filled out of 10 =P, 
[. repetition are not allowed] 


Hence, required number of ways = ( a P;) ( 0 P;) ways. 


@ Ex. 35 A man has 7 relatives, 4 of them are ladies and 3 
gentlemen, has wife, has also 7 relatives, 3 of them are ladies 
and 4 are gentlemen. In how many ways can they invite a 
dinner party of 3 ladies and 3 gentlemen so that there are 

3 of them man’s relatives and 3 of the wife’s relatives? 


WWW.JEEBOOKS.IN 


414 Textbook of Algebra 


Sol. The four possible ways of inviting 3 ladies and 3 gentle- 
men for the party with the help of the following table : 


Man’s relatives Wife’s relatives 


: ; 
3 3 4 
Gentlemen) Ladies Gentlemen 


4 


Ladies Number of ways 


"Cy 8° Oy R° CRC, = 1 


"GC, * *Cyk "Cy “6 = 144 


"a7, x IG & “E,a924 


"Gx °C, KCC, x7, S16 


. Required number of ways to invite = 1+ 144 + 324 + 16 
= 485 


@ Ex. 36 A team of ten is to be formed from 6 male doctors 
and 10 nurses of whom 5 are male and 5 are female. In how 
many ways can this be done, if the team must have atleast 4 
doctors and atleast 4 nurses with atleast 2 male nurses and 
atleast 2 female nurses? 

Number of ways of 


Sol. 
| 
Doctors nurses nurses selection 
4 4 fk °C, x °C, x °C, = 750 
4 Fos | 38 | °C, x °C, x °C, =1500 
4 poz | a | °C, x °C, x *C, =750 


5 § 


.. Total ways = 4300 


@ Ex. 37 A number of four different digits is formed with 
the help of the digits 1,2,3,4,5,6,7 in all possible ways. 
(i) How many such numbers can be formed? 
(ii) How many of these are even? 
(iii) How many of these are exactly divisible by 4? 
(iv) How many of these are exactly divisible by 25? 
Sol. Here total digit = 7 and no two of which are alike 
(i) Required number of ways = Taking 4 out of 7 
="P,=7X6X5X4 = 840 
(ii) For even number last digit must be 2 or 4 or 6. Now 
the remaining three first places on the left of 4-digit 


numbers are to be fillled from the remaining 6-digits 
and this can be done in 


°P, =6-5-4=120 ways 


and last digit can be filled in 3 ways. 
.”. By the principle of multiplication, the required 
number of ways 
= 1203 = 360 

(iii) For the number exactly divisible by 4, then last two 
digit must be divisible by 4, the last two digits are viz, 
12, 16, 24, 32, 36, 52, 56, 64, 72, 76. Total 10 ways. 
Now, the remaining two first places on the left of 
4-digit numbers are to be filled from the remaining 
5-digits and this can be done in ° P, = 20 ways. 


Hence, by the principle of multiplication, the required 
number of ways 
= 20x10 =200 

(iv) For the number exactly divisible by 25, then last two 
digit must be divisible by 25, the last two digits are 
viz., 25, 75. Total 2 ways. 
Now, the remaining two first places on the left of 
4-digit number are to be filled from the remaining 
5-digits and this can be done in ° P, = 20 ways. 


Hence, by the principle of multiplication, the required 
number of ways 


= 20x2= 40 


® Ex. 38 India and South Africa play One Day Interna- 
tional Series until one team wins 4 matches. No match ends 
ina draw. Find in how many ways the series can be won? 
Sol. Taking I for India and S for South Africa. We can arrange 
I and S to show the wins for India and South Africa, 
respectively. 
For example. , ISSSS means first match is won by India which 
is followed by 4 wins by South Africa. This is one way in 
which series can be won. 
Suppose, South Africa wins the series, then last match is 
always won by South Africa. 


Wins of / Number of ways 


. Total number of ways = 35 


In the same number of ways, India can win the series. 
.. Total number of ways in which the series can be won 
=35x2=70 
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® Ex. 39 Letn andk be positive integers such that 
k(k +1) 


n2 . Find the number of solutions (x,,X2,.--sX, ); 


x) 21,x, 22,...,x, 2kall 
integers satisfying x, +X. +...+X, =n. 
Sol. We have, x, +x, +...+X, =n »+(i) 
Now, let y, = x,-1, yp = X2 —2,...,¥y = XK 
Y, 20, yp 20, yy, 20 
On substituting the values x,,x5,....X, in terms of y,,Y2,..+sVp 
in Eq. (i), we get 
y, tity, +2+.+y, tk=n 
> ytyrtuity, =n—-(1+24+3+...+k) 


k(k +1) 
2 


Yi ty. +..+¥, =n- = A (say) ...(ii) 


The number of non-negative integral solutions of the Eq. 
(ii) is 
= k+A-10 7 (kK+A =1)! 
- —— 
Al(k-1)! 


where, A=n eee) 


® Ex. 40 Find the number of all whole numbers formed on 
the screen of a calculator which can be recognised as 

numbers with (unique) correct digits when they are read 
inverted. The greatest number formed on its screen is 999999. 


Sol. The number can use digits 0, 1, 2, 5, 6, 8 and 9 because 
they can be recognised as digits when they are see 
inverted. 


A number can’t begin with ,therefore all numbers having 
at unit's digit should no be counted. (when those numbers 
will be read inverted they will begin with). 


No. of digits Total numbers 
1 7 
2 6? = 36 
3 6X7X6 = 252 
4 6x7* x6 = 1764 
5 6X7> X6 = 12348 
6 6X74 x6 = 86436 


Total = 100843 


© Ex. 41 How many different numbers which are smaller 
than2x10° and are divisible by 3, can be written by means 
of the digits 0, 1 and 2? 
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Sol. 12, 21 ... 122222222 are form the required numbers we can 
assume all of them to be nine digit in the form 
Q;,42,43,@,,4;,4,,4,a,,a, and can use 0 for a,;a, and a, and 
Ay ,,a, and a,... and so on to get 8-digit, 7-digit, 6-digit 
numbers etc. a, can assume one of the 2 values of 0 or 1. 
,3,0,,Q;,4,,a7,a, can assume any of 3 values 0, 1, 2. 
The number for which 
a, =a, =a, =a, =a, =a, =a, =a, = a, =0 must be 
eleminated. The sum of first 8-digits i.e., a, +a,+...ta, can 
be in the form of 3n —2 or 3n —1 or 3n. 

In each case a, can be chosen from 0,1,2 in only 1 way so 
that the sum of all 9-digits in equal to 3n. 


Total numbers = 2X3’ X1—1 = 4374-1 = 4373. 


@ Ex. 42 There aren straight lines ina plane such that n, of 


them are parallel in one direction, n, are parallel in different 
direction and so on, n, are parallel in another direction such 
thatn, +n, +...+n, =n. Also, no three of the given lines 
meet at a point. Prove that the total number of points of 
intersection is 


Sol. Total number of points of intersection when no two of n 
given lines are parallel and no three of them are concur- 
rent, is "C,. But it is given that there are k sets of 
Ny, Ny, N3,...,", parallel lines such that no line in one set is 
parallel to line in another set. 


Hence, total number of points of intersection 


="C,-("C, +™C, +...4 C3) 


= 2a) _ {aint ate= 0, 4 Malt = 1) 
a 3 ee 
= 8 (nf ny +t ng) (my + ny + tg) 
n(n-1) 1f&._ | 
2 2} ar ‘ 


© Ex. 43 There are p intermediate stations on a railway line 
from one terminus to another. In how many ways a train can 
stop at 3 of these interediate stations, if no two of these stop- 
ping stations are to be consecutive? 


Let there be p intermediate stations between two terminus 
stations A and Bas shown above. 
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Number of ways the train can stop in three intermediate 


@ Ex. 45 There are 2n guests at a dinner party. Supposing 
stations = °C, 


that the master and mistress of the house have fixed seats 
opposite one another and that there are two specified guests 
who must not be placed next to one another. Find the 
number of ways in which the company can be placed. 

Sol. Let the M and M’ represent seats of the master and 


These are comprised of two exclusive cases viz. 
(i) atleast two stations are consecutive. 


(ii) now two of which is consecutive. 


Now, there are (p — 1) pairs of consecutive intermediate 
stations. 


In order to get a station trio in which atleast two stations 
are consecutive, each pair can be associated with a third 
station in (p — 2) ways. Hence, total number of ways in 
which 3 stations consisting of atleast two consecutive 
stations, can be chosen in (p — 1)(p — 2) ways. Among 
these, each triplet of consecutive stations occur twice. 


For example , the pair (S,, 5, _,) when combined with S, , , 
and the pair (S,, 5, , ,) when combined with S, _, gives the 
same triplet and is counted twice. So, the number of three 
consecutive stations trio should be subtracted. 


Now, number of these three consecutive stations trio is 

(p - 2). 

Hence, the number of ways the triplet of stations consisting 
of atleast two consecutive stations can be chosen in 


= {(p — 1)(p -— 2) -(p — 2)} ways 
= (p — 2) ways 


Therefore, number of ways the train can stop in three 
consecutive stations 


mistress respectively and let a,, a, 43,...,@2, represent the 
2n seats. 


Let the guests who must not be placed next to one another 
be called P and Q. 


Now, put P at a, and Q at any position, other than a,, say at 
a,, then remaining (2n — 2) guests can be arranged in the 
remaining (2n — 2) positions in (2n — 2) ! ways. Hence, there 
will be altogether (2n — 2) (2n — 2)! arrangements of the 
guests, when P is at a,. 


The same number of arrangements when P is at a, ora, , 
or a,,,. Thus, for these positions (@,, @,,, 4 1» 22n) of P, there 
are altogether 4 (2n — 2) (2n — 2)! ways. ee) 


If P is at a,, then there are altogether (2n — 3) positions for 


(p —1)(p —2) 
=?C,-(p- 2)*= Pipe ope (p - 2)’ Q. Hence, there will be altogether (2n — 3) (2n — 2)! 


5 nae 5 arrangements of the guests, when P is at ap. 
=(p - 2) eaeceee PS ate Ae oh) The same number of arrangements can be made when P is 
6 : 6 at any other position excepting the four positions 
_ (P —2)(p —3)(p ~ 4) _ (p-ae Wy, Ans Gy 43 Gap. 
~ 1+2:3 ~ Hence, for these (2n — 4) positions of P, there will be 
altogether 


@ Ex. 44 How many different 7-digit numbers are there and (2n — 4) (2n — 3) (2n — 2)! arrangements of the guests _ ...{ii) 
sum of whose digits is even? 


Sol. Let us consider 10 successive 7-digit numbers 


Hence, from Eqs. (i) and (ii), the total number of ways of 
arranging the guests 

= 4 (2n — 2) (2n — 2)! + (2n — 4) (2n — 3) (2n - 2)! 
=(4n? —6n + 4)(2n - 2)! 


@,0,0,0,0,a, 0, 
4,2,2,0,0,a, 1, 
G,@7Q,0,0,0, 2, 
© Ex. 46 Find the number of triangles whose angular points are 
at the angular points of a given polygon of n sides, but none of 
whose sides are the sides of the polygon. 


@,050,0,0,a, 9 
where, @,, @,,4,,@,,@, and a, are some digits. We see that 


half of these 10 numbers, i.e. 5 numbers have an even sum 
of digits. 


Sol. A polygon of n sides has n angular points. Number of 
triangles formed from these n angular points = “C;. 


These are comprised of two exclusive cases viz. 
(i) atleast one side of the triangle is a side of the polygon. 
(ii) no side of the triangle is a side of the polygon. 


The first digit a, can assume 9 different values and each of 
the digits a,,a,,a,,a, and a, can assume 10 different 
values. 


The last digit a, can assume only 5 different values of D 
which the sum of all digits is even. 


”. There are9 x 10° x5 = 45 x 10°, 7-digit numbers the sum : C 


of whose digits is even. % / | 
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Let AB be one side of the polygon. If each angular point of 


the remaining (n — 2) points are joined with A and B, we get 


a triangle with one side AB. 
“. Number of triangles of which AB is one side = (n — 2) 


Likewise, number of triangles of which BC is one side 
=(n — 2) and of which atleast one side is the side of the 
polygon = n(n — 2). 


Out of these triangle, some are counted twice. For example , 


the triangle when C is joined with AB is AABC, is taken 
when AB is taken as one side. Again triangle formed when 
A is joined with BC is counted when BC is taken as one 
side. 
Number of such triangles = n 
So, the number of triangles of which one side is the side of 
the triangle 

=n(n-—2)-n =n(n-3) 
Hence, the total number of required triangles 


= "Cy —n(n—3) = n(n 4)(n—-5) 


@ Ex. 47 Prove that(n!)! is divisible by(n!)°~™'. 


Sol. First we show that the product of p consecutive positive 
integers is divisible by p!. Let the p consecutive integers 
be m,m+1,m+2,...,m+ p—1. Then, 
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mln aed) 
(m-1)! 

= , (m+ p—-1)! 
“(m-1)! p! 


_ m+p-l 
=p! C, 


m(m+1)(m+2)...(m+p-1 


Since, "*?~*C,, is an integer. 

_ m(m+1)(m+2)...(m+ p ~1) 

= a Sar 

Now, (n !)! is the product of the positive integers from 1 to 


n!. We write the integers from 1 ton! is(n — 1)! rows as 
follows: 


mt Dae 
P 


[aia [aicava| viceva | ~ [at 


Each of these (n — 1)! rows contain n consecutive positive 
integers. The product of the consecutive integers in each 
row is divisible by n!. Thus, the product of all the integers 
from 1 ton! is divisible by (n !)"~"", 
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ts] Permutations and Combinations Exercise 1: 
"ae ee Coe 


=- ae oe 2 > eeewr awe 65 8 ee eee 


* This section contains 30 multiple choice questions. 10, If the permutations of a, b,c, d and e taken all together 


Each question has four choices (a), (b), (c) and (d) out of are written down in alphabetical order as in dictionary 
which ONLY ONE is correct 


1. A lady gives a dinner party to 5 guests to be selected 
from nine friends. The number of ways of forming the 
party of 5, given that two of the friends will not attend 
the party together, is 
(a) 56 (b) 126 


(c) 91 (d) None of these 


. Ifa, b,c and d are odd natural numbers such that 
a+b+c+d=20, the number of values of the ordered 
quadruplet (a, b, c, d) is 

(a) 165 (b) 455 (c) 310 (d) None of these 


. If! =LCM of 8!, 10! and 12! and A = HCF of 8!, 10! and 
12!, then . is equal to 


(a) 132 
(c) 11880 


(b) 11800 
(d) None of these 


. The number of positive integers satisfying the inequality 
WE ci = Cg Se 1O0S 

(a) 9 (b) 8 

(c)5 (d) None of these 


. The number of ways in which a score of 11 can be made 
from a through by three persons, each throwing a single 
die once, is 
(a) 45 


(b) 18 (c) 27 


. The number of positive integers with the property that 
they can be expressed as the sum of the cubes of 2 
positive integers in two different ways is 

(a) 1 (b) 100 (c) infinite (d)0 


(d) 68 


. Inaplane there are 37 straight lines, of which 13 pass 
through the point A and 11 pass through the point B. 
Besides, no three lines pass through one point, no line 
passes through both points A and Band no twoare parallel, 
the number of intersection points the lines have, is 

(a) 535 (b) 601 (c) 728 (d) 963 


. If adenotes the number of permutations of x + 2 things 


taken all at a time, b the number of permutations of x 
things taken 11 at a time and c the number of 
permutations of x — 11 things taken all at a time such 
that a = 182bc, the value of x is 


(a) 15 (b) 12 (c) 10 (d) 18 


. The number of numbers less than 1000 that can be 
formed out of the digits 0, 1, 2, 3, 4 and 5, no digit being 
repeated, is 


(a) 130 (d) 158 


(b) 131 (c) 156 


and numbered, the rank of the permutation debac is 
(a) 90 (b) 91 (c) 92 (d) 93 


11. On a railway there are 20 stations. The number of 
different tickets required in order that it may be possible 
to travel from every station to every station, is 
(a) 210 (b) 225 (c) 196 (d) 105 


12. A set containing n elements. A subset P of A is chosen. 
The set A is reconstructed by replacing the element of P. 
A subset Q of A is again chosen the number of ways of 
choosing P and Q, so that PQ = @, is 
(a) 2" — “C, (b)2" (c)2"~1 = (d)3" 


13. The straight lines J,, Iz, I, are parallel and lie in the 


same plane. A total number of m points on J, ;n points 
on I, ;k points on [,, the maximum number of triangles 
formed with vertices at these points is 

(ay TEP*ko, (pyrene, ae "c-*6, 
(c) "C704": (d) None of these 


14, Let A be a set of n(2 3) distinct elements. The number of 


triplets (x, y, z) of the set A in which atleast two 
coordinates are equal to 
(a) "P, 

(c)3n? -2n 


(b) n? —"P, 
(d) 3n?(n — 1) 


15. The total number of five-digit numbers of different 
digits in which the digit in the middle is the largest, is 
(a) 2?.3?.7? (b) 23-3-73 
(c) 2?.3°-7? (d) 2° .3?.73 


16. The total number of words that can be formed using all 
letters of the word ‘RITESH’ that neither begins with | 
nor ends with R, is 
(a) 504 
(c) 600 


(b) 480 

(d) 720 

17, Aman has three friends. The number of ways he can 
invite one friend everyday for dinner on six successive 
nights, so that no friend is invited more than three 
times, is 


(a) 360 (b) 420 


18. The number of three digit numbers of the form xyz such 
that x< y,zS yand x #0, is 
(a)240  —(b) 244 (c) 276 (d) 285 


19. The letters of the word ‘MEERUT’ are arranged in all 
possible ways as in a dictionary, then the rank of the 
word ‘MEERUT’ is 
(a) 119 (b) 120 (c) 121 (d) 122 
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(c) 170 (d) 510 


20. The number of ways in which 10 candidates Aj, A2,..., 
Aq can be ranked so that A , is pear above A », is 
(a) 10! (b) 


(c) 9! (d) i of these 


21. Let A be the set of four digit numbers a,a, a,a,, where 
a; >a, > a3 > a4, then n(A) is 
(a) 126 (b) 84 
(c) 210 (d) None of these 


22. The number of distinct rational numbers x such that 


P 


0<x<land x ==, where p,q € {1, 2, 3, 4, 5, 6} is 
q 


(a) 15 (b) 13 (c) 12 (d) 11 


23. The total number of integral solutions of xyz = 24 is 
(a) 30 (b) 36 (c) 90 (d) 120 


24, If ABCD is a convex quadrilateral with 3, 4, 5 and 6 
points, marked on sides AB, BC, CD and DA respectively, 
then the number of triangles with vertices on different 
sides, is 
(a) 220 (b) 270 (c) 282 (d) 342 

25. The number of ways can a team of six horses be selected 
out of a stud of 16, so that there shall always be three 
out of A, B,C, D, E, F but never AD, BE or CF together, is 
(a) 720 (b) 840 (c) 960 (d) 1260 

26. The number of polynomials of the form 
x? +ax? + bx +¢ that are divisible by x” +1, where a, 
b,ce{l, 2, 3, 4, 5, 6, 7, 8, 9, 10}, is 


(a) 10 (b) 15 (c) 5 (d) 8 


27. 


28. 


29. 


30. 
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bet X1,X2,X3,-.. X, be the divisors of positive integer 
ea 1 and x). If x; + x2 +...+ x, =75, then 


ys — is equal to 
Fae? 

2 
aX 2 oh 


The total number of functions ‘f ’ from the set {1, 2, 3} 
into the set {1, 2, 3, 4, 5} such that f(i)s f( j), Vi< j, is 
(a) 35 (b) 30 (c) 50 (d) 60 

Ten persons numbered 1, 2, 3, ..., 10 play a chess 
tournament, each player playing against every player 
exactly one game. It is known that no game ends ina 
draw. Let w,, w2, W3, .... Wig be the number of games 
won by player 1, 2, 3, ..., 10 respectively and I,, 12, 13, ..., 
lio be the number of games lost by the players 1, 2, 3, ..., 
10 respectively, then 
(a) Zw? =81 - LI? 

(c) Zw? = LI? 


(b) Zw? =81 + El? 
(d) None of these 


In the next world cup of cricket there will be 12 teams, 
divided equally in two groups. Teams of each group will 
play a match against each other. From each group 3 top 
teams will qualify for the next round. In this round each 
team will play against others once. 

Four top teams of this round will qualify for the semi- final 
round, where each team will play against the others once. 
Two top teams of this round will go to the final round, 
where they will play the best of three matches. The 
minimum number of matches in the next world cup will be 
(a) 54 (b) 53 (c) 38 (d) 37 


| Permutations and Combinations Exercise 2 : 


More than One Correct Option Type Questions 


WN one eee oe ——— ee ee 


" This section contains 10 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct. 
31. 1f300!=3” x an integer, then 
(a) m = 148 (b) m = 150 
(c) It is equivalent to number of n in 150! = 2"7 2 x an integer 
(d) m=", 

32. 1f 102! = 2° -38 .5¥ «78 
(a) =98 


.., then 

(b)B=2y+1(c)a=2B  (d)2y=38 

33. The number of ways of choosing triplet (x, y, z) such 
that z 2 max {x, y} and x, y,z€ {1,2,3....,2,n + 1}, is 


ayrniG. + n+ ne (b) n(n + 1)(2n + 1) 


; 6 
Or Hae s.¢n” dette) =""'c 


34, 


35. 


Let n be 4-digit integer in which all the digits are 
different. If x is the number of odd integers and y is the 
number of even integers, then 


(b) x>y 
(d)| x- y | =56 


(ajx<y 
(c) x + y = 4500 


Let S= {1, 2, 3,..., n}. If X denotes the set of all subsets of 


S containing exactly two elements, then the value of 


Dy (min. A) is given by 


AEX 
(a) """G, (b) *C; 

n(n? — 1) n(n? —3n + 2) 
(c) a (d) an 
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420 


36. 


37. 


38. 


eee 


Textbook of Algebra 


Let p = 2520, x = number of divisors of p which are 


multiple of 6, y = number of divisors of p which are 
multiple of 9, then 
(a)x=12  (b)x=24 


(c)y=12 (d)y=16 


If N denotes the number of ways of selecting r objects 
out of n distinct objects (r 2 n) with unlimited repetition 
but with each object included atleast once in selection, 
then N is 
fa)" 
(Gey 


(b) "~'C, 
(d) ia. Soe -1 
There are three teams x, x + 1 and y childrens and total 


number of childrens in the teams is 24. If two childrens 
of the same team do not fight,then 
(a) maximum number of fights is 190 


(b) maximum number of fights is 191 
(c) maximum number of fights occur when x =7 
(d) maximum number of fights occur when x = 8 


39. Let N denotes the number of ways in which 3n letters 
can be selected from 2n A’s, 2nB’s and 2nC’s. Then, 
(a)3|(N -1) 

(b) n|(N -1) 

(c)(n + 1)[(N -1) 

(d) 3n(n + 1)|(N —1) 

40. Ifa=x,x.x, andB =y,y,y3 are two 3-digit numbers, 
then the number of pairs of a and can be formed so 
that a can be subtracted from B without borrowing, is 
(a) 2! x 10! x 10! (b) (45)(55)* 

(c) 37-59-11? (d) 136125 


Permutations and Combinations Exercise 3: 


Passage Based Questions 


« This section contains 5 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I (Q. Nos. 41 to 43) 


Consider the word W=TERRORIST. 


41. 


42. 


43. 


Number of four letter words that can be made using 
only the letters from the word W, if each word must 
contains atleast one vowel, is 


(a) 588 (b) 504 * (c) 294 (d) 600 


Number of arrangements of the word W, if no two R’s 
are together, is 

(a) 11460 —(b) 10400 

(c) 12600 — (d) 9860 


Number of arrangements of the word W, if R’s as well as 
T’s are separated, is 
(a) 9860 (b) 1080 


(c) 10200 —(d) 11400 


Passage II (Q. Nos. 44 to 46) 


Different words are formed by arranging the letters of the 
word ‘SUCCESS’. 


44, 


45. 


The number of words in which C’s are together but S’s 
are separated, is 
(a) 120 

(c) 24 


(b) 96 
(d) 420 


The number of words in which no two C’s and no two 
S’s are together, is 


(a) 120 
(c) 24 


(b) 96 
(d) 180 


+ 2 sees 


ae eee me ~~ . Rn te ee em eT ere 


46. The number of words in which the consonants appear in 
alphabetic order, is 
(a) 42 (b) 40 


(c) 420 (d) 480 


Passage III (Q. Nos. 47 to 49) 


Different words are being formed by arranging the letters 
of the word ‘ARRANGE’. 


47. The number of words in which the two R’s are not 
together, is 
(a) 1260 
(c) 900 


(b) 960 
(d) 600 


48. The number of words in which neither two R’s nor two 
A’s come together, is 


(a) 1260 (b) 900 
. (c) 660 (d) 240 
49, The rank of the word ‘ARRANGE’ in the dictionary is 
(a) 340 (b) 341 (c) 342 (d) 343 


Passage IV (Q. Nos. 50 to 52) 
Let S(n) denotes the number of ordered pairs (x, y) 


ie | 
satisfying -+—=—, Vx, y, ne N. 
x yon 


50. $ (10) equals 
(a) 3 (b) 6 
51. 6) + {7) equals 
(a) S(3) + S(4) (b) S(5) + S(6) (c) S(8) + S(9) (d) S(1) + S(11) 
10 
52. > Sr) equals 


r=1| 


(a) 47 (b) 48 (c) 49 (d) 50 
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(c) 9 (d) 12 
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Passage V (Q. Nos. 53 to 55) 54, The number of solutions of the equation f(n) =n, where 
Let f(n) denotes the number of different ways, the positive né Nis 
integer n can be expressed as the sum of the I's and 2’s. (a) 1 (b)2 (c)3 (d) 4 
For example, f (4) =5 55. In a stage show, f(4) superstars and f(3) junior artists 
ie., 4=14+1414] participate. Each one is going to present one item, then 


fight ger nie at the number of ways the sequence of items can be 
planned, if no two junior artists present their items 
53. The value of f{f(6)} is consecutively, is 
(a) 376 (b) 377 (c) 321 (d) 370 (a) 144 (b) 360 (c) 4320 (d) 14400 


aj Permutations and Combinations Exercise 4: 
Single Integer Answer Type Questions 


ee SE eT I EN TSA REET RARE 


= This section contains 10 questions. The answer to each question is a single digit integer, ranging from 
0 to 9 (both inclusive). 


56. The ten’s digit of 1! +2!+3!+...+97!is 62. If 2A is the number of ways of selecting 3 member 
57. Th -. 400 ; subset of {1, 2, 3, ..., 29}, so that the numbers form 
. The exponent of 7 in “" Co is of a GP with integer common ratio, then the value of 
58 Let P, denotes the number of ways in which three people A is 
can be selected out of n people sitting in a row, in two of 63. In a certain test, there are n questions. In this test, 2”~ R 
them are consecutive. If P, ,, — P, = 15, the value of nis students gave wrong answers to atleast k questions, 


where k = 1, 2, 3, ..., n. If the total number of wrong 


59. If the letters of the word are arranged as in a dictionary. srigwete given ts 127, then thavaluior his 


mand n are the rank of the words BULBUL and NANNU 
respectively, then the value of m— 4n is 64. A 7-digit number made up of all distinct digits 8, 7, 6, 4, 
2, x and y, is divisible by 3. The, possible number of 


60, din . seve . 
An n-digit number is a positive number with exactly n ordered pair (x, y) is 


digits. Nine hundred distinct n-digit numbers are to be 

formed using only the three digits 2, 5 and 7. The 65. There are five points A, B,C, D and E. No three points 

smallest value of n for which this is possible, is are collinear and no four are concyclic. If the line AB 
intersects of the circles drawn throught the five points. 


61. Ifa, b,c are three natural numbers in AP such that The number of points of intersection on the line apart 
a+b+c=21and if possible number of ordered triplet fom Aand Bis 


(a, b,c) is A, then the vlaue of (A — 5) is 


Permutations and Combinations Exercise 5: 
~ Matching Type Questions 


a —_ 
cn 0 Oe ee ee me eee ee ee a 


« This section contains 5 questions. Questions 66 to 70 have four statements (A, B, C and D) given in Column I and 
four statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one 
or more statement(s) given in Column II. 


66. 


Column I Column II 


"+40 .,-7* °C, =15(n + 2), then n equals 
11-" P, =20-"~? P,, then n equals 


™C, =11-" C3, then n equals 


™20,:"" 2p =57: 16, then n equals 
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67. 


Column II 


Column I 


Number of increasing permutations of 
m symbols are there from the n set 
numbers (4,, a, ...,@,), where the 
order among the numbers, is given by 
a, <a,<a,<...<¢4,_1, <a, is 


There are m men and n monkeys. 
Number of ways in which every 
monkey has a master, if a man can 
have any number of monkeys is 


(A) 


(r) 


(B) 


Number of ways in which r red balls 
and (m — 1) green balls can be 
arranged in a line, so that no two red 
balls are together is (balls of the same 
colour are alike) 


Number of ways in which ‘m’ 

different toys can be distributed in n 
children, if every child may received 
any number of toys is 


68. 


Column II 


Column I 


(A) Number of straight lines joining any two of 
10 points of which four point are collinear is 


(B) 


Maximum number of points of intersec- 


tion of 10 straight lines in the plane is 


Maximum number of points of intersection | (r) 
of 6 circles in the plane is 

Maximum number of points of intersection | (s) 
of 6 parabolas is 


(C) 40 


(D) 


69. 


70. 


Consider a 6 x 6 chessboard. Then, match the following 
columns. 


Column I Column Il 


(A) | Number of rectangles is a 
(B) | Number of squares is 


(C) | Number of ways three squares can be 
selected, if they are not in same row 
or column is 


In how many ways eleven ‘+’ sign 
can be arranged in the squares, if no 
row remains empty 


5 balls are to be placed in 3 boxes. Each box can hold all 
the 5 balls. Number of ways in which the balls can be 
placed so that no box remain empty, if 


Column I Column II 


balls are identical but boxes are (p) 
different 
balls are different but boxes are (q) 
identical 


balls as well as boxes are identical 


balls as well as boxes are identical _| (s) 
but boxes kept in a row 


(D) 


a | Permutations and Combinations Exercise 6 : 


Statement | and I Type Questions _ 


ee 2 a err re 


# Directions (Q. Nos. 71 to 82) are Assertion-Reason 
type questions. Each of these questions contains two 
statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 

Each of these questions also has four alternative 

choices, only one of which is the correct answer. You 

have to select the correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement] is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


71. Statement-1 The smallest positive integer n such that 
n! can be expressed as a product of n-3 consecutive 
integers, is 6. 


— 


72. 


73. 


74, 


— . . - a 


Statement-2 Product of three consecutive integers is 
divisible by 6. 


Statement-1 A number of four different digits is 
formed with the help of the digits 1, 2, 3, 4, 5, 6, 7 inal 
possible ways. The number of ways which are exactly 
divisible by 4 is 200. 


Statement-2 A number divisible by 4, if units place 
digit is also divisible by 4. 

Statement-1 The number of divisors of 10! is 280. 
Statement-2 10!=2? .37 .5’ .7°, where p,q,r,seEN. 
Statement-1 Number of permutations of ‘n’ dissimilar 
things taken ‘n’ at a time is ni. 


Statement-2 If n(A) =n(B) =n, then the total number 
of functions from A to Bare n!. 
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15, Statement-1 If N the number of positive integral 
solutions of x, x2 x3 x4 =770, then N is divisible by 4 
distinct prime numbers. 


Statement-2 Prime numbers are 2, 3, 5, 7, 11, 13, .... 


76. Statement-1 The total number of ways in which three 
distinct numbers in AP, can be selected from the set {1, 
2,3, ..., 21}, is equal to 100. 


Statement-2 Ifa, b,c are in AP, thena+c =2b. 


17, Statement-1 The number of even divisors of the 
numbers N = 12600 is 54. 
Statement-2 0, 2, 4, 6, 8, ... are even integers. 


78. Statement-1 A 5-digit number divisible by 3 is to be 
formed using the digits 0, 1, 2, 3, 4, 5 and 6 without 
repetition, then the total number of ways this can be done is 
216. 


Statement-2A number is divisible by 3, if sum of its 
digits is divisible by 3. 


423 


Chap 05 Permutations and Combinations 


79. Statement-1 The sum of the digits in the ten’s place of 
all numbers formed with the help of 3, 4, 5, 6 taken all at 
a time is 108. 

Statement-2 The sum of the digits in the ten’s places = 
The sum of the digits is the units’s place. 

80. Statement-1 There are p 28 points in space no four of 
which are in the same with exception of q 23 points 
which are in the same plane, then the number of planes 
each containing three points is? C, — C3. 
Statement-2 3 non-collinear points always determine 
unique plane. 

81. Statement-1 
Statement-2 


The highest power of 3 in © Cyq is 4. 
If p is any prime number, then power of 


pinn! is equal to} "| 4] 


PS |p’ 
denotes the greatest integer function. 
82. Statement-1 A convex quindecagon has 90 diagonals. 


+ — +.., where [-] 
p 


Statement-2 Number of diagonals in a polygon is 
a 
Cy aa 


a Permutations and Combinations Exercise 7 : 


bod s e e 

Subjective Type Questions 
* In this section, there are 17 subjective questions. 
83, Given that "C,_, +3” Ca—pa, +3. 


"Caccaggt C..45=" C,.Find x 


84. Solve the equation 3**'C, + P,x=4* Az, xEN. 


85. How many positive terms are there in the sequence (x, ) 
195 A, 
4F, Pat 


86. Prove that ""'C,+""'C,>"C, ifn>7. 


<= ne N? 


87, In how many ways can a mixed doubles game in tennis 
be arranged from 5 married couples, if no husband and 
wife play in the same game? 


88. In how many ways, we can choose two teams of mixed 
double for a tennis tournament from four couples such 
that if any couple participates, then it is in the same 
team? 


89. A family consists of a grandfather, 5 sons and daughters 
and 8 grand child. They are to be seated in a row for 
dinner. The grand children wish to occupy the 4 seats at 
each end and the grandfather refuses to have a grand 
child on either side of him. In how many ways can the 
family be made to sit? 


90, A tea party is arranged for 16 people along two sides of 
a large table with 8 chairs on each side. Four men sit on 
one particular side and two on the other side. In how 
many ways can they be seated? 


0 en rn ee en ne ee ee + oe 


—— 


ee 


91. Every man who has lived on earth has made a certain 
number of handshakes. Prove that the number of men 
who have made an odd number of handshakes is even. 

92. A train is going from Cambridge to London stops at nine 
intermediate stations. Six persons enter the train during 
the journey with six different tickets. How many 
different sets of tickets they have had? 


93. n different things are arranged around a circle. In how 
many ways can 3 objects be selected when no two of the 
selected objects are consecutive? 

94, A boat ’s crew consists of 8 men, 3 of whom can only 
row on one side and 2 only on the other. Find the 
number of ways in which the crew can be arranged. 

95. In how many different ways can a set A of 3n elements 
be partitioned into 3 subsets of equal number of 
elements ? (The subsets P,Q, R form a partition if 
PUQUR=A,PHR=6,Q0NR=0,RNP=$.) 

96. A square of n units by n units is divided into n* squares 
each of area 1 sq unit. Find the number of ways in which 
4 points (out of (n +1)? vertices of the squares) can be 
chosen so that they form the vertices of a square. 

97. How many sets of 2 and 3 (different) numbers can be 
formed by using numbers between0 and 180 (both 
including) so that 60 is their average? 


98. There are n straight lines ina plane, no two of which are 
parallel and no three passes through the same point. Their 
point of intersection are joined. Show that the number of 


froshilines thusinteduned: issn (n -1)(n—2)(n -3) 
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99. 6 balls marked as 1, 2, 3, 4, 5 and 6 are kept in a box. 
Two players A and B start to take out 1 ball at a time 
from the box one after another without replacing the 
ball till the game is over. The number marked on the ball 
is added each time to the previous sum to get the sum of 
numbers marked on the balls taken out. 


If this sum is even, then 1 point is given to the player. 
The first player to get 2 points is declared winner. At the 
start of the game, the sum is 0. If A starts to take out the 
ball, find the number of ways in which the game can be 
won. 


Permutations and Combinations Exercise 8: 


Questions Asked in Previous 13 Year's Exam 


ee 


= This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 
to year 2017. 


100. There is a rectangular sheet of dimension 
(2m —1) x (2n — 1), (where m> 0, n> 0). It has been 
divided into square of unit area by drawing line 
perpendicular to the sides. Find the number of rectangles 


having sides of odd unit length. [IIT-JEE 2005, 3M] 
am —1 
an 
(a)(m+n+1) (b) mn(m + 1)(n + 1) 
ga (d) mn? 


101. If the letters of the word SACHIN arranged in all 
possible ways and these words are written out as in 
dictionary, then the word SACHIN appears at series 
number [AIEEE 2005, 3M] 
(a) 603 (b) 602 (c) 601 (d) 600 


102. If r, s, t are prime numbers and p, q are the positive 
integers such that LCM of p,q isr’t‘s”, then the 
number of ordered pair (p, q) is [IIT-JEE 2006, 3M] 
(a) 252 (b) 254 (c) 225 (d) 224 


103. At an election, a voter may vote for any number of 
candidates, not greater than number to be elected. There 
are 10 candidates and 4 are to be selected. If a voter 
votes for atleast one candidate, then number of ways in 


which he can vote, is [AIEEE 2006, 4.5M] 
(a) 5040 (b) 6210 
(c) 385 (d) 1110 


104. The letters of the word COCHIN are permuted and all 
the permutations are arranged in an alphabetical order 
as in English dictionary. The number of words that 
appear before the word COHIN is (IT-JEE 2007, 3M] 
(a) 360 (b) 192 
(c) 96 (d) 48 


105. 


106. 


107. 


108. 


Oe REE Oe TO RE nm Be em em ee 


The set S = {1, 2,3,..., 12} to be partitioned into three sets 


A, B, C of equal size. Thus, 
AUBUC#=S, ANB=BNC=ANC= b. The 


number of ways to partition S, is [AIEEE 2007, 3M] 
12! 12! 
a) —— ae 
«) 31(4!)° ) 3131) 
12! 12! 
fc) 7) —— 
\c) (413 ( Gy! 
Consider all possible permutations of the letters of the 


word ENDEANOEL. Match the statements/ expressions 
in Column I with the statements/ expressions in 


Column II. [lIT-JEE 2008, 6M] 
Column I Column Il 
(A) The number of permutations (p) 5! 


containing the word ENDEA is 


(B) The number of permutations in (q) 2x5! 
which the letters E occurs in the 
first and the last positions, is 


(C) The number of permutations in (r) 1x5! 
which none of the letters D, L, N 
occurs in the last five positions, is 


(D) The number of permutations in (s) 21 x5! 
which the letters A, E, O occur only 
in odd positions, is 


How many different words can be formed by Jumbling 
the letters in the word MISSISSIPPI in which no two S's 
are adjacent? [AIEEE 2008, 3M) 


(a)6-7°C, (b) 6-8.’ C, 

("Cy eC, (d)8-°C,-"C, 

In a shop, there are five types of ice-creams available. A 
child buys six ice-creams. [AIEEE 2008, 3M] 
Statement-1 The number of different ways the child 
can buy the six ice-creams is '°C,. 

Statement-2 The number of different ways the child 
can buy six ice-creams is equal to the number of 


different ways to arranging 6A’s and 4B’s in a row. 
[AIEEE 2008, 3M] 
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(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 

(c) Statement-1 true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true - 


109. The number of 7-digit integers, with sum of the digits 
equal to10 and formed by using the digits 1, 2 and 3 
only, is [lIT-JEE 2009, 3M] 
(a) 55 (b) 66 (c) 77 (d) 88 


110. From 6 different novels and 3 different dictionaries, 4 
novels and 1 dictionary are to be selected and arranged 
in a row on a shelf so that the dictionary is always in the 
middle. Then, the number of such arrangements is 

[AIEEE 2009, 4M] 
(a) atleast 1000 
(b) less than 500 
(c) atleast 500 but less than 750 
(d) atleast 750 but less than 1000 


111. There are two urns. Urn A has 3 distinct red balls and 
umm Bhas 9 distinct blue balls. From each urn, two balls 
are taken out at random and then transferred to the 
other. The number of ways in which this can be done, is 

[AIEEE 2010, 4M] 
(a) 36 (b) 66 (c) 108 (d) 3 

112. Statement-1 The number of ways distributing 10 
identical balls in 4 distinct boxes such that no box is 
empty, is °C. 


Statement-2 The number of ways of choosing any 3 

places from 9 different places is ME 3 [AIEEE 2011, 4M] 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


113, There are 10 points in a plane, out of these 6 are 
collinear. If N is the number of triangles formed by 


joining these points, then [AIEEE 2011, 4M} 
(a) N > 190 (b) N $100 
(c) 100 < N $140 (d) 140 < N $190 


114. The total number of ways in which 5 balls of different 
colours can be distributed among 3 persons, so that each 
person gets atleast one ball is [IIT-JEE 2012, 3M] 
(a) 75 (b) 150 (c) 210 (d) 243 


" Directions (Q. Nos. 115 to 116) Let a, denotes the 
number of all n-digits positive integer formed by the 
digits 0, 1 or both such that no consecutive digits in 
them are 0. Let 6, be the number of such n-digit 
integers ending with digit 1 andc, be the number of 
such n digits integers ending with digit 0. 
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115. The value of bg, is [IT-JEE 2012, 3+3M] 
(a)7 (b) 8 (c) 9 (d) 11 

116. Which of the following is correct? 
(a) a7 = a5 + a5 (b) G7 # Cry + C5 
(c) By7 FO, + Me (d) a,7 = cy7 + By 

117. Assuming the balls to be identical except for difference 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


in colours, the number of ways in which one or more 
balls can be selected from 10 white, 9 green and 7 black 
balls, is [AIEEE 2012, 4M] 
(a) 630 (b) 879 (c) 880 (d) 629 

Let T,, be the number of all possible triangles formed 
by joining vertices of an n-sided regular polygon. If 


Tn +1 — In = 10, the value of n is [JEE Main 2013, 4M] 
(a) 5 (b) 10 (c) 8 (d) 7 


Consider the set of eight vectors 
V=[a i+b jte k: a, b,c € {—1,1}]. Three non-coplanar 
vectors can be chosen from V in 2? ways, then p is 

[JEE Advanced 2013, 4M] 


Let n, <n2 <n; <n, <n, be positive integers such that 
ny +n tng +n4 +n, =20, the number of such distinct 
arrangements (1,,72,73,M4,M5) is 

[JEE Advanced 2014, 3M] 


For n2 2 be an integer. Take n distinct points on a circle 
and join each pair of points by a line segment. Colour 
the line segment joining every pair of adjacent points by 
blue and the rest by red. If the number of red and blue 
line segments are equal, the value of n is 

[JEE Advanced 2014, 3M] 


Six cards and six envelopes are numbered 1,2,3, 4,5,6 and 


cards are to be placed in envelopes, so that each 

envelope contains exactly one card and no card is placed 

in the envelope bearing the same number and moreover 

the card numbered 1 is always placed in envelope 

numbered 2. Then the number of ways it can be done, is 
[JEE Advanced 2014, 3M] 

(a) 264 (b) 265 

(c) 53 (d) 67 

The number of integers greater than 6000 that can be 

formed using the digits 3,5,6,7 and 8 without repetition, 


is [(JEE Main 2045, 4M] 
(a) 120 (b) 72 
(c) 216 (d) 192 


Let n be the number of ways in which 5 boys and 5 girls 
can stand in a queue in such away that all the girls stand 
consecutively in the queue. Let m be the number of ways 
in which 5 boys and 5 girls can stand in a queue in such 
a way that exactly four girls stand consecutively in the 


m. 
queue, the value of — is 
n [JEE Advanced 2015, 3M] 
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125. If all the words (with or without meaning having five 
letters, formed using the letters of the word SMALL and 
arranged as in a dictionary, then the position of the 
word SMALL is [JEE Main 2016, 4M] 
(a) 59th (b) 52nd (d) 46th 


A debate club consists of 6 girls and 4 boys. A team of 4 
members is to be selected from this club including the 
selection of a captain (from among these 4 members) for 
the team. If the team has to include at most one boy, 
then the number of ways of selecting the team is 

[JEE Advanced 2016, 3M] 


(c) 58th 
126. 


(a) 380 
(c) 260 


127. 


(b) 320 
(d) 95 


A man X has 7 friends, 4 of them are ladies and 3 are 


men. His wife Y also has 7 friends, 3 of them are ladies 
and 4 are men. Assume X and Y have no common 
friends. Then the total number of ways in which X and ¥ 
together can throw a party inviting 3 ladies and 3 men, 
so that 3 friends of each of X and Y are in this party, is 


(a) 484 
(c) 468 


Answers 


Exercise for Session 1 


1. (c) 2. (b) 3. (c) 4. (a) 5. (c) 6. (b) 
7.(c) 8. (c) 9. (b) 10.(b) ‘11. (d) 
Exercise for Session 2 
1.(b) 2. (c) 3. (c) 4. (d) 5.(d) 6. (b) 
7.(d) 8. (a) 9. (b) 10.(c) 11. (b) 12. (b) 
13.(b) 14. (b) 15. (b) 16. (d) 
Exercise for Session 3 
1. (a) 2. (c) 3. (a) 4. (b) 5. (c) 6. (c) 
7.(b) 8. (b) 9. (a) 10.(a) ‘11. (a) 
Exercise for Session 4 
1. (d) 2. (b) 3. (d) 4. (c) 5. (a) 6. (c) 
7.(a) 8. (b) 9. (b) 10.(d)  I1.(a) 12. (d) 
13.(a) 14. (d) 15. (d) 16.(c) 17.(b) 18. (a) 
Exercise for Session 5 
I.(c) 2. (c) 3. (d) 4. (a) 5.(b) 6. (b) 
7. (d) 8. (a) 9. (c) 10. (c) l1.(d) 12. (a) 
13.(b) 14. (c) 15. (d) 16.(c)  17.(b) 18. (c) 
Exercise for Session 6 
He(c). 2. (c) 3. (a) 4. (a) 5, (b) 6. (a) 
7.(c) 8. (c) 9. (c) 10.(a)  W.(d) 12. (b) 
13.(a) 14. (c) 15. (b) 16.(b)  17.(c) 18. (d) 
19.(c) 20. (d) 21. (c) 22.(b)  23.(a) 24. (a) 
25.(b) 26. (c) 27. (c) 28. (b) 
Exercise for Session 7 
1.(b)  2(d) 3.(a) -4.(c)  5.(C) 


Chapter Exercises 


I. (c) 2. (a) 3. (c) 
7. (a) 8. (b) 9. (b) 
13.(b) 14. (b) 15. (c) 
19.(d) 20. (b) 21. (c) 
25.(c) ° 26. (a) 27. (d) 


31. (a,c) 32. (a,b,c,d) 33. (a,b,c,d) 


36. (b,d) 37.(a,c) 38. (b,c) 
41.(a) 42. (c) 43. (c) 
47.(c) 48. (c) 49. (c) 
53.(b) 54. (c) 55. (d) 
59.(3)  60.(7) 61. (8) 
65. (8) 


[JEE Main 2017, 4M] 


(b) 485 
(d) 469 

4.(b)  5.(c) —-6.(c) 
10.(d) 14.(a) ‘12. (d) 
16.(a) 17.(d) 18. (c) 
22.(d) 23.(d) 24. (d) 
28.(a)  29.(c) 30. (b) 


34. (a,d) 35. (a, c) 
39, (a,b,c,d) 40. (b,c,d) 


44.(c)  45.(b) 46. (a) 
50.(c)  51.(c) 52. (b) 
56.(1) 57.(0) 58. (8) 
62.(6)  63.(7) 64. (8) 


66. (A) > (q); (B) > (1); (C) > (s); (D) > (p) 


67. (A) > (r); (B) > (s); (C) > (q); (D) > (p) 
68. (A) > (r); (B) — (s); (C) > (p); (D) > (q@) 
69. (A) — (s); (B) > (x); (C) > (s); (D) > (p) 
70. (A) > (s); (B) — (q); (C) > (p); (D) > (s) 


71.(b) 72. (c) 73. (d) 74.(c)  75.(d) 76. (b) 
77.(b) 78. (d) 79, (a) 80.(d)  81.(d) 82. (a) 
83.x=n+3 84.x=3 85.4 87. 60 88. 42 
89. 11520 90.°P,x®P,x10! 92. “C, 

93, AMS) gg 172g 95, Gm! gg, wt!) 

6 6(n!)° 2 

97. 4530 99.96  100.(d) 101.(c) 102. (d) 
103.(c) 104. (c) 105. (c) 
106. (A) — (p); (B) > (s); (C) > (q); (D) > (q@) 
107.(c) 108. (a) 109.(c) 180.(a) 01. (c) 112. (a) 
113.(b) 114.(b) = 115.(b) =—:116. (a) )—sd117. (b) «1:18. (a) 
119.(5) 120.(7) #20.(5) 122. (c) 123. (d)_—«'124. (5) 
125.(c) 126. (a) 127. (b) 
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olutions 


1. °C,- "703, = °C, - "Cy 


= 126-35 =91 


2, Leta =2x —1,b =2y —1,c =2z -1,d =2w-1 


where, x,y,z,wEN 
Then, a+b+c+d=20 
= xXxtytzt+w=i12 


.. Number of ordered quadruplet = '?~"C, _, 


. [=LCM of 8!, 10! and 12! = 12! 


and h = HCF of 8!, 10! and 12! =8! 


I 12! 
ae eee ane 


h 


a OM ie — < 100 


= ig.e'™C £100 
(n+1)n(n-1) (n+1)n 
ee 
= n(n + 1)(n — 4) $600 
It is true for n = 2, 3, 4, 5, 6, 7, 8, 9 


$100 


. Coefficient of x"! in(x + x2 + x? + x4 + x° + x)? 


= Coefficient of x* in 
(lt xtx?t xt xt +x)? 
= Coefficient of x® in(1 — x°)?(1 — x) 
= Coefficient of x® in(1 —3x°)(1 + 3Cx+...) 


=", -3 x ‘C,=45 -18=27 


. "Cy,n € N, infinite numbers. 


7. ‘: 13 lines pass through A and 11 lines pass through B. 


9. 


.. Number of intersection points 


=", - 8c, -"C, +2 [ two points A andB] 


= 535 
a = 182be 

=> (x + 2)!= 182 x “BR, x(x -11)! 
> (x + 2)!=182 x x! 
=> (x+2)(x+1)=14 x13 
= x+1=13 

x=12 
645x54+5xX5x4=131 


10. The letters in alphabetical order are abcde 


a-— 4!=24 db + 3'=6 


11. 


12. 


13. 


14. 


15. 


16. 
17 


18. 


19. 


20. 


21. 


b— 41=24 dc > 3'=6 
c— 4!=24 dea > 2!=2 
da— 3'=6 debac > 1 


.. The rank of debac = 24 + 24+ 244+6+6+6+2+1=93 
Number of different tickets 
=20+19418+17+...4¢34+2+1=210 


Let A = {a, a2, @3,..., Aq} 
(i)qePajeQ (ii)aeP,a¢Q 
(iii) a € P,ajEQ (iv) a, € P,a; €Q, wherelSiSn 
~ PAQ=6 [cases in favour 3 i.e., (ii), (iii), (iv)] 


.. Required number of ways = 3” 

Total points on all three lines=m+n+k 

. Maximum number of triangles = "*"**C, — "C, - "C, - *C, 

Required number of triplets = Total number of triplets without 

restrictions — Number of triplets with all different coordinates 
= n = "Ps 

Let middle largest digit be r, then digits available for remaining 

four places are 0, 1, 2, 3,.... r—1. 

Number of ways filling remaining four places 


9 9 
= XP, -"'P)= L(r-1)x""'Py 
r=4 r=4 


=3x°Ph+4x'P+5x °P, 
+6 °P,+7% 'P, +8 *P, 
= 5292 =27-3°.77 
Required number of words = 6! —5!—5! + 4!=504 


Let x, y, z be the friends and a, b, c denote the case when x is 
invited a times, y is invited b times and z is invited c times. 
Now, we have the following possibilities (a, b, c) =(1, 2,3) or (2, 
2, 2) or (3, 3, 0) (grouping of 6 days of week] 
Hence, the total number of ways 

6! 6! 3! 6! 3! 


= ——— 4 _ x — 4 —_yx 
1!2!3! 2!2t2! 3! 3'3!0! 2! 


= 360 + 90 + 60 =510 


If y =n, then x takes values from 1 ton — 1 andz can take 


values from 0 ton (i.e., (2 + 1) values). Thus, for each value of 
y (2S y $9), xandz take (n — 1)(n + 1) values. 


Hence, the 3-digit numbers are of the form xyz 


= Finis 1)= ¥ (n? —1)=276 
x=2 x=2 


The letters in alphabetical order are EEMRTU 
E—5!=120 
MEERTU > 1!=1 
MEERUT -> 1 


Rank of MEERUT = 120 + 1+ 1 =122 


The candidates can be ranked in 10! ways. In half of these 
ways, A, is above A, and in another half, A, is above A). So, 


required number of ways = 10! 
2 


Any selection of four digits from the ten digits 0, 1, 2, 3, ..., 9 
gives one number. 


So, the required number of numbers = °C, = 210 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


As 0 <x <1, we have p<q 
The number of rational numbers =5 + 4+3+2+1=15 
When p, g have a common factor, we get some rational 


numbers which are not different from those already counted. 


223 4 
There are 4 such numbers -, -, -, —. 
46 6 6 


. The required number of rational numbers = 15 — 4 = 11 
We have, 
24=2x3xX4=2xX2 x6 
=1xX6xX4=1x3 x8 
=1xX2xX12=1X1 x24 
The number of positive integral solutions of xyz = 24 is 


3! 3! 
3!+ — + 31+ 31+ 3!+ — =30 
2! 2! 
and number of integral solutions having two negative 
factors is °C, X30 =90. 
Hence, number of integral solutions = 30 + 90 = 120 


Total number of triangles = Number of triangles with vertices 
on sides [(AB, BC, CD) + (AB, BC, DA) + (AB, CD, DA) 


+ (BC, CD, DA)] 


=" Gx 6 °C eC. & Ce Cx" xc 


NGS GSAS 


= 60 + 72 + 90 + 120 =342 
‘* 16 horses = 10 horses + (A, B, C, D, E, F) 


.”. The number of ways = °C; x (Number of ways of choosing 
out of A, B, C, D, E, F, so that AD, BE and CF are not together) 


= C, x (One from each of pairs AD, BE, CF) 


= a oF x es x *G, x *e = 960 


We have, P+ai?+bit¢c=0 
and (~i)* + a(-i)* + K-i)+c=0 
= (c-—a)+(b-1)i=0 
and (c-—a)-i(b-1)=0 
=> b=),4e=¢ 


Thus, total number of such polynomials = '°C, = 10 


{as LCM of x, x2, X3, .. 


Let ‘1’ be associated with ‘r’, r € {1, 2, 3, 4, 5}, then ‘2’ can be 


associated with rrt+i,... 
3 can be associated with j, j + 1,..., 
of functions 


5. Thus, required number 


y [S6- i}. 5 OAD ass 


r=] \ ja r=l 
Clearly, each player will play 9 games. 
Total number of games = ‘°C, = 45 


Clearly, w, + 4 =9 and Zw, =24=45 


» X% is n] 


5. Let ‘2’ be associated with ‘j’ then 


30. 


31. 


32. 


33 


34. 


35. 


36. 


=> w, =9- 1 => w/ =81 - 1844? 
=Z81-18L 4+ 21’ 
=81x10-18x 45+ LI? =Li? 


=> lw? 
The number of matches in the first round = °C, + °C, =30 
The number of matches in the next round = °C, = 15 


and the number of matches in the semi-final round = ‘C, =6 


.. The required number of matches = 30 + 15 + 6 + 2=53 


[‘ for ‘best of three’ atleast two matches are played] 
E,(300!) = [300 | | Eas Eu " ed is pu | 
Lai is Pil bs] 
=100+334+11+3+1=148 
m= 148 


[150 | 


150. 


Fale mien 
=75+37+18+9+4+2+1=146 

n —2=146 

=> n=148 

E,(102!) = 98 , E,(102!) = 49, 

E,(102!) = 24 and E,(102!) = 16 

© =98, B= 49, y=24and 6 =16 

Triplets with 


Eau 


(i)x=y<z (ii) x<y <z 
(iii) y <x <z 
can be chosen in"*'C,,"*'C,,"*'C; ways. . 


a. geric +" QJ = ie oo pre, 


mote re, 

_ n(n + 1)(2n + 1) 

7 6 
When x is odd 
Cauisiplate filled by 1, 3, 5, 7, 9. 

x=8X8 X7 X5 =2240 

When x is even 
Unit's place filled by 0, 2, 4, 6, 8. 
y =8X8X7X449X8X7X1=2296 
=> x<yand|x—y|=56 


> minA 
AEX 
ani a-l aml 
Yxrn-r)=ny¥r- Yr’ 
r=1 r=1 r=] 
- n(n—-1)n _ (n —1)n(2n ~1) 
2 6 
_(n+1)-n-(n-1)_ oe n(n” - 1) 
1-2-3 6 
"! p = 2520 =2°-37-5).7! 


=6-27.3'.5'.7' =9. 2°.5!.7! 
x =(2+1)(1 + 1)(11 + :1)(1 + 1) =24 
and y=(3+1)(11+1)(1 +1) =16. 
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37. 


38. 


39, 


40. 


41. 


42. 


VX tx. + x3 4+...4+ 4%, =7, Vx 21,(1 Si Sn) 
Total number of such solutions = "~'C,_, ="~'C,_, 
Vxtx+t1l+y=24 

=> y =23 -2x 


Let N = Total number of fights subject to the éendition that 
any two children of one team do not fight. 


N= "C=C, + 70,4 7C;) 
= 4C,-(7C, + ePIC 4 aie! 
= 23 -3x? + 45x 


—=0-6x+ 45 


For maximum or minimum, put = =0 => x=75 


> x=7 [. xeT] 
2 
Now, <0 


“. N will be maximum when x =7 

and =N=23~3(7)? + 45x7=191 

VxXtyt+z=3n 

=> N=Coefficient ofa™ in(i+a+a?+...4a7) 
= Coefficient of a™ in(1-a”* a <ay 
=Coefficient ofa™ in(1-3a*') (1 + *C,a +...) 
ies Ce BO NG ‘ 
= *+2C, -3."*1¢C, =3n? + 3n41 

. N-1=3n(n +1) i 

Since, & can be subtracted from B without borrowing, if y; 2 x;, 

for i =1, 2,3. . 

Let x =A 

Ifi=1,then A =1,2,3,...,9 

and if i = 2 and 3, then A = 0, 1, 2,3,...,9 

Hence, total number of ways of choosing the pair a, B 


‘G 9 9 2 
=| ¥(10- »| f (10 - ») = (45)(55)" 


\A=1 


A=0 

There are 9 letters 

T, T,R,R,R,E,0,1,S 

4. =Number of four lettered words (no restriction) 
Coefficient of x‘ in 


fis? +2 £424 Zhi = 626 
La 1! 2! 


t = Number of four lettered words (no vowels) 
= Coefficient of x* in 


2 
x x 
oft4 242 14240 4e fit a)= 38 
ce ee 1! 2! 


. Required ways (atleast one vowel) = 626 — 38 = 588 
xTxExOx[xSxTx 
There are 7 available places for RRR. 


t 
“. Required ways = ’ C; x - = 12600 


43. 


45. 


46. 


47. 


48. 


49. 


Chap 05 Permutations and Combinations 429 


xExTTx«OxJ[«S~ 
Number of ways having TT together and RRR separated 
= °C, x 5!= 2400 


Hence, number of arrangements of the word W, if R's as well 
as T's are separated = 12600 — 2400 = 10200 


~ *UxCCxEx 


Hence, required number of ways = *C, x3!=24 


xUxCxCxEx 
There are five available places for three SSS. i 
‘. Total number of ways no two S’s together = °C; x = = 120 


Hence, number of words having CC separated and SSS 
separated = 120 — 24 = 96 


7! 
Total number of ways = ai = 420 


Consonants in SUCCESS are S, C, C, S,S 5! 


Number of ways arranging consonants = Saal =10 


Hence, number of words in which consonants appear in 
420 

alphabetic order = — = 42 
10 

xAx AxNx«GueEx 5! 

Hence, required number of ways = °C) x ra = 900 

The number of ways in which two A's are together 

ie. x AAxN« Gx Ex is °C, x 4!=240 


Hence, number of ways in which neither two R's no two A's 
come together = 900 — 240 = 660 


The letters in alphabetical order are AAEGNRR 
! 
AA~ - =60ARA —- 4! =24 


! 

AE > =60ARE 4!=24 
5! 

AG 5 =60ARG— 4!=24 


1 
AN = =60ARN 4!=24 


ARRAE > 2!=2 ARRAG —> 2! =2 

ARRANEG > 1 ARRANGE -> 1 

*, Rank in dictionary 

= 60 + 60 + 60 + 60 + 24+ 244+ 244244242414 1=342 


# Sol. (Q. Nos. 50-52) 


Bg Bea => (x—n)(y—n)=n? 
x yioa 


n 
xentdAyy=nt— 
A 


where, A is divisor of n’. 
The number of integral solutions (x ,y) is equal to the number 
of divisors of n?. 


If n =3,n? =9 =37, then the equation has 3 solutions. 


(x, y) =(4, 12), (6, 6), (12, 4) 
10? = 27-5? 
S(10) =3 x3 =9 


WWW.JEEBOOKS.IN 


430 = Textbook of Algebra 


51. °. 6? =2?.3? 
=> S(6)=3xX3=9and7? = S(7)=3 
S(6) + S(7) =12 
Also, 8? =2° 
= S(8)=7and9? =3* ==> S(9)=5 


S(8) + S(9) =12 
=> $6) + S(7) =S(8) + S(9) =12 


52. : 1? S(1) =1,2? > S(2) =3,3" > S(3) =3, 
4? ~ 2°  S(4) =5, 57 > S(5) =3, S(6) =9 
S(7) = 3, S(8) =7, S(9) =5 and S(10) =9 [from above] 
5 sr) = S(1) + S(2) + S(3) + S(4) + S(5) 
ss + S(6) + S(7) + S(8) + S(9) + S(10) 
=1434+34¢54¢34+94¢34+74+54+9=48 
53. f(6) = Co + °C, + {Cz + °C, =13 
 FULO} = £13) ="Cy + PC, + UC, + C3 +°C, + CS + "Cy 
=1+12 +55+120 + 126 +56+7 =377 
54. +2 f(t) = "Cy =1, f(2) = Cy + 'C, =2, (3) = °C, + °C, =3, 
f(4) =5 [given] 


55. 


56. 


and f(5) = °C) + ‘C, + °C, =8 
Thus, we say that f(n) > n for n = 4, 5, 6, ... 
Hence, number of solutions for f(n) =n is 3. 
Number of superstars = f(4) =5 
and number of junior artists = f(3) =3 

xS, XS, XS; xS, XS5 x 
..Required number of ways = °C, x 5! x3! = 14400 


[S; for superstars] 


For n 2 10, the number of zeros inn! 22 


+ 224+ 3!+ 414...497!=...13 
+. Ten’s digit =1 


! 
57.-: C= 
(50!) 
E,(100!) = eae =1442=16 
and E,(50!) = BE 3. 741=8 


58. 


59. 


*, E,in('Csy) =16 -2 X8 =0 

"IC, —" "Cy =15 
= n=8 [+ B ="~7C5) 
For BULBUL, the letters in alphabetical order are BBLLUU 
BB— = =6 BULBLU- 1 


! 
BL 57 12 BULBUL— 1 


3! 
BU > — =39 
2! 
m=6+12+3+1+1=23 
For NANNU 


The letters in alphabetical order are ANNNU 


4! 


aes 4NANNU > 1 


n=4+1=5 
Hence, m — 4n =23 — 20 =3 
60. Each of the n digits can be anyone of the three 2, 5 or 7. 
*. The number of n-digit numbers is 3”. 
=> 3" >900 


=> n=7, 8,9... 
Hence, smallest value of n is 7. 


67. a+ b+c=21>3b =21 >) =7 [atc =2b] 


=> a+b+c=21>a+c=14 
=> 0 =) 3 
Hence, 4 -5=13-5=8 
62. 2 =Number of selecting 3 member subsets of {1, 2, 3, .... 29} 
which are in 
GP with common ratio (2 or 3 or 4 or 5). 
[29] [29] [29]. [29 | 
“La? Led" Lal Ls 
=7+3+1+4+1=12 
i =6 
63. The number of students answering exactly i(1 $i $n-1) 
questions wrongly is 2”~' — 2”~‘~". The number of students 
answering all n questions wrongly is 2°. 
Hence, the total number of wrong answers 


n-1} 
SY iar —ar-8 9 + nf2°) = 127 


epg pe? agar 9 as eg! yep? a7 
=> 2” —31=127 
=> 2” = 128 =2’ 


oe n=7 
64. The sum of digits is divisible by 3. 
ie.,8+7+6+4+2+x+ yor27 + x+y is divisible by 3 
*. x + y must be divisible by 3. 
Then, possible ordered pairs are 
(0, 3), (3, 0), (1, 5), (5, 1), (0, 9), (9, 0); (3, 9), (9, 3) 
. Number of ordered pairs = 8 


65. Number of circles through ACD, ACE, ADE intersect the line 
AB =3 and 
Number of circles through BCD, BCE, BDE intersect the line 
AB =3 and 
Number of circles through CDE intersects the line AB =2 
Hence, number of points of intersection =3+3+2=8 

66. (A)"*‘'C.4,-77 3G, =15(n + 2) 


= aes + **9C —"t59C =15(n +2) 
= n+3c., =15(n+2) 
=> + 3C, =15(n + 2) 
=> O29 15 => n=27 
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(B) 11-"P, =20."~ *P, 
=> 1L.n(n -1)(n —2)(n —3) =2Qn — 2)(n —3)(n — 4)(n -5) 
= 11n(n — 1) =2Q(n — 4)(n —5) [-.:n # 2, 3} 
=> 9n* —169n + 400 =0 


n=16 > n +2 
(©) *G= 117, 
2n(2n—1)(2n—2) _ 
1-2-3 


11-n(n—1)(n—-2) 
1-2-3 


> 


n=6 
wet, 57 
a 16 


(D) "Ge" “4p = 57:16 => 


_, (2+2) n+1 (n) (n-1) es | 


: ae a 
> (n + 2)(n + 1) n(n — 1) =21-20-19-18 
n=19 


(B) Required ways=mXmxXmxX...Xm=m 
atime 
(C)xGxGxGxGx...xGx 
Here, number of gaps for red balls=m—-1+1=m 
‘. Required ways = "C, 


nXnXnX...XN mn 


(D) Required ways = =n 


m times 
68. (A) Required lines = °C, - ‘Cc, +1 = 40 
(B) Maximum number of points = '°C, = 45 
(C) Maximum number of points = °C, x2 = 30 


(D) Maximum number of points = °C, x 4 = 60 


69. (A) Number of rectangles = ’C, x’C, = 441 
[select two vertical and two horizontal lines] 
(B) Number of squares = 1? + 2? +3? + 47 +57 +67=91 


(C) First square can be selected in 36 ways, second square 
can be selected in (36 —-6 —5) =25 ways and third 
square can be selected in (25 —5 — 4) = 16 ways. 


. Required ways = 36 X 25 x 15 = 2400 
(D) a, + a, + a3 + a, + a5 +a, =11 
where, 4}, @, Q3, 4, As, Gs, 21 


. Required ways = ''~'C,_, = °C; 


70. (A)[ JT Jor [|_| |Required ways 
=1x1x1x > +IXIX1x5 =6 


(B) [TT Jor [ | | |Required ways 


=O X*GXIG | PC XC X'G _ 


25 


2 2 
(Cc) [| Jor (_L_[_ Required ways= 111 +1x1x1=2 
(D)[ | [J or{ | | ]Required ways =3 +3 =6 


71. 


72. 


1. % 


74, 


15. 


76. 


77. 


78. 


79. 


Chap 05 Permutations and Combinations 431 


Statement-1 is True 


6!=720 =8x9%x10 ie., Product of 6—3 =3 consecutive 
integers and Statement-2 is also true, but Statement-2 is not a 
correct explanation for Statement-1 


For the number exactly divisible by 4, then last two digits must 
be divisible by 4, the last two digits are 12, 16, 24, 32, 36, 52, 56, 
64, 72, 76. Total 10 ways. 


Now, the remaining two first places on the left of 4 digit 
numbers are to be filled from remaining 5 digits and this can 
be done in °P, =20 ways. 
.. Required number of ways = 20 x10 = 200 
Hence, Statement-1 is true and Statement-2 is false. 
10! = 2°.34 .5?.7! 
.. Total number of divisors 

= (8 + 1)(4+1)(2+1)(1+1)=270 
Hence, Statement-1 is false and Statement-2 is true. 
‘’ Number of permutations of n dissimilar things taken n at a 
time ="P, =n! 
. Statement-1 is true and Statement-2 is false. 

[." number of function = n"] 

*S Xy X_qX3X%q =2-5-7-11 
Each of 2, 5, 7, 11 can assign in 4 ways. 
.. Required number of solutions = 4x 4x4x4= 44 =2° =256 
Hence, Statement-1 is false and Statement-2 is true. 
vatc=2b 
i.e., sum of two numbers is even, then both numbers are even 


or odd. In {1,2,3,4,...,21}, 11 numbers are odd and 10 numbers 
are even. 


Then, total number of ways ="C,+'°C, =55 + 45 = 100 
Hence, both statements are true but Statement-2 is not a 
correct explanation for Statement-1. 

“* N = 12600 =2°>-37-5?-7! 

.. Number of even divisors = 3-(2 + 1)-(2+ 1)-(1+ 1) =54 
Both statements are true but Statement-2 is not a correct 
explanation for Statement-1. 


We know that a number is divisible by 3, if the sum of its digits 
is divisible by 3. Now, out of 0, 1, 2, 3, 4, 5, 6 if we take 1,2,4,5,6 
or 1,2,3,4,5 or 0,3,4,5,6 or 0,2,3,4,6 or 0,1,3,5,6 or 0,1,2,4,5 or 
0,1,2,3,6 


Total number of ways = 2 x °P; +5 x( °P;—*P,) 
= 240 + 480 
=720 
Statement-1 is false, Statement-2 is true. 


The sum of the digits in the ten’s place 
= The sum of the digits in the unit's place 
=(4-1)'(3+ 4+5+6)=108 
Both statements are true and Statement-2 is a correct 
explanation for Statement-1. 


80. Number of planes each containing three points 


= °C,-1C, +1 


“. Statement-1 is false and Statement-2 is always true. 
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81. Ser a a = af 
resi. 
1501, [50], [507 
eS Lo Lal" il . 


=164+54+1+4+ 0+...= 22 

[40] [40] [40] [40], 
Lai bo SL Le 
=13+4+1+0=18 


y 1101, [10] P10 1 
and TS LoS Lal 


Hence, highest power of 3 in ™C,) =22—(18 + 4) =0 


E,(40!) = 
. =3+1+0=4 


Statement-1 is false, Statement-2 is true. 

82. Number of diagonals in quindecagon ="C; —15=105-15=90 
Both statements are true and Statement-2 is a correct 
explanation for Statement-1. . 

83. We have, "Cy, +3”Ca-ra1 +3”°Co-pe ot" Carp3= CG 
Ct Ca) PO Cag Oat Gee Ga) eG 


n+1A 


‘ l~A atin _*n 
ad n-r+1 +3."" Crrt2t Cp+rtg = ©, 


eS O'S cat Cree tC "Cee Ch-ro3) = *C, 


ad IC ot Ca G 
= i “Ck 3="C, 
ies m0 =. [ "C="C,4] 
Hence x=n+3 
84. We have, 3710, + Px =4"A, 
— Me UY opiates di Heth 
1:2 
° 3x? +3x+ 4x =8x"-8x 
—) 5x? -15x =0 
rc) 5x(x-3) =0 
: x#0 [x € N] 
Hence, x =3 is the solution of the given equation. 
85. We have, x, = ae ms 
4P, Fao 
_ 195 (n+3)(n+2)(n+1) 
7 ant (n+1)! 
195 _(n+3)(n+2) 
~4en! n! 
_ 195-4n*-20n-24 _ 171-4n* —20n 
. 4-n! 7 4-n! 


X, is positive. 
171 —4n’ -20n 
4-n! 
=> 4n’ + 20n—171 <0 
which is true for n = 1,2,3,4 
Hence, the given sequence (x,) has 4 positive terms. 
86. We have, ais Oo aa oF SC, ty "C+" 7 ="1C] 


= *Cy>"Cy 


>0 


87. 


88. 


89. 


90. 


91. 


arranged = °P, 


n! n! 

° ———_ > —__— 

4'(n—4)! 3!(n-3)! 

. 1 1 
= > ——-____ “1m! = mm-1)!] 
4n—4)! (n-3)(n-4)! ! 

n-3>4 2 n>7 
Now, let sides of game be A and B. Given 5 married couples, 


i.e., 5 husbands and 5 wives. Now 2 husbands for two sides A 
and B be selected out of 5=°C, = 10 ways. 

After choosing the two husbands their wives are to be 
excluded (since no husband and wife play in the same game). 
So, we are to choose 2 wives out of remaining 5 -2 =3 wives 
ie., °C, =3 ways. Again two wives can interchange their sides 
A and B in 2! 


By the principle of multiplication. 


=2 ways. 


The required number of ways = 10 X3 x2 = 60. 

Case I When no couple is chosen 

We can choose 2 men in “C, =6 ways and hence two teams 
can be formed in 2 x6 = 12 ways. 

Case II When only one couple is chosen 

A couple can be chosen in “C, = 4 ways and the other team can 
be chosen in °C,x?C, =6 ways. Hence, two teams can be 
formed in 4 x6 = 24 ways. 

Case III When two couples are chosen 

Then team can be chosen in *C, = 6 ways. 

Hence, total ways = 12 + 24+6 = 42. 

The total number of seats 


= 1 grandfather +5 sons and daughters +8 grand children =14 


The grand children with to occupy the 4 seats on either side of 
the table 4! ways = 24 ways 


and grandfather can occupy a seat in (5-1) ways = 4 ways 
[Since 4 gaps between 5 sons and daughters} 

and the remaining seat can be occupied in 5! ways 

[5 seats for sons and daughters] 

Hence, required number of ways, By the principle of 

multiplication law = 24 x 4x 120 = 11520 

There are 8 chairs on each side of the table. Let sides be 

represented by A and B. Let four persons sit on side A, then 

number of ways arranging 4 persons on 8 chairs on side 

A = *P, and then two persons sit on side B, then number of 

ways arranging 2 persons on 8 chairs on side B = *P, and 

arranging the remaining 10 persons in remaining 10 chairs in 

10! ways. 


= 120 ways 


Hence, the total number of ways in which the persons can be 


.gt | 
xp x 19} = 88110! 
416! 


The total number of handshake participations by all men what 
so ever is an even number, which is twice the number of 


handshakes. 

The sum of all participations by men having an even number 
of handshakes is an even number, which is the sum of several 
even numbers. 

The sum of all participations by men fs an odd number of 
handshakes is an even number, which is an even number 
minus an even number. 
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92. 


93. 


94. 


The number of men having an odd number of handshakes 
must be even for the sum of the odd numbers of their 
participations be even. 


C—+——_+—__-»—_+__»—__1—_+—_+—__o | 
S, So S3 Sq Ss Sg Sz Sg Sg 
For S,, 9 different tickets are available, one for each of the 
remaining 9 stations, similarly at 52, 8 different tickets are 
available and so on. 
Thus, total number of different tickets 
=94+84+74+64+54+44+34241=45 
So, the six different tickets must be any six of these 45 and 
there are evidently as many different sets of 6 tickets as there 
are combinations of 45 things taken 6 at a time. 


Hence, the required number = *°C,. 


Let the object be denoted by ay, a2, a3,..., a, arranged in a circle, 
we have to select 3 objects so that no two of them are 
consecutive. For this, we first find the number of ways in 
which 2 or 3 objects are consecutive. Now, number of ways in 
which 2 or 3 objects are consecutive, is obtained as follows 
with a,. The number of such triples is 

0705, A070 4, A2As, ..., QA2A, — 1. 

(Since, we have excluded a,aza,, so it will be repeated again. If 
we start with a,, then we shall get triples : a,a,a2, a,4,23] 

So, number of such triples when we start with a,, is (n — 3). 
Similarly, with a3, a3, a,,..., we shall get the numbers of triples 
that is (n — 3). 


But total number of triples is "C3. 
Hence, required number of ways = "C; — n(n —3) 
“ n(n-1)(n—-2) 2 


ne 2 
n(n-—3)=—[n° —3n+2—-—6n+ 18 
ao (n-3)=7[ 18) 


=o (0 -9n+ 20) = =(n -~ 4)(n-5) 


Let the men P,Q,R,S,T,U,V,W and suppose P,Q, R remain only 
on one side and S,T on the other as represented in figure. 


p_ QR 
Ss Tf 


Then, since 4 men must row on each side, of the remaining 3, 
one must be placed on the side of P,Q, R and the other two on 
the side of S,T and this can evidently be done in 3 ways, for we 
can place any one of the three on the side of P,Q,R. 

Now, 3 ways of distributing the crew Jet us first consider one, 
say that in which U is on the side of P,Q,R as shown in figure. 


Pp QR VY 
panied 
S$ TF V Ww 
Now, P,Q,R,U can be arranged in 4! ways and S,T,V,W can be 
arranged in 4! ways. Hence, total number of ways arranging 
the men = 4!x 4! = 576 


Hence, the number of ways of arranging the crew 
=3x576 
= 1728 


95. 


96. 
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The required number of ways = The number of ways in which 

3n different things can be divided in 3 equal groups = The 

number of ways to distribute 3n different things equally among 
3n! ss 3n! 

3'(n!)> &(n!)? 


Number of squares of area n’ square units = 17 


three persons = 


Number of squares of area(n—1)? square units = 2” 


Number of squares of area (n —2)* square units = 3” 
Number of squares of area 1° square units = n” 

+ + 
Adding gives N, = 17427 +37+..+n?= wees 


When n is even 
2 


Number of squares of area = square units = 17 


(n-2)’ 
2 


square units = 37 


Number of squares of area 
2 : 2 
Number of squares of area = square units =(n—1) 


Adding gives Np = 1° +37 +5’+...4(n-1)’ = = = ” 


When n is odd 


2 
n-1 : 
Number of squares of area ( ; ) square units = 2? 


Number of squares of area ip - square units = 4” 


(n-5)° 


Number of squares of area square units = 6" 


Number of squares of area a square units =(n—1)? 


Adding gives N, = 2? + 47 +6'+...4(n-1)'= ae 


..Total number of squares formed which can be obtained by 


_ taking 4 points out of (n +1)’ points = N, + N, 


_ Wnt 1)(2nt 1). nn—1)(n+1) = n’(n+1) 
7 6 6 2 


97. (i) Set of 2 numbers 


+ 
Leta and b be 2 numbers “=~ = 60 =>a+b=120 


a and b both cannot be equal to or greater than 60 

[.: 60 cannot be used twice] 
Let 0 $a $59 and61 S$ b $120 
The total number of ways in which a can be chosen 

= “C, =60 

The value of b depends on the value of a and there is 1 
value of b corresponding to 1 of a. 
.. Total number of sets having 2 numbers = 60 
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(ii) Set of 3 numbers 


Let a,b,c be the three numbers 
atbt+c 


Then, ee >at+b+c=180 
CaseI Let0 $a 559,056 S59andc 260 
a can be chosen in “C, = 60 ways 


b can be chosen in °C, =59 ways 
[. b cannot use the value of a] 
_ 2. Number of ways in which a and b can be chosen 
=60 59 = 3540 


Now, 1S$a@+6 $117 and there is only one value of c for 1 
value of a+ bso thata+b+c = 180. 


.. Number of ways in which a,b,c can be chosen 


= 60 X59 = 3540 
Case Il a =60 
b+c=120 
The number of ways in which b and c can assume values 
= 60 [from Eq. (i)] 


“. Number of ways in which a, b, c can be chosen = 60 
Case lII61 $a $90,615 b S90 andc $60 
a can assume values in “°C, = 30 ways 


b can assume values in "°C, = 29 ways 


The value of c depends on the value of a and b 
“. Number of ways in which a,b,c can be chosen 

= 30 x29 =870 
.. Total number of ways in which sets of 3 numbers can be 
chosen 

= 3540 + 60 + 870 = 4470 
.. Total number of ways in which sets of 2 and 3 numbers 
can be chosen 


= 4470 + 60 = 4530 


(n — 1) straight lines in (n — 1) different points. So, the 
aggregate number of points contained in the n straight lines is 
n(n—1). But in making up this aggregate, each point has 
evidently been counted twice. For instance, the point P has 
been counted once among the points situated on AB and again 
among those 

on CD. 


Hence, the actual number of points = ane 

Now, we have to find the number of new lines formed by 
joining these points. The number of new lines passing through 
P is evidently equal to the number of points lying outside the 
lines AB and CD for getting a new line joining P with each of 
these points only. 

Since, each of the lines AB and CD contained (n — 2) points 


besides the point P, the number of points situated on AB 
and CD 


=2(n—2)-1 
=(2n —3) 
.. The number of points outside AB and CD 


Pua 


The number of new lines passing through P and similarly 
through each other points. 


. The aggregate number of new lines passing through the 


points a 7 

_n(n-1) [n(n -1) -n-3) 

2 | 2 

But in making up this aggregate, every new line is counted 
twice. For instance, if Q is one of the points outside AB and CD, 
the line PQ is counted once among the lines passing through P 
and again among these passing through Q. 
Hence, actual number of fresh lines introduced 


98. Let AB be any one of n straight lines and suppose it is 
intersected by some other straight line CD at P. 
P 


_ifn(n -1) fn (n —1) ~(2n a} 
A [2 | 


2 2 
B 1 
= 5A (n-1)(n—-2)(n 3) 


Then, it is clear that AB contains (n — 1) of the points of 
intersection because it is intersected by the remaining (n — 1) 


99. Denoting A,, B,, A, and B, for their taking out the ball, a chart is made to denote the winner. 


S. A, B, A, B, Number of ways 


No. 


1. Points Numberon 1 Even(1 of 3) Even 1 Even 0 Odd (1 of 3)Odd 2 Odd (1 of 2) Even Ke ag ig OP a =36 


the ball Sum (1 of 2) Even 

2. Points Numberon -10Odd(lof3)Odd 1Odd OEven (1of3)Even 2Even(1of2)Even *C,x°C,x°C,x*C,=36 
the ball Sum (1 of 2) Even 

3. Points Numberon 1 Even(1 of 3)Even 2 Odd 0 Odd (1 of 3) Even Op wee wer: 
the ball Sum (1 of 3) Odd 


4. Points Numberon 1 Even(1 of 3) Even 1 Even 
the ball Sum (1 of 2) Even 


2 Even (1 of 1)Even "CMC MC =6 


.. Total number of ways in which the game can be won when A starts the game = 36 + 36 + 18 + 6 = 96 
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100. Along horizontal side one unit can be taken in (2m -— 1) ways 
and 3 unit side can be taken in (2m —3) ways. The number of 
ways of selecting a side horizontally is 


(2m—1+2m—3+2m—5+...43+ 1) = @m-1+1) =m 


amn-1 


2n-l 


Similarly, the number of ways along vertical side is 
(2n—1+2n-3+..454+34+1)= 7 en-1+ 1)= nv? 


.. Total number of rectangles = m?n? 
101. Words starting with A, C, H, I, N are each equals to 5! 
“. Total words =5 x5!=600 
The first word starting with S is SACHIN. 
.. SACHIN appears in dictionary at serial number 601. 
102. Required number of ordered pair (p,q) is 
(2x3-1)(2x5-1)(2X3~1)—1 =224 
103. °C, + "°C, + °Cy+ Cy = 10+ 45+ 120+ 210 = 385 


104. Ina word COCHIN, the second place can be filled in *C, ways 
and the remaining four alphabets can be arranged in 4! ways in 


four different places. The next 97th word will be COCHIN. 


Hence, the number of words that appear before the word 
COCHIN is 96. 


105. 12 different objects are to be divided into 3 groups of equal - 


size, which are named as A, B and C. 
12 ae 12! 
Number of ways ='“C, x “C, x"C, = Gay? 
106. (A) > (p);(B) > (s);(C) > (q);(D) > (@) 
(A) ENDEA, N, O,E,L are five different letters, then 
permutations =5!. 

(B) If E is in the first and last position, then permutations 
_ 7! _ 7X6x5! 
= Fi = 


=21x5! 


1 
(C) For first four letters = = = 4X3 =12 and for last five 


5! 5! H 
letters = rr = ra then permutations = 12 x . =2xs5! 


! ! 
(D) For A, E and O= = and for others = = = 12, then 


! ! 
permutations = = X12 2 X12 =2x5!. 
! 6 


107. Other than S seven letters M,I,I,I,P,P,Ican be arranged in 


Now, four S can be placed in 8 spaces in °C, ways. 
Hence, required number of ways =7:- as oP 

108. x +x, +x,+%,+x,=6 = *'C.,="C, 

109. Coefficient of x'° in (x + x? + x*)’ 


= Coefficient of x° in(1+ x+ x’)’ 


110. 


1117. 


112. 


113. 


114. 
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f \7 
1-x° , 
=> Coefficient of x° in = | =(1-x°)(1-x)” 


=> Coefficient of x’ in(1—7x°)(1+ ’Cx+ °Cpx?+ °C3x°+...) 


Aliter 
The digits are 1, 1, 1, 1, 1, 2, 3, or 1, 1, 1, 1, 2, 2, 2 
7! ! 

Hence, number of seven digit numbers formed = + = 

= 42435 =77 
4 novels can be selected from 6 novels in °C, ways. 1 
dictionary can be selected from 3 dictionaries in °C, ways. 
As the dictionary selected is fixed in the middle, the remaining 
4 novels can be arranged in 4! ways. 
. The required number of ways of arrangement. 


=C, x °C, x4! = 1080 
Total number of ways ="C, x °C, =°C, x °C, =3 X a 


=3x9x4=108 
The number of ways of distributing 10 identical balls in 4 
different boxes such that no box is empty ='""'C,_,="C, 
Statement-1 is true. 
The number of ways of choosing any 3 places from 9 different 
places =°C; 
Statement-2 is true. 
Both statements are true but statement-2 is not a correct 
explanation for statement-1. 
Aliter Leta, b,c, d are the balls in four boxes, then 
a+b+c+d=10anda21,b21,c21,d 2 1" no box is empty] 


..Number of solutions = '*'C,_,="C; 


Number of triangles = "°C,-°C, 
at 8 Oe We st S00 
1-2-3. 1-2-3 
N $100 


‘. Each person gets atleast one ball. 
.. 3 persons can have 5 balls in the following systems 


ra cc 
eco [TPS] * feos [Taye 


The number of ways to distribute the balls in first system 
O.'CxrG 

“. The total number of ways to distribute 1,1,3 balls to the 
persons SOx CC; x= = 60 
and the number of ways to distribute the balls in second 
system ="C, x ‘C,x °C, 
Hence, the total number of ways to distribute 1,2,2 balls to the 
persons =°C,x*C,x"C; x - =90 
“. The required number of ways = 60 + 90 = 150 
Aliter The required number of ways 

= 3°~C,(3 -1)°+°C.(3 -2)°-°C, -3)° 

= 243 -96+3-0=150 
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115. - a, =number of all n-digit positive integers formed by the 


digits 0,1 or both such that no consecutive digits in them 
are zero. 


and b, = number of such n-digit integers ending with 1 
c, = number of such n-digit integers ending with 0. 
Clearly a, =b, 4 Cp (a, can end with 0 or 1} 
Also, 6, =a,-,;and  c, =@,_2 
[-. if last digit is 0, second last has to be 1] 
.. We geta, =a,_; + @,_2,n 23 
Also, a, = 1, a, =2 
By the recurring formula a; = a, + a, =3 
a, =a, +a, =3+2=5 
a, =Q, +0, =5+3 =8 
Also, 
116. By recurring formula, a@,7 = 4), + a5 is correct. 
Also, Cip # Cig + Cig => As #Ayy + yy [ C, = @,-2] 
Incorrect. Similarly, other parts are also incorrect. 


b, =@s =8 


117. Required number of ways 
= (10 +1)(9 +1)(7 + 1)-1= 880-1 =879 


118. °> Tai, —T, =10 3 7"'C,—"C, = 10 = "Cy+"Cy—"Cy = 10 
20 5-4 
= Mages SG S pes 
2 12 


119. Given 8 vectors are (1,1,1),(—1,1,1),(1,-1,1),(1,1,-1), (-L—-1,1), 
(1,-1,-1), (-1,1,-1),(—1,-1,-1) there are 4 diagonals of a cube, 
Now, for 3 non-coplanar vectors first we select 3 groups of 
diagonals and its opposite in “C, = 4 ways. Then one vector 
from each group can be selected in2 x2 X2 =8 ways. 
. Total ways = 4x8 =32 =2° =2? 
Hence, p=5 

120. If n,,n2,n3,n, take minimum values 1,2,3, 4 respectively, then n, 
will be maximum 10. 


(given) 


.. Corresponding to n, = 10, there is only one solution 

n, =1,n, =2,n, =3,n, =4 
Corresponding to n, =9, we can have, 

n, =1,ny =2,n3 =3,n4 =5 i.e., one solution 
Corresponding to n, = 8, we can have, 

n, =1,n2 = 2,n, =3,n, =6 
or n, = 1,n, =2,n, = 4,n, =5i.e., two solutions 
Corresponding to n, =7, we can have 

n, =1,n, =2,n; = 4,n, =6 
or n, =1, m, =3,n3 =4,n, =5 i.e., two solutions 
Corresponding to n, = 6, we can have 

ny, =2,n, =3,n3 = 4,ng =5 i.e., one solution 
Thus, there can be 7 solutions. 


121. Number of adjacent lines =n 
n(n —3) 
2 
=0=> n=0o0r5 


Number of non-adjacent lines ="C, -n = 


n(n —3) eo n(n —5) 


But 


‘* Card numbered 1 is always placed in envelope numbered 2, 
we can consider two cases. 


n22>n=5 


122. 


Case | Card numbered 2 is placed in envelope numbered 1, 
then it is derangement of 4 objects, which can be done in 


alls — -i1,1) = 9 ways 
oat ap at at) 
Case II Card numbered 2 is not placed in envelope numbered 
1, then it is derangement of 5 objects, which can be done in 
1 
si(1 ng bd heed ways 
\ of 2) 3! 4! 5 
”. Total ways =9+ 44 =53 ways 
123. Four digit numbers can be arranged in 3 x 4! =72 ways and five 
digit numbers can be arranged in 5! = 120 ways 
. Number of integers = 72 + 120 = 192 
124. n=5!x6! 
For m: 5 boys can stand in a row in5!, creating 6 alternate 
space for girls. A group of 4 girls can be selected in °C, ways. 
A group of 4 and single girl can be arranged at 2 places out of 
6 in °P, ways. Also, 4 girls can arrange themselves in 4! ways. 
-m=5!X ®P,x °C, x 4! =5!X30 x5 x 4!= 5!K6!X5 
m _ 5!x6!x5 


n 5!x6! 


125. Words starting with A, L, M= at 4!+ = = 48 


{ 
Words starting with SA, SL= ; +3!=9 


Rank of the word SMALL = 48 +9 +1 =58 


126. Either one boy will be selected or no boy will be selected. Also 
out of four members one captain is to be selected. 


. Required number of ways =(4C, x °C, + °C,)x ‘C, 


=(4x20 + 15)X4=95 x4 =380 


127. A Y 
4L 3M Zo, 
3 0 0 3 ='c,27G)s 76, x 75K 
¢ 1 1 2 ='C,x °C, °C,x *C, 3324 
1 2 2 i = "Oar> xe > =14 
0 3 3 0 = Cx Cy x 7C4X GE! 


485 


— 
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Session 1 


Binomial Theorem for Positive Integral Index, 


Pascal's Triangle 


j 


An algebraic expression consisting of two dissimilar terms 
with positive or negative sign between them is called a 
binomial expressions. 


a 
For example, x +a, xa ee - 1.5 — x, 
gt age 
2 qyil3 ] . ; 
(x° +1)" - , etc., are called binomial 
(x? +1) 
expressions. 
Remarks 


1. An algebraic expression consisting of three dissimilar terms 
is called a trinomial.e.g. a+ 2b + c.x -—2y + &,2a- 5 +yY, 


etc. are called the trinomials. 


2. In general, expressions consisting more than two dissimilar 
terms are known as multinomial expressions. 


Binomial Theorem for 
Positive Integral Index 


If x,aeé Candne N, then 
(xtay"="Cy x9 ao +"C, x7 1a! "Cy x" a? 4... 
+"C, x" "al 


+t "Cy, at +"C, x% a" «(i 
n 
or (aq =), Gee ae 


Hence, "Cy," Cy," C3,...,"C, are called binomial coefficients. 


Remark 


wf 


1. In each term, the degree is nand the coefficient of x"~' a! is 


equal to the number of ways KKK Ki AAA 
can be arranged, which 


ne ' 
(A = 7) umes r umes 


n 


| 
is given by a 


(n—-nirl 
B! ge ag 5! os ot 3 22 
F le, (x + a) =—— x° a? + — x a+ xa 
or example, (x + a) 101 TIT 301 
ea, ee, ea 
2! 3! 114! 015! 


=5C) x9 +56 x8 at Oxia t Gx2at Grd +°Ger 


aA 


n 
2. LetS a(x +a)" = SC x? al 
r=0 


Replacing r by n — r, we have 


S=(x+a)"= SG: yoann a’ = SG yar 


r=0 r=0 
G4 "Cd eS “Cao sue 


Thus, replacing r by n — r, we are infact writing the binomial 
expansion in reverse order, 


Some Important Points © 
1. Replacing a by (— a) in Eq. (i), we get 
(x-a)"="C, e779 g® 8G, ght gl 
+"C, x? g? —...4...4(-1)' "C, x" a" 


$2..#(=1)" *C,, 2° a? adil 


or (x-a)"= }'(-1)" "C, x" 7a’ 
r=0 


2. On adding Eqs. (i) and (ii), we get 
(x +a)" +(x —a)" =2{"Cy x" a? 


= = 
"Gx a +*C, x" 


a‘ +...} 
=2 {Sum of terms at odd places} 
The last term is "C, a" or"C,-; xa" ’, 
according as n is even or odd, respectively. 
3. On subtracting Eq. (ii) from Eq. (i), we get 
(x +a)" —(x-a)" =2{"C, x" "a! 
$C, ea) oO, Oe 463) 
=2 {Sum of terms at even places} 
The last term is"C,-, xa"' or "C,, a", 
according as n is even or odd, respectively. 
4. Replacing x by 1 and a by x in Eq. (i), we get 
(14 x)" ="Cy x94 "C, x) +"C, x? 
$y Ge” Hat "Cp 8 
+"C, x" {iii 


n 


or (1+x)"= y G x 
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5. Replacing x by (— x) in Eq. (iii), we get 
(I—x)"="Cy x° ="C, x' + "C, x’ 


-—...4(-1)' "C, x" +...47C,(-1)" x" 


r (l1— x)" =e 1) el OF oi 


/ 5 
| Example 1. Expand [20 - *) by binomial theorem. 


Sal. Using binomial theorem, we get - 


Mi: 5C, (2a)°~ *(-2) + *C,(2a)°-"| == 
7 : b) ( 


) 
+ °C, (2a)>~ ‘(-3) + °C; (2a)’~ ‘(- 3) 


+ °C, (2a)°~ (-2) = 3 + °Cs (2a)°~ - sy 
= 5C, (2a)° - °C, (2a)* (3) + 


2 
5 3/3 
5) C2 (2a 8 


3 4 5 

-°C 2ay (2) + °C, (2 (3) -°*C 3) 

3 (2a) b (2a) | (3) 
720a°> 1080a* 810a 243 

+ + - 


= > a2 = es 
ae b? b bP 


240 a’ 
b 


| Example 2. simplify 
(x4 f(x? —1))8 + (x f(x? =1)®. 

(ie -1)= a 
Then,(x + a)° +(x —a)® =2{°Cy x°7 
+ °C, x® 


= 2{x° + 15x‘a? + 15x2a‘ + a°} 


Sol. Let 


-2 2 
Cae se, x® a 
6-6 a°} 


[from point (2)] 


gt + °C) x 


=2{x° + 15x4 (x? — 1) + 15x? (x? — 1)? +(x? -1)°} 
[eas yx’ -1) 


= X32x° — 48x4 + 18x? - 1) 


[Example 3. In the expansion of (x +)", if sum of 
odd terms is P and sum of even terms is Q, prove that 


(i) p?_Q* =(x? -q?)" 
(ii) 4PQ =(x+a)™ as 
Sof “” (x +a)" ="C) gre a +"C, x" “ha +"C, Pua 
HACe x? 3 tight aot "C, x7" a" 


=("Cy x" + "Cz x" 7 a? 4" C, x® "4 a’ +...) 


$(6,.<°°% a "Ox ee GF 


2a aCe xl a bs.) 
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= P + QO (given) (i) 
="C, x" 79a ="C, x8 al 4" C, x82 a? 
oC ge tC, Pg 

= ("Cy x 4"Cy x87 2 a? 4 "Cy x4 a +...) 
aC eo ae, 2a a. eat 


= P — Q (given) ..(ii) 


~Q’ =(P+Q)(P-Q) 
=(x +a)" -(x -a)" 


oe ay 


and (x - a)" 


(i) P? 
=(x [from Eqs. (i) and (ii)] 
(ii) (x + a)” —(x — a)" =[(x + a! P -[(x- ay} 


=(P +Q)* -(P-Q)’ 
= 4PQ [from Egs. (i) and (ii)] 


| Example 4. Show that (101)°° > (100)°° + (99)°°. 


Sol. 


— (99) = (100 + 1) — (100 - 1)” 
°C, (100)* +...} 


6; (100) #x.,} 


Since, (101) 
= 2 {°°C, (100) + *C, (100)” + 
=2x Cc, (100)*? +2 { °C, (100) + 


= (100) +(a positive number) > (100) 


Hence, (101)°°— (99) > (100) 
=> (101)” > (100) + (99) 
eS 
| Example 5. Ifa, = }) ——, find the 
r=0 if 
n 
Sol. Let P = . _ Ai) 


Replacing r by (n — r) in Eq. (i), we get 


Pee ae a 
r=0 n-r r=0 r 


On adding Eqs. (i) and (ii), we get 


n n n . 
2P= > —— =n bs ——=na, — [given] 
r=0 re r=0 &, 
n 
p=— 
3” 
a or on 
Hence, ¥ =—4, 
ho mG, 2 
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Properties of Binomial 
Expansion (x+ a)” 
(i) This expansion has (n + 1) terms. 


(ii) Since, "C, = "C,,_,, we have 


"Gs = a oo =] 
"Cy = "Ca-4 =n 
i Ota ce a and so on. 


(iii) In any term, the suffix of C is equal to the index of a 
and the index of x =n — (suffix of C). 


(iv) In each term, sum of the indices of x and a is equal to n. 


Properties of Binomial Coefficient 


(i) "C, can also be represented by C (n, r) or "| 
er 


ii) "C, = "C,, then either x =yorn=x+y. 
x y y y 
' 
So; "C. ="C,_, =—___—— 
ri(n—r)! 


Cy Ct Caeser. 


(iv) n=7e) 
"Cal r 
n a 

(v) "C, are "Cr 


Pascal's Triangle 


Coefficients of binomial expansion can also be easily 
determined by Pascal’s triangle. 


(x + a)? 1 
(x +a)! 1 1 
(x +a)? we. 
wa 

sine “hog i 
(x + a)4 1 4 6 4 1 

; yr ar Ne 
(x + a) 1 5 10 10 5 1 


Pascal triangle gives the direct binomial coefficients. 
For example, 


(x +a)‘ =1-x‘ +4-x7-a+6-x°a" 


+4-xa° +1-@! 


=x14+4x7at+6x'a° +4xa? +a‘ 


How to Construct a Pascal's Triangle 


Binomial coefficients in the expansion of (x +a)’ are 


i * 2 4 
1 ici Og or Ra, Batt age ot A 
1 (1+3) (3+3) (3+1) 1 
Then, 1 4 6 4 1 


are the binomial coefficients in the expansion of (x + a)‘. 


| Example 6. Find the number of dissimilar terms in 
the expansion of (1— 3x + 3x? — x °)*?. 


Sol. (1-—3x + 3x? - x°)? =[(1- x)? J? =(1- x)” 


Therefore, number of dissimilar terms in the expansion of 
(1-—3x +3x? — x*) is 100. 


: a "Cr 
[ Example 7. Find the value of }’ ——. 


r=l Crea 
Sol. -- Co nartl 
"C4 r 
eS eee 
cr 
Yo = Vines Yen yr 
r=1 br-1 r=} r=} r=1 


=(n +1) S1-(14243+..¢n) 


r=l 
n(n+1)_n(n+1) 


=(n+1)-n- ; 


7 om prove that 
(C, + Cn) 


| Example 8. Let C, stands for 
(Co +C,)(C, +C,)(C, +C;3)... 
Saale 


(CoC,C3 ...Cy-1). 
Sol. LHS =(Co +C,)(C; + C2)(Co + C3)...(Cy-1 Cy) 


=[]ce-rtG=T]CC) be", 

r=1 r=1 
E 8G, ae, | 
r , 


- [I+ TT cr: 
r=1 r=1 


r= 


1 
= (n + 1)" ay eerie eee ie = 1) 


(Co C, Co oe 


goa - C, -,)=RHS 


ny 
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| Example 9. Find the sum of the series 


(i) 


(2) « upto m terms 
vs ees 

‘ 1\.¢ 3) 

=) (-1) "C,-}-| + ¥(-19 "c,-|= 

¥ (-1) (3) x ) _l 


We deve (i 


... upto m terms 
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+... upto m terms 


dn 
+... upto m terms 


+ 
—— 
nol 


Exercise for Session 1 


10 
1. The value of }'r-'°C,-3'-(-2)'°~" is 


r=0 
(a) 10 (b) 20 (c) 30 (d) 300 
15 
2. The number of dissimilar terms in the expansion of{ x + . +X? + 5] are 
x*, 

(a) 61 (b) 121 (c) 255 _ (d) 16 
3. The expansion {x + (x? - 1)”2}5 + (x -(x3 - 1)"7}5 is a polynomial of degree 

(a) 5 (b) 6 (c) 7 (d) 8 
4. (J2 +1)°-(V2 - 1)° is equal to 

(a) 101 (b) 70/2 (c) 140 ¥2 (d) 120 ¥2 
5. The total number of dissimilar terms in the expansion of (x + a)' + (x - ay after simplification will be 

(a) 202 (b) 51 

(c) 50 (d) 104 
6. The number of non-zero terms in the expansion of (1+ 3V¥2x )° + (1-3 J2x), is 

(a) 0 (b) 5 

(c) 9 (d) 10 

: (4, 2) iF 
7. If(1+ x)" = ye x", 142 )...| 14 * lis equal to 
"Ci C \ n-1, 
(a) an (b) (n+ 1)""" 
(n - 1)! (n- 1)! 
a+1 

(c) “+ pe (d) aa 
6: fe ae'"C. c. _,=11:6:3, nr is equal to 

(a) 20 (b) 30 

(c) 0 (d) 50 
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OS DER TS > ee ee ee ee 


General Term, Middle Terms, Greatest Term, 
Trinomial Expansion 


General Term (ii) the coefficient of x~’ in the expansion of 
1 
The term "C, x"~" a’ is the (r +1) th term from [ax-—5) 
beginning in the expansion of (x +a)". It is usually called \ bx 
the general term and it is denoted by T, 4. Also, find the relation between a and b, so that these 
ie Tats "C8" a coefficients are equal. 


11 
. -f 1 
| Example 10.Find the 7th term in the expansion of Sol. (i) Here, T, 41 = "'C, (ax’)" (+} 


N\ 
1 ll-r ; 
4x-—=|. Un 4 22 - 3r : 
= "C,;:—--x ..{I) 
2Vx, y 
6 ; 
Sd. Sevent Hen, Hehe Cae" (_ 1 Now, in order to find out the coefficient of x’,22-3r 
, 2 Vx ; must be 7, 
13 ? 29 1 i.e. 22-3r =7 
= Cc 7: Sa 
. 98. x3 ° ps 
= 96, .2° ux Hence, putting r = 5 in Eq. (i), we get 
6 
; a2 Requi ient = 'C,.— 
| Example 11. Find the coefficient of x® in the Sypge EESHISEDE Cs b> 
expansion of | x? _1\ a is ae A 
p x) : (ii) Here, Tp; = Cp (ax) Ga 
: 1) ae 
Sol. Here, T,4,= °C, (x7)?~"|-—} : 
ere r+ Ax ) x) = "cata" *(-4) x! 3R 
b) 
10. _.20-2r . 
a OE -(-1) -— oe i 
r a = (- 1)" ; Ne. : a wll 3k (ii) 
a 4-417 an (i) as 
Now, in order to find out the coefficient of x” ’, 
Now, in order to find out the coefficient of x°,20 — 3r must 11—-3R must be —7. 
be 8 ie.,11-3R=-7= R=6. Hence, putting R= 6in Eq. 
Le 20 —-3r =8 (ii), we get 
, r=4 Required coefficient 
Hence, putting r = 4 in Eq. (i), we get a° a° 
putting q. (i), we g =(-1)° home Alfa GAG a'G.)] 
: : 4 10 10-9 -8-7 pe p° 
Required coefficient =(- 1)" - “C, = ————— = 210 
1-2°3-4 Also given, coefficient of x’ in 
: (2 iy’ . : ( 1 \" 
[| Example 12. Find teal + es = coefficient of x7 ‘ in te oa] 
. . . . bx x" 
(i) the coefficient of x’ in the expansion of f a 
Ox +— e = “pS 
bx 


which is the required relation between a and b. 
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[Example 13. Find the term independent of x in the 


9 
expansion of(5 x J). 
z 3X 


Sol. Here, T,,, = °C, (3x “) (-; +) 
k Bx, 


9-r r 
= ame 1) _y 18-37 . 
(=1) ©*C,¢ (2) 3] x wifi) 


If this term is independent of x, then the index of x must be 
zero,i.e.,18-3r=0 => r=6 


Therefore, (r + 1) th term, ie., 7th term is independent of x 
and its value by putting r = 6 in Eq. (i) 


3 6 
3 1\ 1 

afi dt. 86 (3) (: =9¢,..—1_ 

( ) 6 9 a 3 93 .33 


98-7 7 
(1-2-3)2°-3° 18 


(o+1)th Term From End in the 
Expansion of (x + a)" 

(p+1) th term from end in the expansion of (x +)" 

=(p +1) th term from beginning in the expansion of (a + x)" 


=A n-p Pp 
C, a x 


i Example 14. Find the 4th term from the end in the 


3 7 
x 2 
expansion of} —-—-—— | . 


Sol. 


— 


7 
3 9 
4th term from the end in the expansion of (= - 3 


= 4th term from beginning in the expansion of 
i. ; 
- + a 


2 
2 


[Example 15. Find the (n+1)th term from the end in 
fo 

the expansion of | 2x —— | 
 & 


\ 


Sol. (2 + 1)th term from the end in the expansion of [2s - ay’ 


= . =) " term from beginning in the expansion of 
(-! -+ +2 
rt) 


. ae n 
a ee (-=) (2x)" = 3"C, 2" + x7" 
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How to Find Free from Radical Terms or 
Rational Terms in the Expansion of 
(a¥°+b"7)" Wa, be Prime Numbers 
First, find T,,, =™~C, (al/?)N~" (b¥7)" 


ae = Mig: . q'N-r)lp 7 prlq 


By inspection, putting the values of 0 <r < N, when 
indices of a and b are integers. 


Remark 
1. If indices of aand bare positive integers. 
Then, free from radical terms = Terms which are integers 


.. Number of non-integral terms = Total terms — Number of 
integral terms 


2. If indices of aand d both are not positive integers. 


Then, free from radical terms = Rational terms - Integral 
terms 


3. Number of irrational terms = Total terms — Number of 
rational terms 


| Example 16. Find the number of terms in the 
expansion of (3/9 + /8)°°° which are integers. 
Sol. Since, (4/9 + $/g 300 =(9" apaigh® 500 =(3"? PS il dad 
[... a, b € prime numbers} 
*. General term, T, ., = °C, (37)™~! .(2/?y 
500 -r 
= 100 3 2 ri? 
= saa! @: gee rie agrl? 
Tr 


Now, 0<rs500 
For r =0, 2, 4,6,8..., 500, indices of 3 and 2 are positive 
integers. 


Hence, number of terms ihiéli are integers = 250 + 1=251 


| Example 17. Find the sum of all rational terms in the 
expansion of (31/5 4. 21/3)'5_ 
Sol. The general term in the expansion of (3° + 27)" 
T “as 5c ae) aa ory 
Ld r 
gt 2 
= a a >o 
Now, O<srsi15 
Forr =0,15 
Rational terms are Ty) ,, and Tys ,}. 
Then, - Thay = 7 Cy*9 *2° =27 
and pad OPE = 32 
*. Sum of all rational terms = 27 + 32 = 59 
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| Example 18. Find the number of irrational terms in 
the expansion of (8/5 + 9/2)'0°. 


Sol. Since, (8/5 + 9/2) = (51/8 + 2!/6)10 
- General term, T, ,, = '”C, (5!) 7" (2! °° 
= 100 (5) "0 —ryis. oy? 
r 


As, 2 and 5 are coprime. 


. T, +1 Will be rational, if (100 — r) is a multiple of 8 and ris 


a multiple of 6. 


Also, 0<rs100 

& r=0,6, 12, 18,..., 96 

Now, 100 —r = 4, 10, 16,..., 100 

and 100 —r = 0,8, 16, 24,..., 100 (ii) 


The common terms in Eqs. (i) and (ii) are 16, 40, 64 and 88. 


*. r = 84, 60, 36, 12 gives rational terms. 
*. The number of irrational terms = 101 — 4 = 97 


Problems Regarding Three/Four 
Consecutive Terms or Coefficients 


(i) If consecutive coefficients are given 


In this case, divide consecutive coefficients pairwise, we 
get equations and then solve them. 


| Example 19. Let n be a positive integer. If the 
coefficients of rth, (r+ 1)th and (r+ 2)th terms in the 
expansion of (1+ x)” are in AP, then find the relation 
between n and r. 

Ske T=Te-ga=" 6.40 


r+i1 


fee Se x" and T, +2 =Treye = Cre x 


*. Coefficients of rth, (r + 1)th and (r + 2)th terms in the 
expansion of 
(ay are "C.), “Cee Can 


siGiven; "Cog "Cn" Caps are IAP. 


and n2rt¢1 
a ae & 
pot 3, —1*! are also in AP. 
aC. ss oe 
-Tr : 
=> 7 oli are in AP. 
n-rtl r+l1 
r n-r n-2r+l m-2r-1 
=> | - ———— = ———_ - —_—_—_—_———— SS 
no-rt+1 srt+1 n-rt+l r+1 


> nr—2r?°+r+n—2r +1 


=n? -2nr—-n-nr+2r°t¢rt+tn—-2r-1 


=> n?—4nr+4r?=n+2 = (n-2ry=n+2 
Corollary! For r =2,n =7 [n> 3] 
Corollary Il For r =5,n =7, 14 [. n2 6] 


| Example 20. If a,b,c and d are any four consecutive 
coefficients in the expansion of (1+ x)", then prove 
that: 
3 2b 


() —+— = 


a+b c+d b+e 


2 
ac 
(ii) > —____—_, if x>0. 
b+c (a+b) (c+d) 
Sol. Let a,b,c and d be the coefficients of the r th, (r + 1th, 
(r + 2)th and (r +3)th terms respectively, in the expansion 


of (1+ x)". Then, 


_T ae | r-| 
T, =T, 141 = Cp-1% 


raga Sa i) 
T, +17 "C, x" 
="C, (li) 
Th42=Tesenei= "Ce at " 
c= "C24. svn iii) 
and Kse™ Vinci Gua x” 
d= "Ce »-Aiv) 


From Eqs. (i) and (ii), we get 
at beo"G.44 "Ce", 


eBtlag 2 (2th, 
r r J 
: = F ...{v) 
a+b ntl 


From Eqs. (ii) and (iii), we get 
pees "C 4 °C ge Cas 


n+1), n+1 
= = b 
r+1) er Pl 
b get! (vi) 
b+c ntl 


From Eqs. (iii) and (iv), we get 
O40 = "Cpt" Cw Gis 


‘n+1 n+1 

"Cri Cc 
r+2 r+2 
c r+2 


= ...{vii) 
c+d n+l 


From Eqs. (v), (vi) and (vii), we get 


: : and are in AP. 


at c+ 


(i) 


b+e 
ae c+d bth 
c 


a 
a+b ctd = 
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or 


(ii) AM > GM 
/ Sa 
ora) favs) cal 
> 
\b+e Latbjict+d) 
(py ac 
=> ae | 
.b+c} (at+b)(c +d) 
Remembering Method 


a b 
; and 
a+b b+t+c 


¢ are in AP. 
d 


(ii) If consecutive terms are given 


In this case, divide consecutive terms pairwise. i.e., If four 
consecutive terms are T,, 7,41, 7,42. 17+3- Phen, find 


Tei Tr42 T, 
ai a i1,A2,A3 (say). Then, divide A, by 


T, ary 14% 
4, and A; by A, and solve. 


J Example 21. If the 2nd, 3rd and 4th terms in the 
expansion of (x+y)" are 240, 720 and 1080 


respectively, find x, y and n. 


Sol, Given, T, =7,,,="C,-x"~' y= 240 .(i) 
Ty =To4,="Co-x"*-y* =720 (ii) 
aid “eT "Coe”™ yr = 1080 ...(iii) 


On dividing Eq. (ii) by Eq. (i), we get 
NGpex gy? 920 


"Gg ay 
=> (*$=$44).2a3 ~ 2- : ...{iv) 
2 x x n=l 
Also, dividing Eq. (iii) by Eq. (ii), we get 
"Cy-x"~>-y*® — 1080 
A ag" Page 720 
= (2-341). 23 2- 9 lv) 
3 x 2 x 2(n-2) 
From Eqs. (iv) and (v), we get 
6 9 
n-1 2(n-2) 
> 12n -24=9n-9 
=> 3n=15 
n=5 
. 3 
From Eq. (iv), we get y = a ...(vi) 
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From Eqs. (i) and (vi), we get 


°C,-x*-y =240 = 5x42 x= 240 


x°=32=2) = x=2 
From Eq. (vi), we get y =3 
Hence, x =2,y=3andn=5 


Middle Terms 


The middle term depends upon the value of n. 
(i) When n is even The total number of terms in the 
expansion of (x +a)" is n+1(odd). So, there is only 


one middle term, i.e., + + kh term is the middle 


term. It is given by Tyj241 ="Ca x7” a” 


(ii) When n is odd The total number of terms in the 
expansion of (x +a)” isn +1 (even). So, there are 


f ¢ 
two middle terms, i.e., [a= andl : hh are 


a" 


two middle terms. They are given by 


n+l n=] 
x 2 «gq? 


n-l 
2 2 


T ea (eth = az, 


n-l 
and Tn+3 =Tne1 yw Cnet * 2 .@ 
2 ee 2 


| Example 22. Find the middle term in the expansion 
2 
-{ a 
of S + bie , 
x) 
(a \l2 
Sol. The number of terms in the expansion of & + te is 13 
¥ 
\ 
| 


/ 
(odd), its middle term is & +1 J th, i.e., 7th term. 


7 \6 
“. Required term, T7 = Ty 4,= as OF | = (bx)° 
\x 


= ¢C, a® b® =924 a° b° 


| Example 23.Find the middle term in the expansion 


3 9 
o£ . 
6) 


9 

3 

Sol. The number of terms in the expansion of [2s 2] is 
10 (even). So, there are two middle terms, 


i.e. ( 941)5, and (222 terms. They are given by T, 


+2. 


and T,. 
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" x3 4 
Ts = Typ = °C, (3x)? (-] 


x? ‘ 
and To =T5 41 ="C, (3x) = 


x 
es OF wer ee 


| Example 24. Show that the middle term in the 
expansion of (1+ x)?” is 
1-3-5...(2n-1 ; ibd cs 
eee -2" x",n being a positive integer. 
n: 
Sol. The number of terms in the expansion of (1+ x)*" is 
2n + 1 (odd), its middle term is (n + 1)th term. 
“. Required term = T, 4, 
= ane x" = 2nt x 
‘ nin! 
_ {1:3-5...(2n — 1)} {2-4-6...2n} 4 
7 nin! ‘i 
_ {0-3°5,..(2 = 1p 2" e298.) 
. nin! of 


ra (1:2:3-4...(2m -1)-2n) _, 
. nin! 7 


= {1-3-5...(2n —1)}2" n! a 1-3-5...(2n “Ix x 


nin! n! 


Greatest Term 


If T, and T,,, are the rth and (r + 1)th terms in the 
expansion of (x +a)”, then 


Tray a (=). 
r-] 


-r+1 re 
T. "6... 1" r a q r x 


Let numerically, T, ,; be the greatest term in the above 
expansion. Then, 
a 


x 


Tas >1 at naen) 
I, r 
[.. a may be + ve or — ve] 


mie Ai) 


Tay 21, or 21 


or rs 


Now, on substituting values of n, x and a in Eq. (i), we get 
rsm+forrsm 

where, me N and0<f <1 

In the first case, T,, ,; is the greatest term, while in the 

second case, 7,, and T,, ,; are the greatest terms and both 

are equal (numerically). 

Shortcut Method 

To find the greatest term (numerically) in the expansion of 

(x +a)". 


Now, (x +a)" =a" (+2) 
a 
= (n +1) 
Calculate m = 4+ ____ 
x 
=| hil 
thie 


Case I If me Integer, then T,, and T,, , ; are the greatest terms 
and both are equal (numerically). 

Case Il If m¢ Integer, then T,,,),, is the greatest term, where 
[-]denotes the greatest integer function. 


| Example 25, Find numerically the greatest term in 
the expansion of (2+ 3x)?, when x = 3/2. 


Sol. Let T,,, be the greatest term in the expansion of 
(2+ 3x)’, we have 


mat (22241) 3x |_(10-r\|33|_ 90-9 
a r 2 r 2 2 4r 
[ox =3/2] 
a 
rel 4 
Z, 
am 20 et my OO Is 
4r 
cee ae 
13-13 
or egige 
13 


.. Maximum value of r is 6. 


So, greatest term = Ty 4, = °C, (2)’~ ° (3x)° 


9 
Aliter Since, (2 + 3x)’ = 2? i + *) 
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x 
1) =| 1ox2 
Now, m= = 4 [ex =3/2 

3x 9 
—j+1 —+1 
2 4 

90 1 

=— # Integer 
13 


.. The greatest term in the expansion is 
Tim) +1 = Ts 4 in(2 + 3x)” 
32)" 


= 4G, (oy Gx) =" Cy? { [cx = 3/2] 


/ 


| Example 26. Find numerically the greatest term in 
the expansion of (3 — 5x)", when x = = 


Sol. Let T,,, be the greatest term in the expansion of 


(3-5x)!'| we have 


He (Harty) 25x 
iT & r Al 3 
-(2=") ray ya [x =1/5] 
rst 3 ar 
tis) = sy Sine ar 
fa 3r ; 


rs3 => r=23 
So, the greatest terms are T, ,, and T; ,;. 


..Greatest term (when r = 2) = T241 = "C, (3)’ (- 5x y 


11-10 
gna? -(1)? =55 x 3° 


x S1/5 
a [- x =1/5] 


and greatest term (when r = 3) = T3 4; 
=| "¥c3 3)" (5x)? [=| Mes (3)* (- 1) | Fe x= 1/5] 


= No, 38 = LY 539 255x399 
1-23 
From above, we say that the values of both greatest terms 
are equal. 
Aliter 


5x\"! 
Since, (3 — 5x)!! = 3! t 33 2) 


1 
(11+1)}-—| 12x -3| o 
3 1 
Now, m ; = Bay 
== +1 \-5 +1 - 
4 
=i. 
=e} 
3 


Since, the greatest terms in the expansion are T; and T,. 
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"C2 (3)” (- 5x)? 
=", (3) (-1) E 


. Greatest term (when r = 2) = 


11-10 
Peeraaiiil sg 
1-2 


and greatest term (when r = 3) =| Nc, (3)° (- 5x) | 


=| "C3 3)* (- 1)" | 
_ 11-10-9 
1-2-3 


=55x3° 


3° =55x3° 


Greatest Coefficient 


(i) If n is even, then greatest coefficient is "C,,;2 - 
(ii) If n is odd, then greatest coefficients are "Ci, _1)2 and 


"Cins1yi2" 


| Example 27. Show that, if the greatest term in the 
expansion of (1+ x)” has also the greatest coefficient, 


n joa 
then x lies between —— and —— 
n+1 n 


Sol. In the expansion of (1 + x)’", the middle term is 


( 2" + i} 
2 


ie., (n+ on term, we know that from binomial expan- 
sion, middle term has greatest coefficient. 
ig Terms Te To, T3, ones f,, Xi +1 T, +29 | 


T, <Th41>Th+2 


Tea slag 2n-n+1 
ae rr 
Ta Cian 2 n 
T, 
=> te lecd wh x>1 
= n 
or ee (i) 
n+1 
aed Th+2 yf oe ade _@n-(n+1)4+1- 
Tad Gx n+1 
n 
= “x 
n+1 
T, n+1 " 
= ei S Soyer o¢ ee ..{ii) 
T, +1 n+1 n 
From Eqs. (i) and (ii), we get 
n nt+1 
—<x< 
n+1 


Corollary For n =5 
5 6 
-<x<- 
6 bs) 
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Important Properties of 
the Binomial Coefficients 


In the binomial expansion of (1+ x)". Let us denote the 


coefficients "Cg, "Cy, "Casein “Crsaves “Cy DY CoC, Cos 
wey Cy, ...,C,, respectively. 


(i) The coefficients of the terms equidistant from 
the beginning and the end are equal 


The (r + 1)th term from the beginning in the 

expansion of (1+ x)" is "C, x’: 

”. The coefficient of the (r + 1)th term from the 

beginning is "C, and the (r + 1)th term from the end 
in the expansion of (1+ x)" =(r +1) th term from the 

beginning in the expansion of (x +1)" = "C, x"~" 

”. The coefficient of the (r + 1)th term from the end is 
"Coe 

Hence, the coefficients of (r + 1)th term from the 
beginning and the end are equal. 


(ii) The sum of the binomial coefficients in the 
expansion of (1+ x)” 
(ltx)" = "Cot "Cy x+ "Cox? + "C3 x? 
+..¢ "C, x" 
Putting x = 1, we get 
a = ™e), + a Or + "Gs tact EG 
or Co tC, +C, +...4+C, =2" 
. Sum of binomial coefficients = 2” 
(iii) The sum of the coefficients of the odd terms 
= The sum of the coefficients of the even terms 
“7 (l+x)" = "Cyt "C, xt "Cy, x? + "Cz x? 
t..¢ "C, x" 
Putting x =— 1, we get 
0= "es = “Cy + "Cs = "Cy + i OF = "Cs Piss 
or "C, + "C3 + "C5 t...= "Cot "Co + "Cy +... 


Since, the sum of all the coefficients is 2”, therefore 


A 
each side is equal to = ieo™. 
Hence, Ci +Cy +C, +...=C, +C, +C, > =o 


Remark 
1. In the expansion of (x - 2y + 3z)”, putting x = y =z =1,then 
we get the sum of coefficients = (1-2 + 3)” =2”. 
2. In the expansion of (1+ x + x°)”, putting x = 1, we get the sum 
of coefficients = (1+ 14+ 1)? =3". 


Trinomial Expansion 
Forneé N,(1+x+x’)" = Saath 


= Ay FAyX+G_ xX? $...+ gx" $22. + Ay x i) 
There are (2n + 1) terms. The middle coefficient is a, 
which is also the greatest. 
Ag = Gon, Ay = Gan—py++ Ap =A2q—y 
The coefficients of (1+ x +. x*)" forn=0, 1, 2, ... canbe 
arranged in a triangle. 
41 
147 
123 2 1 
13 6 ¢ 6 3 1 


[1 4 10]16 19[t6 10 4] 1 
Vv 


15 15 30 45 51 45 30 15 5 1 


i.e., The rows contains the coefficients for n =0, 1, 2, 3,.... 


Each entry other than two entries at the ends is the sum of 
three entries above it. 


15 =1+4+10,30=16+10 + 4, etc. 
Putting x = land x =—1in Eq. (i), we get 
ao + @,+ +a, uaF G5, =3" 


[sum of all coefficients) ...{ti) 


and Ag —@, + ao —Qa, Pint Op, =] (iil) 
On adding Eqs. (ii) and (iii), we get 
3" +1 


Qo + Az +a, biel Ga, = 


[sum of coefficients of even powers of x] 
On subtracting Eq. (ii) from Eq. (i), we get 
a = 1 


a, +, +a + sae + Gon-1 a 
[sum of coefficients of odd powers of x] 


Putting x =i (f-1) in Eq. (i), we get 


. . F fs < 2 -f 
Qo9+a,itait+az,i ta,i tasit...ta, i” =i 


=> (ay —a, +Q, ~...) +i(a 1-43,+a5-...)=i 

(ay — a +a,-...)+i(a, -a3 +as5-...) 

fi ie ) ef BO agen | 

=| cos— +isin— | =cos}| —— | +isin| — 

2 2 2) Lea 


On comparing real and imaginary parts, we get 


ao — az +4 —... =CoOs 
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and a, —@, +@s — sin | 
2 
Putting x = w and «” (cube roots of unity) in Eq. (i), we get 
ay +a, W+a, Oo +a, M0? +a, 01+...=0 _ ...{iv) - 
and dy ta, W +a, w* +a,0° +a, 0° +...=0_ ...(v) 


On adding Eqs. (ii), (iv) and (v) and then dividing by 3, we 
get 
Qy +a, +a, +...=3" 
Note 
Qatatart. 


+&+a+..=97" 


(ihQ ta tat... oYfreef =} 
(li)e+ at art... =i{8 14+ sie mh 
(V) + a+ a + "aeoweceeh 


2n 
wi) S(-17!- 


r=) 


n 
) Mra ane 


fel 


ra=-n 


[Example 28. Find the sum of coefficients in the 
expansion of the binomial (5p — 4q)", where nis a 


positive integer. 
Sol. Putting p = q =1 in (5p — 4q)", the required sum of coeffi- 
cients =(5- 4)" =1" =1 


I Example 29. in the expansion of (3-*/4 + 3*/*)", if 


the sum of binomial coefficients is 64 and the term 
with the greatest binomial coefficient exceeds the third 
by (n-1), find the value of x. 

Sol. Given sum of the binomial coefficients in the expansion of 
(37 x/4 m gram = 64 
Then, putting iia gee | 

(1+1)" =64 => 2" =2° 

n=6 


We know that, middle term has the greatest binomial 
coefficients. Here, n = 6 


\ 
”. Middle term = (s oe term = 4th term= 7, 


and given that T, =(n-1)+T; 

= T341=(6-1)+To4y 

> 1G Gras (3 ala —5+4 °G; (go yt (3 antay 

=> 20-33% =54+15-32%/? 
20t7=5+15t 

> 4t? —3t-1=0 
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=> (4¢ +1)(t -—1)=0 


1 
t=1, aaa = 3°*/2 =1=3° 


La or x=0 
2 


| Example 30. Find the values of 
a a nr 

(n—1)! (n—3)13! (n—5)!5! 

1 


(ii) Stott + 
12! 


10!2! g!4! 
Sol. ‘(i)" 1!=1 
*. The given series can be written as 
1 1 1 

—_—_——_— a ———— + 

(n-1)!1! (n—3)!3! (n—5)!5! 
* Sum of values of each terms in factorial are equal. 
ie.(n —1)+1=(n -3)+3=(n—-5)+5=... 
From Eq. (i), 


(i) 


=HRn 


1 n! n! n! 
— | ———_—_ + —_—__ + ——_—_- +... 
n! E ~1)!1!) (n—3)!3! (n—5)!5! 
1 -1 

= —("C, + "C3 + "Cs +...) = ———e 
n! n! 


(ii) "  O!=1 
.. The given series can be written as 
1 1 1 1 és 
—— + —— + —— +... + —— ...(ii) 
12!0! 10!2!) =3i4! 0! 12! 
* Sum of values of each terms in factorial are equal 
Les, 12+0=10+2=8+4=...=12 
1a | 12) 12! 12! 
From Eq. (ii), —— + —— ae 
12!0! 102! Bt 4! 0! 12! 
gl2-1 9 
= Sie +?C,4+"C,+..4! arr aiearr 


| Example 31. Prove that the sum of the coefficients 
in the expansion of (1+ x — 3x’)7" 


is —1. 
Sol. Putting x =1 in (1+ x - 3x*)""™, the required sum of 
coefficients =(1+ 1-3)" =(-1)7% =-1 


2163 


| Example 32. If the sum of the coefficients in the 
expansion of (ax? —2x+41)® is equal to the sum of 


the coefficients in the expansion of (x —ay)®, find the 
value of a. 


Sol. Given, sum of the coefficients in the expansion of 
(ax? — 2x +1)* 
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40 
| Example 33.1f (1+ x - 2x7)? = S'a,x‘, then find 


= Sum of the coefficients in the expansion of (x — ay)” 


40 
Putting x = 1, we get0 = a, 


Putting x = y = 1, we get r=0 
(a -— 1)" =(1-a)* ; OF Ag $A, $+ Ay + Azt Ay +45 +...4+Azq + Ayo =0 _ ...Lii) 
=> (a -1)° =-(a -1)* Putting x = — 1in Eq. (i), we get 
= 2(a — 1)" =0 (-2 = S17 g 
=> a-1=0 ae 
. a=1 OF dy — Q; + Ay — Agt Oy — G5 +... Ayg tA =2” ili) 


On subtracting Eq. (iii) from Eq. (ii), we get 
2 [a, + A, + as +... + 39) = - 27° 


r=0 
19 
the value ofa, + a3 +05+...+ Q39. or Q + a3 + a5 +... + Ay = — 2 
40 , . - scaly 
: d d then dividing b 
Sol. (14 x — 2x?) = y a,x" Ai) reece sage adding Eqs. (ii) ane (iii) an en dividing by 
= , we get ay +a, +a,+...+ Ag =2 


a] Exercise for Session 2 


1. 


10. 


If the rth term in the expansion of (1+ x)”° has its coefficient equal to that of the (r + 4)th term, then is 
(a) 7 (b) 9 (c) 11 (d) 13 


\A 
If the fourth term in the expansion of{ px + it | is >. then n+ pis equal to 
xX) 


14 


9 13 15 
(a) ; (b) 5 (c) > (d) = 


( \A | 
If in the expansion of {2 + 5) , the ratio of 7th term from the beginning to the 7th term from the end ise 


thenn is 
(a) 3 (b) 5 (c) 7 (d) 9 


The number of integral terms in the expansion of (52 + 7%8)'9% jg 
(a) 128 (b) 129 (c) 130 (d) 131 


In the expansion of (7? + 11"°)®°', the number of terms free from radicals is 
(a) 745 (b) 725 (c) 730 (a) 750 


If the coefficients of three consecutive terms in the expansion of (1+ x)” are 165, 330 and 462 respectively, the 


value of n is 
(a) 7 (b) 9 (c) 11 (d) 13 


If the coefficients of 5th, 6th and 7th terms in the expansion of (1+ x)” are in AP, then n is equal to 
(a) 7 only (b) 14 only (c) 7 or 14 (d) None of these 


n 
if the middie term in the expansion of G + 4) is 924 x®, the value of n is 
(a) 8 (b) 12 (c) 16 (d) 20 
( 2 \a 
If the sum of the binomial coefficients in the expansion of x” + x3) is 243, the term independent of x is equal to 
x 


(a) 40 (b) 30 (c) 20 (d) 10 


In the expansion of (1+ x)(1+ x + Occ WRK BR Breech x”) the sum of the coefficients is 
(a) 1 (b) 2n! (c) 2n!+ 1 (d) (2n + 1}! 
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Two Important Theorems, Divisibility Problems 


Two Important Theorems 


Theorem 1 If (VP +Q)" =I + f, where Iand n are 
positive integers, n being odd and 0 < f <1, then 
show that (I+ f) f =k", where P-Q” =k>Oand 
VP - Q<1. 


Proof Given, VP -Q <1 0<(VP-Q)'<1 


Now, let(VP -Q)" = f’, where0 < f’ <1 
Also I+ f=(VP +Q)" (i) 
O0<f<1 sui(ti) 
f’=(VP -Q)" (iii) 
and 0<f’<1 ..(iv) 


On subtracting Eq. (iii) from Eq. (i), we get 
I+ f - f’=(vP +Q)" -(VP -Q)" 
Sa" CGP OF "aE O° tual 
= 2 (integer) = Even integer ..(V) 
[Since, n is odd, RHS contains even powers 
of J P, so RHS is an even integer] 
-. LHS is also an integer. 
*’ Tis an integer. 
-. (f - fis also an integer. 


= f-f=0 [fe te(f-f') <1) 
or f=f' 
From Eq. (v), J is an even Dee and 
(+f) f=(l+f)f ded (IP -Q)" 
=(P-Q*)" = 
Remark 


Ifnis even integer, then (VP + Q)° + (VP -Q)" =/+f +f" 
Since, LHS and / are integers. 
(f + fis also an integer. 


= f+ f'=1 [0 <(f +f) <2] 

‘ f'=t-f 

Hence, (I+ f)(1-f)=(I+ f) f’ =(VP + Q)? (VP - Q)" 
=(P- G2)" =k" 


Theorem 2 If (P + JQ)" =1I+f, where IJ and n are 
positive integers and 0 < f <1, show that (I + f) 
(1-f)=k", where P? -Q=k>0Oand P-JQ <1. 


Proof Given, -JQ <1 


<(P-/Q)" <1 


Now, let (P- JQ)" =f’, where0< f’<1 
Also, I+f=(P+JQ)" ...(i) 
O0<f<1 wail) 
f’=(P-Joy" ...(iii) 
and 0<f’<1 (iV) 


On adding Eqs. (i) and (iii), we get 

I+f+f'=(P+J/Q)" +(P- JQ)" 
=p(°C, Pe", FP? 0) 4G, FP G0y $a.) 
= 2 (integer) = Even integer 


.{V) 
[Since, RHS contains even power of JO, sO RHS i is 


an even integer 
*, LHS is also an integer. ger] 


Tis an integer. 
= f +f’ is also an integer. 


A ft+f'=l 
or f'=1-f 
From Eq. (v), J =even integer — 1= odd integer and 
(Pe pu-=Ut py 7 
=(P +/Q)" (P- JQ)" =(P? -Q)" =k" 


| Example 34. Show that the integral part of 
(5+ 26)" is odd, where nis natural number. 


Sol. (5+2v6)" can be written as (5 + V24y" 


[O<(f + f’) <2] 


Now, let 1+ f =(5+ V24y" wi) 
O<f<1 ...{ii) 
and let f’ =(5-V24y" (iii) 
0<f'<1 iv) 


On adding Eqs. (i) and (iii), we get 
I+ f+ f’=(5+V24y" +(5— 24)" 
I+1=2p, 
V pe N=Even integer [from theorem 2] 
I =2p — 1= Odd integer 


| Example 35.Show that the integral part of 
(5V5 +11)2"*" is even, where NEN. 


Sol. (5V5 + 11)" *! can be written as (¥125 + 11)°"*? 


Now, let I+ f =(V125 +11)"*! ed) 
O<f<1 ..-{ii) 
and let f’ =(V125 -11)"*" (iii) 
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On subtracting Eq. (iii) from Eq. (i), we get Now, let f’=(8- 63 a ...{ili) 

1+ f — f?=(V125 +11)?" *" — (/125 - 11)?" *) 0<f’<1 wdiv) 
I+0=2p,V pe N= Even integer 

[from theorem 1] 


On adding Eqs. (i) and (iii), we get 
[x] + f + f’ =(8+ V3)" + (8- Jey 
- [x]+1=2p,V p © N= Even integer 
[from theorem 2] 
[x]=2p - 1 = Odd integer 
i.e., Integral part of x = Odd integer 


I = 2p = Even integer 


| Example 36. Let R= (6 V6 +14)’"*" and f =R-[R], 


where [-] denotes the greatest integer function. Find 
the value of Rf, neEN. 


ity a = refer AV) 
Sol. (6 V6 + 14)°"*! can be written as (/216 + 14)*"*! and LHS =x-x?4+x([x] =x—x(x-[x]=x-9f 
given that f = R—[R] [ex = [x]+ f] 
and R=(6 V6 + 14)°"* = (J216 + :14)2"*! =x(1-f)=x f’ [from Eq.v)] 
[R]+ f = (/216 +14)2"*) »»(i) =(8+ 63)" (8 - wea) [from Eqs.(i) and (iii)] 
O<f<1 --(ii) ny 
Let f’ =(V216 -147?"*) iii) = (64 - 63)" =(1)" =1= RHS 
O<f'<1 ...{iv) Remark 


Sometimes, students find it difficult to decide whether a problem 
is on addition or subtraction. Now, if x =[x] + fand0 <f’<1 
and if{x] + f + f= Integer. Then, addition and if 

{x] + f - f’ = Integer, the subtraction and values of (f +f and 
(f - f) are 1and0, respectively. 


On subtracting Eq. (iii) from Eq. (i), we get 
[R] + f — f’ =(V216 + 14)?" *? — (216 - 14)" *! 
[R]+0=2p,V pe N =Even integer [from theorem 1] 
f-f'=0or f=f’ 
Now, Rf = Rf’ =(V216 +14)?" *! (V216 -— 14)" *? 
= (216 - 196)°"*' = (20)?" *! 


Divisibility Problems 
Type | 


| Example 37. If (7+4/3)" =s +t, where nand s are 
positive integers and t is a proper fraction, show that 


(I-t)(s+t)= (i ll =a) is divisible by (x — a), VnéN. 
Sol. (7 + 4/3)" can be written as (7 + 48)" (ii) sate t th oe by (x + a), V né Only odd 
— ; Ss. 
am ina - | Example 39. Show that 
Now, let st’ = (7 — 48)" iii) 1992'99° — 19551998 _ 193819984. 1901! js divisible by 1998. 
0<t’<1 ..(iv) Sol. Here, n = 1998 (Even) 


On adding Eqs. (i) and (iii), we get 
s+t+t’=(7 + J48)" +(7 - ¥48)" 
$+1=2p,V pe N=Even integer [from theorem 2] 
t+t’=1 or 1-t=t’ 
Then, (1-t)(s+t)=t’(s +t) =(7 — 48)" (7 + 48)" 
[from Eqs. (i) and (iii)] 
= (49 — 48)" =(1)" =1 


| Example 38. if x=(8+3-7)", where nis a natural 


number, prove that the integral part of x is an odd 
integer and also show that x — x” + x[x] =1, where [-] 


denotes the greatest integer function. 
Sol. (8 +37)" can be written as (8 + ¥63)" 


fy x =[x]+f 
or [x]+ f =(8 + V63)" i) 


O<sf <1 .. (ii) 


‘. Only result (i) applicable. 


Let P=1992'* — 1955198 — 19381 + 1901" 
~ (1992!9% 7 1955!) _ (1938!9% _ 1901) 
divisible by (1992-1955) _ divisible by (1938 ~ 1901) 
i.e. 37 i.e. 37 
'. Pis divisible by 37. 
Also, P = (1992'9 — 1938198) — (195519 — 1901'"*) 
divisible by (1992 ~ 1938) divisible by (1955 — 1901) 
i.e., 54 ie, 54 


‘. Pis also divisible by 54. 
Hence, P is divisible by 37 x 54, i.e., 1998. 


I Example 40. Prove that 222° + 55557” is 
divisible by 7. 
Sol. We have, 2222°°°° + 55557? 


ia (39009 ibe gp?) aye (55557222 = 42222) _ (45955 _ 4?) 9 
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The number (2222 + 4°°*°) is divisible by 2222 + 4 
= 2226 =7 x 318, which is divisible by 7 and the number 
(5555°47? — 47222) is divisible by 


5555 — 4 = 5551=7 X 793, which is divisible by 7 and the 
number 

(45555 — 42222) 42222 (43933 _ 4) - 42222 (gg! _ 1111) jg 
divisible by 64 - 1 = 63 =7 x9, which is divisible by 7. 
Therefore, each brackets of Eq. (i) are divisible by 7. Hence, 
2222°° 4. 555572”? is divisible by 7. 


Type Il To show that an Expression 
Is Divisible by An Integer 


Solution Process 


(i) Ifa, p,n and r are positive integers, first of all write 
ghth opm or =(a?)" gt 

(ii) If we will show that the given expression is divisible 
by c. Then, expression a? ={1+(a? —1)}, if some 
power of (a? —1) has c asa factor. 
ora’ ={2+(a? —2)}, if some power of (a? ~2) has c 
as a factor. 
ora? = {3 +(a? —3)}, if some power of (a? —3) hasc 
as a factor. 


ora? ={k+(a? —k)}, if some power of (a? —k) has c 
as a factor. 


| Example 41. If nis any positive integer, show that 

2°** _ 7-8 is divisible by 49. 

Sol. Given expression 
=2"*3 ~7n ~8=2" -2?-7n-8 
= 8" -8-7n-8=8(1+7)"—7n-8 
=8(1+"C,+74+ "Cy +7? +..47C, 7") — 70-8 
=8+56n +8("Co+7? +...+ "Cq +7") —7n-8 
= 49n +8("C,-7° +...+ °C, -7") 
= 49 {n+8("C, +..+ "C, ge) 

Hence, 2°" * > —7n —8 is divisible by 49. 


[Example 42. if 10” divides the number 101'° — 1, find 
the greatest value of n. 
Sol. We have, 101° —1=(1+ 100)? -1 
aia CS, e004 Oy > 100? ta Cog 100 = 1 
= 1, +100 + °C, +100? +...+ Cig 10° 
= (100) (100) + '°C, +100? +... + Cio9 - 100°" 
= (100)? [1+ °C, +... + 1007] 
= 100° k, where k is a positive integer 
Therefore, 101' — 1 is divisible by 1007 i-e., 10°. 
: n=4 
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How to Find Remainder 
by Using Binomial Theorem 


If a, p,nand r are positive integers, then to find the 
remainder when a?" *’ is divided by b, we adjust power of 
atoa?"*" which is very close to b, say with difference 1 
ie.,b +1 Also, the remainder is always positive. When 
number of the type 5n —2 is divided by 5, then we have 


5)5n—-2(n 
5n 
-—2 
We can write —2 =—2-3+3=-5+3 
5n-2 5n-5+3 3 
or = ——_——- =n-1+- 
5 5 5 


Hence, the remainder is 3. 


| Example 43. 1 7'°° is divided by 25, find the 
remainder. 

Soin. We have, 7'° = 7-7! =7-(77)*! =7 (49)! =7 (50-1)! 
=7 ((50)°! — 5c, (50) + !C, (50)? -...-1] 
=7 [(50)*! — *!C, (50) + "Cz (50)? —... + "Coq (50)] 

-7-18+18 

= 7 [50 ((50)*° —*' C,(50)*? +7! C,(50) —...4+°"C5q) J — 25 + 18 
=7 [50k] -25+18, where k is an integer. 
= 25[14k — 1] + 18=25p + 18 [where p is an integer] 


103 18 
Now, —=pt ae Hence, the remainder is 18. 


34 
| Example 44. Find the remainder, when 55 
(24 times 5) is divided by 24. 


b | 
Sol. Here, 4 (23 times 5) is an odd natural number. 
LetS® (23 times 5) =2m +1 


; s 
Now, letx =5° (24 times 5) =5°"*'=5-5°", where m is 
a natural number. 
x =5-(5°)" =5(24 +1)” 
=5[™Cy (24)™ + "C, (24)" 7! $0.4 "Cy 1 (24) +1) 
= 5 (24k + 1)=24 (5k) +5 


Hence, the remainder is 5. 


| Example 45. If7 divides 32> ~ , then find the remainder. 
Solution. We have, 32 =2° 
3232 = (25) = 26 = (3 — 1)! 
= 1, (3)! — 1, (3)? +. — Cry (3) +1 
= 3(3'°? — C, 3)? +...- C,.,) +1 
=3m+i,mel* 
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Now, 3222 = 323m +1 9 5(3m+1) _ olsm+ 5 

= 2? 23 Gm + — 4 gmt. 4(7 re in 

= 4[ tC, (7) ely S™HIC, (7)5™ 4 SM HIC, (7)5"-1 
+..4 "410, (7) +1] 

= 4[7 2" *1C,(7)9" + ™* IC (7)P™— 4 MICS 4a] 

= 4[7k + 1], where k is positive integer = 28k + 4 


32 32 
oh ee 
7 7 


Hence, the remainder is 4. 


How to Find Last Digit, Last Two Digits, 
Last Three Digits, ... and so on. 
Ifa, p, nandr are positive integers, thena’” *’ is adjust of the 


form(10k + 1)”, where k and mare positive integers. For last 


digit, take 10 common. For last two digits, take 100 common, 
for last three digits, take 1000 common, ... and so on. 


ie. (10k £1)" =(10k)™ + C, (10k) ~' (+1) 
+ ™C, (10k)™ ~? (£1)? +...4 
™ Cm —2 (10k)* (£1)"* + "Cy (10k) (£1) 7) +(41)” 
For last digit = 10A +(+1)” 
For last two digits = 100p. + "C,, -, (10k) (+1)"~'+(+1)™ 
For last three digits = 1000v +™C,,-(10k)*(41)” 7+" Cyn -1 
(10k) (+1)"~' +(+1)” and so on where A,p, vé I. 


[ Example 46. Find the last two digits of 3°°°. 


Sol. We have, 3°” = (37) = (9) =(10— 1)” 
= (10)*” _ aso (io) 4 iad (10)! = as 6 (10)'7” 
$e + Cog (10)? — Coy (10) + 1 
= 100 — Cig (10) + 1, where € I 
= 100 — C, (10) +1 = 100p — 2000 +1 
= 100 (wu — 20) + 1= 100 p + 1, where p is an integer. 
Hence, the last two digits of 3% is 00 + 1 =01. 


| Example 47. If the number is 177°, find the 
(i) last digit. (ii) last two digits. 
(iii) last three digits of 177°°. 
Sol. Since, 177° = (177)'* = (289)'8 = (290 -1)' 
177 =18C, (290)'78 — 8c, (290)'” + *C, (290)'° 
90,4290) & c= Cg O00) Cy 290) 


— 18C 07 (290) #1 


(i) For last digit 
177% = 290[ 8c, (290)'2” — c,(290)!%8 
+ 8, (290)! —... —'"* Ci (1) +1 
= 290(k) + 1, where k is an integer. 
. Last digit =0+1=1 
(ii) For last two digits, 
1725 = (290)? [ 8c, (290)!26 — #8¢, (290)!78 + 
1G (290) = 4 Cai) = "Ci, (290) 41 
= 100 m— '8C,. (290) + 1, where m is an integer. 
= 100 m — '8C, (290) + 1= 100 m — 128 x 290+1 
= 100 m — 128 x (300 — 10) + 1 
= 100(m — 384) + 1281 
= 100 n + 1281, where n is an integer. 
.. Last two digits = 00 + 81= 81 
(iii) For last three digits, 
17756 — (299)? [ !8C, (290)!25 — 8c, (290)"™ 
#0, (290) a 2.= Ce (0 
+ 1280.06 (290)? — C427 (290) +1 
= 1000 m + '®Cjo, (290)? — '®Cyo7 (290) +1 
where, m is an integer 
= 1000 m. + '8C, (290)? — '8C, (290) + 1 
(128) (127) 


2 
= 1000 m + (128) (127) (290) (145) — (128) (290) + 1 


= 1000 m + (128) (290) (127 x 145-1) +1 
= 1000 m + (128) (290) (18414) + 1 
= 1000 m + 683527680 + 1 


= 1000 m + 683527000 + 680 + 1 
= 1000 (m + 683527) + 681 
. Last three digits = 000 + 681 = 681 


= 1000 m + (290)? — 128 x 290 +1 


Two Important Results 


f. ah 
@as(i+2) <3,n21neN 

\ n, n n 
(ii) iin>6,then{ ©) cnt<( 2) 


\ / 


| Example 48. Find the positive integer just greater 
than (14+ 0.0001)', 


10000 
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; 10000 
Sol. (1+ 0.0001)°™ -(1 +] 


(WB Seer 


=m 6 6 UE 


eee eS ie — 


Eee ee 


( n 
We know that, 2 < | 1+ +) <3,n21,nEN [Result (i)] 
ee 


Hence, positive integer just greater than (1+ 0.0001)°™ 
is 3. 


| Example 49. Find the greater number is 100'° and 


(300)! . 


¢ Nn 
Sol. Using Result (ii), We know that, 7 | <n! 
\I/] 


Putting n = 300, we get 

(100)°” < (300) ! ...(i) 
But (100)! < (100)° ...(ii) 
From Eqs. (i) and (ii), we get 
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| Example 50. Find the greater number in 300! and 


[399 300 | 


Sol. Since, (100) > 3!» 


=> (100)'* -(100)' > 3% . (400)! 
= (100) > (300)'? 
or (100)” > 300° (i) 
rd ya 
Using result (ii), a | <n! 
g (ii) [ x 


Putting n = 300, we get (100) < 300! ...(ii) 
From Eqs. (i) and (ii), we get 


300 309 < (100) < 300! 


=> 


Hence, the greater number is (300) !. 


(100)!°° < (100)° < (300) ! 
(100)'™ < (300) ! = 


Exercise for Session 3 


1. Ifx =(7+ 4/3)" =[x]+f, wheren EN andO <f <1 then x (1—f)is equal to 
(a) 1 (b) 0 (c) - 1 
2. If(5+2 V6)" =14f;n,leNandO<f <1 then / equals 
1 1 1 
a) --f b) —_—_-f c) ——-f 
aly Er, aE, 
1-f?. 
3. Ifn>Ois an odd integer and x =(/2 + 1)",f =x -[x], then a is 
(a) anirrational number (b) anon-integer rational number (c) an odd number 
4. Integral part of (V2 + 1)° is 
(a) 196 (b) 197 (c) 198 
5. (103)* ~ (86)'°3 is divisible by 
(a) 7 (b) 13 (c) 17 
978 
6. Fractional part of aa is 
Z 4 8 
a) — b) — c) — 
(a) 31 0) 31 (°) 31 
7. The unit digit of 17°98 + 11198 — 71983 jg 
(a) 1 (b) 2 (c) 3 
8. The last two digits of the number (23)"* are 
(a) 01 (b) 03 (c) 09 
9. The last four digits of the number 3'° are 
(a) 2001 (b) 3211 (c) 1231 
10. The remainder when 237° is divided by 53 is 
(a) 17 (b) 21 (c) 30 


300° < 300! 


Hence, the greater number is 300 !. 


(d) even integer 


1 
d) ——__+f 
(0) i+f 


(d) an even number 
(d) 199 


(d) 23 


16 
oer 


(d) 0 
(d) 27 
(d) 0001 ° 


(d) 47 
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Use of Complex Numbers i in Binomial Theorem, ‘Multinomial 
Theorem, Use of Differentiation, Use of Integration, Binomial 
Inside Binomial, Sum of the Series 


Use of Complex Numbers 
in Binomial Theorem 


If € R.né N andi=,/—1, then 


(cos@ +isin®)” ="C, (cos0)"~° (isin®)° 


+"C, (cos@)"~' (isin6)! 


+ "C, (cos0)"~* (isin®)? + "C3 (cos6)” 


-3 


(isin®) * +... 


or cosn@ +isinn® =cos” 6 +i- "C, (cos@)"~' sin® 


—"C, (cos@)"~? sin? @ —i- "C3 (cos®)"~* sin® 6 +... 


On comparing real and imaginary parts, we get 


cos n@ =cos” 8 — "C, (cos@)" ~* sin? 6 


-—"C, (cos6)"~‘ sin’ 0 -... 


andsin nO = "C, (cos@)"~' sin@ — "C, (cos@)"~° sin? @ 


+"C, (cos0)"~> sin? 0 -... 


| Example 51. if (1+ x)” =Co+C)x+C x? 

+C;x°+C,x"+..., find the values of 

(i) Co—Ca+ Cy —Cet... 

(ii) C, -C3+Cs—Cy7+... 

(iii) Co+Cy+Cet... 

Los (1+ x)" =Co + Cyx+Cz x27 +C3x°4+C,x' 
+C5x° +... 

Putting x =i, where i = J], then 


(1+i"=Cyo+CyitC, i? 4+C,P +C, iH +Cyi +... 


=(C,) -C, +C, -..)+i(C, -C; +C, -...) os 


Also, (1+ i)" = 2 (= + +)] 


ns, 

T _ 1 

pt ego rate, ™) 
~ « 4) 


v1 
= Qn? cose etch =) wll 
4 4 


(i) 


From Eqs. (i) and (ii), we get 
a i a dae C,+C,-.. ) 


Be 20" sn() 
4 4 


On comparing real and imaginary parts, we get 


= 2"!? cos (=| 
4 


C2626: - 22"? sin) 


=2"!? ogs 


Cyo-C 2 +Cy- [part (})] 


[part (ii)} 


We have, (1+ x)" =Cy + Cyx + Cy x2+Cyx7+Cyx' 
DiC? $G.e te 
Putting x = 1,0) w* (cube roots of unity) and adding, we get 
3(Cyo +C3+Cg +...) =2"+(14+ 0)" +(1 +07)" 
= 2" +(- w*)" +(-o)" =2" + (- 1)" (w" +0") 


| = 27in | 
=2" +(-1)!"4e 3 +e 3 


-2 cos (=| 
3 


= 2" +(-1)" -(-1)" 205( 


=2" +(-1)" -e™ 


\ 3 
=" 2n ni on 4.9 (=| 
sl a 2008()- + cos | — 
» CyotC3, +, er +2co«{ =} 


| Example 52. Find the value of 
Cte Gye Cate Cys 
Sol. «° 4-0=8-4=..=4 


4 are 1,—1,i, - i, we have 


‘. Four roots of unity (1) 

=e) Cin Cyn? + OC? bi 

Putting x = 1,— 1, i, -— i and then adding, we get 

4(™Cy + Cy + Cy t+...) = 2" 404 (1+ i) + (1-1) 
= 24" + (2i)?" +(-2i)"" 
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(1+ x)" 


= 287 422" 1)" 422" (4) 
sot” (4) sp?" 
Cy Cy + Cy +2? 4 (- 1 2 
Remark 
(1+ x)" = Cyt Gxt Gx? 4+ Gx. 
OGG +GtCor.. = ffs + 2"cos()| 


+ C,x", then 


li) G+G+Q+Oj+... “3a a1 + 2% 


= ‘cos( 4 } ocas| a 


Multinomial Theorem 


If nis a positive integer and x,, X2,X3,...,x, € C, then 
n! 


(i) Gt G+ Cyt. 


(x; +X, +X3 +...+Xx,)" =) 


aq a a 
ie ae ee 
where, @;,Ql2,Q13,...,Q, are all non-negative integers 
such that, +, +03 +...+0, =m. 


Remark 
The coefficient of x;"" + x9°? - xq? ... X,* in the expansion of 


n} 


CRTC eS | 
(0% !) (Qe !) (ag!) ... Cory!) 


In Particular 
(i) (a+b+c)" ~ jo La b® ¢Y such that 
(a!) (BY (y!) 
at+Bt+y=n 
! 
(ii) (a+b+c+d)" = a a* bP oY gi 


=> a 
(a!) (B 4) (v) (8) 
such thata+B+y+5=n 
| Example 53. Find the coefficient of a* b* c? d in 
the expansion of (a—b+c —d) ° 


Sol. The coefficient of a‘ b*c?d in the expansion of 


1 
(a~b+e-d)" is (-1)¢ 1+ — = 12600 
4'3!2!1! 


{powers of b and d are 3 and 1 ..(-1)°(-1) ] 


| Example 54. Find the coefficient of a°b“c ° in the 
expansion of (bc + ca+ ab)°. 


Sol. In this case, write a°b*c * =(ab)* (bc)” (ca)® say 


abtc® =qi7t*-b%t¥.c¥t? 


=> ztx=3xty=4 


(4, Y(Oy (Os 1)... 1) 
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y+z=s 
On adding all, we get 2(x + y+ z)=12 
xt+y+z=6 
ice x=ly=3,z=2 


Therefore, the coefficient of a°b‘c° in the expansion of 
(be + ca + ab)’ or the coefficient of (ab)! (bc)* (ca)* in the 


. 6. GF , 
expansion of (bc +ca + ab)” is nae i.e. 60. 


Aliter 
Coefficient of ab‘c ° in the expansion of (be + ca + ab)* 


= Coefficient of a’b‘c ° in the 


expansion of (abc)°® (+3 +—+ :) 
c 


2\2 
= Coefficient of (2 ) ( E } (2) in the expansion of 


1\°, ! 
[2+3+ +—| is 6 = 60 
a bc) 3!2!1! 


Number of Distinct or Dissimilar 
Terms in the Multinomial Expansion 


Statement The number of distinct or dissimilar terms in 
the multinomial expansion of (x , +x2 +x 3 +...+x,)" 


is iene, or 


Proof We have, (x, +x2 +3 +...+x,)" 
n! 
i a eg ee 
(4, !)(te !) (O13 !)... (Ox 4) 


where, 0,02, 03,...,0, are non-negative integers such 
that 


OQ, +, +0,+...+0, =n ...{i) 
Here, the number of terms in the expansion of 

(x, +X_ +%3 +...+%,)" 
= The number of non-negative integral solutions of the Eq. (i) 
on ATK 'C; - 


| Example 55. Find the total number of distinct or 
dissimilar terms in the expansion of 
(x+y+z+w)" NEN. 
Sol. The total number of distinct or dissimilar terms in the 
expansion of (x + y +z + w)” is 
ae F +3)(n+2)(n+1 
1-2-3 
_(n+1)(n +2)(n +3) 
6 
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I. Aliter 
We know that, (x + y+z+w)" ={(x + y)+(z + w)}’ 
=(x+y)"+"C (x+y) '(z4+w) 
+ "Co (xt yl? (z+ w)? +..4"C, (2 + wy" 
.. Number of terms in RHS 
Sele 2+(n—1)-34+...+1-(n +1) 


-2 (n-r+1)(r +1) 
n ine > r? 
r=0 r=0 


n(n +1)(2n +1) 
———— 


= a (n+1)+nr—r? =(n +1) zit 


=(n#1)-(n +1) +n AOD) | 


_(n+1)(n + 2)(n +3) 
6 
Il. Aliter 
n! Ne 


(xtytztw)t=2 gh reg "8 4y 


n!ny!nging! 
where, my, M2, 1 3,N4 are non-negative integers subject to the 
condition ny +n, +n3z+ny=n 
Hence, number of the distinct terms 

= Coefficient of x" in(x° + x'+x74..4 x")! 


te =) 
1=*% J 
Faia (1-x) ‘ 
= Coefficient of x” in(1— x)” ‘ rae 
(n + 3)(n + 2)(n +1) 
6 


= Coefficient of x" in 


= Coefficient of x" in(1—- 
n+1 > x"] 


ins Sa 


Greatest Coefficient in 
Multinomial Expansion 


The greatest coefficient in the expansion of 
n! : 
(x, +x, +x3+...+x,)” is , where gq is 


(qt) *""((q+1))" 


the quotient and r is the remainder when n is divided by k i.e. 


k) n(q 
ra 


{ Example 56. Find the greatest coefficient in the 
expansion of (a+b+c+d)”. 


Sol. Here, n =15 and k = 4 [. a, b,c, d are four terms] 


4)15(3 
12 
3 
gq =3andr =3 
15! 
Hence, greatest coefficient = —~——; 
(3!) (4!) 


Coefficient of x’ 
Multinomial Expansion 


If nis a positive integer and a ,,@ 2, a 3,...,@, €C, then 
coefficient of x’ in the expansion of (a, +a) x +3 x" 
+... tap x *7) "is 
n! a,” a2 Qy Oy 
(0; !) (Qe2 !) (3 !)... (Oy !) 
where, &;,2,03,...,0@, are non-negative integers such 
thatQ@, +O, +03 +...+0, =n 


and O12 +203, +30, +4+...+(kK-1O, =r 
{| Example 57. Find the coefficient of x’ in the 
expansion of (1+ 3x —2x°)"?, 


Sol. Coefficient of x’ in the eee of (1 + 3x - 2x’) is 


- Y 
=2 se -(1)* (3 (-2) 
where, & +B + y = 10andB + 3y =7 
The possible values of a, 8 and y are given below 


a ta’ . x? 


7 ay (3)* (-2) 


(1)° (3)’(—2)° ve 


~ 31710! 
10 
7112! 
= 262440 — 204120 + 4320 = 62640 


(1)" (3)! (-2) 


Use of Differentiation 


This method applied only when the numericals occur as 
the product of the binomial coefficients, if 


(l+x)" =Cy +Cyx+Cox? 4+C3x? +..4C, x" 


Solution Process 


(i) If last term of the series leaving the plus or minus 
sign is m, then divide m by n. If q is the quotient and 


ris the remainder. 
ie. m=nqtr or n)m(q 
nq 

r 


Then, replace x by x ? in the given series and 


multiplying both sides of the expression by x ’. 
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(ii) After this, differentiate both sides w.r.t. x and put 
x =lor~1or i(i=~V-1), etc. According to the given 
series. 


(iii) If product of two numericals (or square of numericals) 
or three numericals (or cube of numericals), then 
differentiate twice or thrice. 


| Example 58. if 
(I+ x)" =Co + C,x+C,x7+...+C,x", prove that 
C)+2C, + 3C3+...+nC, =n-2"", 

Sol. Here, last term of C, + 2C, +3C, +...+nC, is nC, ie. n 


and last term with positive sign. 
Then,n=n-1+0 or n)n(1 


jo|a 


Here, q = landr =0 
Then, the given series is 
(1+ x)" =CotCyx+Cox?+Cyxi tut Cx" 
Differentiating both sides w.r.t. x , we get 
n(itx)"~'=04+C,+2C,x+3Cyx°+..+nC, x7! 
Putting x = 1, we get 
n-2"~'=C,+2C,+3C,+..+nC, 


or C, +2C, +3C,+..+nC, =n-2 7! 


I. Aliter 
C,+2C,+3C,+...+nC, 
xine OD A(n-VY(n-2), 
1-2 1-2-3 
mn {ira SDE) 443} 


Let n-1=N, then 
uis=(14 Ny lien + UD, ol 
=(1+N) {1+ %c, + "Cc, +...4 %Cy} 


=(1+N)2% =n-2"~'=RHS 
II. Aliter 


LHS=C,+2C,+3C;+..¢nC,= Lr-"C, 
r=1 


=n »y La nee 
1 


an( 0) 4° 6, ae ep te 


=n-2' =RHS 
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f Example 59. If (14+ x)” =Co+C,x+C,x? 
+...+C,x", prove that 
Cat 2G +3Co4% (nt 1G. =(a-2)2"". 


Sof. Here, last term of Cp +2C, +3C, +...+(n +1)C, is 


(n+1)C,, ie., (n + 1) and last term with positive sign. 


and nt+tl=n-1+1 
or n)n+1(1 
-n 
a 


Here, g = landr =1 oe 
The given series is 
(1+ x)"=Cyo tC, x+C, x7 4+..4+C, x" 
Now, replacing x by x' and multiplying both sides by x, we 
get ; 
x(1+ x)" =Co xt, x? 4+C, x7 4..4C, x"*! 
Differentiating both sides w.r.t. x, we get 
x-n(l+ x) +(1+ x)" -1=Co +2C,x +3C,x? 
+..¢(n +1)C, x" 
Putting x = 1, we get 
n(2)"~' +2" =Cy +2C, +3C, +... +(n + 1)C, 
or Cg + 2C, +3C, +... + (n $1)C, =(n +2)2"~! 
I. Aliter 
LHS =Cy +2C,+3C, +...+(n+1)C, 
=Cy +(14+1)C, +(14+2)C, +...+(1+n)C, 
=(Co + Cy + Cz +...+C,) + (Cy +2C, +...+2C,) 
{use example 58] 
=2" +n-2""! =(n+2)2"~'=RHS 
Il. Aliter 
LHS =C, +2C,+3C, +...+¢(n +1)C, 


n+1 a+t 


= = og ee (r-1+1)-"C,_, 
r=1 r=] 


+ 
22, =i)"@.,4"C x 
r=] 


atl n+1 
= 202" "Gn t = oe 
r=} r=) 


=n(0t" "Cy +7 "0,47 "C, +..47"C,-)) 
+("Cy + "C, +"C, +...+"C,) 


=n-2"~'42"=(n+2):2"~'=RHS 
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| Example 60. If (1+ x)" =Co +C\x+C2x? 
+...4+C, x", prove that 
Cot 3C,+5C, +...4 (2n+1)C, =(N+1)2”. 


Sol. Here, last term of Cy, + 3C, +5Cz +... +(2n +1)C,, is 
(2n +1) C,, ice., (2n + 1) and last term with positive sign. 


Then, 2n+l=n-2+1 
or n)2n + 1(2 
—2n 
1 


Here, q =2andr=1 
The given series is 
(1+ x)" =Cy +Cyx+Cpx?+..4+C,x" 
Now, replacing x by x”, we get 
(L4x?)=Cy tCyx?+Cyxtt..+C, x7" 
On multiplying both sides by x’, we get 
x (1+ x7)" =Cox +Cyx? + Cox? +...4+C, x 2"4 
On differentiating both sides w.r.t. x, we get 
x-n(1+x7)"~)-2x4+(1+ x7)" -1=Cy +3C,x? +5C, x4 
+..4¢(2n +1)C, x7" 
Putting x = 1, we get 
n-2"~".2+2" =Cy +3C, +5C2 +...+(2n +1)C, 
or Co +3C,+5C, +...+(2n+1)C, =(n+1)2" 
I. Aliter 
LHS = Cy +3C, +5C2 +...+(2n +1)C, 
=Cy +(14+2)C, +(1+ 4) C2 +...4+(1+2n)C, 
=(Cyo tC, +Cz +...+C,)+2(C) +2C, +...+C,) 
=2? 42-n-2'=2 +n-2" 
=(n +1) 2” = RHS 
Il. Aliter 
LHS =Cy +3C,+5C, +...4(2n +1)C, 


[from Ilusration 58] 


n n Qn 
= » (2r+1)"C.= rey DAC. 
r=0 r=0 r=0 
a 


=2) r-"C, + 2, a 
r=0 


n a = 
20 > pee DAC. Exec 
r=0 r r=0 r 


n n 
on 2. 2 + DO 
r=0 r=0 
=2n(0+" "Cy +" 1C, 47 1C, +..+" "C, ~1) 
+ ("Cot "Cy + "C2 +...4+"C,) 


=2n-2"~142" =(n +1)-2" =RHS 


| Example 61. if (1+ x)" =Co +C)x+C,x? 
+...+C,x", prove that + Cts n?-C, 
1? -C, +2? -Ca=n(n+1)-2°-?, 


Sol. Here, last term of 1? -C, +2? -C2 +3? -C3 +...+1° °C, is 


n?-C,, ie. n®. Linear factors of n? are n and n; [start 
always with greater factor] and last term with positive 
Sign. 


and n=n-1+0 or n)n(1 


n 


Here, q = 1 andr =0 
Then, the given series is 
(14+ x)" =Cy + Cyx + Cox? +C5x? +... + C yx" 
On differentiating both sides w.r.t. x, we get 
nx(1+x)"~'=C,+2C, x 4+3Cyx24+..¢nC,x" | fi) 
and in last term, numerical is n C,, i.e., n and power of 
(1+ x)isn—-1. 
Then, n =(n-1)-14+1 or n—-1)n (1_ 
Tease | 
—+ 


1 
Here, gq =1landr=1 
Now, multiplying both sides by x in Eq. (i), then 
nx (1+ x)" '=Cyx+2C,x?+3C,x°+..¢nC,x" 
Differentiating on both sides w.r.t. x, we get 
n{x+(n-1)(14 x)"~? +(1 + x)" 7) -1} 
=(C,-14+2? Cox +3? Cyx? +..¢n°C,x"" 
Putting x =1, we get 
n {1-(n -1)-2"-? +2" =? .C, +2? -C, +3? C; 
+..¢n?-C, 
or 1? -C, +2? -C, +37-Cy +..tn?-C, =n(nt1)2~? 
Aliter 
LHS = 17-C, +2?-C, +37-Cy+...+n?-C, 


a 
=n Dirt." 6, an DC. 
= 1 


i re 


2A.) (ni) Gen Dey 
1 


r=] r= 
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sH@e) 2 *GQesan 2 PG 
r=] r=l 


=n(n-1)(0+"~7C,+"~*C, +" 2C2 
tack (Co gene “Cpe CG 
ge CS ae ch 


~ =n(n—-1)-2"7? 4-2" = n(n +1)2" 2 = RHS 


[Example 62. If (1+ x)” =Cy+C,x+C,x? 
+...+C, x", prove that (1-2) C2 + (2-3) 
Cyt... +{(n-1)-n}C, =n(n—1)2"~?. 
Sol. Here, last term of 
(1-2) C, + (2-3) C3 +...+ {(n -1)-n}C, is(n-1)nC, 
iLe.(n~1)n 
[start with greater factor here greater factor is n] and last 
term with positive sign, thenn =n-1+0 
or n)n(1 
ue 
a 
Here, q = 1andr =0 
The given series is 
(Lt x)" =Cy t+ Cyx +Cox?4+Cyx°+..4+C,x" 
Differentiating on both sides w.r.t. x , we get 
n(1+ x)" =0+C, +2Cyx +3C3x? +..+¢0C,x" 
Again, differentiating on both sides w.r.t. x, we get 


n(n—-1)(1+ x)" ~? =0+0+(1-2) C, + (2-3) C3x 

| +..+ {(n —1)-n}C,x"~? 
Putting x = 1, we get 
n(n-1)(1 41)" ~? =(1-2) Cy + (2-3) C3 

+...+{(n -—1)n}-C, 
or (1-2) C, +(2-3)C3 +...+ {(n -1)n}-C, =n(n-1)2"~? 
I. Aliter 
LHS = (1-2)C, + (2-3)C3 + (3° 4)C, 
+...+ {(n — 1) n}-C, 


fg Be =D gy n(n -1)(n-2) 
~ te aie 13:3 
9.910 =) 

1-2:3-4 
+..4+(n—-1)n-1 

single Oe Ge D9) ,. +4] 

| 1 1:2 ™ 
Now, in bracket, let n — 2 = N, then 
=n(n= 1) jr SD 
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=n(n—-1){%C, + %C, +..4% Cy} 
=n(n—-1)2% =n(n-1)2"~*? =RHS 
II. Aliter 
LHS = (1-2) C, + (2-3) C3 +... + {(n -—1)-n}C, 


= x (r-1)-r-"C, 


nn-]l 


25 wiser 
2M 1)-r pet 


n-2 
. Cat 


=(n-1)n uC, 2 


s(ne tae 76, 48 eG teed Cy) 


=(n-1)n-2"~? =RHS 


| Example 63. If 
(14+ x)" =Co + Cx+C,x74+C3x>+...4+C,x", prove 
that Co —2C, + 3C, -4C; +...+(-1)" (n+1)C, =0. 
Sof. Numerical value of last term of 
6, - 90) 490) - 26, Hed (1) (HC, ig 
(n+ 1)C, ie., (n + 1), then 
n+l=n-1+1 or njn+1(1 
—n 
1 


Here, q = 1landr =1 
The given series is 
(1+ x)" =Co + Cx + Cox? +C3x? +..+C, x" 
On multiplying both sides by x, we get 
x(L+ xl" =CoxtCyx? +Cyx?+Cyx'ti.4C,x"*! 
On differentiating both sides w.r.t. x, we get 
xen(l+ x) +(1+ x)" -1=Cy +2C,x +3C, x? 
44C,x34+..4(n+1)C,x" 
Putting x = — 1, we get 
0=C, -2C, +3C, -4C, +..4¢(- 1)" (n+1)C, 
or Cy —2C, +3C, -— 4C3 +... +(— 1)" (n + 1) C, =0 
I. Aliter 
LHS = Cy — 2C, + 3C, —4C, +... +(-1)" (n + 1)C, 
= Co -(C, +C,)+ (C, +2C,)-( Cy +3C;) 
+...+(-1)" {C, +n C,} 
= {Co -C,+C,-C, +...+(-1) C,,} 
+ {-—C, + 2C2 -3C, +...+(-1)' 1 C,} 
el a(n=1)_, n(n ~ 1)(n — 2) 
=(1-1)" + 1-2 1-2-3 
+..4(-1)" +n | 
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) -(a@=W(n=2) , 


ae . + (— 1) | 


f 
=O0+nj-1+(n-1 
( 


=o-nfi (ne 2VEWD_ 4 ay} 


Let in bracket, put n —1= N, we get 
N (N =1) - 


Lis=0~n{1- N+ we + (— 1) 


=0—-n{%c, - %c, + XC, -...+(-1)% Cy} 
=0-n(1-1)% =0-0=0 =RHS 
II. Aliter 
LHS = Cy —2C, +3C, -—4C3 +...+(-1)" (n+1)C, 


= D (ay (r+1)"C, = D (ay fee", °C, ] 


= 5 (-1) [n Cra +" C,] E i 


=n Bay * 1,4 E (ay 6, 


=n DB (-yt1G, 44 (oa "6, 


—n(1-1)"~'+(1-1)" =0+0=0=RHS 


[ Example 64. If (1+ x)" =Cg+C,x+C2x? 
+C;x°>+...4C, x", prove that 
C,-2C,+3C; —-...+(-1)""' ac, =0. 
Sol. Numerical value of last term of 
C, —2C, +3C3 -...+(-1)" "nC, is nC, ie.,n, then 
and n=n-1+0 or n)n(l1 
—n 


= 
Here, q = landr =0 
The given series is 
(1+ x)" =Cy tCyx +Cyx7274+Cyx2+..4C,x" 

On differentiating both sides w.r.t. x, we get 

n(1t+x)" 2=0+C, +2C.x+3C3x7+..40C,x"” 
x =— I, we get 
0=C, —2C, +3C3 -... +(-1)" nC, 
or C,-2C, +3C3-...+(- 1)" "nC, =0 
I. Aliter 
LHS = C, — 2C, + 3C3 —... + (-1)" "1 nC, 

_9.n(n-1) gga es 

1:2 1-2-3 


anf D(H gap 
1 © 


Putting 


we (= 19" tend 


"C,= = aie C,-4 


1 


| 


In bracket, put n — 1= N, then 

Pe ‘ N(N -1) 
1-2 

=n ("6 = "C4" Q=wk il’ Cy) 


=n(1-1)¥=0=RHS 


Las =n -..+(- "| 


Il. Aliter 
LHS = Gc = 2C2 + 3C; ae a (-1)" n CG. 


=D (17 r-"c, 


r=] 


= 2s (6 iF ane 16. fete, = 21 
r=1 r 
=n > Gi 'c..4 
r=] 
=n(1-1)"~'=0=RHS 


[ Example 65. If (1+.x)" =Co+C,x+Cx? 
+C3x°+..4+C,x", prove that 
Co — 3C, + 5C ~...+ (-1)" (2N+ 1)C, =0. 
Sol. The numerical value of last term of ; 
Cy —3C, +5Cy —... +(— 1)" (2n + 1)C, is(2n+ IC, 


ie. (2n +1) 

and 2n+1=2:n+1 or n)2n+1(2 
—2n 
_i. 


Here, g =2andr=1_ 
The given series is 
(lt x)"=CyotCyx +Cox24+Czx2+..+C,x" now, 
replacing x by x’, then we get 
(1+ x7f=Cyo t+ Cx? +Coxt t..+C,x" 
On multiplying both sides by x , we get 
x(1+ x7)" =Cox+Cyx? + Cox? +..4C,x7" 7! 
On differentiating both sides w.r.t. x , we get 
xen (1+ x2)" ax 4 (1+ x7)" -1= Co $3C\x’ 
+5Cox4+...+(2n +1)C,x™ 
Putting x =i in both sides, we get 
0+0=C, —3C, +5C, —...+(2n + 1)(-1)"C, 
or Cy -—3C,+5C, -...+(-1)"(2n +1)C, =0 
I. Aliter 
LHS = Cy, — 3C, +5C, -... + (-1)" (2n + 1)C, 
= Cy —(1+2)C, +(14+ 4) C2 -... + (-1)" (1+ 2n)C, 
=(Cy —C, +C, -...+(-1)" C,)-2(C, - 2C, 
+..+(- 1)" 71 n-C,) 
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1 
=(1-1)" -2-0 [from Example 64] m als ax? Cx? Cw 
iy =| Cox + — + 4 — +... + 2 
=0=RHS 2 3 n+1 
I. Aliter ; ” tie ig Gi. . C. 
LHS = Cy —3C, +5C2 —... + (—1)" (2n + 1)C, Toe ae neers 
; r n ; r a ia 
= D (=a ar +1)", = D(H [2r-"C, + °C] 6p Se Say eo 
2 n+] n+1 
=2 7. Lady 2S I. Aliter 
r=) r=} 
_ C, C2 C, 
= 2nf1 -1)"~1 + (1-1) =0+0=0= RHS paola Ge hee Cg 
ajq Bg BERD, 4 F 


Use of Integration ia tS eel 


= ] aes pe gl ae +] 
This method is applied only when the numericals occur as n+1|, 1-2 1-2-3 _ 


the denominator of the binomial coefficient. 


Put n +1=N, then 


1 N(N-1), N(N~-1)(N-2) j 
Solution Process uis= 2 | 4 NY gy el 
If(1+x)"=Cy+Cyx +Co x? 4+Cax%t...4C, x", 22 (XC. tC, 4 Cy tut %Cy] 
then integrate both sides between the suitable limits N ; 

. ; + 
which gives the required series. _ (1 4+1)" -1]= le =2 1 _ pas 
1. If the sum contains Cy, C;,C2,...,C, are all positive ” N ae 
signs, then integrate between limits 0 to 1. I. Aliter 
2. If the sum contains alternate signs (i.e., +, —), then LHS =C, + CQ i. en C. -> Cc. 


integrate between limits —-1 to 0. 2.3 ntl rnorel 


3. If the sum contains odd coefficients (i.e., n 
Cy,C2,C,4,...), then integrate between -1 to +1. = 2 


4. If the sum contains even coefficients (i.e., 
C,,C3,Cs,...), then subtracting (2) from (1) and then 1 


atl 
aie . Cra 
dividing by 2. (nt Too 
5. Ifin denominator of binomial coefficient product of ae ("tI + "HC, 4 "HHIC 
two numericals, then integrate two times first times (n +1) ; : ° 


taken limits between 0 to x and second times take 
suitable limits. 


° 7 1 pri yet nly 
| Example 66. If (1+ x)" =Cgo +C,x pera. ~ n+1 ~ 
+C,x *+...4C, x", prove that : 
ee a," oil | Example 67. if (1+ x)" =Co+C,x +C,x 
Coty — >, ¢ a —_., +C;x 5+...4C, x", prove that 
2D, 0 n+1 n+1 
C a _4yn Ca fe 
Sol. (14+ x)" =CyotCyx +C, x7 4+..4+C, x" ...(i) a a ee, y n+] n+l 
oie both sides of Eq. (i) within limits 0 to 1, then we get ogy .. (1+ x)"=CytC,x +C,x2+..+C,x" wai) 
An 1 Rn 
j (1+ x) dx = | (Cot Cx + Cox? tnt Cyx ) dx Integrating on both sides of Eq. (i) within limits — 1 to 0, 
a then we get 
(i+ay™ ro : : ; : 
ol [a+ dx = (Cot Cx + Cox + wt Cy x") dx 
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‘y i i n+l 
=| +x) =|C, 4 i% 4 Sat ee as 
mere de 2 n+1 |. 
=> <9. -9-[-cy+ Ce +( te 4 

a1 2 no 
=> ers Ci C2 + ( hii Cy 
n+1 2 3 n+l 
=> d ee pe ae (-1)" C, 
n+1 2 n+1 
[2 (- 1)? *? =(- 1)" (-17 =(-1)"] 
Gc. 
Henerie), Soe, 4 Se 
2 3 n+1 n+l 
I. Aliter 
LHS = Cy -24 eS | Pe 
3 n+1 
ag Sa ge 
2 1-2-3 n+1 (n+1) 

(ea) ee OED ety 

: 1:2 1-2-3 
Put n+1=N, we get 

; ga NIN =D, NIN =1) (WW -2) 
=— 1-2 1°2-3 
-...+(-1)"7 ! 
1 - 
=—[%c,- NC, + %C3 -...+(-1)% i) 
N 

__! N N _N = NN 

yen t BC BCa + eH (-)™ Cw] 


= -— — (NC - NG + es NG. 


$n $1 Cy PCG] 
1 N oN 1 1 
=-—[(1-1 Cylj= -— [0-1] =— 
ral y" Co] NE ] " 
= l = RHS 
n+1 
Il. Aliter 
~ (-1)-C 
(isa@: = 24 +(-1)" C. = pa ) 
3 n+1 r=0 r+] 
7 - (-1) oa 
rs0 or til 
> (-1) Cr+ eile or c. 
r=0 (n +1) n+l rt+l1 
y (- ij as 
a eat 0 


aan" poi MIC ma tI aa 
“cage ac, 2G ge OG, 
+..4(-1)'7! seal OA | 
-_! vweys— _4-)/=—_= 
(n +1) — (n + rr °] n+1 


LT Example 68. If (14+ x)" =Co+Cx+C2x? 


+CzXx*+...4C,x", prove that 
n 

Sioa’ nc ee 
1 5 n+] 


Sol. (1+ x)" =Cy + Cx +C,x7+C;x° 
+Cyx4 +..4C,2" ..(i) 


Integrating on both sides of Eq. (i) within limits - 1 to 1, 
then we get 


[L(t xy de = (Cyt Cy + Cg x? + Cy x? + Cyx" 

+. + Cx") de 
= [ (co +C, x7 +C,x ‘+ wd + fl (Cx +C3x° t...)dr 
=2[ (Ce +C,x? 4+C,x‘+...) dx +0 


[by property of definite integral] 
[since, second integral contains odd function] 


; nti}! % 3 C 5 \} 

Go.) 6 [cox + S22 i ae 

h n+1 , q - 3 5 j 
2 


+1 
=> Z =2(cy ++ Sts. 
n+1 3 5 
or ey Sty Soa. oe “4 
a * nti 
J. Aliter 
GC. 


LHS = Cy) + + = 
3 5 


_safilend steeds 
1-2-3 1-23 45 
4 nti, (n+1)n(n-1) 
(n+1){ 1 1-2-3 
, (a+ In (n= 1)(n = 2)(n-3) | 
1:2°3°4°5 
SMC HOC, eM CS +) 
= ' : r [sum of even binomial coefficients of (1 + x)" *'] 
n+ 
gnt+i-t Qn 


n+l 
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Ul. Aliter LHS = £2 4024544 pun yee 
1 3 5 LHS = = N(N ~1) | N(N -1)(N -—2)(N -3) 
CaseI If nis odd say n = 2m +1, V me W, then N a! 4! 
tng]2 EC 2 FO Cor NON =1)(N = 2)(N ~3)(N = 4)(N-5) | 
.  r=0 Q@r+1 r=0 (2m+1) 6! ag 
m 2m+2 
‘i ; "Ce Cor +1 = "6,4 %@ 4¥e,4 ] 
ér +1 2m +1 N 
1 
ee ee = py LOM Co + MCz + BCy + NC +...) - “Co] 
~ (2m +1) el 
1 . 2" -1 
(wn =2m +1] = 5 lan 1]= =" S 
Case II If n is even say n = 2m, V me N, then 
Il. Aliter 
m 2m mi 2@m+in 
C r 
lite D Me FY Lys = ©1434 O54 
r=0 2r+1 r=0 (2m+1) 2 4 6 
2m +1 ' mo Case \ Ifn is odd sayn =2m+1,V me W, then 
a ore ae a SC Caren 
ise 2 F 
ait gs r=0 «ar +2 r=0 (2m +2) 
- = = RHS ““n=2m - 2m+2 2mt+in 
2m+1 ntl ve CBr 42 Car+ 
2m+2 2 ee 
JExample 69. If (14+ x)” =Co+C,x+C,x 24+C;x3 : . 
= ( Fete ay 2 2c Sf oot 2m+2r } 
: ea G; Gs ono (2m +2) 2 4 2m+2 
+...+C,X", prove ee ir ae a 7 ' 
n+ = ag ra OG 71 {~2m+1=n] 
Sol. We know that, from Examples (66) and (67) (2m + 2) : 
Co Og 2 Ca Cu Cg A ( = RHS 
° 2 # & & °° nad ai Case Il If n is even say n = 2m,V me N, then 
m-1 2maA m-1l 2m+l 
and Get Sha i ge ...(ii) ise a Carve 
4 ) 6 n+l . r=0 (2r +2) r20 (2m +1) 
Snisubleaeting Bry (ii) from Eq. (i), we get : metic : zmc 
(S44 Ss..} ill 2am +1 ar +2 
(2 4 6 n+1 om 
On dividing each sides by 2, we get me) > ee Ghicrely 
COs Cs A} = 1 (SEG af: zmtion 4 2mtic 
2° 4° G n+1 (2m +1) : : 
2m+1 
+..+ 6 
| Aliter LHS = +53 4&3 +. | ie 
__} (gem ei-1_ amsic y 
siecle n(n — 1)(n - 2) (2m + 1) 
L=2 1:2-3-4 a1 a 
2a = 1)(n = 2)(n -3) (n= 4) nti : 
1:2:3-4-5°6 
1 (n +1)n | (n +1) n(n ~1)(n —2) | Example 70. If (1+ x)" =Co +Cyx 
nt+1| 1:2 1-2:3-4 +C,x 7+...+C,x", prove that 


; (n +1)n(n—-1)(n —2)(n -3)(n —- 4) 
1:2:3:4:5-6 


3°C2  3°Cs, _ eG ge 4 


a 3Co +3? lg - . 
2 4 n+] n+1 
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Sol. (14+ x= Cot Cyxt+Cox?+Cyxi t..¢C, x" ..(i) 
Integrating on both sides of Eq. (i) within limits 0 to 3, we get 
[+x de = [.(Co# Cie + Cy.x 24 Cy x Hut Cy x” dx 


- 3 _ 
yt 2 3 4 
op) aed hag g Se ay Sa 
n+l " 2 3 4 


4 &n geet 
n+1 
0 
n+1_ 2 3 4 n+l 
4 See eas 33°C. a Ca ah 2 C. 
n +1 2 3 4 n+] 
Hence, 
3C, ee. 3c; 3°C3 i a 
3 n+1 n+1 
I. Aliter 
32°C 3 4 ares 
LHS = 3C, + beg liege Sy ee 
2 3 4 n+1 
2 7 4. ~ _ 
ite n,® n(n 1), 3 n(n —1)(n —2) 
1-2:3 1:2-3-4 
ara) 
+..+ 
n+1 
1 37 (n+1 3° (n+1 = 
= eee Le, Sosy) ney) ye) 
(n + 1) 1:2 1-2-3 


ge (n+1) n(n-1)(n-2)_ 
1-2-3:4 


F ial 


Putn +1=N, then 


— 3 — —— 
veal boxe N(N~1) , 3° N(N-1)(N -2) 
N 2! 3! 
34N(N —1)(N -2)(N -3) ie | 
+ —_ tr... +3 
4! 
] 
== [Ci (3) + "Co Gy 4 °C, Gy +. "Cy J 
| 
=< [ "Co + "Ci (3) + “C,(3)? + “C3 (3) 
tec "CG" ae, 
1 AP at et 
aac 1+3 = = ———— = RHS 
= iC )" =) N n+1 
Il. Aliter 
3 4 n+] 
ge! G 
LHS =3C, +3? +2 hg Ss a 
2 3 4 n+1 
r=0 (rt1) #0 (n +1) 


ae <_< aon 
; n+l r+l1 


pe re 
“wei = 
a eee aes ae oe, aa? nel. ay 
n+ 
ee uae) 
= Lay nt ides 
e ae ) 0] 
n+l _ 
_4 1 _ RHS 
n+1 


| Example 71. if (14+.x)"=Co + C,x + C2Xx 74... C)X", 
p 


show i ee 2° Cy + Oe g ee 
1-2 2-3 3-4 "ae pined 
_3°*? 2-5 
~ (nt1)(n+2) ” 
Sol. Given, 
(14 x)"=CotCyxtCox? + Caxi2 t..¢C,x" 
..(i) 


Integrating both sides of Eq. (i) within limits 0 to x , we get 
Ja +x)" dx = I ¢ G+ Ger O,.0? Ho Cx Vax 


- (1+ x)"*! ‘“d 
n+1 
i 3 n+1 | 
=| cur SE ; Gt Caz 
2 n+1 
0 
n+1 2 c x? Cunt 
ere) gg ie Ome ee. + ———_ 
(n +1) nt} 

. wwii) 
Again, integrating both sides of Eq. (ii) within limits 0 to 2, 
we get 

2 n+) 
r2(1 + x) 1 dx 
o  (n+1) 


2 3 n+l 
=i a Sa a dx 
0 2 3 


n+2 aa 2 3 4 
‘ee 1 (1 + x) — a Cox ¥: Cx + C2x 
GD. e+2 = é 1-2 2-3. 3-4 


C- x"t? 
+... —2__ 


Paribas neal 12°23) 34 
, rte. 


+ —_——_ 
(n+1)(n+2) 
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ee Se 


3 4 "2 
Hence, Foot A c+ FO eee eas 
1-2 2:3. 3-4 (n +1)(n +2) 
_ atte ons 
(n + 1)(n + 2) 
ani 
3 4 +2 
Lis= 7 c+ : 2 64266 
2°3 3-4 (n + 1)(n + 2) 
93 4 _ +2. 
a2 a2 n¢ 2 Bln 1) ae ee 
12°23 (34) (n +1)(n +2) 
o 1 (n +2)(n + 1),2 (n + 2)(n +1)n,5 
(n + 1)(n + 2) 1-2 1-2-3 


Aenea yee 
1-2:3-4 
Putn +2=N, then we get 
NOD N(N-1)(N- 2) 93 
1-2-3 
its YAN) 4.429} 
1+2-3-4 


maa ve 


eee N 2,N 3,N 4 
N(N=1! Cy (2) + “Cy (2) + °C, (2) 


$..t %Cy (2)%] 


as 1 
N(N -1) 


{8Cy + %C,(2) + NC, (2)? + *Cs (2)° 


"6, OG) tut Cy" =", — "E) 


{(1 +2)" -1~2N} 


é 1 
N(N -1) 


eo lH 2(n +2) _ St? an -5 _ : 
(n +2)(n +1) (n + 1)(n + 2) 


Il. Aliter 
qe 3 4 gure 
LHS = —.C, aa og ace Pe es 
1-2 2:3 3-4 *in+i(n+2 
"Ss yt) 
r=ir(r+1) 
= ie nt20 ie atic _ "C : 


r=i (n+1)(n +2) | (n+1)(n +2) r(r+1) 


nei 


a 1 > a+2q ot 
(n+ 1)(n +2) rat" on 


_ 1 "*2C,.27 4 "*2C,.23 

(n +1)(n + 2) ; ; 
Paget Ogi | 

1 

= pacoy t* PG —"+2¢ W9l 

meas ) ° V2] 

nee = 

_( 2n — 5) = RHS 


~ (n+1)(n +2) 
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When Each Term in Summation Contains 
the Product of Two Binomial Coefficients 
or Square of Binomial Coefficients 


Solution Process 


1. If difference of the lower suffixes of binomial 
coefficients in each term is same. 


be, “Gp Cat "C+" Cy + "Cy "Cy * 

Here, 2-0 =3~-1=4-2 =....=2 

Case I If each term of series is positive, then 
(ltx)"=Cyo tC, xtC, x7 +...4C,x" ...(i) 

Interchanging 1 and x, we get 


(x +1)" =Cy x "+C, x + Cy x7. +C,, ...(ii) 


Then, multiplying Eqs. (i) and (ii) and equate the 
coefficients of suitable power of x on both sides. 


Replacing x by in Eq. (i), then we get 
x 


n ‘ 
(1+) wip pietag ge 5 Se (iii) 
x x x x" 

Then, multiplying Eqs. (i) and (iii) and equate the 
coefficients of suitable power of x on both sides. 


[| Example 72. If (14+ x)" =Co +C,x+C x? 
+C3Xx> +...4C,x", prove that 


CoG; + ae Ca, ao Pact Ch u7C, 
n! 


(n-r)!(n+r)! 
Sol. Here, differences of lower suffixes of binomial coefficients 
in each term is r. 
ie, r-O=r¢1—-l=r+2-2=..=n-—(n-rj=r 
Given, 


(Lex) =Co + Cx 4+Cox7? 4..4C,-,x"°' $..4C, x" 


+6 (i) 
Ow, 
(x +1)" 


=—7 


=C, 0° 4+C,x"° 4 C.x""* +u04C, x" 


Cpe eee tt Cy Li) 
On multiplying Eqs. (i) and (ii), we get 
(14x) =(Cot Cx t Cox? ti. Cap x +o. 
$C.) tEx" 
n-r-l 


2 = 
t..¢ Cx" +C, 44x 
+ Cp gg x? $04 C,) ...(iii) 


+C,x"~ 
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Now, coefficient of x"~" on LHS of Eq. (iii) = 7"C, -, 
_ an! 
~(n-r)i(n+r)! 
and coefficient of x" ~" on RHS of Eq. (iii) 
=C,C, + C,C,4,+C2C, 42 +..¢+C,--C, 
But Eq. (iii) is an identity, therefore coefficient of x" ~" in 
RHS = coefficient of x” ~” in LHS. 
= CoC, + C,Cra) + CoCr ao +-.+C,--C, 
_ 2n! 
7 (n-r)!i(n+r)! 
Aliter 
Given, 
(14x) =CotCyxtCyx? tit, x" +C,4,x"*! 


Crp gx tit Cy x” ton tC, x"...(i) 


C, & Ce Gra Cr +2 
2 e 


meee =Cy+—t ot = 
\ x) x x x! xt! gr 
CC 
Te t — So Cn ..{ii) 
a r x" 


On multiplying Eqs. (i) and (ii), we get 
(1+ x)" 


n 


=(Cot+C\x+C,x? +..¢ COC, x7+ Cg x"?! 


+ Cg 8 a Cot" ee HES") 


x( Cy + bp © 4 iy Seg Cory See 
\ x x x" xt! x7 2 
oe ‘ 
+..4¢—— + +t i 
Li n 
x x 


. 1. 
Now, coefficient of in RHS 
x 


= (CYC, = CC, “it C2 Cr+2 +. F C, ~rC;) 
”. Coefficient of _s in LHS = Coefficient of x"~" in 
x 


2n! 


(1+ x) = "C,_, = ——-__ 
(n-r)!(n+r)! 


But Eq. (iii) is an identity, therefore coefficient of = in 
x 


RHS = coefficient of 2. in LHS. 
x 


=m CoC. +C Cray t+ CoC. a2 tout Chil, 
3 2n ! 

(n-r)!(n+r)! 

Corollary I For r =0, 

en! 


CHC eC take = 
0 1 2 (nt) 


Corollary II For r = 1, 
an! 
CoC, + CC, + C2 Cy +...+C,_) C, = ————_. 
06) tTO,C, +020, ee re 
Corollary III For r =2, 
2n! 


CoC, + C,Cy + C2 Cy +...+ C,-2 C, = —————— 
o~2 ix3 24 2“n (n ~2)!(n +2)! 


} Example 73. If (1+.x)? =C)+C,x 


+C)x74+...+C, x", prove that 
2n! _13:5...(20-1) 55 


Gee + G* + Oy = 
nin! n!} 


Sol. Given, (1+ x)” =Co + C\x + Cox 7+..+C, x" fi) 


Now, (x +1)" = Cox" + Cyx" 72 4 Cox"? +..4C, «fii 
On multiplying Eqs. (i) and (ii), we get 
(1+ x)" =(Cy + Cyx + Cz x *4...+C,%") 
X(Cox"+ Cx" 14+ Cyx7? 4...4C,) . Ai) 
Now, coefficient of x” in RHS 
CP ae 0.” de a 
2n! 


And coefficient of x” in LHS = 2" C.< a 
nin! 


_ 1-2-3-4-5.0(2n-1)2n _ 1-3-5...(2n—-1)2' a! 
7 nin! 7 nin! 


But Eq. (iii) is an identity, therefore coefficient of x” in RHS 
= coefficient of x” in LHS. 


t 
SOP $C eC? t46 ee 
nin! 
_1:3-52.(20 1) 
n! 
Aliter 
Given, (1+ x)"=Cyo+Cyxt+Cox7?4..4+C,x" Ali) 
vn 
Now, (+4) Oye ig, ee. ..{ii) 
| x x x" 


On multiplying Eqs. (i) and (ii), we get 


2n 
ieee =(CotCyx+Cox* +...+C, x") 


x [c+ G+ Se, .t “) 
eo 
Now, constant term in RHS = C} + C? + C3 +..4C 


(1 +x)" 
x" 


Constant term in LHS = Constant term in 


anal 


= Coefficient of x” in(1+ x)" = *"C, = ae 
n!n! 


_ 112" [1-3-5...(2n -1)] _ 2" [1-3-5...(2n -1)] 


n!n! n! 
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But Eq. (iii) is an identity, therefore the constant term in 
RHS = constant term in LHS. 


an! _ {1-3-5..(2n- 1) 


nin! n! 


2 
Cp +07 +0) +.04C,?= 


Case II If terms of the series alternately positive and 
negative, then 


(I-x)"=Cy -Cyx + Cp x? -...4+(-1)"C, x" ...(i) 
| and(x i)” =Cox" 40, x" 40,2" +..4C, «lid 


| Then, multiplying Eqs. (i) and (ii) and equate the 
coefficient of suitable power of x on both sides. 
‘ Or 
Replacing x by — in Eq. (i), we get 
x 


n 
[-) =i oo ee ae Cn 
x x x? x" 


...(iii) 


Then, multiplying Eqs. (i) and (iii) and equate the 
coefficient of suitable power of x on both sides. 


JExample 74. Prove that 
GF eP"G 4G = C"G, Fs (~4" . sal Ce 
Sol. Since, (1- x)*" = ?"Cy — ?"C, x + 7"C, x? 
Sak (Oy, 
or (t= 2)" = *C, — *8C, ot 6, =u OO, x” 


casi) 


and (x +1)?" =2"C, x?" 4 2"¢, etl 2m, x2? 
+..+ "C2, .<ii) 
On multiplying Eqs. (i) and (ii), we get 
(x? 1)" C, = Cae MC, x? = 4 MC, x**) 
mG, et gE ge or) 
Now, coefficient of x?” in RHS -- (ill) 
=(?"Co)? — 7" C1)? +P" C2)? =... + (?*Con)” 
Now, LHS can also be written as (1 — x”)?". 
“. General term in LHS, T,,,= 2"C, (-x 7) 
Putting r = n, we get T,4,=(-1)"-°"C, x2" 
=> Coefficient of x?" in LHS =(- 1)" - 2"C, 
But Eq. (iii) is an identity, therefore coefficient of x" in 
RHS = coefficient of x?” in LHS 
=> (Co)? — CMC)? £8 C2)? — et OM Can 
=(-1)"- *"C, 
Aliter 
Since, (1+ x)*" = 2"Cy + *"C,x + *"C,x° 
Hee C,, 2°" uili) 
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2nA 

2n ae 

wt ...(ii) 
x?" 


an a, _ 


x? 


‘6 
and [1-2] =""C, = + 


x 


On multiplying Eqs. (i) and (ii), we get 


(x? ~1)?" 
7 =(""C),# “Cx + "Cox +06 “E,¢?") 
ane ana 2nAw 
2an ce lo lan eee 
x( “Cy - Ff — ay Fol 
x x 


Now, constant term in RHS 
=(7"Co) — CCF + C2F — + (Can)? 


(x? _ 4j-" 


x?" 


Constant term in LHS = Constant term in 


= Coefficient of x?” in(x? - 1)?" 

= Coefficient of x?" in(1- x”)?” 

= ae (- 1)" =(- i)" - a 
But Eq. (iii) is an identity, therefore the constant term in 
RHS = constant term in LHS. 
=9( 7*Co)? — (PC, + (Ca) - (Can)? 


=(-1)"-*C, 


| Example 75. if (1+ x)" =Co +C,x 
+C,X7+...4C,X", prove that 
Gy = 6 #0, =. EC oa 


ae according as nis odd or even. 


n! 
(n/2)!(n/2)"" 
Also, evaluate Co? +C,?2+C,7 -...4(-1)"-C,? forn 

=10 and n=11 
Sol. Since, (1— x)" =Cy — Cyx + Cx? -...+(— 1)" C,x" ...(i) 
and (x +1)" =Cox" +C,x"~! 4+ Cy x77? 4.4 C,...Aii) 
On multiplying Eqs. (i) and (ii), we get 
(1—x°)" = {Cy —Cyx + Cy x* =... +(-19' C, x"} 
X(Cox™ + Cx" +C,x7~? +..4C,) ...(iii) 
Now, coefficient of x” in RHS 
=Ci -C? +c? -...+(-I"C? 
General term in LHS = T, ,,= "C,(—x*)’="C, (-1) x2" 
Putting 2r =n, we getr=n/2 
Tins2)41 = "Car2 (— 17x" 
. Coefficient of x" in LHS = "C,,. (- 1)" 
n! 
(n/2)!(n/2)! 
0, if nis odd 


“* odd fetes 
sue lt __eaiseven Gl 2 } | 
| (n/2)!(n/2)! 


= (- 1" : 
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But Eq. (iii) is an identity, therefore coefficient of x” in RHS 
= coefficient of x” in LHS. 


= C2-C?+C3-...+(-1"C? 


0 ,if nis odd 
=: { 
(- iy" ee, if nis even 
(n/2)!(n/2)! 
Now, for n = 10, 
! 
CR-c? +¢3 -...4+¢3, =(-1)°” aa 


[‘. 10 is even] 
and from n = 11, 
Ce ~C? +c? -...-C2, =0 
Aliter 
Since, (1+ x)" =Cy +Cyx+Cyx* 4..4+C,x" (i) 


[‘. 11 is odd] 


Replacing x by — am then we get 
x 


CS ees eee ae 
x) x x" 
On multiplying Eqs. (i) and (ii), we get 
(x? - 1)" as 2 n 
AH (Cyt Cx tnx? +..4C, 2") X 
x 
[CoS +(-1)" = (iti 
x a 


Now, constant term in RHS 
=Ch—-C? +? -...+(-1""C? 

.. Constant term in LHS 

(x? =f 


x" 


= Constant term in 


= Coefficient of x” in(x ? -1)" 
= Coefficient of x" in "C, > (x?)" ~ @/?) (- 1"? 


= (- iy" an 


Cnj2 
=(- a 
(n/2)!(n/2)! 
0, if nis odd 
a (-1)"”? go if nis even 
(n/2)'(n/2)!° 


But Eq. (iii) is an identity, therefore the constant term in 
RHS = constant term in LHS. 


= CoC? 4+? -..4(-1)'C’ 
‘0, if n is odd 


ase _yyl2. n! 
k (n/2)!(n/2)! 


, if nis even 


2. If sum of the lower suffixes of binomial 
coefficients in each term is same. 


6, CoC, FC Coy POC, og Hawt C.Cg 

Here, 0+n=1+(n—-1) =2+(n—2)=...=n+0=n 

Case I If each term of series is positive, then 
(1tx)"=CyotCx+Co x? +..4C, x" — ..li) 

and (1+x)"=Cy +C,x+Cox74+..4C,x" _ ..dii) 

Then, multiplying Eqs. (i) and (ii) and equate the 


coefficient of suitable power of x on both sides. 


| Example 76. Prove that 
NE ee eC. a Cet C8 "Gs Hat & 
ifr<m,r<nandm,nrare positive integers. 
Sol. Here, sum of lower suffixes of binomial coefficients in 
each term is r. 
i.e. r=r-1i4¢1=r-2+2=..=rer 
Since, . 
(ia) S"Coa"C oe. $C. "Oe 
+ "Cx" +...4 "C,x”.(i) 
and(1+ x)" ="Cy +"Cyx + "Cox? +...+°C, x" 


+..4"C, x” ...(ii) 
On multiplying Eqs. (i) and (ii), we get 


Cay =("C, "Ce eC. Lax 
+ Ox! bt MO xx ("C, + "Cee Cx 
+t "Cx" $0.4 "C,x") ...{iii) 
Now, coefficient of x" in RHS 
aE "Cnt Cg SP Cg "CF ah MOG 
=, £7 Cog te SC. aM Gs Bact CS 
Coefficient of x” in LHS = "*"C, 


But Eq. (iii) is an identity, therefore coefficient of x’ in LHS 
= coefficient of x” in RHS. 


=> PNG aC, + Chg "Cp Cees “Cp tat “C, 
Case II If terms of the series alternately positive and 
negative, then 
(1-—x)" =Cy —C,x +C,x? -...+(-1)" C,x".(i) 
and (1+ x)" =Cy +C, x+C, x’ +...+C, x” (ii) 
Then, multiplying Eqs. (i) and (ii) and equate the 
coefficient of suitable power of x on both sides. 
| Example 77. If (1+ x)” =C,)+C, x 
+C,X*+...+C, x", prove that 
Co Cy — Cy Ca_y + Cy Cy_2 -...+(-1)" C,Co = 008 


(-1)"”? according as nis odd or even. 


nal n/a!’ 
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ce: os SE ee ee 


Sol. Given, (1+ x)" =Cy + Cyx + Cp x? +...+C,_2x"~? 
On ugk” OL” anf) 
and (1- x)" =Cy —Cyx + C2 x? -...+(—1)" C, x" __...{ii) 
On multiplying Eqs. (i) and (ii), we get 
(1- x7)" =(Cyo + Cx + Cox? +..4+C,-2x"~? 
$Cyi x7) $C, x") X(Cp — Cx + Cn x? = 
w+ (~ 1)" C, x") ...(iii) 
Now, coefficient of x” in RHS 
= CC, —-C,C,-1+C2C,-2 —... + (-1)"C,,Co 
Now, general term in LHS, 
Ter="C,(—x°Y =(-1F -"C, x7 
Putting 2r =n, we get 
r=n/2 
Now,  Thyz41 =(-1)? "Capex" 
“. Coefficient of x” in LHS =(-1)"’? ."C,j> 
n! 
(n/2)!(n/2)! 
0 if nis odd 


=(- 7 hae , 


(n/2)!(n/2)!" 


But Eq. (iii) is an identity, therefore the coefficient of x" in 
RHS = coefficient of x" in LHS. 


=> CLC, a Cc. -1 + C, Ci -2 ot (- iy CG, 
0, if n is odd 


= { 
jor _—_"" __ ifnis even 


~ 2 a if nis even 
(n/2)'(n/2)!" 


wes 


. If each term is the product of two binomial 
coefficient divided or multiplied by an integer, 
then integrating or differentiating by preceeding 
method. Then, multiplying two series and 
equate the coefficient of suitable power of x on 
both sides. 


[Example 78. if (1+. x)" =Co+C)x+C,x? 
+C3x*>+...4C, x", prove that 

(2n -1)! 
((n—1)!)? 


Sol. Given, (1+ x)" =Cy +Cx+Cox?+Cyx 2 tii¢C, x" 


C}+202+3C2+...4nC2 = 


Differentiating both sides w.r.t. x, we get 
n(1+x)""'=04+C,+2C,x+3C3x? +..4nC, x" 
=n(1+x)"7! =C, +2C,x+3C;x? +...¢nC, : (| 


and (x +1)" =Cox" + Cy") + Cox"? + Cyx" 7? 
+..+C, ...(ii) 
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On multiplying Eqs. (i) and (ii), then we get 
n(1+x)"~!= (Cy +2C,x+3C3x? +..40C, x) 
(Cox + Cx 8-14 Cy x8 72 + Cy x" 3 +... 4C,) ...(iii) 
Now, coefficient of x” ~' on RHS 
=C} +203 +303 +..40C2 
and coefficient of x" ~' on LHS 
(2n -1)! 
(n-1)!n! 
_  (2n-1)! _ (2n-1)! 
~(n=1) (n=)! (a =1) 97) 


But Eq. (iii) is an identity, therefore the coefficient of x" ~' 
in RHS = coefficient of x” ~' in LHS. 


=n-""'C _J=n- 


(2n -1)! 
{(n -1) }} 


=> C,)+2C,’ +3C,’ +..4nC,’ = 


| Example 79. If (1+ x)" =Co + C,x+C>x7+..4C, x", 
Cc C2 Ss (2n+1)! 
prove that Co? +—++—24...4—% = ete 
2% n+1 {(n+1)!} 

Sol. Given, (1+ x)" =Cy +Cyx+Czx?+..+C, x" 
Integrating both sides w.r.t. x within limits 0 to x, then we 
get 

[jt x" dx = [0 Co + Cx + Cy x? ++ Cx") de 


(l+x)"*!-1 = Cx + _ C2X ri 4 Cat 


(1+n) 2 3 nei 


‘and (x +1)" =Cox"” +C,x77'+ Cy x72 40.4, _ ...{ii) 


Multiplying Eqs. (i) and (ii), we get 
1 
(n + 1) 


{(1+ x)" *!-(1+ x)"} 


( e rth) 
+ a 


n+1 
4 


Cx . Cx 
—— +... 
3 


= [Cort SE 
2 


x (Co x” +O x97 + Cox? 4004+C,) ...(iii) 
Now, coefficient of x" ~' in RHS of Eq. (iii) 
2 
i 
3 ntl 


and coefficient of x" *’ in LHS of Eq. (iii) 
a Ca = 0} 
1 (2n +1)! 
~ (n41) (n+ i1)In! 
_ (an +1)! _ k2n+ 4)! 
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But Eq. (iii) is an identity, therefore coefficient of x” ie 


RHS of Eq. (iii) = coefficient of x” *' in LHS of Eq. (iii). 


Gay Co, (anti)! 


=> Cr+ “2 
3 n+1  {(n+1)!}" 


Binomial Inside Binomial 


The upper suffices of binomial coefficients are different 
but lower suffices are same. 


n 
| Example 80. Evaluate x aa e 
f= 


ge te a PE eae 


= Coefficient of x” in 
[tx (rt xy tte (ng xy te ett (1 x)7] 


= Coefficient of x” in (1+ x)" [A+ xt =a) 
(l+x)-1 
= Coefficient of x"* in[ (1+ x)" *! = (14 x)"] 


_ aa +1 
ra n+) 


2n+) 
-0 =tIc 


| Example 81.1f (1+ x)? =C)+C,x 
+C,x 7*+...4C, x", prove that 
BoC aE 5 PG, 


Sol. LHS =Cy-** C=C" *C, Ce 


.=2? 


2n aa & re 
Cn 


= Coefficient of x” in 
[Co (1+ x)" -C, (1+ x)? 
= Coefficient of x” in 
[Cy (1+ x)?]" -C, (1+ x) ]" 1+ C2 [t+ x)? ]? ? -..] 
= Coefficient of x” in [{(1+ x)? -1]"] 
= Coefficient of x" in(2x + x)" 


= Constant term in (2 + x)" = 2" = RHS 


| Example 82. If (14 x)” =Co +Cyx+C2 x’ 
+C3x°4+...+C, x”, prove that 
Bye Oe Oe. 4 Oe Ss ae 
Cay €.."C.<4 
Sol, LHS =C,-"C, -—C,:" "C, + C,- °C, - C3- 
+..+(-1)"C,-"C, 


2n-3 A 
Cy 


= Coefficient of x" in 


+C3 (1+ x)"~4 =...) 


[Co (14+ x)"—C, tx)" 740, 14x)?" 
—C3 (14+ x)"7F +..4(- 1)" C, (1+ xf] 
= Coefficient of x” in 
(1+ x)" [Co(1 + x)" —C, (1+ x)" 4+C, (14+ x)? 
—C3(1+ x)" 73 4...4(-1)" C,°1] 
= Coefficient of x" in (1+ x)" [((1+ x)~1)"] 
= Coefficient of x” in(1+ x)"-x"d 
= Constant term in(1 + x)" =1=RHS 


Sum of the Series 


Case I Wheni and j are independent. 


In this summation, three types of terms occur, when 
i<j,i=jandi> j, 


a 
a 


| Example 83. If (1+ x)” =Co+C,x 
+ C7x? +...4C, x”, find the values of the following 


(i) & d(C, +C;) 


i} 
[=] 
Nees 
ul 
[=] 


Sol. (i) & L (C,+C,)= > C; + sy Cj 
i=0 f=0 i=0j=0 i=0jf=0 


7 by e a ? & z | 


= zB ave 


j=o i 


=2(n+1)2°= 


Le (n +1)-2" +(n +1)-2" 
(n+1)2"* 
ad, Durjec,=% Zicic,+ > LE jac, 


i=0j=0 
- Lic a 3 ci} 3 0i| 


 ¢ \ 


ie 
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= Di Qe" )* 3 jc, 0") 
joo 


A n 
=n-2" YG; 1 en-2* > ae ee 
i=0 j20 


=n-0 “he noo" 
anna tan 


Case II When i and j are dependent. 

In this summation, when i < j is equal to the sum of the 
terms when i > j, if a; and a; are symmetrical. So, in this 
case 


ED aja Dads a; a; lr! 


"Seeds 
+ pap? aja; 
OSj<iSn 
=2 DIF a; a; +e ayy 
OSi<jSn 
non 
a,a,;—-2 Lia, a; 
=0 j=0 je 
> LL a; a, =- : —2 
OSi<jSn 2 


When a; and a ; are not symmetrical, we find the sum by 
listing all the terms. 


Corollary I 
5 2 DGC, 22 16s "e, 
na na _i=0 j=0 i= j 
OSi<jSn ee 2 
n 
2 no y\2 
z 2 ) 2X ( C;) > gin ~~ yn-l : 2n! 
2 2 2(n!)? 


Example 84. If (14+. x)" =C) +C;x 
+C)x?+...4C, x", find the values of the following. 
i 22 6 (i) 22. fe; 
OSi<jsn Osi<jsn 
(i) LLC; C; (iv) 2D cc, 
i#j Osisjsn 
W) 2 (c,+¢,) 


OSsi<jsn 


Wi) LL (i+ sc, C; 


OSsi<jsn 
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Wi LL (i- jG C; 


Osi<js<n 


22 = 


OSsi<jsa 


Sol. (i) 


(n +1) > C; ~ pres 
ie! i=0 i=0 ee 


pps jC,= 


OSi<jSa 


(ii) 


{(r + 1) + (7 + 2) +(7 +3) +.,.+ n} 


: x aC (n=r)(n+r+1) 
r=0 2 
-1 


my "C,(n?—-r? +n-r) 
t= 0 
‘ n-1 oo a=) 
“Mat an) E tc 2S rc! Sette, 
2 r=0 2750 2 r=0 
= F(n? +n) -1)-5-n-@*=1) 
—Sonl(n- 2? 1) 42-14] 


=n(3n+1)-2"~? 


Remark 
Here, / and C, are not symmetrical. 


(iii) Here,i# jie, i> jori<j 
But C; and C; are symmetrical. 
DriCy=2 BL CC, 


ij OSi<jSn 
oO 
i) a [from corollary I] 
=o Cc. 
jv) DL cc= LB cc, +h hac, 
OsisSjsa OSsi<jSa 
== (2 an _ 2nc_) + 7"C,, [from corollary I] 
at (etn 4 Cj 
2 a 
vw 2D (cqtc%= 22 (c?+C7+2C,C;) 
OSi<jSna OSi<jSa 
= BY (cp+c)t2 22 ec, 
OSi<jSn OSi<jSn 
22: (CP 4C?) 


OSi<jSn 
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2 (G26? Cj - 2 e 
7 i=0 
2 
net 2 6 a6. Dr Me 
- i=0 i=0 
2 
_(n +1). 7"C, + 7"C, (n+ 1)- 2: "C, 
2 
=n-7"C, 
De (Cp He l =n e, £0" 


OSi<jSn 


= ang.) 


[from corollary 1} 
LL (i+ s)CiC, 


=(n ¥1) "C, + 2°"; 
OSi<jSn 


Remark 


DL (G+C)=n-2 


Osi<jsn . 


(vi) LL (i+ sC,C, 


OSi<jSn 


eur 


P= Ld (i+fC,C, li) 


Let 
OSi<jSn 

Replacing i by n - i and j by n — j in Eq. (i), then we 

get 

De teat tn=G Cp acs 


OSi<jsn 
[‘.» sum of binomial expansion does not 
change if we replace r byn -r] 


P= XX (an-i- jcc, 
OSi<jSn 
[0 "C, = "Cy _p] lil) 


P= 


On adding Eqs. (i) and (ii), we get 
2P=2n LL CC, 


OSi<jsn 
o Pan LY C,C,==(2"-""C,) 
OSi<jSn 2 
[from corollary I] 
Wi) DD (i pjecy= VD (i"C,)G-"C) 
OSi<jSn Osi<sSn 
=n? pap BC ag ye 
OSi<jSn 


g2(n-1) _ 2n-2 _ 
=n" ee {from corollary I} 


=n? (ames—.m-tc,..,] 
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Exercise for Session 4 


1. 


5 
(a) °*7C, (bo) "*°c, 

6. if(1+ x)" = ag + ayx + ag x7 4..4. 249 x"? 
(a) 2° (b) 3° 

7 


10. 


11. 


12. 


13. 


14, 


The coefficient of a* b® c°d® in the expansion of (abc + abd + acd + bcd)" is 


! 
(a) 10! >) 
If(14+2x + 3x7)" = a9 + a,x +aox? +... 
(a) 210 (b) 20 
If(1+ x 4x24 x9) =a, + ax + ox 7+... 
(a) 99 (b) 100 
Coefficient of x'* in(14 x + x9 + x*)? is 


5 5 
(a) 2."Csar-"Cz, (bd) "Ce, 


+ are x, 


+ Ao er 


(c) 2520 


then a; equals 
(c) 10 


then a4, equals 
(c) 101 


* 5 
(c) & "Cz, 


\a 
. The number of terms in the expansion of{ x? +1+ =z) neNis 
x 


(c) a CI 


(c) 210 


» If(14+x )"=Co+Cx +02 x24+C 3x 2+...4C, x %n being even the value of 


Cot Co t+ G)+ Co tC +Cy)+...+ Co +0 +C,+...4+C,_,)is equal to 


(a) n- 2° (b) n- 2-1 
The vatue of 2 4, SG 5, 
1:3 2:3 3-3 +3 
a (o) 2 
n+4 


» The value of ) ") + ("] ‘9 + 


(b) i fa 


IfC, stands for ‘C,,then Cg Cy -C; C3 + Co Co — Cz Cy + Cy Co is equal to 


(a) C, (b) C 
The sum Dy (r + 1)("C,)? is equal to 


(a) eae 
ni(n-1)! 


(b) 


n r-1 
2 | 2 ee. ae equal to 


r=1| p=0 


(a) 47-3741 


[2,%)( 20 


(a) 1 


mai 


The valueof 2X2 D 2is equal to 


Oslcj<k<isn 
(a) 2(n + 1)3 iB) 20'S 


(b) 4°- 3" -1 


"el is equal to 


oa at 


| 


50 
49 


(n+ 2) (2n + 1)! 
ni(n- 


— 


ae 


I 


50 


50, 


aa 
3(n+ 9 


n\ 
| where "C, -( |, is 
r) 


50° 
(c) ba 


(c) 


(c) Cy 


(n + 2) (2n+ 1)! 
n'(n+ 1)! 


(c) 


(9 4°=8" 42 


(c) 210 


(c) 2(n+ 1° 
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(d) None of these 


(d) None of these 


(d) 110 


3 
(4) 2 "Ca-+ "Csr 


(d) an e. 


, then (ag — 2 + a4 —4g + Ag ~ai9)" + (a; -a@3 + as —a7+ ag) is equal to 


(d) 310 
(d) n.2°-3 


(d) None of these 


50\" 
(d) (7s 


(d) C, 


) (n + 2)(N- 1)! 
n!(n+ 1)! 


(d 


(d) 4" - 3° 


(d) 220 


(d) 9. n+ 26, 
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N 


10 


17 


12 


ee ee eee 


Shortcuts and Important Results to Remember 


(r + 1th term from end in the expansion of 
(x + yy 
(y + x)’. 
If °C, 4, "C,, °C, 44 are in AP, then (n -2r)* =n + 2or 


= 5 (nt Yn+2)) torr =2, n=7and forr=5n=7, 14 


Four consecutive binomial coefficients can never be 
in AP. 


Three consecutive binomial coefficients can never bei in 
GP or HP. 


If a,b,c,d are four consecutive coefficients in the 
expansion of (1+ x)’, then — = are in AP. 
+C ct+d 
eae ic ae 
at 7 C+ a of 2 +C 
2 
(ii) Ot a 
b+c) (a+ b)(¢ +d) 


If greatest term in (1+ x)*” has the greatest coefficient, 


her eee 
n+1 


(a) The coefficient of x "~' in the expansion of 


(x — 1)(x —2) (x - 3)... (x -n)=—- (1424 34+...+ 2) 
n 1 
-_2(n+)) a ae 
2 
(b) The coefficient of x ”~' in the expansion of 
(x + 1)(x + 2) (x + 3)... (x +n) 
=(142+ $2.n ent Uy amt, 


The number of terms in the expansion of 


SF So atl 
—_,if nis even 


(x + ay’ + (x-ay’ = tear 


——,ifnis odd 
2 
The number of terms in the expansion of 
in ets 
[5 ifn is even 
(x + a)’ —(x -a)’ = 


——_,ifnis odd 
L 2 
The number of terms in the expansion of multinomial 
(Xj + Xo + Xq +... + Xm)", WHEN Xj, Xo, Xg,---. Xm EC and 
nEhiee  'Ce.. 
The number of terms in the expansion of 
yn 
[ax + es +c|,wheren,p eNanda,b,c are 
x 4 


constants, is 2n + 1. 


If the coefficients of pth and qth terms in the expansion of 


(1+ xy’ are equal, then p + q =n +2, where p,q,n EN. 


=(r + 1th term from beginning in the expansion of 


2 ——. 
eee - 


\ 
| 
| 


n 
13 If the coefficients of x’, x‘ *' in the expansion of ( at 4 


are equal, then n =(r + 1)(ab + 1)—1,wheren,r EN and 


a, D are constants. 7 


14 Coefficient of x” in the expansion of ax? + 2) 
x 


np-m 
+q 


= Coefficient of 7, , ,, where r = ,where p,q,neN 
and a, b are constants. 


| 
| 
15 The term independent of x in the expansion of | 


\n 
[ar + 2 is 7, 44, where r = le ,wheren, p,q éN 
xe pt+q 


and a, bare constants. 


16 Sum of the coefficients in the expansion of (ax + by)’ is 
(a + by’, where n € N anda, bare constants. 


17 If (14+ xf’ =Cy + Cx + Cox? +... + C,x” and p+q =1, then 
; 
(i) ZrC- pig?! =np 


n 
(i) 2r?-C,- pig?! =n®p? + npq 


18 If (14+ x’ =Cy +C,x4+Cox?4+...4C,x", then 
n n nn+1_4 
(i) 2 pean (ii »» A gees 
= r+ n+ 


(iii) Ze r?.C, =n (n+ 1)2"~2 (iv) 2 ey -r-G=0 
y 2 et 
r=0 r+1 n+ 
rede! i 
(vi) Dey Sertete 
(vii) Ley -12.C, =0 
(viii) > (1 -(@-n(b-nC, =0,Vn>3 


(x) Ley (a-rC, =0,Vn>3 


(xi) 3 r(r—1)(r -2)...(r-k + NC, x'* =f ext 
r=0 ax 
-2 


n d? 
for k =2, 4 r(r-1)C, =a xX)" J, = A(n-1)2" 


| 

| 

(ix) Zev (a-r)(b-r)C-r)C, =0,Vn>3 
| 

and for k = 3; = r= her =e S : 
| 


a3 
= Slt x} ]x2-1 = 0 
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JEE Type Solved Examples : 
Single Option Correct Type Questions 


eS ene ne tee ren + ne ce Sees ere eS ee ee oe 


® This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 


which ONLY ONE is correct. 
2 2 1 
Ex. 7 if( o) (5) + i )s ...=170, thenn 
0 
equals : : , 
(a) 2 (b) 4 (c) 6 (d) 8 


Sol. (b) “ (1 4 ial a es + lads OE eat Cm antl Cx" 
MFC 4 2M OS 42M 6 
Putting x = 1, w” (where wis cube root of unity) and 
adding, we get 
gentl +(1 + a) ered & Ww? pene = Or. 
nds OPE aaike OPE 
=> g2mtd _ 2 (2n4) _ anti _ alee y2ntl Cs 
+7410 4) [1+ 0+ 0° = 0) 


1 
= IC, +1420 C, 42" Cotes 


en = w- (2n+1) _ ent) 


i“ 2n+1) (2n+1 1 

© at +02 = 

ey 3 6 3 
(Qe _ op? (20+) = on™) 

=> 170 se _ eg? Gm) _ ggontty 


1 
For n = 4,170 = ed = 170 


Hence, n=4 


e Ex, 2(" Cy +7 C, _” C, _™ C3) 
Oe OF +" Cs -" C, _" C;) +...=0 
if and only if for some positive integer k, m is equal to 
(a) 4k (b)4k+1  (c)4k-1 9 (d)4k+2 
Sol. (c) If 8 € Rand i= ~/-1 , then (cos6 + isin@)” 
= ™C,(cos0)” +” C,(cos®)” ‘(isin8) 
+™C,(cos 6)”~*(i sin6)’ +...+"C,,(isin®)” 
(cos m6 + isin mO) = ["C,(cos®)™ —” C,(cos@)”~* -sin?6 
+™C,(cos0)" ‘sin’@ -...] + i[ "C,(cos8)"™ 
-sin@ —” C3(cos0)”~* sin’ 6 +...] 
[using Demoivre’s theorem] 
Comparing real and imaginary parts, we get 
cosm@ = "C,(cos0)™ —” C,(cos®)” “sin? 


+™C,(cos0)"~*sin*6 -......(i) 
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sin m8 = "C,(cos@)”~' -sin@ —” C3(cos0)”~> -sin?@ +... 
. ..-(ii) 
On adding Eqs. (i) and (ii), we get 
cos m0 + sin m0 =" C,(cos@)” +” C,(cos®)”~' -sin® 
—"C,(cos0)”~?sin?@ —"C(cos®)” *sin36 


m m4. 4 5 ( tt \ 
+"C,(cos6)” "sin iran ms 


ares +" C,tan@ —"C, tan?6-"C, tan°6| 
| +"C,tan*@+™C, tan°6-... | 


ear 1 
4 


= (cos0)”. 


orc 
Keuken +7 C,-™C,-™ C3) + ("Cy +™ Cs -™ Cy —” C7)| 
| tO +" oa _” Cnt —™ Cw | 

Co CHC aC", *" Ge=" 6, =" G) 

+...= 0 [given] 


n ( 
Putting 8 = 4 , Vasin| 


, sin ENE) = 9 —, (m+n _ 
4 4 
or m=4k-1,Vkel 


© Ex. 3 If coefficient of x" in the expansion of (1 + x)'°! 


(1— x +x?) is non-zero, then n cannot be of the form 
(a)3A +1 (b)3A  (c)3A+2 «© (d) 4A 41 

Sol. (c)- (1+ x)'(1— x + x?) = (14 x((1+ x)(1— x + x?))'™ 
=(1+ x)(1+ x°)'” 


= (14+ x)(1+!™ C,x3 4°% Cox8 +1 Cx? Cig) 


Clearly, in this expression x° will present if n = 3A or 
n = 3A.+1. So, ncannot be of the form3A +2 


@ Ex. 4 The sum bal = 
zz 


i=0\ f [ 


; (where © =0, if p<q) is 
ame q 


maximum when m is 
(a) 5 (b) 10 


m (10\( 20 m 10 20 
sor 9 $(")( 2 J 3 Oem 
i=0\ EJ (mt! iz0 


I 


(c) 15 (d) 20 


_ 10 10, 


10 ra 10 
Cer ee a ee Cy ee 


= Coefficient of x” in the expansion of product 
(14 x)°(1+ x)” 


= Coefficient of x” in the expansion of (1+ x) ="C,, 
To get maximum value of the given sum, ”C,, should be 


maximum. Which is so, when m = - =15 
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@ Ex. 5 if" "C, =(k? -3):"C,4, thenk belongs to 


(a) (—©e,— 2] (b) [2, =) 
(c) (-V3, v3 (d) (V3, 2] 
Sol. (d)- ""'C, =(k? —3):"C, 41 
n-1 
= on ce... el (i) 
"Cras n 
=> Osrsn-l 
= isrt+l1lsn 
=> £20 wi 
n n 
= 1 <(K?~3)<1 
n 
=> sick <4 or 3<k*?<4 {here, n 2 2] 
n 


k € [-2, V3) U(v3, 2] 
i. (sb 
Ex. 6 i{x+141] =a +[ax+2) 
\ \ x 


x 
\ 
{a + Mt nal ax! + “+ 
x \ x 


(b) 131 
(d) 151 


the value of ao is 
(a) 121 
(c) 141 
( 1 6 6 6 
Sol. (c) “| xt+—4+1] = ZX Cl xt 
\ x r=0 \ 
must be even integer. 
Puty =" Cy # Coax’ C4 Cx" Cyt °C, °C, 
= 1+30+90+20= 141 


r 
1 
*) for constant term r 
x 


@ Ex. 7 The coefficient of x” in the series 
+ et 101 
yx A+ x)™ is 
r=1 
(a) Cro 
(c) Cs 


(b) "C0 
(d) C59 


101 
Sol. (c) Let S= Ere" (14 x)" 
r=1 


= (1+ x) +2x(1+ x)” +3x7(1+ x) +...4101x™ 


al ( x x \ x ral 
S=(1+x) ag ee +3| —— | +...4101] —— 
1+x ) l+x | 


| 1+x 
. ...{i) 
\2 

ZS) | 
fe nga re ee (ii) 

(1+ x) \3 a 10) 

of } +t101(—*) 
1+x 1+x) | 


On subtracting Eq. (ii) from Eq. (i), then we get 


rr (a y | 


aes) (l+x 


S=(1+ x)? — x14 x)-101x" 


and coefficient of x*° in $ = *C.o. 


© Ex. 8 The largest integer d such that 2” divides 
3?" -1,nENis 

(a)n—-1 

Sol. (d) 3" 

= (47 - 


(b) n (c)n+1 (d)n+2 
-1=(4-1)" - 
nC 4271 % a on Pa ce 


2"(2" = 1) 
2 


i 4 l)-1 


= 4? 9" 42-14 q? 7. 0" 64 


= grr2(g2"*h-n-2 ge i opciat 1) = 2"*? (Integer) 


Hence, 3” —1is divisible by 2"*?-A=n+2 
@ Ex. 9 The last term in the binomial expansion of 


(va-L) is 


log 38 
, the 5th term from beginning Is 
Ww 


\ J2 
(a) °C, (b) 2c, 
(c) 5 cs Gi, (d) None of the above 


Sol. (a) Since, last term in the expansion of ( 2 - +) 


.: 1 Ae a al 1 " 
\3-¥9 "\ v2) \3-¥9 
n/2 ° 38 . 


vz) 5 
-—x3x log; 2 a 
=33 983 = 3°35 log3 2 - 3 log: 275 ay 25 ~ (-) 


7,\nl2 \5 
=> cr?) -(;] z 


4 
Now, 5th term from beginning = °C, (3/2 y(- 2 


\ J2) 


1 
=, woes Wo =%C, 
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© Ex. 10 If f(x) = Sr2("C, -” C,4) +(2r +1)"C,} 
r=] 


and f(30) =30(2)*, then the value of i is 
(a) 3 (b) 4 (c) 5 
Sol. (c) Here, f(x) = 5 fr2("C, =" C,_4)+(2r +1)°C,} 
r=! 


(d) 6 


= ¥(r? +2r+1)"C,-r?"C,_, 
r=] 


JEE Type Solved Examples : 


More than One Correct t Option Type Questions 


a 


# This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
more than one may be correct. 


@ Ex. 11 Leta, -(1¥ 1). Then for eachne N 
n 


(a)a, 22 (d)a, <2 


Sol. (a, b, c) 
fiN a /1\* 
sa =(142] aie et 
(nj r=2 \n 


2 
=24 5 "c+ 


a, 22forallne N 


(b)a, <3 (c)a,<4 


ray 
lim | _ =e = 2.7182... 
n 


neo | 


Also, 


a, <e 
Finally,2<a, <e 


@ Ex. 12 Let S,(x) = SC, ed k)x) then 
k=0 


s{ =) = 16 () s= | = 64 
(c) Sso(2) = 0 (d) ee m)=-2°° 
Sol. (a, b, c) 
$,(x)= p> "C, sin(kx)cos((n — k)x) ...{i) 
=0 


Replace k by n - k in Eq. (i), then 
Sx) x "C,,-4 sin((n — k)x)cos(kx) 

=0 

or S,(x) = 5 "C, sin((n — k)x)cos(kx) ...(ii) 
=0 

On adding Eqs. (i) and (ii), we get 

2S, (x) = » "C, ‘sin(nx) = 2” -sin(nx) 

=0 


> S,(x) = 2"! -sin(nx) 
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- Lur #1)?-"C, -1?"C,4) 


=(n+1)*-"C,-17-"Cy 
=(n+1)° -1=(n? +2n) 
f (30) = (30)? + 2(30) = 960 
= 30 32 = 30(2)° = 302)" 
A=5 


[given] 


Hence, 


’ \ 
s{=)=2 -sin! > |= 16 
2 2 
7 \ 
S; ~B) at inf -7) = 28 x x1 = 64 
2 L 23 


Sso(™) = 2"? -sin(50m) = 0 
and S.,(—m) = 2” -sin(—51m) =0 


@ Ex. 13 Ifa+b=k, whena,b>0 and 


S(kn) =5, r2("C,)a" -b°™, then 

r=0 
(a) 5(13) = 3(3a?+ab) (b) S(2,4) = 16(4a? + ab) 
(c) S(3,5) = 25(5a? +ab) (d) S(4,6) = 36(6a” + ab) 


Sol. (a, b) 
2 Mkin)=¥ 7? (°C, jal -B 
r=0 


— BA . 2. eel z a ; 

=) Xr | B (¢) 

= nb" y ((r-1) +1)" "'C,_, (2) 
r=0 b 


=nb" E((n =1)-""*C,g #7" C,.1) (2) 
r=0 


\2 n ia -2 


as Oa = 
} 2 rate | 


r-1 
sd nije n-l a 
ues GP c-{5) 


= nb" -(n- i(2) t + <r +nb" (}(: + ay" 


= n(n —-1)a°k"~? + nak"! 
= n7a7k"~? + nak""?(k —a) = n2a7k""? + nabk"~? 
”. S1, 3) = 9a? + 3ab = 43a" + ab) [ atb=k] 
S(2, 4) = 16(4a? + ab) 
S(3, 5) = 135(5a? + ab) 
(4, 6) = 1536(6a? + ab) 
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= ni (n-1)(6 
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@ Ex. 14 The value of x, for which the ninth term in the 


10 
= 1 
| 70 sort) ac cen 
expansion of nar - x 20B10x is 450 is equal to 
( x) 0810 X 
(a)10 —(b) 107 ()V¥10~— (d) 10728 
Sol. (b, d) Let logygx=A => x= 10* ..{i) 
Given, ‘ ; Ty = 450 
ho 
=> 'c,- — -(10* -10"2)® = 450 
5 
10 2 
1 A 
= Cy — 510° -10* = 450 
10 
ax 108**4- SR os 1=10° 
= 84+4—-5A? =0 
= 5° -8A-4=0 


JEE Type Solved Examples : 
Passage Based Questions 


® This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I (Ex. Nos. 16 to 18) 
2n 
Consider (l+x+x")" = 2 a, x’, where ag, ay, 
r=0 


Q2,..., 42, are real numbers and nis a positive integer. 
na-i 


16. The value of 2 az, is 
r=0 


9” — 2a,, -1 9” — 2a,, +1 
—_— at b) ——___——_ 
(a) z (b) ; 
9” + 2a,, —1 9" + 2a, +1 
ae aS os ae 
(c) j (d) ; 
17. The value of az, -1 is 
r=1 
= 4 Pi Ces 
— —— d 
(a) 5 (b) ‘ (c) ; (d) P 
18. The value of a, is 
(a) ret; (b) aia, oo 
(c) del OF fay", 
Sol. ie 
We have, (1+ x + x7)" = x a ...(i) 


Replacing x by z in Eq. (i), we get 
x 


re re EE TN 


=> A=2,-2/5 
= x = 107,109 [from Eq. (i)] 


@ Ex. 15 For a positive integer n, if the expansion of 


{5 


a x* | has a term independent of x, then n can be 
x 


(a) 18 (b) 27 (c) 36 (d) 45 


ya 
Sol. (a, b, c, d) Let (r +1)th term of (+ x") be independent 
x 


( n-r , oie 
of x. We have, T, ,, -"¢ (5) (x8 tC .6P" a 
ae 


For this term to be independent of x, 
6r-—2n =Oorn = 3r 
For r =6,9, 12,15, 
= 18,27,36, 45. 


2n 4n r 
(isto) = 3 o(2) 
x Xs r=0 x] 


=> (l+xt+x’)"= Dd egos wii) 


4n 4n 
From Eqs. (i) and (ii), we get Lax’ = Lac" 
r=0 r=0 


Equating the coefficient of x *"~" on both sides, we get 


a,,-, =a, forOSrS4n 


Hence, 
Putting x = 1 in Eq. (i), then 

4n 

a, =3?" =9" -»{iit) 

r=0 
4n 
Putting x = - 1in Eq. (i), then 2 (-1) a, =1 .-{iv) 
r=0 


16. (b) On adding Eqs. (iii) and (iv), we get 
2 (dy + Gy + Ay tu. t+ Ay 9 t Amy to. + Qy,)=9 +1 
=> 2[2 (ay + az + dy +... + Ay 2) + Gy.) =9" +1 
[‘- a, = O4n-1] 
9” — 2Q2, + 1 


Qo + A, + A, t+... + Ay-2= Fi 


17. (b) On subtracting Eq. (iv) from Eq. (iii), we get 
2 (a, + 3 + Ag +... + Gon) F Gang y Foe F Q4n-1) =9" -1 


=> 2[2(a, +a; + a5 +... + @y,-;]=9" -1 [atin 
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9” -1 
we a+ ay +a, t+...+ Ay) = 4 
a 
9" -1 
= p> a2, -, = ———_ 
r=] 4 
18. (c)-: a, = Coefficient of x’ in(1 + x + a 


70)" (xP (x?)? 


oo (ltx4 x7)" = 
a+B+y=2n a!f 


- ae ery 
a+P+ryen a!p!y! 
For a, B+ 2y =2 
Possible values of , B, y are (2n — 2, 2, 0) and (2n —1, 0, 1). 
- 2n! 2n! 
~ (2n—2)!2!0! (2n-1)!0!1! 


_ ea 4- ae. = ial 


Passage II 
(Ex. Nos. 19 to 21) 


30 30+r 
Let sa Sol gs Ze) 
r=1 °C G0+r) 


and Ges y (~ 1)" ‘ee ‘ 


19. The value of (G _ S) is 


ar —4 
i 


and 1s, = 


, then the value o ne is 
20 
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21. The value of K + Gis 


(a)25-2 - (b) 25-1 
(c)2S+1 (d)25+2 
Sol. 
30 3%+r = 30 304r : = 
9S See ee ee 
r=1 *C,(30+r) r=! *C, 30+r 
aS Gu Cn, GOED 
Feil aS (30+ r) 
(30 + r) 29+Fr 
rat) MG ae. 30+r 
_¥ W+ro Pea "Cc n=rt1 
a, ie A a "C, 1 J rl 
For n so(? nC, = 8C,..) 
r 
a lw Cy Le. 
es or “C; 


30 60 
K= & (°C.)* = Cy andG= X(- recy 
r=0 r= 


= ae On -("C,) + ey 1. + (" Cog)? = Cry 


(a) 0 (b) 1 (c) 2 (d) 2© [n = 60 is even] 
19.(b) G-S= Cy -(% Cy -1) =1 
20. The value of (SK - SG) is m i 
(a) 0 (b) 1 20. (a) SK -SG=S(K-G)=S(G-G)=0  [«K=G] 
(c) 2° (d) 2” 60 
21. (d) K+ G=2: Cy =2(S+1)=254+2 
JEE Type Solved Examples : 
Single Integer Answer Type Questions 
« This section contains 2 examples. The answer to each Sol. (5) Here, a, = "C, 
example is a single digit integer ranging from 0 to 9 aC 
(both inclusive). b, =1¢—t 14+ 
; 100 a, -| Chas 
© Ex. 22 The digit at unit’s place in2° is n-r+1 (n+1) 
Sol. (2) «- 9! =(2-4 +1) =4n4+1 . [say] = rots 
[where n is positive integer] z “1 (n +1) 
2°” =o t= oft 9 = 16)" -2 i Tia-U r 
The digit at unit’s place in (16)" = 6. _(at+1) (nt+1) (nt 1) a +1) _(n+1)" 
The digit at unit’s place in (16)" -2= 2 1 2 3 a n} 
= (01) (given) 
@ Ex. aes => a, x", b, =1+ 100! 


n= Ses 
20 
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JEE Type Solved Examples : 
Matching Type Questions 


ee 


eee ee ee Te tre wee 


® This section contains 2 examples. Examples 24 and 25 
have three statements (A, Band C) given in Column I and 
four statements (p, q, r ands) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


© Ex. 24 


Column I Column ii 


(A) | If mand nare the numbers of rational en 
terms in the expansions of (V2 + 3'/°)!° 


and (v3 + 51/8)56 ee then 


1/2 eats) 


terms in the expansions of (2 
and (51/1 +.2'/6)! respectively, then 


If mand nare the numbers of rational 
terms in the expansions of (1+ V2 +3'/3)° 


and (1+ 9/2 + 3/3) respectively, then 


Sol. (A) — (r, s); (B) — (t); (C) > (p, q) 
A)‘. (2 eg*y" =(2"? qageya 


10-r r 
="C.02 2 «35 


T, 41 


For rational terms, r = 0, 10 [O0<r< 10] 


.. Number of rational terms = 2 
ie, m=2 and (V3 +518) = (31/2 4. 51/8256 
256-R 


. Trey 


For rational terms, r=0, 8, 16, 24 , 32,...,256['" 0 <r < 256] 
.“. Number of rational terms = 1 + 32 = 33 
i.e.,n=33 => m+n=35(s)andn-m=31 
40-r 
(B) E “i in (2/3 +315) = "CG 2 3 


For rational terms, r = 10,25, 40 [0S r < 40] 


*: Number of rational terms = 3 
.. Number of irrational terms 


3 


= Total terms — Number of rational terms 


= 41-3 =38 1.e.m=38 
100 - R 


= Oe . 5 10 
[0 < R< 100] 


R 
1/10 4, 91/6 y100 his 


and Tp,;in(5 

rational terms, R = 0, 30, 60, 90 

*" Number of rational terms = 4 

.. Number of irrational terms = 101 — 4 = 97 

ie.n=97 => m+n=100,n —m=97 —38=39 
(C)-- (1+ V2 +347)6 =(1 42"? +3") 


See etre cemeee. 


Te @” a (3 y' 


a+BPtry= ar 


/2 y/3 
Piz .3 


i 


Values of (a, B, y) for rational terms are (0, 0, 6), 
(1, 2, 3), (3, 0, 3),(0, 6, 0), (2, 4, 0), (4, 2, 0), (6, 0, 0). 


“. Number of rational terms =7 i.e, m=7 
and (1 + ¥2 + 9/3) =(1 + 23 +3¥/5)5 


= > ee | | py (3!/5)t 


a+Pp+y= aT Z 


oBi3 gyl5 


a+Bh+y=15 —— 
of (a, 8, y) for rational terms are 
(5,0, 10), (2, 3, 10),(10,,0, 5), (7, 3,5), (4,6, 5),(1, 9, 5), 
(15, 0, 0), (12, 3, 0), (9, 6, 0), (6, 9} 0), (3, 12, 0), (15, 0, 0). 
.. Number of rational terms = 13 i.e. n =13 


Hence, m+n=20 and n-—m=6 


@ Ex. 25 If(i+x)’ 


= 2) C, x’, match the following. 
r=0 


a,b, cforA =1,r,r° respectively, 
then 


Sarea,b,c forA=1,r,r’ 
respectively, then 
(C) |Ifs = > AG 

r=0(r+ 
a, b, cforA=1,r, r? respectively, then 


1) “and values of S are 


Sol. (A) = (p, q); (B) > (p, r, t); (C) As, 0) 


(A) ForA=1a= C2" 
r=0 
ForA=r,b= & PC. 2 pee C, 
r=0 r=0 r 
=n & wae 
r=0 
n n 
andfor A=r?, c= Lr? C,= Lr? a 
r=0 r=0 r 
n n 
=n po" in bs a oe 
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=| 3 (r-1)+1""'C,- | 

=1] Ben. a Coe 2 C | 
as 
[ 


=n (n -1) i “> a 


=n[(n-1)-277742"7'J= n(n+1)2"~? 
Forn =1,a=2,b=1,c =1 la=bte 
and forn =2,a=4,b=4,c=6| g4b=c+2 
(B) ForA =1, a= > (-1)-C, =0 
r=0 
ForA =, 


= Day -r-c, = Lei et = Cea 


=0 
n 2 (- _ Jan yen _, =n(1-1)"7 a 


af 


‘and for A =r'cz= > (-1Y -r?-C, 
r=0 


a Came 


~‘SEE Type Se Solved Examples : 
| Statement | and Il Type Questions 


Sol.(c)7° +97 =(8- 


er | te te Oren eer ee ee ee we ee 


® Directions fieangla numbers 26 and 27 are 


Assertion-Reason type examples. Each of these examples 

contains two statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 

Each of these examples also has four alternative choices, 

only one of which is the correct answer. You have to select 

the correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


® Ex, 26 Statement-1 (7° +9” )is divisible by 16 


Statement-2(x” +y™*) is divisible by(x t+y),V x, y. 


1) +(8 +1) 


=(8” - °C, -8° + °C, +87 — °C, -8°+...4 °C, 8-1) 
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=n x (- 1Y (r-1)"7'C,_, +n ae i oe 


=0+0 =0 
“a@=b=c=0 => a=bt+e 
>a+b +c? =3abe atc = 4b 


n A ‘ 
(@)foreetesy Dee we, BIE ae, 
r=0(r+1)  (n+1) r=0\r+1, 
2, sae ee =) (ptt _y) 
(n +1) r=0 n+1 
oh] 


n+1 


wAeese Ve eee 2 E(1- Je. 


r= 0(r +1) r=0\ ortl 
#1 
a oo a 
nti F n+1 


ForA=r’*,c= > r’ i hy ao [r-+ Jc, 
r+l 


r=0 (r +1) r=0 


-Dr-c, eee Gr 
r=O0r+1 
+1 
ee a : 
n+1 
_(n? = n+2)27 1-1 
(n + 1) 
3 1 1 
Forn =la=-,b=-,c =- - 
, , 5 a+c=4b 
and forn=2,a= LpeSend Bo %4(c-a)=1 
3 3 3 


+ (87 + 7C,-8° + 'C,-8° +...+ 'C, 8 +1) 
= 8° —9-8° +87 -(°C, +1) +8°(— °C; +7) 
+8°(°C, + 7C2)+...+8( °C, + 'C,) 


=642 [A is an integer] 


“7° +97 is divisible by 16. 
.. Statement-1 is true. Statement-2 is false. 


@ Ex. 27. Statement-1 Number of distinct terms in the 
sum of expansion (1 +ax ) +(1-ax)" is 22. 
Statement-2 Number of terms in the expansion of (1+ x)" 
isnt+1VneNn. 

Sol. (d) 


(1+ ax)! +(1-ax)” =2 {1+ °C, (ax)? 
+ °C, (ax)* + °C, (ax)® + Cg (ax)® + Cio (ax)!”} 
.. Number of distinct terms = 6 
=> Statement-1 is false but Statement-2 is obviously true. 
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Subjective Type Examples 


LCL LLL LL LLL LLL ALLE OE OL CE Ne RS SE Ne er 


@ Ex. 28 Find the coefficient independent of x in the 


(3 1 9 
expansion of (1+ x +2x°*) 30-2) 
2 3x 


’ 9 
Sol. (r + 1) th term in the expansion of (5x? - +) 
2 3x 

\9-r r 

3 >| 7 

ie, Baye?) |] (-2 

rtl (3 ) 3x) 


9-r r 
-*c, (3) awe (0) xt 
2 


a9 (2) “-(-2). 18 — 3r 
= Bale ry x 


Hence, general term in the expansion of (1+ x + 2x °) 


(32 LY = (2) “(- 1) sea 
jad —/|o= a 3) “x 


\2 3x 2 3 


For independent term, putting 18 — 3r = 0,19 — 3r =0, 
21—3r = Orespectively, we get 

r =6,r =19/3 [impossible] r = 7, second term do not given 
the independent term. 


Hence, coefficient independent of x 


” 


3 \6 r 2 7 
="c.-(3) {-2) +042-%,-(3) (- 2} 
2 3) A 3 

i a en ee 


= Gi 
ram 3° 2 
8729 4 2187 18 27 54 


@ Ex, 29 If (1+x)" =Cy +Cyxt+C, x 74...4C, x", 
show that 2 C,” is equal to the coefficient of x"y" in the 
expansion of {((1+ x) (1+y) (x t+y)}". 

Sol.(1+ x)" (y +1)" (x+y)! = » Cx 


yey 2 Cx" ty! ...(i) 


A 3. ° -0 -0 
Since, Cy’ is the coefficient of x°y”~ °x"~ °y® 


i.e., x"y" (r=s=t=0) 
lln-lian-l 


Now, C,’is the coefficient of xy" *x"~'y 


i.e., x"y" (r=s=t=1) 


And C,° is the coefficient of x*y"~*x"~*y* 
ie, xy (r=s=t=k) 


Hence, the coefficient of x"y” in (1+ x)" (y +1)" (x+y! 
n 
“0 86 104.46" * yi ‘ol 


n+4 


@ Ex. 30 Let(1+ x7)? (1+.x)" = 2 a, x". Ifay,a, anda, 
=0 


are in AP, find n. 
Sol. We have, 
(1+ x7)? (1+ x)" =(14 2x? + x‘) 
K ("Co + "Cx + "Cy x? + "Cyx? +.) 
=) +4,X +4, x° +a,x° +... [say] 


Now, comparing the coefficients of x, x” and x?, we get 


a, = "Cs Qn = 2: "Co + "C3, Q3 =2: i 6 + "Cs {i 
In a, 2 1,in aj,n 2 2and ina3,n 23 
: "n23 ee (1) 


From Eq. (i), 


-1 n?—-n+4 
acne, oe Oe la os 


1-2 2 
3 2 
- - —3n" + 14n 
weit neon eele 1)(n 2)_n n 
1:2°3 6 
Since, a, a, a, are in AP. 
Therefore, 2a, =a, + a, 
2 n? -—3n* + 14n 
=> n° —-n+4=5n+—————_ 
6 
= n> —9n? + 26n — 24 =0 
or ' (n-2)(n—3)(n—4)=0 
“ n=2,3,4 
Hence, n=3,4 (from Eq. (ii)] 


@ Ex. 37 if(i-x?)" = a, x" (1- x)", finda,, where 
r=0 
néN. 


Sol. We have, (1-x°?)'= pF a,x" (1- ld 
r=0 


_ x a,+x" (1— x)" 


= (1-— x)" (1+ x +x’) . ae“ 
rs -x 


“ (1—x)"(1+x+ x7)" 2 y a,x" 


(i- x)" =, (1- x)?" 
oy (ate Se 
.G=xy | 9" Gx 
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Oo 


4 |Gewete| 5 12 
(1- x) red | (1-x) 


Let A= 


Then, Eq. (i) becomes (1+3A)" = ba a, A’ 


r=0 
On comparing the coefficient of A’, we get 
"Cy J = a, 


Hence, e= "C7 


® Ex. 32 Ifao,a,,02,...,A, are the coefficients in the 
expansion of (1+x + x7)” in ascending powers of x, show 
that aj —a? ~a2 -...+a3, =a,. 


Sol. We have, (1+x+x7)" =a, +a,x+a,x" +@y,x7" ...(i) 


f \ 
Replacing x by ee in Eq. (i), we get 
x 


n 
f -2+4) =ag- b+ B— 4 ii) 
ex. x x a 
On multiplying Eqs. (i) and (ii), we get 
f n 
(it¢x4+x?)" «(-4+ 35) = (dy + ax +a, x’ 
x x 


a a 
$ soc Oy x2") x| ay — : 
( x x x 


1+x?4+x')" 
mp ET tty #08 yx? Heat ay 
x , . 
a a a nia 
X| dg -— +— + ar | ...(iii) 
x x ae 
eS a ee 2 
Constant term in RHS = ap ~ a; + a) —... + G3, 


— (ltx7 4x4)" 


Now, constant term in if = Coefficient of x2" 
x 


in(i+ x’ +x‘)"=a, [replacing x by x? in Eq. (i)] 


But Eq. (iii) is an identity, therefore, the constant term in 
RHS = constant term in LHS. 


dy — ay + a, —... + Aon = Gy 


® Ex. 33 Show that no three consecutive binomial coeffi- 

cients can be in (i) GP and (ii) HP. 

Sol. (i) Suppose that the r th, (r + 1)th and (r +2)th 
coefficients of (1 + x)" are in GP. 


ie., "Cy aigs. "Cos "Cyqy arin GP. 


G27 
+ ae + on ) 
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sa “C. 
Then, at = 

Cres C, 

n-rt+l oon-r "C,  n-rtl 

=» —————_ = o—_—_—— = 

r r=) oer f 
=> (n-r+1)(r+1)=r(n-r) 
=> nrtn—-re-r+rt+l=nar—r? 
= n+1=0 
=> n=-1 


which is not possible, since n is a positive integer. 

(ii) Suppose that rth, (r + 1)th and (r +2)th coefficients of 
(1+ x)" are in HP, 
ie: "C..4, °C, “Cogy are’in AP: 


2 I 
Then, = —_ 
C, C5 Cra 
Rn a 
=> 2=- Gr ee or 
Cyst Cat 
. Cp, _nortl 
i ae r 
e = - 
n-rt+l r¢#il 
=> 2= —_—_——— + ——_—- 
r n-r 


=> ar(n-r)=(n-rt+1)(n—-r)tr(r+)) 
=> Inr-2r an? —-nr-nartretn-rtretr 
= n’?—4nr+4r?+n=0 = (n-2ry+n=0 
which is not possible, as (n -2r)* 2>Oandnisa 


positive integer. 


noon 
@ Ex. 34 Evaluate LD "Cee 16, 165. 
i=0j=1 


Sol. We have, p> z a OPS 
="C,('Cy + 'C,) + "C2 (FF Cq + °C, + °C2) 
$"C, (°C) # "CaS + °C.) 
+ "Cy ( *Cy + *C, + *Cz + 4C3 + C4) 
4.4 °C, ("Co + "C, + 7C, +...+"C,) 
= "C,(2) + "C2(2)* + "C3(2)° +... + "C,(2)" =(1+ 2)" -1 
=3"-1 


@ Ex. 35 Find the remainder, when 27” is divided by 12. 
Sol. We have, 27” = (3°) =3'% =3.(3)'? =3-(4-1)'? 
=3(4n —1), where n is some integer 
=12n -—3 =12n -12+9=12(n-1)+9 
= 12m + 9, where m is some integer. 
a" 9 
12 12 


Hence, the remainder is 9. 
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© Ex. 36 Show that[(V3 +1)?" ] +1 is divisible by 277, 
VneéN, where[-] denotes the greatest integer function. 


Sol. Let x = (v3 + 1)" =[x]+ f (i) 
where, O<f <1 
and (V3 - 1)" = f’ (ii) 
where, 0<f’<1 


On adding Eas. (i) and (ii), we get 
[x]+ f +f’ =(V3 +1)" + (V3 - 1)? 
=(4 +243)" +(4-243)" 
= 2" {(2 + v3)" + (2- v3)"} 
= 2" -2{"C,(2)" + "C,(2)"~? 
(V3)? + "C,(2)" ~ 4(V3)! +...} 


. [x]+ f +f’ =2"*"k, where k is an integer. ...(iii) 


Hence, (f + f’) is an integer. 


ie., ftfl=l [--0<(f + f’)<2] 
From Eq. (iii), we get 
[x]+1=2""k 


=> [(V¥3 +17") +1=2"*'k 


@ Ex. 37 Find the number of rational terms and also find 
the sum of rational terms in(/2 +3 + 9/5)". 


Sol. We have, (J2 + 33 + 9/5)” = (20/2 4. 31/3 4 5i/6yt0 


10! na/2 48/3 cv/6 
a+B+yswa!Bly! 


For rational terms, 

a =0,2, 4,6,8 10, B =0,3,6,9,y =0,6 
Since,0 <a, B, y $ 10. 

. Possible triplets are (4, 0, 6), (4, 6, 0), (10,0,0). 
There exists three rational terms. 


. Required sum 
! ! 10! 
ee 


~ 410l6! 41610! 
= 4200 +7560 +32 = 11792 


© Ex. 38 Find the remainder, when (16907 + 2608'°”) is 

divided by 7. 

Sol. We have, 1690°* + 2608” = (1696 
+ (260816 — 41690) (32608 4. 41690) 


The number (16907 — 378) is divisible by 
1690 — 3 = 1687 =7 x 241 which is divisible by 7, the 


2608 2608 
-3 ) 


{from Eq. (i)] 
which shows that ((73 + 1)*"] +1 divisible by 2"*!, Vn e N. 


difference (2608'°" — 4'°) is also divisible by 7, since it is 
divisible by 2608 — 4 = 2604 =7 x 372. 


2608 1690 


As tosum3”” + 4°°”, it can be rewritten as 
3-(39)8 4 4.(43)583 
= 3 (28 ~1)* + 4 (63 +1)” 
=3(7m —-1)+4(7n +1) 
[where, m and n are some positive integers] 
where p is some positive integer. 


Hence, the remainder is 1. 


© Ex 39 if Co, Cy; Cosas 
in the expansion of (1+ x)”, 
(Co +2C, +C,)(C, +2C, +C3)...(C,-1 + 2C, + Cy 41) 
n 2 
_ (nt+2)" II (G.4 +C,). 
(n+1)! r= 


Sol. LHS =(C, +2C, + C2) (C, +2C2 + C3)... 
alae + Cia) 


C,, are the binomial coefficients 


prove that 


=e C, 2) $2 "Ce + "Cp 44) 


r=! 


= M1 « "6 <b C)a CO 4 "Coal 


=IT CPG, ee. 43) [by Pascal’s rule] 
-II (70. ye 11 (242) +*c,]-% BA an C. | 
= r=i\r+1 r 


‘n +2) 
r+l1 


-T 


r=] 


r+1 


C'C.a9 °C, )= U re C,-1+,) 


\ / 


2 3 4 orate 1 
(n+9f 7 (Cea1#C,) =RHS 
(n+1)!r= 


2n 2n 
© Ex. 40 if da, (x —2)" = 2 b, (x -3)! anda, =1, 
r= r=0 


Vk 2n, show that b, = 7"*'C,, 43. 


2n 


2n 
Sol.-- yi a, (x -2) = yi b, (x - 3)" 


Let y=x-3 >ytl=x-2 
So, the given expression reduces to 
én 2n 
Xa, (ity = 2 by’ 
r= r=0 
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—— 


=> ay ta,(1+y)+a,(1+y)? +... + a2, (1 + y) 
= by thy +..+ bony” 
Using a, = 1, Vk 2 n, we get 
dy +a (1+y)+a,(i+y)? +.+a,-4(1 ty) 
+(1ty+(ity)* 4..4(1+ y)™ 
= by + by toe + Dy” + ou + Bony 
On comparing the coefficient of y" on both sides, we get 
"Crt" tc, + "FC, +0. + C, =b, 


ida OF iad Se oe aa | 


[- ie + oe -_A bia ea 
FG at °C. Gai Ce = be 
[adding first two terms] 
If we combine terms on LHS finally, we get 
2n +1 = 
C, +17 bp 


® Ex. 41 (i) Ifn is an odd natural number, prove that 


n 2 n-r 
Sol. (i) We have, & (= S E y are 
eed "C, ee "C, "Came 


n+l atl 
ee) EEO | 5 | 2 
“Bew|t + "Gee | = 2-1) cs 7 2| 
: . [-- nis odd and"C, ="C,_;] 
(ii) We have 
“i 
Si) ED ea | Ci" 
r=0 "G. r=0 ee Ea "Cale 
x1 ‘ 
2S ey | 4c), co" 
r=0 4 oe C "Care 
4 
2 n 
= cy| ts | ( i 
r=0 "e, AG. Cara 
=| S eiy-44) +! - 
ee "C, "Cale 


C,- 
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@ Ex, 42 If(i+x)" =Cy+C,x+C,x? 


+C3, x? +...4+C,x", show that 


a co PL te ae 


2 3 n 2 3 n 


Soi. We know that, 


(l—x)" =Cy -C, x+C) x? -...+ (—1)" C, x" 
or Cy —(1~ x)" =Cyx — Cy x? +C,x° 
ee a oe 
= 1-(1- x)" =Cyx —C, x? +Cyx? =... +(-1)"7'C, x" 
Dividing in each side by x, then 
1-(1 


ee. =C,-C,x+C;x* -...4+(-1f "'C,x""! 
x 


On integrating within limits 0 to 1, we have 
[ 1-(-x)' pg ik (C, — Cz, x +C3x’ —_ 


0 x 
we #(— 1)" 71 CO, x" 7) de 
“1 


= Gn EE aay" 6, = 
2 3 
lo 
-(1- xy _1wyF-7! 
[Se ego S eS. (= 1) C, 
0 x 2 3 n 
Putting 1 — x = ¢ in integral, 
=> dx =—dt 
when x > 1,t 3 0and whenx >0,t- 1 
» fda -S4+S-.4 
(Ut) 2 n 
= n 
i: yng, Stale yt 
0 (1-t) 2 3 n 
= [ates ste dt - 245 
8 3 
= +(-r 7 & 
2 3 a 
ajetate +f] =¢,-24% 
2 n | 2 3 
= +(-ayp8 
n 
ie ag op co Rigs OO. + ( yr Ge 
n Z 3 
Hence, o-2,& +(-ap) & 
i n 
1 1 1 
=1lt-+-+..4— 
3 n 


@ Ex. 43 if(1+x)" =Cy +Cyx+C,x? +C;x° 


+...+C, x", find the sum of the seriesd 
Co _ Cr C2 Cs a Ee 


+...+(-1)" 


Z 6 10 14 4n+2 


WWW.JEEBOOKS.IN 


488 Textbook of Algebra 


Cc, 
4n+2 


=i a ©... 


+..4¢(-1 
6 10 14 IY 


Sol. Let S= “ = 


C,x? +C,x4-C,x° 
+...+(—1)" C, x7" 


Consider, (1- x7)" =C, - 


1 in 1 
= [a-?) dx = [ (Co - Cyx? + Cy x* - Cy x° 
+.. ra C, x7") dx 


3 7 
2n +1 
+... +(—1)" eae | 
an +1 
! 2\n C, C; C; n Cc 
=] (1—-x°)" dx =Cy —-— + = - = 4..4(-17 — 
I . oe @ a Sa 


From Eq. (i), 
2\n = : ai 1 _ -2\n 
fa~ x? de=25 or S=-[a— x?) dx 
Put x =sin® i.e., dx = cos d80 , 
=a (e? os?” *19 de 
Jo 


By using Walli’s formula, 
_1 — 2n(2n —2)(2n — 4)... 4-2 
"2 (2n +1) (2n—1)(2n—3)...3-1 
_ 1. {2n(2n -2)(2n - 4)... 4-2)¥" 
2 (2n + 1)! 
(n 1)? 
(2n + 1)! 


2n-1 
2 (2n +1)! 


n 
© Ex. 44 If(i+ x)" = pa C, x’, then prove that 
r=0 


Sy jet 

OSi<jSn G; C; 2 r=0C, 

Sol. Let 5 = E (4 4) wali) 
eee OF 


Replacing i by n — i and j byn — j, we get 
se TE [z= ae SE [Bata ad 
osi<yssn\Cn-i Ca-y} ositcssnl C Gj 
(C,=C..2) «lil 
On adding Eqs. (i) and (ii), we get 
* 


Ld 


1 1 
2S =n if 
osicysn\C; Cy, 


n-l n 
e224 3 |e eB) SD Pee 
2osi<jsn\C; Cy} 2|r=0 C, rail, 
n > n-r 5 r n » n n? y 1 
oe + — |= — 2 ee —— 
{3 Ce pea (32 2 r=0C, 


@ Ex. 45 If(it+ x)" =Cy +C\x +C, x? +C;x° 
+...+C, x", show that 


~ Cc 3r+4 
r=0 (r+) (r+2)(r+3) (r +4) 
/ ‘ 
Seer: saat S aa 
(n +1) (n+2) (n +3) (n+ 4) r=0 
Wd r+4 
Sop tise) a GO 
r=0(r +1)(r +2)(r +3)(r+ 4) 
r= ACES CE DICED ESO 
Rg ee 
_ n Cg : n n! 
r=0T*4C. 4! raorlin—r)t (r+ 4) 4, 
4!r! 


grt 


7 nt.3rt4 
r=0(n—r)!-(n+4)! 
ni.3°*4 (n + 1)(n + 2)(n + 3)(n + 4) 
* Pala elreaye (n + 1)(n + 2)(n + 3)(n + 4) 
. (n + 4)13"*4 
r= O(n —r)'(r + 4)!(n +1) (n + 2)(n + 3)(n + 4) 
$ nee] 


~ (n+1)(n+2)(n +3)(n +4) | r=0 (n—F)!(r +4)! 


> eas 


r=0 


i 1 
~ (n+1)(n +2)(n +3)(n + 4) 


n+4 


eae OF | 


a> 


1 ff 
(n +1)(n+2)(n +3)(n+4)|¢= 


Gureie t) 
_ 1 
~ (n+1)(n +2)(n +3)(n +4) 


in +4 


* 3 
i > vei Pn, 2 as 


|=9 t=0 


3 
a ae Pe 
(n + 1)(n +2)(n +3)(n + 4) | r=0 


a ee | Fate a 
(n+ 1)(n +2)(n +3)(n + 4) | t=0 ; 


= RHS 
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9 9 
© Ex. 46 Prove that 2 x* divides 21 x****, 
k=0 k=0 
9 
Sol. Let 5, = 2 ge RRR Ogg Ng 9g 2202 
=0 
and S= 2 eFax txt ext eiex’? 
=0 
9 9 
Now, S — Sp = Ly (x FRE aeky = DE xc ® (x10) HE — 1) 
k=0 k=0 
9 9 
=[( a) oa 1] > eh >. x* 
k=0 k=0 
> §, 


-S,=A5S, => S,=(1+A)S, 
9 9 
Hence, L x *** is divisible by 2 x* 
k=0 k=0 
‘ 3n 
© Ex. 47 Prove that (-3)'~'. °C,,_, =0, where k — 
r=1 


and n is an even positive integer. 
Sol. Given, n is an even positive integer. 
Let n=2m;.. k=3m, mE N 


LHS = Dl (25 MC = by (= 3) Cy 
MG BC, 4.97 OC, 
i (3 C aa m()) 
Consider (1 + iv3)®™ = "Cy + ©C, (iV3) + Cz (iv3)? 
+ Sx (id)? HO anay’ + 8"C, G3) 
tot "Com (ay + Ce, G3). 


a(t 


= sm where «” is cube root of unity. 


Now, (1 + iv3)* = \" =(- 20°)" 


/ . 


Then, Eq. (ii) can be written as 


=... + (~ 3p Cb + INS MC, — OC -3 


f 6.08? =. (—3y" "EC, a} 
On comparing the imaginary part on both sides, we get 
OE ela Chee esl OM oe Gaia OF 
—...+(- 3)" 1 Co, 1) =0 
is Ss coal ON as 
—... +(— 3). CO = 0 


3m 
= , Yi (- 3) 7" "Cp, = 0 
r=] 


k 
or y; (-3)'~*- "C,,_, =0, where n = 2m and k =3m 


r=] 
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@ Ex. 48 Prove that 
5 ; , 
"C3 +7C,+°Cy, + =a49" Lagu sin ™| 
2 4 | 
Sol. In given series difference in lower suffices is 4. 
hey 7-3=11-7=..=4 
Now, (1) =(cos0 + i sino)!’* 
=(cos 2rn + isin 2r2)" 
= cos + isin = where r =0,1,2,3 
Four roots of unity = 1, i, - 1, -i=1,a,a7,a° [say] 
fn 
and (l+xy'= b "Cx" 
r=0 
Putting x = 1,0, a7,a*, we get 2” = Di 8G «(i) 
r=0 
n 
(ita)y'= 2 "Car (ii) 
r=0 
(ita?y'= 2D "Ca (iii) 
r=0 
n 
and (1t+a°y'= L "Ca™” , (iv) 
r=0 


On multiplying Eq. (i) by 1, Eq. (ii) by o, Eq. (iii) by a? and 
Eq. (iv) by o* and adding, we get 


=>2+a(itayt+ar%(ita’?) +02 (1+0°)" 


2r +2 


fn 
= 2, "6. tesa Hee) wa(V) 
r=0 


For r = 3,7, 11,... RHS of Eq. (v) 
="C,(1+a* +a% +a%)+"C,(1+0° +a" +0%) 
+°C,, (1 +07 40% 40%) 4... 
=4(°C, +°C, + "C,, +...) 
and LHS of Eq. (v) 
=2¢iaitif +P? at? +P (147) 


(a4 =1] 


=2 +i(1+il’ +0-i(1- i)" 
=2) +i {(1+i)’ -(1-i)"} 


Since, c +i! = 2 (=. +] I 


BE. pole | 
4 


= 2" + i2"!? .2isin — 


T nt) 
cos = + isin 
a ee 

= 27 asin B= 20" leo0 + isin 
4 | 4 4 
Hence, 4("C; + "C7 + "Cy +..)= aa - 2? sin =) 


/ 
=> "Cy #9Cy + Cy ton [2 tig? sn“) 
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—-1t n+] 


@ Ex. 49 Evaluate by 2 3 aes oF 
i=0 jolti 
n-1l n+l 
Sol Let P= D> 2% "C,"*'C, 
i=O j=)+i 
n+) n+) n+] 


az *C. BIG, + 2", a +2", ake Or 
j=l 


aaa 


a de. "Gang YG, 
jen 
n+l n+1 n+1 
="Cy xX mG, eG: , nae eG x aly 
j= 
07 


Hit Ce cg a er 
j=n 


i 


95 dal Oe aaa OF res Oe a ae 
Ef BOI, ae, + IC) 
es Ce Cee. &,,. 2) 


oa ele. ee 2) 


+ °C, C9, 1G) 
Pe (Cot "Ca 


ee Cyo+"C, + 

("Co + "Cy)+ "Co + ("Cy +°C2) ("Cy + 

+ ("Cz +"C3)("Co +"C, + "C2) 

+ ct("C, + "Ca 3)("Co + °C, 4+ °Cy +..4+ °C, 1) +0 
=("Co)? +("Cy)? ("C2 + ("Cn 1) 

+2{"Co-"C\ +" Cg - "Cot" Cy: "Cy 

"Creptent "Cag "Ca_-y}+2" -ltn 


= ial 8 "Cs 
+"C2) 


"Os Hage "Cea) 
"C)) 


+..+¢ "Cy: 
=("Co+"C, + 
=(2" -1)? +2" -14n =2"-2" +n 


"Cotict "Cae +2" -1ltn 


© Ex. 50 If(9 +4 V5)" =1+ f,n and! being positive inte- 
_gers and f is a proper fraction, show that(I —1) f + f ? isan 


even integer. 


Sol. (9 + 45)" =1+ f (i) 
O<f<1 (ii) 

Let f’=(9- 445)" (iii) 

and 0<f’<1 ...(iv) 


From Eqs. (i) and (iii), we get 
T+ f +f? =(9+ 4v5)" +(9- 4 V5)" 
= 29" +"C, 97-2 (445)? +...} 
=2N, where N is a positive integer. 
and from Eqs. (ii) and (iii), we get 0< f + f’ <2 
Since, f + f’ is an integer. 
ee? ee! 
I+1=2N => 1=2N-1 sal ¥) 
(I+ f)(i- f)=(9 + 4v5y f’ 


Now, 


=(9 + 4V5)" (9 - 4/5)" = 


(I-iyf+f?=1-1 =2N-1-1=2N-2 
(from Eq. (v)] 
= An even integer 


© Ex. 517 If P. is the coefficient of x" in the expansion of 


2 2 2 
(1+ x)? : +4) ( + ~| [ + *) ..., prove that 
2% Z 


r= 


2 
: (7.4 +22) and P, —_, 
Q=t 315 


2 \2 2 
Sol. Let (1+ x)’ (1+) (: +3] (: + = ~ 
2 ry 2° 


=1+PRx+P,x’? + Px? +P,xi+ 
wet Poy xt Bx tou onli) 


Replacing x by ~, we get 
/ \2 2 2 2 
(+2) ta [1+ 4) (1+) 2 
2 2 2°) Da 
\ rNe 3 
- +7 (=|+n(2) +A(3] diy 
2 (2 2 


On multiplying both sides by (1 + x)’, we get 


vate) (3) O) x) 


From Eqs. (i) and (ii), we get 
1+ Rx+P,x’ + Rx 4+ xt tit Bx’ '+ Px’ t.. 
\3 i 


\2 x) 
=(l1+x)°114+P + P. +P,|—| +... 
ceathen(Zon() +a(3) 


On equating coefficient a x, we get 


1 
B= -2(3 Jean. (Fa (r}toles 


2? 
= aa ag PE xa) 
1 1 
Now, R=l, R=2+1+-+—+..=4 
2 2 
p = 2 (A+ Po) _ 20 
a ie 
pa 2 (th) _ 128 
ar i | 
2° (P; + P, (242) 1072 
and P, = 3 oa \ 21 is Se 
24-4 15 315 


WWW.JEEBOOKS.IN 


a Binomial Theorem Exercise 1: 
Single ( Option Correct Type Questions 


Oe ee me 


* This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct 


Li 2 (i %G.| bog 2 
r=0 ar g?r 


upto m ms 


+— +... 
ox 
= fin)(1-.| 
x P 
[fle In x )d(x ° In x)is equal to 
{a) - (b) -3 
(c) 3 (d) Cannot be determined 


2. The coefficient of (a -b° -c® 
of(at+b+c-—d-e-f)*' is 


-d° -e- f) in the expansion 


(a) 123210 (b) 23110 
(c) 3110 (d) None of these 
3, The sum of rational terms in (V2 + V3 + 9/5)", is 
(a) 12632 (b) 1260: 
(c) 126 (d) None of these 


4, f(1+ x—3x7)? =a, +a,x +a, x? +..., then 


Gy - a, +@, —a, +... ends with 
{a) 1 (b) 3 
(c) 7 (d) 9 


/ 7\F 
5, In the expansion of | . [a vole | _ there is a term 
VP \q°) 


similar to pq, then that term is equal to 
(a) 45pq (b) 120 pq 
(c) 210 pq (d) 252 pq 
6. Let (5+2-/6)" =I+ f,wheren,1e N and0< f <1,then 
the value of f? - f + I+ f —Lis 


(a) a natural number (b) a negative integer 


(c) a prime number (d) an irrational number 


4000 


7. ifx++=tand p=x +—\_ and qis the digit at 
Pp 1000 


unit place in the number 2?" + 1,n€é Nandn >1, then 


p+q, is 
(a) 8 
(c) 7 


(b) 6 
None of these 


8, If the number of terms in - 1+ 1 (néI *)is 401, 
x 
then n is greater than 


(a) 201 
(c) 199 


(b) 200 
(d) None of these 


Ae Re Nt ne em are me et er re er re 


ee 8 en ee re ee et tr Oe ew ees ee ow 


n-l 
9. is equal to 
<u "C, - one 
n n+1 
(a) 5 (b) 5 
n(n +1) n(n -1) 
a d 
(c) ( le ee 
100 
10. The largest term in the expansion of [ 5 + >| is 
b 100 
(a) 6” (b) (=) 
b 100 
(c) ™cu(2) d) or 
nN 
tishar) 
11. If the fourth term of I. '+lesx/ + "x | is equal to 
200 and x > 1, x is equal to 
(a) 10V2 (6) 10 (ey 10" Sd) 
v2 
12. The coefficient of x in 
(1+ x)" +(1+x)7*! +...4+(14 x)", msn, is 
(a) ONG es (b) a oe 
(c) "Cy, (d) "Cet 
13. The number of values of'r’ satisfying the equation 
Ci. = ais age =%C 2 a aC. is 
(a) 1 (b) 2 
(c) 3 (d) 4 
14. The sumS= *C, +2: °C, +3-C, +...419> Cop is 
equal to 
(a) 145-2” (b) 1+ 27! 
(c) 1+9-27 (d) 27° 
15. The remainder, if1+2+2? +2° +...+2' is divided by 
5, 1s 
(a) 0 (b) 1 
(c) 2 (d) 3 
16. 


Coefficient of - in the expansion of (1+ x)"(1+1/x)” is 
x 


(a) ni ) 2n! 
(n-1)!(n + 1)! (n-1)!(n + 1)! 
(c) n! (d) 2n! 


(2n — 1)!(2n + 1)! 
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(2n — 1)!(2n + 1)! 
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17. The last two digits of the number 19° is 25. If (3 +x 208 4 x 20092010 = + ax t+ ay xe 

(a) 19 (b) 29 +...+a, x", the value of 

(c) 39 (d) 81 

n ae ie 3 ee i 1S 
18. If the second term in the expansion of [a os is aed (by 220 
= a 
a as} 

140°”, the value of = Cs is : Gs (ajar 

(a) 4  (b) 3 26. The total number of terms which depend on the value of 

wa oe x in the expansion of G —2+ +) is 
19. 1f6* +8° is divided by 49, the remainder is x? 

(a) 0 (b) 14 (a) 2n+1 (b) 2n 

(c) 35 (d) 42 (c) n+1 (d) n 
20. The sum of all the rational terms in the expansion of 27. The coefficient of x " in the expansion of 

(3!4 4 43)! is hag? <ah% 

(a) 91 (b) 251 (a) 420 (b) 476 

(e) 273 ms (0) 532 (4) 588 
af, Jastbouridie tol the number eor— is 28. The number of real negative terms in the binomial 

a ae ° on expansion of (1 + ix)”~* ,n€ N,n>0,i= J-1, is 
22. If 5” is divided by 13, the remainder is oe ie 

(a) 2 (b) 4 (c) 6 (d) 8 a » r 

_ m8 8 (*\(") 
23. The value of ! — where {.} denotes the fractional p=im=p\m)\p_ cavalo 
ee (a) 3° (b) 2” 

part function is is «na _ 

(a) 17/28 (b) 19/28 arnt es 

(c) 23/28 (d) 5/28 30. The largest real value of x, such that 

20 . 4 4-r \f or 
5 
24, The value of 2 r(20-r)(7°C,)? is equal to py ae 
r=0 r=0\(—e)tiirl) 3. 
(a) 400 *’Co (b) 400 “°C, (a) 2V2 -5 (b) 2¥2 +5 
(c) 400 *C,, (d) 400 *°C,, (c) —2¥2 -5 (d) ~2V2 +5 


a Binomial Theorem Exercise 2: 
More than One Correct Option Type Questions 


oo 


rt en RE we Oe et eee nn ne 9 ee a en ee 


= This section contains 15 multiple choice questions. 33. If nis a positive integer and (3V3 + 5)°"*' =a +6, 
Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct. 


31. If in the expansion of (1 + x)” (1— x)", the coefficients 


where © is an integer and0<f <1, then 

(a) @ is an even integer 

(b) (a + B)? is divisible by 27 *! 

(c) the integer just below (3V3 + 5)*"* ! divisible by 3 
(d) ais divisible by 10 


of x and x? are 3 and —6 respectively, the values of m 
and n are 
(a) 3 (b) 6 (c) 9 (d) 12 


32. If the coefficients of rth, (r + 1)th and (r + 2)th terms in 34, If(8 +37)" = P+ F, where Pis an integer and Fisa 


the expansion of (1 + x)"* are in AP, then r is /are proper fraction, then 
(a) 5 (b) 9 (a) P is an odd integer (b) P is an even integer 
a 


(c) 10 (4) 12 (c) F(P + F)=1 (d)(Q-F)(P + F)=1 
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35. The value of x for which the 6th term in the expansion 


of 
| 
is 84, is 


loeay(9* ~ Le) + 1 


(2) logo(3* ~ 1+ 1) 
2 


(2) 4 (b) 3 
(c) 2 (d) 1 


36. Consider the binomial expansion of 
1 
ie 
( a-Mx 
are written in decreasing powers of x. If the coefficients 
of the first three terms form an arithmetic progression, 
then the statement(s) which hold good is /are 
(a) Total number of terms in the expansion of the binomial 
is 8 
(b) Number of terms in the expansion with integral power of 
xis 3 


,né& N, where the terms of the expansion 


(c) There is no term in the expansion which is independent of 
x 


| 
| 


(d) Fourth and fifth are the middle terms of the expansion 
| ST Let(1+ x”)? (1+x)" =ay tax ta, x’ +...,if 
a,,@) anda, are in AP, the value of nis 
(a) 2 (b) 3 
(c) 4 (d) 7 
( a 20 
38, 10th term of |3- ./—+3-/2 | is 
V4 
(a) an irrational number 
(c) a positive integer 


(b) a rational number 

(d) a negative integer 

39. IF(1+ x)" =Co +Cyx+Cy x? +Cgx? t...4C, x", 
then 
Cy ~(Cy tC) + (Cy +, + C2) 

—(Co tC, + Cy +C3)+...4(-1)"7! 

(Co +C, + Cz +...+C, 1), when nis even integer is 
(a) a positive value 
(c) divisible by 2"~' 


(b) a negative value 
(d) divisible by 2” 


40. 


41, 


42. 


43. 


45. 
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& ( 30 20 
If f (n) = 3 lla _ } then 


i=0\30-i 
(a) maximum value of f (n)is Co, 
(b) f (0) + f(t) + f (2) +... + f (50) =2™ 
(c) f (n) is always divisible by 50 
(d) £7(0) + f°) + F722) +... + F760) = Coq 


Number of values of r satisfying the equation 


aC, | _ Gt, s 8 a. _ 80, is 
(a) 1 (b) 2 
(c) 3 (d) 7 
( g 
If the middle term of [e+ —sin”! | is equal to ee 
x 16 
the values of x is/are 
1 1 

we be 
(a) ; (b) ; 

tt T 

e a) = 
(c) F (d) 5 


If b* <ac, the sum of the coefficients in the expansion of 
(ax? x? +2bux+c)",(a,b,c,a€R nEN), is 


(a) + ve, ifa>0 (b) + ve, if c>0 
(c) —ve,if a<0,nisodd (d) + ve, if c<0,nis even 


. In the expansion of G +1+ +) n@N, then 


x 
(a) number of terms = 2n +1 
(b) term independent of x =2"~! 


(c) coefficient of x™~? =n 
(d) coefficient of x? =n 
/ 1 20 
The coefficient of the (r + 1)th term of x+ | , when 
\ x, 
expanded in the descending powers of x, is equal to the 


10 
; 1 
coefficient of the 6th term of G +2+ 4 when 


x 

expanded in ascending powers of x . The value of r is 
(a) 5 (b) 6 

(c) 14 (d) 15 
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a Binomial Theorem Exercise 3: 


Passage Based Questions 


we a a ee ee. 


« This section contains 7 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I (Q. Nos. 46 to 48) 
2n 
Consider (l+x+x°J" = 2, a, x" ,where ag, a), @2,.., 


real numbers and n is a positive integer. 


46. The value of > a, is 


— 


j= sy == @ a 


n/2-1 
47. If nis even, the value of a>, is 
r=0 


3"-1l+a, 3" -1-a, 
(a) ; (b) ; 
Ss" +1+ 3" +1-2 
2s Geese 
2 4 
n+1 


48. Ifn is odd, the value of > Qo,-, is 
r=] 


3" -1+ 2a, 3" -1+ 2a, 
=. = -- 
3" + 1+ 2a, 3" + 1-2a, 
a ae ae an 
Passage II (Q. Nos. 49 to 51) 


f+xt 2x?) = ay tayxt a,x’ + e+ ggx, 


49. The value of ay +a, +a4 +... + 3g is 


(a) 29 (2 19 1) (b) 920 (i? _ 1) 
(c) 2'° (2° -1) (d) 27 (2% -1) 


50. The value of a, +a3 +as5 +... + ay, is 


(a) 2° 2’? - 20) (b) 219 (27° -21) 
(c) 2° (2'° —21) (d) 2!?.(2'? — 19) 
51. The value of 23 —=, is 
G40 
(a) 2”° (b) (c) 10 (d) 1 


Passage III (Q. Nos. 52 to 54) 


Suppose, m divided by n, then quotient q and remainder r 
ie. n)m(q 


r 


or m=nqtr, Vm,n,g,relandn#0 


a ne renee 


52. If ais the remainder when 5“ is divided by 11 and bis 
the remainder when 22”"' is divided by 17, the value of 


at bis 
(a) 7 (b) 8 
(c) 9 (d) 10 
53. 1f 19°? — 13 is divided by 162, the remainder is 
(a) 8 (b) 4 
(c) 1 (d) 0 
54. If 13” is divided by 81, the remainder is 
(a) 13 (b) 23 
(c) 39 (d) 55 


Passage IV (Q. Nos. 55 to 57) 


Consider the binomial expansion R = (1+ 2x)" =I + f,wherel 


is the integral part of R and f is the fractional part of R,n€N. 
Also, the sum of coefficients of R is 2187. 


59. The value of (n + Rf) for x = = is 
v 


(a) 7 (b) 8 (c) 9 (d) 10 
56. If ith term is the greatest term for x = 1/3, then i equals 
(a) 4 (b) 5 (c) 6 (d) 7 


57. If kth term is having greatest coefficient, the sum of all 
possible values of k, is 
(a) 7 (b) 9 
(c) 11 (d) 13 
Passage V (Q. Nos. 58 to 60) 
If (x + a, )(x+ az) (x + a3)... (x+a,) = x"+ S, x” 
+ So yr +..45, 
where, S, = » a;,S.= UL aaj,Sy= LLY oAja 


Isi<jsn lsi< j<kSa 
and so on. 


58. If(1+ x)" =Cy +Cyx tC, x? +...+C, x”, the 
coefficient of x " in the expansion of 
(x+Co)(x +3C))(x+5C,)...(x +(2n +1) C,) is 
(a) n-2" (b) (n + 1)-2" 

(c) n-2n*! (d) n-2” +1 
59. If (1+ x)" =Cy +Cyx+Cy x? +...+C, x”, the 


coefficient of x”~' in the expansion of 
(x+Co)(x +C,)(x+Cz)...(x +C,) is 


(a) gzn-t -2 a (b) gan-t - ayes 
(c) genta msIC, (d) gH TR 
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60. Coefficient of x’ in the expansion of 
(1+ x)? (34x)? (5+ x)! is 
(a) 112 (b) 224 (c) 342 


Passage VI (Q. Nos. 61 to 63) 


Let us consider the binomial expression 


(d) 416 


(>, 3 
aaa a 7 an 
x 


Sum of coefficients of expansion of B is 6561. The difference of 
the coefficient of third term to the second term in the expansion 
of A is equal to 117. 


61. The value of mis 


| (a) 4 (b) 5 (c) 6 (d) 7 
62. Ifn™ is divided by 7, the remainder is 
(a) 1 (b) 2 (c) 3 (d) 5 


63. The ratio of the coefficient of second term from the 
beginning and the end in the expansion of B, is 
(a) 125 (b) 625 
(c) 3125 (d) 15625 


re a tt me ee ee er ee oe 


« This section contains 10 questions. The answer to 
each question is a single digit integer, ranging from 
0 to 9 (both inclusive). 


67. For integer n > 1, the digit at unit’s place in the number 


100 

ds an 
r!+2° is 

r=0 


68. If(l+¢x+x7 +x? =¥ a, x "and © =k and if 


3n 


x 
r= i the ae of A is 
r=0 2 


69. The number of rational terms in the expansion of 


[ia +t) is 


70. 1£27° +2006 is divided by 7, the remainder is 


11. The last two digits of the natural number 19° 
the value of b ~ 3a is 


"* +4-"Ci4,4+6°"Ci 42 } 
+4-"C,43+"C, 

| ae i | 
ia rar "Cg = "Cree 


+ "Cras 


is ab, 


_nta 
r+A. 


the value of A is 
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Passage VII (Q. Nos. 64 to 66) 
= a,x’, 
r=0 


where a4, @s5 and a, are in AP, (n < 10) Consider another 
binomial expression of A = (V2 + ¥3)'"", the expression of A 
i 


Let us consider the binomial expression (1+ x)" 


contains some rational terms T, , ,Ta Ta 51+ 
(a, <a, <a; <..<a,) 


64. The value of a; is 
i=1 


(a) 63 (b) 127 

(c) 255 (d) 511 
65. The value of a,, is 

(a) 87 (b) 88 

(c) 89 (d) 90 


66. The common difference of the arithmetic progression 


a Binomial Theorem Exercise 4: 
™ Single Integer Answer Type Questions 


Q;, Az, Q4,..., An, iS 
(a) 6 (b) 8 
(c) 10 (d) 12 
9. 
73. The value of 99 *° —99-98 *° + + ss (97)” —...+99 is 


_ 74, If the greatest term in the expansion of (1+ x)”” has the 


greatest coefficient if and only if x € (=. ~) and the 


/ \m 
fourth term in the expansion of | Ax + La j is — 
\ x 
the value of mA is 


If the value of 
(n+2)-"Cy -2"*! —(n 41): "C,-2" n= "C, -2"- 1 - 
is equal to k (n + 1), the value of k is 


78. 


76. f(lt¢xtx7 t..tx°)i (xtx tx 2 $..42x7) 


45 
= 2 a, x" and the value of a, +a,4 + ayo +... + @y. isA, 
r=1 


the sum of all digits of A is 
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Binomial Theorem Exercise 5: 


~ Matenng Type Questions 


tr re Mr 


A es 


# This section contains 5 questions. Questions 77, 78 and 79 have three statements (A, B and C) given in Column! 
and five statements (p, q, r, s and t) in Column II and questions 80 and 81 have four statements (A, B, C and Di 
given in Column I and four statements (p, q, r and s) in Column II. Any given statement in Column I can have 
correct matching with one or more statement(s) given in Column II. 


77. 


Column I Column II 


(A) |If A and pare the unit's place 
digit in m” and n” respectively, 
where m and nare the number of 
rational and irrational terms in the 
expansion of (7!> + 11”9 °°! 


respectively, then 


(p) | +p? =1 


(B) (q) | #+p*=1 


If Aand pare the unit’s place 
digit in m” and n” respectively, 
where m and n are the number of 
terms with integral coefficients 


and number of terms with 
non-integral coefficients in the 
expansion of (7'73 + 5'/7..x) 
respectively, then 


(C) {If Aandu are the unit’s place 
digit in m” and n”™ respectively, 
where m and 7 are the number of 
rational and irrational terms in the 
expansion of (/2 + ¥/3 + 9/7)!° 


respectively, then 


(r) |A+tp=4 


78. 


Column Il 


Column I 
18 
iff 


deca i 


then the values of r is /are 


If the 4th term in the expansion of 


1) is 5/2, then na is less than 
x, 


79, 


Column I Column II 


The sum of binomial coefficients of 
terms containing power of x more 
than.x”’ in (1 +x)” is divisible by 


The sum of binomial coefficients of 
rational terms in the expansion of 
(1+ 3) is divisible by 


s 3] 
] 
if{x+test+4) =ax™ 
\ x x, = 


60 


+a, x4 G2 xX + + O24 = 


then aq + a3 + Qs eS Q)23 iS 
divisible by 


80. 


~ Column I 
If 11" + 21" is divisible by 16, then ncan be 


The remainder, when 3°” is divided by 80, | (q) 5 
is less than 


In the expansion of (1 + x)”” coefficient of 
(r + 1)th term is equal to that of (r + k)th 
term, then the value of & cannot be 
If the ratio of 2nd and 3rd terms in the 
expansion of (a + 5)" is equal to ratio of 
3rd and 4th terms in the expansion of ° 
(a + b)"* >, then nis less than 


81, 


Column I Column Il 


If number of dissimilar terms in the 
expansion of (x +2y+ 3z)” (néN) 
is an* + bn + c, then 


If number of dissimilar terms in the 
expansion of (x + y+:z)"* ! 
—(x+ y-z)"*! (neN)is 

an’ + bn+ c, then 


(B) 


If number of dissimilar terms in the 
expansion of (x — y+ 2)" 

+(x+ y-z)” (nis even natural 
number) is an® + bn+ c, then 


If number of dissimilar terms in the 
2 4\" 
x°+14+x 


(D) 


2 


expansion of ( 
\ x 


(n€ N)is an* + bn + c,then 
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a Binomial Theorem Exercise 6 : 
™ Statement land Il Type Questions 


en -~ ee ooo a . = = — 2 ee ees — 


' Directions (Q. Nos. 71 to 82) are Assertion-Reason 84. Statement-1 In the expansion of (1+ x)", if coefficient 


type questions. Each of these questions contains two of 31st and 32nd terms are equal, thenn =6L 


statements: 
Statement-1 (Assertion) and Statement-2 (Reason) Statement-2 Middle term in the expansion of (1+ x)”, 
Fach of these questions also has four alternative has greatest coefficient. 


choices, only one of which is the correct answer. You 


85. Statement-1 The number of terms in the expansion of 
have to select the correct choice as given below. 


ya 
(a) Statement-1 is true, Statement-2 is true; Statement-2 ( xt * + 1) is (2n +1). 
Is a correct explanation for Statement-1 \ 
(b) Statement-1 is true, Statement-2 is true; Statement-2 Statement-2 The number of terms in the expansion of 


is not a correct explanation for Statement-1 
(c) Statement] is true, Statement-2 is false 
remainder 4. 


(x; TX + Xs +...¢ Xm)" is ia Ce 


82, Statement-1 Greatest coefficient in the expansion of 


Statement-2(n? —n)when divided by ‘p’ leaves 
(1+3x)° is °C, -3?. ( ) yp 


remainder zero when n 2 2,ne& Nand pis a prime number. 


Statement-2 Greatest coefficient in the expansion of 87. Statement-111” + 12” when divided by 23 leaves the 
(1+ x)" is the middle term. 


remainder zero. 
83, Statement-1 The term independent of x in the Statement-2 a" +b” is always divisible by 
(a+b), VnEN. 


88. Statement-1 The maximum value of the term 
independent of x in the expansion of (ax"”* + bx"’*)? is 84. 


25 
: 1 - 50 
expansion of G aris | is Ce. 
x 
Statement-2 In a binomial expansion middle term is 


independent of x. ; Statement-2 a’? + b=2 


) Binomial Theorem Exercise 7: 
Subjective Type Questions 


we eee ee 


—— pe TE OT LE OO OE OE OT A TE A 


« In this section, there are 24 subjective questions. 


O46: Findivin the binowial fe --— | , Pthewatio sf 7th 


43 
term from beginning to 7th term from the end is 1/6 


95. If S,, = "Co Gy + "Ga Gs tia & Cee. and if 


89. Determine the value of x in the expression of 
(x +x '°80* )5 if the third term in the expansion is 
1000000. 


90. Find the value of 


B gid S 
18° +7° +3-18°7-25 ett = findn. 
(3°+6-243-2 +15-81-4 +20-27-8 + 15-9-16+6-3-32+64) Sn 
i0 96. pe Sei oer eee x", 
91. Simplify i ee me into a binomial Cy .aCs Ec n(n+1) 
ag 3440 g—ql? prove that £2 422 +3—+...¢2—- = —_—_ 
0 C, 2 Cn-1 2 


and determine the terms independent of a 


>——~ 721 
| 92. Show that there will be a term independent of x in the 97. Which term in the expansion a 3 ) + | a2 
: | = 
vb) 


expansion of (x7 + x~’ )” only, if an is a multiple of Ya 
| (a+b). contains a and b to one and same power. 
| 93. Ifa,bandc are the three consecutive coefficients in the 98. Find the coefficient of x‘ in the expansion of 
| expansion of a power of (1+ x), prove that the index of (x+3)P7)4( 243)" 2(x +2) 
| -sthepowediiete = Uieree?, +( x43)" P(x +2)? to. 4 (x $2)771 
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99. Prove that, if p is a prime number greater than 2, 107. Let ay,a,,a2,... are the coefficients in the expansion of 
the difference [(2 + V5)? ]-2°*! is divisible by p, (1+x+4 x)" arranged order of x. Find the value of 
where [. ] denotes greatest integer. a, —"C, a,_,+ "C, @,-2 —...+(-1)" "C, ao, wherer 

100. If ((x)) represents the least integer greater than x, prove is not divisible by 3. 
that (({(v3 + 1)°" })},n € N is divisible by 2”*’. 108. If for z as real or complex. 

101. Solve the equation (ite? to7) =O, aCe? HC, 2 CH". 
WC P= "Cex? + Meee” — "Cae prove that 


(i) Co ~C, +C, -C3 +...+Ci¢ =1 
(ii) Co C3 + Cg + Co + Cig +Ci5 
200 200 


¢ 
102. If g(x)= La, +x’ and f(x)= 2 B, x‘,B, =1 for +(C, +Cs — + Cy +Cyg) 
ray am +(Cy + Cg 4+Cy + Cy +Cy3 + Cig) @° =0, 


where wis a cube root of unity. 


+ oe x 2 = wer =0. 


r2100 and g(x)= f (1+ x), show that the greatest 
coefficient in the expansion of (1+ x)?”" is a 499. 


103. If(1+x)" =Cy +Cyx tC, x? +...+C, x", find th 109. Let f(x) =a) +a,x +a, x7 +...+4@2, x°" and 
J x) =o 1% 2x Ses ax ait e 


g(x) = by + b,x + box? +...4¢b,-) x" 


value of ry fore” agg? gs aoe, 
Osi<js fi + j)(Ci + Cj +C, C;). If f(x) = g(x +1), finda, in terms of n. 
21 110. If ay,a;,a5,... are the coefficients in the expansion of 
104. Evaluate 2 °C, -'C,. prea 
OSizjsio ‘ (1+.x+ x7)" in ascending powers of x, prove that 
105. Find the coefficients of x‘ in the expansions of (i) @p@, — aap + Az a3 —...=0 
(i) (1 +xX+ x + a ag (ii) ag G2 = Q,Qz + Q, Qa, =p. $y, -2 Qon = An +1 
(ii) (2 -— x + 3x”)°. (iii) if E, =a) +a, +a +. iE, =a, +4 +47 +..and 
«By =a, tas +a, +..., then E, = E, = £3 =3"— 
106. Prove the identity alae cee ee 
_ 1 111. Prove that (n —1)? C, +(n - C3 +(n-5)° Cs 
ok Ad One +....=n(n +1)2"~ 3, where C, stands for "C,. 
pi rE OL, 112. Show that —2 - —1 + —2 -.,.+(-1)" 
an+1 ™C, 1 4.7 OW atl 
r=2n-] -] 3" nl 
i (-1) rin = ——_—______, where C, stands for "C,. 
use it to prove 2 tie at 1-4-7...(3n +1) r r 
rT 


fa| Binomial Theorem Exercise 8: 
Questions Asked in Previous 13 Year's Exams 


——— 
Le rr re ee rm ae a er a Ne ET ET 


» This section contains questions asked in IIT-JEE, (a) n? —2np + 4p’ =0 
AIEEE, JEE Main & JEE Advanced from year 2005 (b) n? —n(4p +1) + 4p? -2=0 
to year 2017. Foe ae (c) n? — n(4p + 1) + 4p? =0 
113. The value f( ) i - ‘ay + 2 | faiSonsiet thieabave 
30) 30) (30 iw 
}( is 115. If the coefficient of x’ in G + 4) is equal to the 
(12) 20) \30, [IIT JEE 2005, 3M] _ 
(a) Cog (b) * Cio (c) Cs (d) °C eoahicentorse* a [ax = =| , then ab is equal to 
114, If the coefficients of pth, ( p + 1)th and (p + 2)th terms in bx [AIEEE 2005, 36 
expansion of(1+ x)" are in AP, then [AIEEE 2005, 3M] H : 2 Le 2 
c 
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116. For natural numbers mand n, if 


(1-y)" (1+ y)" =1+a,y +a, y’ +...anda, =a, =10, 


then (m, n) is {AIEEE 2006, 3M] 
(a) (20, 45) (b) (35, 20) 
(c) (45, 35) (d) (35, 45) 


117. In the binomial expansion of (a — b)",n 25, the sum of 


118, 


119. 


120, 


121, 


122. 


sth and 6th terms is zero, — equals 
b [AIEEE 2007, 3M] 


6 
n-4 er 
n-5 n-4 

(c) . (d) : 


The sum of the series 
20 20 20 20 20 : 
Co- Cy + Cn —™ Ca t..c+ “Cio is [AIEEE 2007, 3M] 


(a) - °C, 0)5 "Cy 

(c) 0 (d) °C 

Statement-1 2, (r+1)"C, =(n+2)-2"! 
r=0 


n 
Statement-2 2 (r +1) "C, x’ 
r=0 


=(1+x)" +nx(1+x)""". (AIEEE 2007] 
(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 
(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 
(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


The remainder left out when 8°" — (62)?"*" is divided by 
9, is [AIEEE 2009, 4M] 
(a) 8 (b) 0 (c) 2 (d) 7 

Forr =0,1,2,...,10, let A,, B, and C, denote respectively, 


the coefficients of x” in the expansion of 


. 10 
(1+ x), (1+ x)? and(1+ x), 2 A, (BiB, -CioA,) 
r=l 


is equal to [lIT-JEE 2010, 5M] 
(a) Byy ~ Cro (b) Aig (Bip — Cio Aro) 
(c) 0 (d) Cio — Big 


10 10 
LetS,= 2 j(j-1)-"C,, S,= 2 jC, and 
j=l j=i 
10 
S; = po 7? : "C; 
j=l [lIT-JEE 2010} 
Statement-1 5S, =55x ha 
Statement-2 S, =90x 2° andS, = 10x oF 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


130. 


131. 
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(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


The coefficient of x’ in the expansion of 

(l-x-x’ +x °)°, is [AIEEE 2011, 4M] 
(a) -— 132 (b) — 144 

(c) 132 (d) 144 

Ifn is a positive integer, then (V3 +1) -(V3- 1)?" is 


{AIEEE 2012, 4M] 
(a) an odd positive integer 
(b) an even positive integer 
(c) a rational number other than positive integer 
(d) an irrational number 


The term independent of x in the expansion of 
Bs om x= 1 ) 
72.3 ,, | © 
xo axe +1 x-x [JEE Main, 2013, 4M] 
(a) 120 (b) 210 
(c) 310 (d) 4 
a+5 


The coefficients of three consecutive terms of (1+ x) 
are in the ratio 5: 10: 14, the value of n is 
[JEE Advanced 2013M] 

If the coefficients of x°* and x‘ in the expansion of 
(1+ ax + bx *)(1—2x)"® in powers of x are both zero, 
then (a, b) is equal to [JEE Main 2014, 3M] 

( 772) f 222) 
(a); 14, — b)| 16, — 
@)\14— ( ut ; 


a 


251 251 
o(u 2) | (d) [16 1) ; 


Coefficient of x '' in the expansion of 

(1+ x7)* (14+x°)’ (1+ x*)” ispJEE Advanced 2044, 3M] 
(a) 1051 (b) 1106 (c) 1113 (d) 1120 

The sum of coefficients of integral powers of x in the 
binomial expansion of (1 —2Vx)”, is (JEE Main 2015, 4M] 


(a) = (2° + 1) () + +1) 
Z v4 

()= 8") (4) = 8° -1) 
a a 


The coefficients of x” in the expansion of 
(1+ x)(i+x7)(1+x°)...(1+ x!” ) is 
[JEE Advanced 2015, 4M] 


na 
If the number of terms in the expansion of i we + 4 : 
x Xx 


x #0is 28 then the sum of the coefficients of all the terms 
in this expansion, is [JEE Main 2016, 4M] 
(a) 243 (b) 729 (c) 64 (d) 2187 
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132, Let mbe the smallest positive integer such that the 
coefficient of x? in the expansion of 
(1t+x)? +(14+x)? +....4(1+ x)? +(1+ mx)” is 


(3n +1)°'C, for some positive integer n. Then the value 
of nis : [JEE Advanced 2016, 3M] 


Exercise for Session 1 


1. (c) 2. (a) 3. (c) 4. (c) 5. (b) 6. (b) 
7. (c) 8. (d) 


Exercise for Session 2 


1. (b) 2.(c) 3.(d) 4.(02) 5c) 6.(c) 
7.(c) 8.(b)  9.(a) 10. (d) 


Exercise for Session 3 
I.(a) 2. (c) 3. (d) 4. (b) 5.(c) 6. (c) 
7.(a)  8.(c) 9. (a) 10. (c) 


Exercise for Session 4 

I.(c) 2. (b) 3. (c) 4. (a) 5. (a) 6. (c) 
7.(b) 8. (c) 9. (b) 10.(b)  11.(a) = 12. (d) 
13.(a) 14. (b) 


Chapter Exercises 

1. (d) 2. (d) 3. (a) 4. (b) 5. (d) 6. (b) 

7.(b) 8c) 9.(a)  10.(c) 11. (b) ‘12. (a) 
13.(b) 14. (c) 15. (a) 16.(b)  17.(a) 18. (a) 
19.(c) 20.(d)  21.(d) —-22.(d)~—s-23.(b)~—24. (d) 
25.(b) 26. (b) 27.(b) 28.(a) ~—-29.(d) ~—-30. (a) 
31. (c,d) 32.(a,b) 33. (ad) 34.(a,d) 35. (c,d) 36. (b,c) 
37. (b,c) 38.(a,d)  39.(b,c) 40. (a,b,d) 41. (c,d) 42. (a,d) 
43. (a,b,c,d) 44. (a,c) 45. (a,d) 


133. The value of 
(70, — Cy) 4(* Cz — Ca) 4 (703 - PCs) + 
(7) C, = RG, )+ ceeeae Hs = ie .. Ji 


[(JEE Advanced 2017, 4M] 
(a) 220 2! (b) 921 _9!! 
(c) 9?! gid (d) 920 ~2? 


Answers 


46.(b) 47. (d) 48.(b)  49.(c) 50. (b) 51. (c) 
52.(c) 53. (d) 54.(d) 55.(b) 56.(a) 57. (b) 
58.(b) 59. (b) 60.(d)  61.(c) 62.(a) —63. (d) 
64.(b) 65. (c) 66. (d) 

67.(0) 68. (3) 69.(3) 70.(8)  71.(6) ~—72. (4) 
73.(0) 74. (3) 75.(4) 76. (9) 

77. (A) >(q, 1); (B) (p, 4, t); (C) > (s) 

78. (A) 9 (r, s, t); (B) (s, t); (C) (p,q, 7, 5, 1) 

79. (A) (p,q, 1, 8); (B) > (p, q, 1, §, t); (C) > (p, 4. 5, 5, 
80. (A) > (q, s); (B) >(p, q, r, s); (C) > (q, s); (D) >, 5) 
81. (A) >(p, 1); (B) > (q); (C) (s); (D) >(p, 1) 

82.(d) 83. (c) 84.(b) 85.(b) 86.(d) 87. (c) 
88. (a) 

89.x=]00r107/2 90.1 91.210 94.9 95.4,2 
97.10 98. "C,(3"~"-2"~") 101. x= cot) pe thb2 25 


) 


103, 12-2" + nl22-! 2n! | 194, 1) 2 -_42! 
2(n!)° 2° -2(2iy?, 


105. (i) 990 (ii) 3660 107.0 1095 4 

113.(b) 114.(b)  115.(a) 116. (d) «117. (d) ‘118. (0) 
119.(a) 120.(c)  121.(d) 122.(b):123.(b) 124. (d) 
125.(b) 126.(6) 127.(b) 128.(c) 129.(b) 130. (8) 
131.(b) 132.(5) 133. (a) , 
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Solutions 


22 (-1)' "C, (@ +(2) (2) +-saplom tems] 
2) 4 8) 
-(1-3) (1-2) + (1-2) + upto meen 
2 \ 4 8 


1 1 1 
=o an oe ---uptom terms 
1 iy 
| hae , 
_2 2 _{ 1 1 
(1-4) “(ea = 
2"; 


« is In ane In x) 


= laa In x + x*)dx 
ee er eee a 


Since, In x cannot be for x <0. 
.. Above integral cannot be calculated. 
2. Coefficient of (a*-b°-c®-d*-e- f) in given expansion 


sien 


3. General term of given expression 


a 10! 10" 20/2 58/3 gyi6 Ai) 
| a! a!Bly! y! 
| a, B, y satisfying two following property 
| O<afhys10,a+B+y=10 
| 0 =0,2, 4, 6,8, 10; = 0,3,6; 7 = 0,6 
| Hees possible pairs of (a, B, ¥) = (4, 6, 0);(4, 0, 6); (10, 0, 0) 
| .. There exists three rational terms. 
| So, sum of rational terms 
10! 10! 
“a6 a6 


ao GS ~ a 2° =12632 


4. We have, 


2 
2y2145 — ay t+ xt ax’ + 


(l+x-3x 
On putting x = — 1, we get 
; @y —a, ta, ~... =(-3)" 
But we know that, 
3! =3, 3 =9,3° =27,34 =81 
My —a, + az +... = [(—3)*]*° (-3) 
End digit of (~ 3)?" 
= End digit of [(-3)* ]®° x End digit of (-3)' 


=1 x3 =3 


3!6'8!911!1! 


. Now, [x41 +-- 


5. We have, 


ar p’ r avr a» pony 7 
(WE) =rc* roxy s® 


For coefficient of pq, we put 
Sn -8r ea 12r—5n _ 


i032 s«<10 
=> 5n —8r -10 = 0, 127 —5n -10 =0 
=> r=5,n=10 


T, = "°Cs pq=252 pq 


. We have, 
(5 +2V6)" =(5 + J24)" 
Now, let I+ f=(5+ v24y" (i) 
Osf <1 ...(ii) 
and f'=(5- 24)" . ...(iii) 
0<f’<1 ..iv) 


On adding Eqs. (i) and (iii), we get 
I + f +f’ =2k (even integer) 
= f'+ f’=i 
= es ed 
fp =f tif T= ff “4g 1) 
=(f -1)(I + f) 
S=—0=/C af )e- fl +f) 
=—(5 — V24)" (5 + 24)" 
= —-(25 -24)" =-1 


=a negative integer 


1 
. Given, x¢—-=1 = x -x+1=0 
x 


=> (x+)(x+ w’)=0 


= : x=--o 
1 es 2 
=(- a) + =0 
1 ow +1 rn) 
=+ —=—— =-—=-] 
w w w 
Also, for x=- 0%, p=-1 


For n>1,2" =4k kEN 
27 =2'* = (16)* = last digit number is 6 
Now, q =unit digit at unit place in the number (2” +1) 
=6+1=7 
ptq=-l1+7=6 
1\"_ (l+x+x°)" 


x" 


x) 
Since, (1 + x + x”)" is of the form 
dy tayx + a,x? teoet a,x which contains 2n +1 terms. 


2n+1=401 => 2n=400 => n=200 
onhich is greater than 199. 
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n n-l n 
9. We have, by = 2 — 
r=0"C, + "Cra, 70 Cai 


n-l n a-l 
a OE 


n+1 2(n+1) 2 
10. Here, n =100, so the total number of terms is 101. 


.. Largest term = Middle term = 51th term 


b 50 b 50 b 100 
wiles Ls ad 


7 3 


aa 
11. We have, T, = °C; legs (x!"?)3 =200 


3 
= 20 (x20 + log =) x4 


3 
2 + log x) 


= 200 


gd 
=> * =10 


On taking logarithm on base 10, we get 


log x =1 


3 1 
—_—_——— + — 
E +logx) 4. 
(6+1+ log x) log x _ 


4(1 + log x) 
= (log x)? +3 log x-4=0 
= (log x +4) (log x -1) =0 
=> log x =- 4,1 
x =10*, 10 
But x>1 
x =10 


12. (Lt x)" + (LD txt tte + (1 +x)" 
_ (1+ x)"{(i+x)"" celta! 


(1+x)-1 = 
Coefficient of x” in 
(L+ x)" + (L+x)"7) + + (1 +x)" 
n+l a m 
or coefficient of x” in uaa tay" 
x 


or coefficient of x”*! in(1 +x)" *! —(1 +x)” 


attic -0=""'c_,, 
13. We have, (Ca 1+ %C, = *C, + "C. _ 
= “cy = “C2 
=> 3r =r’ or 40-3r=r°’ 
= = 0,30rr’ + 3r — 40 =0 
- (7 +8)(r<5)=0 = r=0,3,5,-8 


But r = 0, —8 do not satisfy the given equation 
r=3,5 


(1+x)"*) -(1+ x)” 


[given] 


14. 


15. 


16. 


17. 


18. 


19. 


=, ¢ MGs” 
On dividing by x, we get 

(+x) ™c, 
=. 


x 


We have, (1 + x)” + °C x+ Cx? ++ 


19 
$20 4 Cx + MC x? + oe + Cag 


On differentiating w.r.t. x, we get 


20(1 +x)?» x -(1 + xP =o 


x? x? 


+ 0+ aC 


2 C4x tee #19" Cox" 
On putting x =1, we get 
— (2)? =- ; + °C, +2°Cyt 


20(2)!? £19-"'C.5 


= MG, 0-70) 4 a0 449-9 C21 410-2” <2" =1 49-2" 


a=) 


We have, $ = = 27000 4 = (27)10 _4 
= (5 -1)'° o 


= (S10 _ 1000 59 4 1000, 5988 7 


+ re 5° a a OT +1)-1 


. 1000 
= 5 (59% — 1000, 5998 4 1000-5997... IOC.) 


.. Remainder is 0. 
n an 
Now, (1 + ot + 1) af) 
. x" 


.”. Coefficient of x7’ in (1 + ttt + Ly 
\ 
=*C._,= (2n)! 


=]; ——SaS ee 
= Coefficient of x”~" in(1 + x)” (n -1)!(n +1)! 


19%" = (20 a" = (20 -"1)°?! = -1 + (6521) x20 + multiple 
of 100 

=—1+20 + multiple of 100 

=19 + multiple of 100 


.”. Last two digits of the number 19° is 19. 


, \l 
i = se (Ya) ~1 [+4 =]4q°/? [given] 
va" 
a aad 
=> n(a)"3 @ 2 =14a*? 
-1 
=> ae a>? =14a"" 


When we put n =14, then it satisfies the above equation 


"Cz_ Cy _ 14-341 _ 
"Co al 5 ~ 


6° +8" =(7-1)" + (7 +1)” 
= 2777 + 8C,.78! + 
=2{49m + ®C,,-7} 
where, m is an integer 
= 98m + 2: C,-7=98m +2-83-7 
= 98m + 2(77 + 6)-7 = 49(2m +22) + 84 
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20. 


21. 


22. 


23. 


= 49(2m +22) + 49 + 35 

= 49 (2m +23) + 35 = 49n + 35 
where n is an integer. 
Hence, the remainder is 35. 


In the expansion of (3'* +27)", the general term is 
et, 2 
Tax = aca i peo gery = *=O3 42 3 
Now, 0<srs12 
r=0,12 


Rational terms are T,,, and T7241 


Now, T, ='7C93°2° = 27 
= Ty =" Cig3" 22" 256 
*. Required sum = T, + Ty3 


= 27 + 256 = 283 
N = 7! 3100 — (92)50 _ (3250 


= (50-1) —(10 -1) 
= [(50)° ~ 5 (50) + *c,(50)"* - Cc, 
(50)*7 + +++ + Cys (50)? — Cyo(50) +1] 
_ [10% _ 0G 1049 + 59C,(10)" _ 590,10)" 
$ eet Cy, (10)? — Cy9(10) +1] 
=[10‘ m —*°C,,(50)* + C4g(50)? — C4y (50) + 1] 
—[104n — C,7(10)8 + 8°C4g(10)? — *C49(10) +1] 


when mand nare integers. 
=10" p—” C,[(50)? - (10)?] + C,[(50)" 
— (10)] - *¢,[G0) -(10)] 
When p is an integer. 
=10* p -124 x196 x10° +294 x10* —2000 = 10*q -2000 
When q is an integer. 
=10'g -104 +10* —2000 =10'(q -1) + 8000 
. Last four digits = 0000 + 8000 = 8000 
Let P=5% =5x5™ =5(25)%? =5(26 -1)” 
te 5[°C,(26) _ °C (26)*8 + 8C(26)" 
= + 9C49(26) - “Cig -1] 


=5 x26k — 5, when k is an integer. 


p 5 
“ — =10k -— =10k -1+ = 
13 13 13 
Hence, the remainder is 8. 
22003 42 92001 
Now, —~ ee - a (3°)? = * (ag =i" 
28 28 28 28 


9 
= 5, (ear _ 6970 (28) ~ al ha aunt $670 .(28) -1} 


9 
=9k - aa where k is an integer. 


= (9k -1) + 2 
98 
2003 f ' 
oy cee -{o%-+ 21-8 
| 28 28} 28 


24. 


25. 


26. 


rie 


28. 
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20 
rx C20 -r) x Coy _, = E 20-%C, , x20 x "Cig, 
r=0 


= 19 19 
=400 5 "Gage Cigae 


raQ 
= 400 x Coefficient of x'° in (1 + x)'? (1 +x)” 
= 400 x *Cyg = 400 x Coy 
Given, (3 + x2 4 209) <9 4 ax t+ anx? +--+ +a,x" 


On putting x = wand w” respectively, we get 


2008 + ae jee 


(3+ = ay + 4,0 + a,0° + a0 + 


eyes 


or 3+0+0 =a) + a, O+ a,0) + a, ++ 


al =a + a; O+ a," 


+a,0° +a, + a, +a,0° + ++ ...(i) 
and [3 + (co)? + («92)009]209 


=a) +a,0° +a,0* + a,0° +a, 0° + 2,0 +a, +++ 


or 


or (3+ w* + o)?2!° 


= dy +4," + a,0' + a,0° +a, 0°+ a, +4,0!? + --- 


2010 — ag + aw" + a, + a,0* +a, 0°+ a,a” +a,0" ...(ii) 


=>2 
On adding Eqs. (i) and (ii), we get 
2 x27" = 2a, +a, (Wt W’) +a,(" + w*) 
+ a; (a + w°)+a,(w* + w*) 
+a5(w° + w'°) + a,(w® + w'?) + + 
= 2a) —a, —a, +20, —a, —a5 +2a, - +> 


1 1 1 1 
ia =A =5o ra +a, - Pa 50 +Q,—-" 


‘4 A 4 95 2 A 2 _4\2a 
ee ge ee ei al 

\ x3 x x 
.. Total number of terms that are dependent of x is equal to 
number of terms in the expansion of (x? —1)** that have 


degree of x different from 2n, which is given by 
(2n + 1) -1 =2n. 
Given expansion can be rewritten as [1 + x(1—x)]}° 
=*C) + ox*(1 -x)+ °C, x'(t-x)* 
+ *C4x°(1 — x)? + °C, x81 —x)8 + 8x1 — x) + 
There are only two terms, which we get the coefficient of x"°. 
. Coefficient of x'° = °C, [Coefficient of x? in (1 - x)*] 
+ °C, [Coefficient of x° in(1 —x)*] 
= *C,(*C2) + *Cs (1) 
=(8C,)(*C) + °C; =(70) (6) + 56 = 476 
(1 + ix)? = 1720, 4 MC (ix) + °C (ix)? 
tee MIC a (Eh? 


Here, we see that Ist negative term is 7, and the next term is T, 


and the last negative term is T,, -;- 
Now, 3,7,°::,4n -1 


It is an AP. 
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l=a+(N-1)d 
4n-1=3+(N-1)4 
=> n-l=N-1=> NeEn 


n\{m n! m! 
(70) ~ alam)! pi(m— p)! 
. n! _ *) n-p 
~ (n—m)! pm — p)! (p () 


non fn\(m\) a «4 (n\fn- ’) 
. = a 2 
Fh Pa ia ”) fa m=p se = 


4 4-r 
30. Given, > : & a 
r=0(4 -r)! r! 3 
- (5 + x)‘ _8 
4! 3 
=> (5 + x) =64=(2V2)' > S4+x=+ 22 


31. 


32. 


oe x =2V2 -5 or x =-2V2 -5 

Hence, largest real value of x is 2V2 —5. 

We have, 

Coefficient of x in (1 + x)"(1 —x)" = "C, - "C, 

and coefficient of x’ in(1 + x)” (1 -x)" = "C.-C, "C, + "C, 


According to the question, "C, —"C, =3 


= m-n=3 (i) 
and sy — "e, "e + "e. —— 6 
= mm—1)_ gM), 

2 2 
=> (mn)? —(m+n) =-12 
= 9-(m+n)=-12 [from Eq. (i)] 
or m+tn= 21 (ii) 


From Eqs. (i) and (ii), we get 

m=12 andn=9 
Coefficient of rth, (r + 1) th and(r + 2)th terms in (1 +x)" are 
Mc MC 
and '‘C, , ,, respectively. 
Now, according to the question, 2("C,) = *C,_, + “C.,, 
On dividing both sides by “*C,, we get 

i C -1 = CG +1 


+ 


2= nC. e. 


33. 


34, 


35. 


is r v ie—(r $1) 1 
14-r+1 r+1 
r 14-—r 
i So ean 
2(15 —r)(r +1) =r(r +1) + (15 —r) (14 -r) 
—2r? +28r + 30 =2r? -28r +210 


2= 


U 


4r? —-S6r+180=0 = r*-14r+ 45=0 
(r —9)(r -5) =0 
> r=5,9 


> 
=> 
=> 
> 


(3V3 +5)"*! =(274+5)"*! 
Now, leta + B =(/27 + 5)"*! .-{i) 
0<B<1 (ii) 
andlet 8’ =(V27 -5)"*! ..{i) 
0<f’ <1 .-{iv) 
On subtracting Eq. (iii) from Eq. (i), we get 
a +B -B’ =(J27 +5)"*! —(/27 -5)"*! Av) 
=> & + 0 =2p (even integer), Vp € N 
=> & = 2p =even integer 
Also, from Eq. (v), we get 
o. = (J27 +5)"*! — (27 —5)"*! divisible by 
(J27 + 5) -(/27 -5),i.e. divisible by 10. 
We have, (8 + 3V7)" =(8 + 63)" 
Now, let P+ F=(8+ V63)" i) 
0<F<1 (0) 
and let F’ =(8 - 763)" {iti 
0<F’<1 »-{iN] 
On adding Eqs. (i) and (iii), we get 
P+F + F’=(8 + 63)" + (8 - 63)" .-{¥) 
= P +1 =2p(even integer), Vp € N 
=> P =2p -1 =odd integer 
F’=1-F 
(1-F)(P + F)=F(P + F)=(8 - 63)" (8 + ¥63)" 
= (64 - 63)" =1" =1 
We have, 6th term in the expansion of , 
oy 
or or +7) + faba is Ty =To41 
——.f 1 | 
= "C, (/9* iy Mart 
216 ED gO) oe Gl 


B41) 377! +1) 
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= (97 -' +7) = 4(3*~' +1) 
Let 3~' =, then 
¥-444+3=0 
or (A -3) (A -1) =0 
: A=3,1 
= ae 
or x-1=1, 0or x =2,1 
f n \? 
e-ee or(xtta tam] 
aM x 2 
; A ; ‘4 2n-3 , 1)? a-3 
Co x? + Gls x 4 + G(s) 2 4.. 
2 2) 
According to the question, 
nc a(t} nef?) Ap 
» Cyt = 4 "Cy —| are in 
0 "3 ) Ze 


si = 4 Man) 
4-2 

=> n> -9n+8=0 

~ (n—8)(n-1)=0 

y n=8n#1 


option (a) Number of terms = 8 +1 =9 
r 
4-- pay 
option (b) Now, 7,,, = °C,-x (2) -x 4 


Osrss8 
For integral powers of x, r = 0, 4,8 
.. Number of terms in the expansion with integral power of x 
is 3. 
option (c) From option (b), 


¥ r 
4-= 
Lae2 Ox (3) 


For independent of x, 


pea iG 
4 
16 
r=—€¢W 
3 


No terms in the given expansion which is independent of x. 


option (d) Middle term is 
1) 
Ee G x2 | 
5 4 2) 


ie. only one middle term. 


4 


. We have, 


Coefficient of x,x” and x? in(1 + x”)? (1 +x)" 

ie., values of a,, a, and a, in(1 +2x” + x*) (1+ x)" 
=> a ="C,a,="C, +2anda,="C,+2"C, 
According to the question, 


2a =a, + ay 


38. 


39. 


40. 


41. 
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=> 2("C, +2) ="C, + (°C; + 2") 

> [ett=D]sannes me=me=a 
2 6 

> n° -9n’ +26n -24 = 0 

= (n -2)(n* —7n +12) =0 

=> (n —2)(n —3)(n — 4) = 0 

=> n=2,3,4 


Hence, n = 3,4 (n #2,*. "C, is not defined) 


We have, 7 +32 = 2 (9+ 8 +12V2)= 26 + 22)" 
Te (3 
- +32 pd 


( a 


=sloliiems ia) (Essa) i 


9 
-11+- 
= 0, (-1)3!1.2 2 


wk 
=- a SP 2 
which is a negative and an irrational number. 
We have, Co cae (Cy + C) + (Co + CG + C3) nan (Co 


+O, + Cyt Cy) to (H1"" (Cot Go te + Cy) 


For even integer, take n = 2m, we get 
= Cy —(Cy + G) + (Co + GC, + C2) 
—(Co tC, + C, + C3) 4° 
=-(C, + Cyt Cy tot Cons) 
=—(C, + Cy 4+ Cy +--+ C1) 


= 
= Bla ; , ; ~ 2 (? j ) as 


. f(n) is greatest, when n =25 


—(Cy + C+ coed Con -1) 


[<n =2m] 


We have, 


f(a) = 


”. Maximum value of f(n) is °C,s. 
Also, f(0) + f(1) # ---+ £(50) 
= C, + OC, + PCa to + Cy =2™ 


Also, *C, is not divisible by 50 for any nas 50 is not a prime 
number. 


S (fl)? = (Cp)? + (C,)? +--+ (Cap)? = C5 
n=0 


C+ Cy, = or _t ie 
= 7 = or 

=> r? =3ror70-3r=r° 

= r=0,30rr’ + 3r -70=0 
=> r=0,3o0r(r +10)(r —-7) =0 
= r=0,3,7,-10 
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But r = 0, -10 do not satisfies the given equation. 
Hence, two values of r satisfies, 
i.e. r=3,7 
(s _\ 
42. Here, nis even, so middle term ie = td 1 a i.e. 5th term. 
‘i 630 
sin™! x . 
Ts = *C,(x (a =) =— [given] 
x 16 
= 70(sin™ x)‘ = = => (sin™ x)‘ == 
=> (sin x)? =< = sin x=+ x3 
ee [satee(-3.9) 
= x=--—,— sin” x €| -—,— 
3'3 2. 
43. Sum of coefficients = (ac? + 2ba + c)" 
Let f(a) = aa? + 2ba + 
Now, D = 4b? — 4ac = 4(b” - ac) <0 
f(a) <0or f(a)>0,VaeR 
If a> 0, then f(a) >0 
=> (aa? + 2ba +c)" >0 
If c>0,i.e. f(0)>0= f(a)>0 
= (ax? + 2ba +c)" >0 
If a < 0, then f(a) <0 
=> (aa + 2ba +c)" <0, ifnis odd 
Ifc < 0, then f(0) <0 = f(a) <0 
=> (ax? + 2ba +c)" > 0, if nis even. 
\" 2. Ayn 
44. (xtei+t) Cee sey 
: x) x 
_ ag + a,x? + a,x‘ Sei Qo,X* 
x" 
. Number of terms = 2n + 1 
n 
Term independent of x = a, = Constant term in ( x +14 +) 
x 
= Coefficient of x?" in (1 + x? + x*)" 
= Coefficient of x" in(1 + x + x”)" 
ae 3 Qn -1 
Coefficient of x” ~? in [2 x" +14 ay 
xy 
= Coefficient of x4"~? in(1 + x? + x4)" 
= Coefficient of x2"~' in(1 + x + x’)" 
Now, let(1 + x + x7)" =Ag + Ax t+ Ax? +... 
+g ga pe Ra 
1 
On replacing x by —, we get 
x 
1 1 7 Ay he dont An 
1+—+—! =Ayt—F+tGt...t+ +—2 
( pe x) 0 x x? m1 Ya 
or (L4 xt xP H Ag t Ami Xt eet yx + Ag x™ 


45. 


On differentiating both sides w.r.t. x, we get 


n(l+x + x7)"-(1+ 2x) =Ag_y te . 


+ andy x” 
On putting x = 0, we get A,,_, =n 
coefficient of x” ~? 


Hence, =n 


ae) 


and coefficient of x? in G 
x 


= Coefficient of x*? in(1 + x? + x‘) 


= Coefficient of x"*! in(1 + x + x’)" 


n+1 


=—— (lt xt+x’)"#n 
dx"*} 


/ 


Now, G + + MEag 


1 20 
+) = a x? m ng: x! 
x 

+ rC; x"! a 
re ae x? ef on rf a or x? 


Tha = C+ x2-” 
10 , 20 
a | 1 
and [2 +244) -(4+5) 
Fav ie: 
= AG. x 20 - Pog + 


4 
Pat Opt MC? + Ga 


2Ce? Po 


a x 16 


Poact a 
Ty = T5341 = "Csx"™° (i) 
According to the question, °C. = °C; 
r=Sor20=r¢+5 = Sr=5,15 
= Sol. (Q. Nos. 46 to 48) 
2n 
46. We have, (1+ x+x’)"= ¥ ax wi) 
r=0 
. 1 
On replacing x by —, we get 
x 
1 ] n 2n (4 r 
(+444) => a4) 
x x°) reo \x/ 
2n 
= (lt x+x?)"= E ax" (ii) 
r=0 


From Eggs. (i) and (ii), we get 
2n 2n 
Laxv=d ax" 
r=0 r=0 


Equating the coefficient of x°"~" on both sides, we get 
Qa, -, = 4, {iid 
O<rs2n 
On putting r = 0, 1, 2,3,..., 2-1, n, we get 
Gan = Ao 
@2n-1 = a 
G2n-2 = 2 


Q2n-3 = a 
Qn +1 = An 4, On = A, 
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Then, a9 + a, + a, +...+@,-) On differentiating both sides of Eq. (v) w.r.t. x and put x = 0, 
=On41 $F One 2 tet Ay ...{iv) we get 
and on putting x = 1 in Eq. (i), we get Gy = 20(2)' ..(vii) 
y a, =3" 49. ay + dy + Oy + 00. + O5g + Oy =2" (2 + 1) [from Ea. (iii)] 
r=0 


= Ay + a2 + a, Feat yg = 2'9(27° + 1) — ag 
=) (ay + Q, + Ay +...4+Qq-1) + Gy + (Angy + Ong 2te--F 4m) = 3" 


= 2!'9(27 +1) -2” [from Eq. (vi)] 
From Eq.{iv), we get 2'9 (220 — 1) 
2(ay + a; + a, +...4 @,_-1) =3" —a, 7 7 
a , 50. a, + ay + A, +... + Ay7 + Ay = ” Qo as 1) {from Eq. (iv)] 
or a at Gn) ee 
io 3 => a, + ay + a,+...+ Q37 =2 (2 1) Q49 


919 p20 19 
47. On putting x = 1 and x = —1 in Eq. (i), we get =2° (2" —1)-20(2) 


[from Eq. (vii)] 


3" =a, +a, +a, +...+ do, aw) (ipa 25) 
1=@p — @, + G2 — G3 +... + Gon ...(vi) ‘ 
On adding and subtracting Eqs. (v) and (vi), we get 54, Fro Eau (ijand (ii), weiget yy _ ane Si 
3" + ' Z 
— : = (a +a, +...+ Amn ) ..(vii) 7 
37-1 . 8 Sol. (Q. Nos. 52 to 54) 
=(a, + Q3 + as + .+ ay 24) ...(viii) 52. 5 = (57) = (22 r 3)" =222 + haa x EN 
Also, @,=@y,-, Also, 37° =(37)'® =(11 -2) =11Ip + 2° EN 
Put r= 0,2, 4,6,..40 —1 Now, 2° =1024=11x93 +1 


Gq = Gan» 22 = Grn ~ 21 Ag = G2n- 45+: Remainder a =1 
s 


Qn-1 =Ang Also, gal 2970)" a2 (i? ~1)" 


From Eq. (vii), we get 
=8 [(17)0? — 5C,(17)%! +... — ?C5o4(17) + 1] 


3" +1 
2 (dg 42 +--+ Gena) + Me =8(17A +1),AEN=8X17A +8 

3 +1=20, _ dh Ae oailh “Remainder, b=8 

4 Pee iar Beer Ante Hence, a+b=1+8=9 
48. From Eq. (viii), we get 53. 19° —13” =(odd number) — (odd number) = even number 
ie © 1973 — 13% te divic: 
ee ee ee ee “ 19” —13” is divisible by 2. 

‘ Now, 19” — 13” =(18 + 1)” —(12 + 1)” 

3 -1+2 

ara = (a, + ay +... + aq) = (18)? + C,(18)? + C,(18)"...4 ...+ C52 (18) + 1] 


—[(12) + °C, (12) + Cz (12) + ...+ Cog (12) + 1] 
=(18)?A + "C, x18 -(12)"4 — C,(12) 
When A and p are integers 
=(18)°A —(12)"p2 + 486 


® Sol. (Q. Nos. 49 to 51) 
Given, (1 + x + 2x’)” =a) + ax + Ax? +... Ogg x” 
On putting x = 1 and x = — 1 respectively, we get 
Oy +O, + dy +... 4 gy = 4° = 2" wi) 
55 ¥ =81X 4A — 12? (°C, + 12: C3) + 81p + 486 
and Ay — A, + Az —... + Aggy =2 ...(ii) 
From Eqs. (i) and (ii), we get = 81 (integer), where p is an integer. 


Oy + A, + Oy +...+ dsg + Ag =2” (2” +1) (iii) But 2 and 81 are co-prime. 


and a, + dy + Gs +... + Gy + Ay = 2" (2” -1) ...{iv) 19” — 13” is divisible by 162. 
54, 13° =(12 + 1) =(12)” + "C,(12)> + C,(12)” + ...+ 
7 Cy (12)? + Cog(12) + 1 
i ee 2) = apt te a. he yO = {(12)” # PEi2y® + PCti2)” 
- + 2.4 Coy (12)7} + C, (12) +1 


. be: . 
Also, replacing x by — in given expression, we get 
x . 


x x x x 
a = a x # a,x? 
+ + aux’ + ax x+ Ayo ..{v) 


=> (2+xt+x 
= 81A + 99 x 12 + 1, where A is an integer 


=81A + 8114455 


Remainder = 55 
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On putting x = 0, we get dyq = ” .(vi) 
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= Sol. (Q. Nos. 55 to 57) 
Here, (1 + 2)" = 2187 


3" =2187 =3’ >n=7 


At x=, R=(V2 +1)'=1+ f 
v 


55. Let f’=(V2 -1)’,0< f’<1 
Rf’ =(v2 + 1)’ (V2 -1)’ =(1)’ =1 
(n+ Rf)=7+1=8 
(n + 1) (x) 
1+%x 


56. Here, m= 


16 
- =-—3=2=32 
Lage ~ 
3 3 
Tim) +1 =T34,=% 
57. Here,n=7 
Yes 
. Greatest coefficient = —-— or ’C, 
7 
Cc 
and -_. ma oF 


Sum of values of k =(3 + 1) + (4+1)=9 .- 
« Sol. (Q. Nos. 58 to 60) 
58. (x + Co) (x +3-C,)(x+5-Cy) +... 


=x") 4 x" {C9 4+3-C, +5-C, + 


{x + (2n + 1)-C,} 
wo + (2n + 1)-C,} 


”. Coefficient of x” = Cy + 3-C, +5-C, +... + (Qn +1)-C, 
=(Co tC, +C, + +C,) 
+ 2{C, +2:C, +...n-°C,} 
=2" ee Eh A 
{ 2 ) 


= 42n{14(n-1) 4 O-NED yg] 
1-2 J 


=2) tan "6, eG, & Gt SE) 
=2" + 2n(1+1)"~'=2" +n-2" =(n +1) 2" 
59. (x + Cy) (x + CG) (x+ C2) +...+(x+C,) 
art's (3 c.) + > ce]. +. 
pen OSi fSn 


\ 


Coefficient ofx"~'in LY Ce, 


OsiSjSn 
Alf eo) 0% ey he 
“W(Es) (Ee) ae 
= 1 
= 2m ae hy 


60. (x + 1)? (x+3)*(x + 5)4 


= (x + 1) (x + 1) (x + 3) (x + 3) (x+3)(x + 5) (x +5) 
(x +5) (x +5) 


=x°+(1+14+34+3434+54+54+5+5)x° 
+ (LL 41-3 41-3 41-3415 4+...41-543-3 
$ 3343-54 ...4 55) Fo 
Coefficient of x? =(1+14+3+34+3+5+5+5+5) 
—(1? + 17 +37 +37 +37 +57 +57 +57 +5°%) 
2 
_ 31)" — (129) _ 


961-129 _ 


= Sol. (Q. Nos. 61 to 83) 


67. 


62. 


63. 


Since, sum of coefficient of B is 6561. 


& i) = 6561 
=> 3” =6561 => 3" =3° 
we n=8 
Coefficient (T; - T,) = 117 
"C37 — "C,3' =117 
=> m=6 
n™ =8° =(1 +7)° =(1 + 7k) 


Hence, remainder is 1. 


, 8 
5 - 7 
Coefficient of T, in Fi ae =| 5c, 2) (=) 
SS — ee = 5° = 15625 


(x7? 1)’ (5 
Coefficient of T, in * | # E : 
. 4 


= Sol. (Q. Nos. 64 to 66) 


"! Gq, Qs, @,i.€, "Cy, "Cs, "Cy are in AP, then 
2:"C. _ "C, + "Ce 


= oa 4p Oo 5 n-6+1 
"Cs "Cs n-5+1 6 
=> 2 = 5 i n-5 
n-4 6 
= 12n - 48 =30 + n* —9n + 20 
= n?-2in+98=0 => n=7,14 
Hence, n=7 [es n<10] 
Also, A=(¥2 + 4/3)" =(2"3 + 3/4)" 
T. 1 91C gryargiy 
r r 
gir 
= "C2 3 grit A) 
64, 3 a= a= =a ta,+a,+...¢ a, 
is} is 
= "C+ "Cyt "Cy ...+ "Cp =2) 15127 
65. From Eq. (i), we get 


Osrs9l1 
For rational terms, r = 4, 16, 28, 40, 52, 64, 76, 88 
Rational terms are Ts, Ty7, Tz9, T41, Ts3, Tes: T7725 Tao 
= 89 
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66. 


67. 


68. 


69. 


70. 


Also, 5, 17, 29, 41 53,..., 89 
are in AP with common difference 12. 


The unit digit of 2” is always 6 forn > 1. 


Now, > ri= 


r=0 


O!+ 1!+ 2!4+3!+ 4!+ 10(k), KEN 


=14+1+24+6+24+10k=34+10k 


100 , 
”. Unit digit of Z r!+2 


r=0 
100 , 
= Unit place of & r!+ Unit place of 2 
r=0 
=4+0+6=10, its unit place is 0. 


in 
Given, Vare’ =(1+x4+x7+x°)" 


r=0 
It is clear that a, is the coefficient of x’ in the expansion of 
(l+xtx74+x°)", 


On replacing x by L in the given equation , we get 
x 


5 rae x? + x°)" 
r=0 x) a 
Here, a, represents the coefficient of 3” ~" in(1 + x + x? + x)’. 
Thus, a, = Q3,-, .di) 
an an 
Let I= rxa,= Y QBn-r)ay_, 
r=0 r=0 
(replacing r by 3n — r] 
ea 
= } Gn-r)a, (from Eq. (i)] 
r=0 
yon 
=3n 3 —- ¥ rar 
r=0 r=0 
= 21 =3nk => I= om  A=3 
20-r 
Wehave, T,,,=C.-4 3-67" 
40 - 2 
- 200 2 3 gos go rit 
Tr 
160 - tir 
=%.2 12.3 
r 160 —11r 


For rational terms, — and must be integers and 
4 


0srs20. 
“i an integer. 
> r= 0, 4,8, 12, 16, 20 


160 -11r 


Clearly, for r = 8, 16 and 20 is also an integer. 


.. The number of rational terms is 3. 


We have, 27% = 2? (23)** 
= 4(1 +7) =4(1 + 7k) =4 + 28k 
2. 27 4. 2006 = 4 + 28k + 7 X(286) + 4 


Hence, remainder is 8. 


71. 


72. 


73. 


74. 
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iy" 


We have, 19” = (20 - 


= (20)°*! ce ome (20) + leo)” 
— IC 559 (20)? + © "Cyseo(20)? - 1 

= 1000 k - ®*'C,(400) + °*'C,(20) -1 
where, k is an integer. 

= 1000p + 6561 X20 -1= 
where, p is an integer. 

= 1000p + 131219 

ab =19 
ie. a=1,b=9 
Hence, b -3a =9-3 =6 
"GHA Gar tO Gat 4" Gast "Goa 
=("C, +" rei t = i olen + "Gow 2) 

+ 3(Gs 2 es "Coe 3) + CC 3 + "Chad 
taides SUP aaa: OMA << Taal OOPa aides SOFer 
aC Cai + Pete a idee So 

+ ia ‘e 3)+ C'" aa + as 5 oa 4) 
ee 4 


1000p + 131220 -1 


— at2n +2 
Gen Fe" Cast 


= ile 6 ae | 
=", 3+" i oe 
+4 
atic a8 aio 
rt+ 
Similarly, "C, + 3-°C,414+3°C,42+ gaa r+3 
+ +A, 
: oe => A=4 
r+4 rt+a 
99-9 
94 BE 1) ~ + 9 


99° — 99.98% + a 


= 99° — %C, (98) + C, (97) —...+ Cog +l 
= °C,(99)” — %C, (99 - 1)°+ *C, (99 - 2) - 
+ Cog (99 - 98) — Coq (99 - 99)™ 
= (99) {Cy ~ PC, + Cp — «1+ "Cag — Coo} 
+ C, (99)*{%C, -2-%C, +3-"C, —...} 

=0+0=0 
Given, 
-. Greatest term in the expansion of (1 + x)" has the greatest 
coefficient. 

Tre = "Cx" 
. Th <The > Th42 
- "Sioa" eC oS" Cagk 


(greatest term) 


nA 

= me ie nei 

aC aC 

n 1 

=> —<l> x 

n+1%x n+1 
n+1 

=> x> and x < 
n n 
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75. 


76. 


77. 


i.e., 


Given, 
n=10 
| 1)" ' a—f 1) . i 
Also, T, in| Ax+—]| =C,(Ax) -—| =- [given] 
\ CP x 4 


i OF ail aalie (given] 


[n= 10) 


Put m-—6=0, we get 


m=6 


5 OR ae 


Hence, m= 6 x= =3 
— "Cx" + "Cx"? - 


Gig! NG ee. 


We know that, (x - 1)” = "Cx" 
x*(x -1)" = "Cox" *? - 
On differentiating w.r.t. x, we get 
"2x (x —1)" + x? n(x -1)"7! 

=(n + 2) "Cy x"*) —(n +1) "Cx"+ n"C, x"! - 
On putting x = 2, we get 

(n + 2) "Cy 2"*) -—(n + 1)-"C,-2"+ n- "C,2"-! - 

=4+ 4n=4(1+n) 
k=4 

On putting x = 1, — 1, i, ~ i in the given expression, we get 


+ a5 ° (i) 


0=-a, + Q,—-d3 + Q, + 100 Ags ...{ii) 


* 0° X9=a, +a, +Q, +4, +... 
(1+ i) i =a,i —a, — asi +a, +... 

=> — i (2i)? =—-aji + a, + ai -— a, - 

...(iii) 
and —4i =a,i + az —a3i —a, ~... ...(iv) 
On adding Eas. (i), (ii), (iii) and (iv), we get 

w+ yy) =9 X 104 

or Q, + Ay + yy +... + Qqz = 22500 =A 

”. Required sum=2+2+5+0+0=9 

(A) General term, T., , = °c, (749)®!7" 1'yr 


= sic f = "} 11 


=> 4i =—a,i + a, + a3i -— a, - 


4(a, + a + as + Qi, + 


[given] 


For rational term, r should be a multiple of 9, i.e., 
r=0,9, 18,...,6561 

Total rational terms, m = 730 

and irrational terms, n = 6562 — 730 = 5832 


Let A =unit digit of (730) =0 
and LL = unit digit of (5832)’"0. 
=unit digit of (2°)'-2° 
= (2) (2) = 4 


M+ p* =(0)! +(4)° =1 
and A+w=0+4=4 
(B) General term, t,, , = “™C, (7!7)%~" (x5/?)° 


600 -r 
= ee: (7) 3 52 x” 
For rational term, r should be multiple of 6. 
i.e. r = 0,6,...,600 


.. Total rational terms, m = 101 
and total irrational terms, 
n=601 ~ 101 =500 


Let A =unit digit of (m)" 
= unit digit of (101) =1 
and . = unit digit of (500)'"' = 0 


+? =(1)? + (0) =1 
+ * =(1)° + (0)! =1 
ene 


(C) (V2 + 393 + 9/7)" ==5 aan 2)™ (U3 (8/7)" 


= 10! 4/2, 48/3. 41/6 
apy! 
a+B+y=10 
For rational terms, & = 0, 2, 4, 6, 8, 10, B = 0, 3, 6, 9. and 
Y=0,6 
Possible triplets are (4, 6, 0), (10, 0, 0), (4, 0, 6). 


.. Total rational terms, m =3 
10+ 1c, 


and 


Total irrational term, n = -3=63 
Let A=unit’s place digit of 3° =(3*)'*-3° =1x27=7 
and 1 =unit’s a digit of 63° = unit digit of 3’ = 


- Hea ae “V2 Reps 
mee J+(2) (20) 
LF =2 r=], r \13) 
= (5)+(%)-(8)-C 0) 
r=2 r=1 r-1 r) 
: le 
ra, 
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78. (A) Given, 


Ne | ee QP 7 


20 20 
( Je Jarsrss 
r 7 


r=7, 8,9, 10, 11, 12, 13 
(B) The unit digit of 183! is 0. 


Now, =a") ay 
Unit digit of 3’? = Unit digit of (81)* x Unit digit of 27 
=1x7=7 


Unit digit of 183! + 3° =0+7=7' 
which is less than 8 and 9. . 

1 5 

(C) T= "Cs (ax)? (=) =: 

x 2 


-3n- 5 1 
=> "Cae fa = n=6anda =~ 


1 
na=6xX-=2 
3 


79, (A) The coefficient of power of x more than x” in(1 + x)” is 
si a Oe i a Oe 

We know that, (1 + 1)*' = "C, + 'C, + "C, +... 

=> 25t =2('Ca, + 1Cyp tt Cer) 


= G6 “Cad ut "C,<2” 
a”. pe. a 2 


+ aso 


Hence, a 


(B) General term is, 7, , = °C, (v3) = 
For rational term = r should be multiple of 2. 


is divisible by 
ss as girlz 


i.e. r= 0,2, 4, 6,...,62 
. Required sum = T, + T; + ...+ 1% 
= <C, - 7G de. + "Co = 96-1 = 26! 


Hence, 2° is divisible by 351 9 8 ot oe ot! 
(C) Put x = 1 and x = - 1 in given expression, then we get 
4°! = dy + a, + Gp + G3 +... + Airy (i) 
and =O0=a)~a, + @2 —G3 +... + Oyo .».{ii) 
On subtracting Eq. (ii) from Eq. (i), we get 


62 = 2(a, + a3 +... + Qy25) 
=> 2°! =(a, + a, +... + @23) 
1. G, + Gy +... + 493 is divisible by 2°”, 2% 277, 2% 2°). 


80. (A) (11)" + (21)" =(16 — 5)" + (16 + 5)" 
=2["Cy (16)" + "C, (16)"~? (5)? 
+ "C,(16)"~ *(5)* + "C,(16)"~ §(5)° +... J 
Hence, given expression is divisible by 16, if 
n=1,3,5,7 
(B) 3°” =(3*)°-3 =(81)°-3 =3 (80 + 1)°] 
=3 (°C, (80)® + °C, (80)’ +...+ 1] 
. Remainder of 3” is 3. 
. (C) Tay =T4+k> os = +k-1 
=> 9-r=rt+k—-1 > 30=2rt+k (wr s29] 
For even values of k, i.e., kK = 0, 2, 4, 6, 8..., 28, 
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(D) Given, hh = Ts 
T; Tg 


‘oir (b)' 7 aides eo (a)" * '(b)? 


= 
"Cz, (a)? (by? ** °C3(a)" (b)° 
"CG a aie 2° a 
=> —- X — = ———*.= 
"Ge. b a 5 b 
PG aes ig 
=> = 
AC atric 
n-2+1 n+3-341 
= ——— ee ee 
2 3 
=> 3n-3 =2n +2 
n=5 


87. (A) Number of dissimilar terms in the expansion of 


(x + 2y + 3z)"(n EN) 


= 1 
a1t3 oe sie Ae Pag 
2 2 


tie Sobee 
2 2 


Hence, ee eee 
2 2 
and ape $2 2286 
2 2 
(B) We have, 
(xtytz)"* = {(x+y)+z}7*! 


=(x+y)"t+ ™ IC (x + y)z 
+ ™*1C (x+y) 7'z 2 ee (x + y) n-2, 44 
wl (nt ye" patigg amt 


atl antl 


and(x+y—z)™” ={(x+ y)-z} 
= (xt yy C(x + y) 47 (x + yr tz? 


—™C (x+y) 2034. Gest ye Ee 


ati ati 


w(x + y +2) —(x+y—z) 
=2{7 99 (xt y)™zt PCy (xt yy 22 tt} 


. The number of dissimilar terms in the expansion of 


(x+y tz)" -(x4+ y—z)™! 
=(2n +1) + (2n—1)+ (2n—-3)+...54+341 
C22 en $141)=(n41) 
=n’? +2n+1 
@=1, 522 ¢=1 


Hence, at+tb+c=1+2+1=4 
(C) We have, (x — y +z)" ={x-(y —z)}" 
=x" = "Cx" y -z) + "Cx" (y-2z) 
+ "C, x3 (y -2z) 
$a "Cyax(y 2) + Gly - 2) 
and (x+ y-z)" =(xt+ty-z)" 
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= x74" Cx ly —z) +" Cox” (y —z)? +" Cy x" (y -z)? 

+..+"C,-y x(y—2)" 1 +(y—z)" 

oe (x-ytzyt(xty—z)" 

=2[x"+"C,x"~? (y -z)? 

+ Cy x4 (y—z) $0.4 (y-z)"] 
.. The number of dissilmilar terms in the expansion of 
(x-ytz)+(xty—-z)"=143454+...+(n +1) 

(n + 2) 

2 
2 


(n + 2)° 


1 
(l+n+1)= =F? +n+1) 


1 
a=-,b=1,c=1 
4 


Hence, b +c=1+1=2=8a 


py: = +1+ “)" 
7 2 


x 


~ 
Oy + Gx? + ag x4 +... 4 dyn y errr”) 


ier 


1 
.«. Number of terms = gen (n¢+1)+1=n°+n4+1 


a=1,b=1,c=1 
Hence, a+b+c=141+1=3 
and a+b=1+1=2=2c 
82. Statement-2 is obviously correct. 
Now, we have (1 + 3x)° = °Cy + °C,(3x) + °C,(3x) 
+ °Cy (3x)? + °C, (3x)* + °C, Bx)° + °C, (3x)! 
.”. Greatest coefficient in (1 + 3x)° is °C,3° 


So, Statement-1 is wrong. 


( 1 a 1)” 
83. Wehave,( x? + 4,42] -(x++) 
x x 


For independent of x, we put 
30 -2r=0 => r=25 
Ta541 = "Crs 


But in binomial expansion of (x + a)", middle terms is 
independent of x, iff x-a =1. 
84. We have, 
Coefficient of 31st term in (1 + x)” = Coefficient of 32nd term 
in(1 + x)” 
=> Coefficient of Ty), , = Coefficient of T3, , , 
= "Cyp = "C3, =n = 30 + 31=61 
Hence, both statements are correct but Statement-2 is not the 


correct Explanation of Statement-1. 
( , 1) (AY 
85. We have, | pad ] =1+"C, («+ ae "e,(x+4] 
\ x x x 
an 
+t 't,(24 4) 
. k/ 


.. Number of terms =1+n+n=2n+1 


. Both the statements are correct but Statement-2 is not the 
correct explanation of Statement-1. 


86. 4 —4=4(4' —1)= 4 (16% -1) 
= 4 (167 + 1) (167 —1) 
= 4 (divisible by 16+ 1) (divisible by 16-1) 
= divisible by 102 
4"! — 4 is divisible by 102. 
or if 4'" is divisible by 102, then remainder is 4. 
.”. Statement-1 is false but Statement-2 is obviously true. 
87. -.:(x" + a") is always divisible by (x + a) when n is odd natural 
number. Therefore, (117° + 12”) is divisible by 11 + 12=23 
.. Statement-1 is always true but Statement-2 is false. 
for n even natural number. 


9-rr 

88. Tiss = ven (ax) (bx V3)" es "Cig? oP xx 6 3 

For independent of x, put — = ; =0 

=> 9-r-2r=0 

=> r=3 

Ty 4 = °Cy-a°b? =84a°b* 
Now using AM2GM 
2 
=> a > (a*b)'” =* > (a*b)'? [ee a’ +b=2] 


a*b $1=9(a’b) < 1° => 84a°b° < 84 
T, $84 


Hence, both statements are true and Statement-2 is the correct 
explanation of Statement-1. 


89. We have, 10000 = Ty = Ty 4.) = °Cy x!9" (x!80*)? 


> 100000 = x3- x? !B10* = 43+ 2 loBi0 x 


=> 3+ 2 logy) x = log, 100000 =5 log, 10= 
logo x 


=>2 (logig x)? + 3 logy x -—5 =0 
Put logy) x = y, we get 
5 
2y?+3y-5=0 => pert 


logia x =~ > or 1 


= x =10o0r10" >”? 


90. We have, -——— 18 +7 +3-18-7-25 
3° + 6-243-2 + 15-81-4 + 20-27°8 
° 15-9-16 +6-3-32 + 64 | 
_(18+7)° _ (25)° _ (25) _, 
— B+2)° 6) sy 


10 
91. We have = ile 


a3 — 9341 gg 


“110 
_ (a"3)3 + 1° _ (al)? = 1? 


a —gi3 44 gigi? _ 1), 
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92. 


93. 


/ qi2 a 10 
= gals rs 1) Zs Zz = (qi ange a) i 
a 
‘ y, 


Now, Tes = ie. (gee (- a” ey 


10-r-r 


="Ca 3 %-1) 
It will be independent of a, if 
1o-r 
3 
=> r=4 


-5=0 = 20 —2r-3r =0 


Putting r = 4 in Eq. (i), we get 
T; = °c, (-1)* = "Cc, =210 
The general term in(x* + x~°)" is 
Twa 2 os (xt) (x *y = "C x4 (n=r) -br_ org +b)r 
For independent of x, we must have an —(a + b) =r =0 


= r=—— => an=(a+b)r,reNn 
+b 


= anis multiple of (a + 5). 


Let nbe the index of power in(1 + x). Then, "C, =a 
"Cra = 
and "Cz5=¢ 


From Eqs. (i) and (ii), we get 


AC: _a 
Chet b 
rt+l_oa an—b 
=> =— = 
n-r 0b at+b 
From Eqs. (ii) and (iii), we get 
eer 1 b 
"Ce 2 © 
r+2 b bn —b —2c 
=> ——— =- = r= —— 
n-r-l oc b+c 
From Egs. (iv) and (v), we get 
bn-b-2c _an—b 
b+c a+b 
= (b* — ac) n =2ac + b(a +c) 
a _ 2ac + b(a+c) 
(b? - ac) 
1 re 
94. Given expansion is x2 + &| ? 
V3 | 
.. 7th term from the beginning 
n-6 n-6 
="C, (2) 3 | ia = °C.2 3 37* 


: 1 
.. Again, 7th term from end in |%2 + a 


= 7th term from beginning in E + | 


6-A 
3 


_ WO ke aed = "C3 4 


..(i) 


i) 
(ii) 
(iii) 


...(iv) 


(Vv) 


95. 


96. 


Chp 06 Binomial Theorem 


According to the question, we have 


na-6 
ar 5 3 qn? 2-2 ae 
ee ota =>2 3 3 3 i 
: 6 6 6 
"C,:4:3 3 
ant? n-1 
= 6) 3 =6' => =-1,n=9 


We know that, (1 + x)" (x + 1)" 
=("Cy + "Cx t+ "Cox? + ...4"C,x"] 


MI Cy S Cx Ca et 


Equating coefficient of x"*’ on both sides, we get 
*"Cor =[CG +" CC, +... + CG] 


52 "Giea 
a+ 2A 
But Sn+1 _ 15 = ~ tn+2 _ 15 
Sn 4 Got 4 
(2n + 2) Cnet 15 
=> 4. 
(n + 2) Ch+1 4 
+i 
+ 1 
= 2Q+1) 0 G35 
(n+2) "C,_, 4 
2(n+1) 2n¢+1 15 
=> .>————— = 
(n+2) on 4 
=> 8 (2n? + 3n + 1) =15n? + 30n 
=> n? -6n+8=0 
we n=4,2 
Cie oe: ees Cr 
Co CG C, Coa4 
= -1)(n- ! 
Mp ED gg in 
1 2n 3! n(n —1) 


ee $e eee 
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"Cr 


~ 7 a 


2 
2t 
97. We nove a) + (| =[ab- 2]! + (ba 7)? 7"! 


98. Given series is a GP. 


Let T, , ; contain a and b to one and the same power. 


2i-r 
Pegs aC (ab-¥2) 3 (ba™ ee 
ate Bee 
=C.qg 3 6.p2 6 
ai-r_or_r_ 2i-r | al-r_ar 
2 6 2 6 2-3 
= 63-3r=4r => 63=7r > r=9 


.. Required term =r + 1=10 


4 


(233) 


7S =(x+3)"7! =(x +3) 


x+2 
x+3 


= (x + 3)" —(x + 2)" =(3 + x)" —(2+ x)" 


(x +3) 
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99. 


. Coefficient of x” inS = "C, 3"~" —"C,2"~" 
="C,(3"-" -2"-") 
Let (2 + V5)? or(V5 +2)? =1 + f ...(i) 
O<f<1, (ii) 
(v5 - 2)? = f’ Adi) 
and O<f’<1 ...(iv) 


On subtracting Eq. (iii) from Eq. (i), we get 
1+ f - f'=(V5 +2)? -(v5 -2)? 
= 2{?C,(V5)P “12! + PC3(V5)P~ 2-254 «+ PC, (5)°2?} 
[-.- integer value of f — f’ =0] 

(V5 + 2)°]+0-2°*) 
=2 {°C (V5)P“"-2 + PC, (V5)? 73-23 +... PC _o(V5)*-2° 7} 
= pA = p (integer) 

(V5 + 2)?] -2°*! is divisible by P. 


100.Let (V3 +1)" =I + fos f<i 


f’ =(v3 -1)” 
ot f+ f0=(3 +1)" 4 (3-1)? 

= [(V3 + 1)?)" + [(V3 -1)°7° 

=(4 + 2V3)" + (4-23) 

=2" (2 + J/3)" +2" (2-3) 

= 2" -2{"Co2" + "C,(2"~ *) (3) 


and © 


+ "C,(2"~*) G7) +...} 
1+1=2"* kel Te f + f’=1]) 
or (v3 + 1)”})] =2"*"k 


Hence, [({(V3 + 1)”})], n € N is divisible by 277), 


107. a ° x = "Cha? + MG. xo a oy + Ne. x? = Ne. =0 


Now, (1+ ix)? = "Cy + "Gix + "'C, (ix)? 
rs "ce (ix)? + ne (ix)' + NC (ix)? 
+ "Cy (ix)? + C, (ix)? + 0.4 "C, (ix) 
= (1 oe ix)" =("Cy _ i OF x? + "C x! J 6.x" 
rs "Gi x* + Ler x’? 
os POG ee ne. x e "Ce x = os x + a oP ad = NO a’) 
Comparing real part on both sides, we get 
(1 ea ix)! =("C,, _ NG, x + Ne. x! _ er x 
Nex "62 (Ga) 
= Re {(i + ix)"} =-(MC, x! — Nyx? + "OS x® 
SS aa oo x‘ < NG. x’ _ ne) 


4 il 2 
= ag aad 2 NG, x? + sO x°— NOye ra CyX = NG 


=— Re {1 + ix}""} 


Let = cot 6 = —Re{1 —icot 8}” 
gel a 0+ i cos a) |e _ fae (cos 8-i sin a)" 
| sin@ | sin 8 
= Tes i (cos st isin i) au ns = [given] 
| sin 8 sin’ 8 
0+#0 
sin 116 =rn 
or O=T rath t2t32445 
x=cot @= cot {=| 
1) 
r=+1,£2..,25 
102. Since, g(x) = f(1 + x) 
200 200 
s(x) = ¥ a,x’ and flx)= ¥ Bx 
r=0 r= 


200 200. . 

XY o,x = XB, (1+ x) 

r=0 r=0 

+ Oooo a 


+ Broo (1 + x)” 
ict pele 


Now, GQ») + a,x + Ox? +... 
2 
=P, +B, (1+ x) +B. (1+ x)*+... 
+ Bro: (1 + x 
2 200 
=> A+ axt+ A,X +.0+ 209 X 


= By +B, (1+ x) +B, (1+ x)’ + Vad 


wttx 


+ (1+ x) + + (1+ x) [2 Broo = Bios = +--=Bow =) 
Equating the coefficient of x'™, we get 
Cia ee Ge Cy Ba Oe 
BE IC Cray + vee t Cog 
= C0 + Cio +... Cro 
= c 101 + = 2109 fil 


Again, greatest coefficient in the expansion of (1 + x)" 


= Coefficient of middle term 
= Coefficient of Tio, or coefficient of Tio 
= 210 05 or Cry = 2" Crog fi) 
From Eggs. (i) and (ii), we get 
The greatest coefficient in the expansion of (1 + x)” 
103.P= SY (i+ j)(CG+C,+CC,) .-(i) 
OSi<jSn 
Replacing i by n —i and j byn — j in Eq. (i), we get 
P= XY (n-itn—-j)\G-1tG-j)+G-1G-)) 
OSi<jSn 


= DE (n-i-sfG+e+cc)f{- 


OSi<jsn 


"C= "Cyar] oli 


On adding Eqs. (i) and (ii), then we get 
2P =2n ry (tO, + CC) 


Osi<s 


Pen 22 crt Gen. oe. oes 
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=n-n(Cy + C, + Cy t..¢ Cy) +5 = *Gi) 


=n?.2 4 n-2%7! 2m G 
2 
=n?-2" + nla gto | 
[ nty*| 
104. yey MG al C 
OSi¥sS10 


“133 yr 2I¢ ate, |- ec? 
{<0 


2) 1=0s=0 
i ) 210 g2l-r “ ¥ Ac)? 
2|izo | 2 t=0 
a ae "Co 1} 0 _ _(42)! 
2 2x2 2 2 (21!)? 


105. (i) We have, (1 + x + x2 + x7) =(14 x) (1+ x’)! 
=(1+ "Cx+ "C,x? + WCyx? + YCyxt +...) 
x(1+ "Cx? + "C, x4 +...) 
en rs NG: x 6 + Ne 
=55 + 605 + 330 = 990 
(ii) [(2 — x) + 3x?]° 
=°C,(2 — x)® + °C, (2 — x)° Bx)*+ °C, (2 — x)* 3x")? +... 
= *Cy [°Cy(2)?] + °C x3 (°C2(2)"] + *C2 x9 [*Cp(2)*] 


[equating coefficient of x‘] 


. Coefficient of x‘ = 


=60 + 1440 + 2160 = 3660 
106. LHS = = ! 


ra = mic 

_ (n+ 1—r)!r! m (2n—r)!(r + 1)! 
(2n + 1)! (2n + 1)! 

7 (Qn+1l—r)+tr+1 

~On—nyiyy| ete] 

_ (@n—r)!(r)(an+ 2) _ 2n+2. 1 


(2n + 1) (2n)! rt og Ma Oe 
m—1 7 4\r-1, an-1 if 5 
Now, yi as is > (-1)"! pans 
r=1 C. r=] an + 2, 


I 1 
re * an os 


an+1 
ail 
-(222)" xe Saag * i woh} 


ey, 
(2%) { re ’ 
on+2 is a A 
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1 (2n - 1) 
atric mre 
-(#+1)/ 1 1 1 
an+2}| **IC, BFC" BFC 
1 1 2n ; 
am+ic am+ic ah 6 


{tas | 2h 

aie Ges aaa Cm 
_{ant 0+ 2n io an+1 2n } 
2n+2 melo | \ant2)\an+1, 


_  2n 2 
n+1 


2n+2 


107. Given, (1+ x + x”)" =a) +a,x+@,x°+...44_,x° 


+ aX +a $...¢ dy x™” — ..{i) 


and (1 — x)" = "Cy — "Cx + "C, x” 
=.t(-1) "Cx +...4(-1)" "CG, ..-(ii) 


On multiplying Eqs. (i) and (ii) and equating coefficient of x” 
on both sides, we get 
Coefficient of x’ in(1 - x°)" 

= "Cy a, — "Cya,_y+ "Coa,2 -... + (-1)"Ca, 
Since, r is not a multiple of 3, therefore the expression (1 — x)" 
does not contain x’ in any term. 
. Coefficient of x’ in(1 - x’)" =0 


Hence, a, — "C, a,-, + "C, @,.2—...+(-1) "C, ay =0 


108. Given, (1 + 2? + z*)®=Cy + Cpz7+ Cyz* +...4 Cygz 
(i) Putz =i, we get 
(1-141) =Co-G. + C2 -Cy +... Ge 


Cy -C + C, -C, + 
(ii) Put z = a) we get 
B 
(1 + @ + w*)®=Cot Cw? + C,w* + C0... 


sexek Cs =1 


+ C0” 
Cot C,* + C,0+C, + C,@ 
+Cowt... 


=(1+ w + w)*= 
+C,0* 
=0=(C(+C,+C, + 
+(Cae,4 

109. Given, f(x) = g(x + 1) 


we Oy °F A,X + yx? +... + Ay x™ 


oot Cs) 


vest Cg) OF (C+ Cy to. + Cig) 


= by +b (xt 1) +b, (x 41)? +...4 b,-) (x +1)" 
H(xt 1 e(xt itl g(x tilt 2 4 4 (x41)? 


Equating coefficient of x" on both sides, we get 
a, ="C, + °C + ..4 7G, 
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OC gt OOO Fee OC Dane al Oe 
Oe cast he es 


fe" "OG ] 
= *tIe 


nt] 
110. Let (1+ x4 x7)" =a) ta, x+Gz,x°+...+0y, x 


mii 
/ 1 \ 
Replacing x by | ~—|, we get 
\ x] 


Ly a a a 
ee yee +t 
. x* xy x x 
=> (l—x + x7)" =agx™ — a,x" 7 '+ ax 72 =... + ay, x 


...(ii) 
(i) Multiplying Eqs. (i) and (ii) and equating the coefficient of 
x*! then we get 
Coefficient of x™*! in(1 + x? + x)" 
= Goa, — aa, + za, — 
In RHS, put x?= y, we get 
QoQ; — AQ, + apa, —...=0 (only even powers contains) 
(ii) Multiplying Eqs. (i) and (ii) and equating the coefficient of 
n+ 2 
x 


a+ 2 


Coefficient of x in(1+ x7+ x‘) 


atl: 


= Coefficient of y"*! in(1+ y + y*)” 


= ApQ2 —A)a3 + Qa, See h Qa, -2° Ax, 
[- put x’ = y] 
= Qn+1 


(iii) Put x = 1, wand w? in Eq. (i), we get 
3" = ay + at Qt a3 +...+ ay, ...(iii) 
=>(1 + + w”)" = ay + a, Wt 2,0" + 2,04 ... + a, 0” 
=> 0 =a) +4,0+ a, +ayt... ...{iv) 
and (1 + w* + w*)" =a, + a," + a,0'+ a,0°+ ... 
=> 0=a, +a, +a,W+a,+... ...(v) 
on adding Eqs. (iii), (iv) and (v), we get 
3" =3a, + a,(1 + W+ w’) 
+ a, (1+ W* + @) + 3a; +...+ 
=> 3"= 3 (ay + a, + act...) => dg +a, t+a,t+...=3""! 
On multiplying Eqs. (iv) and (v) by w* and @ respectively 


and then adding Eas. (iii), (iv) and (v), we get 
3" =a, (1+ w+ w) +a, (1+ @ + w’) 


+ a, (1+ w+ w’) +a; (1+ Wt O°) +... 


=3(a, + a, +...) 
>a, +a, +...=3" 7! 
Again, multiplying Eq. (iv) by wand Eq. (v) by w”, respectively 
and then adding Eas. (iii), (iv) and (v), we get 
3” =3 (apt ag + agt ...) 


= Q,+a,+a,t+..=3" ' 
Hence, aot a3+a,+...= a, + Qyta7+... 
=a, + ds + a, +...=3" | 
111. LHS =(n - 1)" C, + (n—3)? Cy + (n 5)* Cy + 
=n? (C, + C3 + Cy +...) —2n(C, + 3C3 + 5Cs +...) 
+ (17C, + 3°C, + 5°C, +...) 
=n’? (2"~') (—2n) 


} 


(74 :" OMe ee : gest inqe.| 


[ae Co + 2 ann Cot Sptehe iad 
1 3 5 


en? -2°-' — on? Ct "Cy + Cyt...) 
pm Ga PC, 45? "Gt 
= 2.277! — an? gn? 
+ nl" "Cy + (24:1) Cy + (441). 7G +] 
= n*-2"-2(2 -2) + nl(" Cot Cot” "Cy t..-)] 
$1 e4? "6 t.]] 
=0+n[2"~? + (n—1) ("2G + "7 7C3 +. J] 
=n [2"~? + (n-1)-2"-3J=n-2"-9 (2+ 0-1) 
=n(n+1)2"~*=RHS 
112.(1 — x°)" = Cy —Cyx? + Cax®—Cyx? +... (- 1)" Gx” 
Then, I (1 — x°)" dx 


=, —C, x2 Cyx = ...4 (-1)" C(x) dx 


_| Cox _ Gxt Cx? hs ror! 
| 1 4 7 3n +1 | 
-2-4,4- wt (-1)" — :s 
1 4 : 3n+ 1 


Let I, =f -x°)"-1dx 
=((1 - x°)"- x] - fn — x37! .(- 3x7). x de 


=0-3nf (= x31 - x? - 1) ae 


=-3n(I, — 1,4) 
a 3n _ 3(n=1) 
n (3n + 1) m=-l» ‘n-1 (3n -2) n-2 
3(n -2) 
n~2 (3n — 5) an-3 
ip= aS Ie = hi ha new) 
I _ 3:1) @-2)(3-3)...-n) ‘daa 3" +n! 
" 4+4-7-10...(n + 1) 1-4-7-10...(n +1) 
Hence, Go _ +(- 1)" _ ent 
1 4 7 rae 1°4-7...Gn+1) 
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113. 


114. 


115. 


(1 — x)? = ®C, x° — °C, x1 + *C, x? +... ..(i) 
(x +1) = Cy x" + °C, x? + Cy x? 
+ act NE tat ee el 


On multiplying Eqs. (i) and (ii) and equating the coefficient of 
x” on both sides, we get 
required sum = coefficient of x”° in (1 — Fa ae aes oF 


Coefficients of p th, (p + 1) th and (p + 2) th terms in expansion 
off +x) are "Coq, "Cos “Coair 


Then, 2"C, ="Cy-1 + "Coe 


n-—ptl. pti 
= 2(n-p+1)(p+1)=p(p+1)+(n-p)(n- p +1) 
=> n’—n(4p+1)+ 4p? -2=0 


" 
In the expansion of G + +) , the general term is 
x, 


T.,="C, (ax?! 7" eae Ng gil-r Jb es 
\ bx) b 


For x’, we must have 22 — 3r = 7 =r =5 and then the 


a’ 
; we ol 
coefficient of x” = "'C,-a-§ — ="c, 5 
» ob 


1 
Similarly, in ‘the expansion of [ax = 3). the general term is 
x 


Ee=tocuy? 7 iin se 


For x’ we must have, 11 —3r =—7 
a’ a° 
=> r=6and then coefficient of x” ’ is ''C, ie ="G. ry 
As given, ie. 2 soe "G2 =ab=1 
116: (1-y)"(1+ y"=(1- "Gy + "Cry’...) 


X(1+ "Cy + "Coy? +...) 
=1+(n-m)y+("C, + "C,-mn) +... 


Then a, =n-—m=10 [given]...(i) 
and ™C, + "Cp —-mn =a, =10 (given) 
—» mim), a1) _ 2 oto 

2 2 
> m+ n? —m—n-—2mn =20 
= (n — m)? —(m + n) =20 [.n-m=10] 
or 100 —(m —n =20 
. m+n=80 ...(ii) 
On solving Eqs. (i) and (ii), we get 

n= 45,m=35 

Hence, (m, n) =(35, 45) 


117° T+T,=0 = tant 


5 
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wi OT OF og (2=+4)=¢ 
"C,(a)"~ * (- by 5 b 
a_n-4 
bb 5 
118. ®c, - °C, + *C,- "Cy + 
Cy + Cig — Cy + MC —-.. + Cag = 0 


=> 2f°C.—C, + °C, C54... Ca} 4 Cyg = 0 
=> 24a — CO, + PC, -— Cy tt Cyt Cg} = Cig 


1 
= Mm 20 + a oF 7 NG, Ae dais aC, + oe Ae as oon 


119. S(r+i)"G=Dr°C+ EC 
r=0 r=0 r=0 
= y pearne ot y "Ce 


r=0 r r=0 
2nd “e+ 3 
r=0 r=(Q 
=n-2"!4 2 =(n+2)2"7° 
Statement-1 is true. 
and 8 (r+1)"C. x’ = E rAC-x' + > "Cex" 


r=0 r=0 


= paiemte. xt Bex! 


r=z0 r 


=n >) PIC ex’ + . "Gx" 
raQ 


r=0 
=nx (1+ x)"~'+(1+ x)’ 
On substituting x = 1, then we get 


y (r+1)"C, =n-2"71 42" =(n+2)2"7! 
r=0 


Hence, Statement-2 is also true and it is a correct explanation 
for Statement-1. 


120. 32" - (62)2"* 1 = (64)" - (62)2" +1 
= (63 + 1)" -(63-1)"*! 
=(1+63)" +(1-63)""" 
={i + "C,-63 + "C,(63)? + ...+ "C, (63)"} 
+ {1 = siladi & (63) om aa Co (63)*...- ae Mais (62)"* '} 
=2+63{"C, + "Cy-63+...+ "C,(63)"~' — 7**'C, 
gent 16,63 = ant oa (63)""} 


*, Remainder is 2. 
121... A,="C,B, = "C,andC, = "C, 


YA, (BiB, ~ CoA,)= » FCC, = M920) 
r=] 
= "Gy ¥ COVMG)- "Go EOC) 
=” Cio Cis -1)- "Cy ‘gen -1)=Cpo — Bo 
122. Use "C, = BPG 2s then S= $ C(C-1)-"Co 
r C=1 


10.9 
-1) 


waeicenmnonean 


: 10 
= ) c(c- are "Co. =90 »y "Cae =90 x25 
C=1 C= 
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10 10 
S= EC ™e= TC: 
1 C=) 


10 
eCppH10 DS Ce H10K2" 
C= C=l1 


10 10 10 
andS,= ¥ C*“C.= ¥ CP? Co 
C=1 =} 


10 
=10 Y ((C-1)+1)-" Coy 
C=1 


10 
=10 ¥ (9-8 Cont? Co) = 10(9.25 + 2°) =55x 2° 
C=) 


Both statements are true but Statement-2 is not correct 
Explanation for Statement-1. 


123. Here, (1 — x — x? + x3)® =(1 — x)° (1 - x”)® =(1 - x)*(1 - x)® 
=(1— °C, x? + °C, xt - Cy x° +...) 
x (1— %C, x + °C2x? - yx? 
+ °C, x‘ - C,x° + °Cyx°) 
”. Coefficient of x’ in(1 — x -— x? + x’)® 
= *C, x °C5 + (PCz x (— °Cs) + (- °Cs) x(- “Q)} 
= 36 —300 + 120 = — 144 
124. (V3 + 1)" -(v3 -1)" =2 {7C,(v3)" 7" + 2c, 
(V3)" > + + Co, -1(V3)} 
als (CWS)? & C3) 4 ect MO} 
=aus PC, GY? = 2CBy* ."C4} 
= V3 X even integer 
125.°2 x4+12=(x29)3 4 13 = (x0! + 1) (x23 — x! 4:1) 
x+1 1/3 


se el $1 
ray 


and x-1 = (x4)? — 1? = (x? + 1) (x? -1) 


x 1 (x = 1) x2 +1 -1/2 
Now, 2 1/2/12 =a Tltx 
x-x x" (x 1) 
+1 1 i‘ 
x <a 7,3 _ V=1/2y10 
er Aa lla: Sa 
x" -x "+1 X-Xx 


. ts i= ne Gyr (- x” Mey 


10 - 
For independent of x, ; A 2 =0S3r=4 
10-9-8-7 
Ts 4) = °C, = ———-F:21 
4+1 4 1-2-3-4 
126. Since, "*°C,:"*°C,_, =2=3r=n+6 ...(i) 
ied 
and "Cant" °C, =o = lar =5n + 18 .. (ii) 


From Eqs. (i) and (ii), we get 
4n + 6)=5n + 18 =n =6 
127. (1 + ax + bx”) (1 - 2x)" 
=(1 + ax + bx”) (1 — "C,(2x) + °C, 2x)’ 
- C,(2x)° + "Cc, (2x)‘ -...] 
According to the question, Coefficient of x ; 
=—'8C,-84 4° C,-27-b*C,-2=0 


=17a-b="— Ai) 


128. 


129. +: 


130. 


1317. 


132. 


133. 


and coefficient of x* = '8C, .2* — '8C,-23-a + '*C,-27-b=0 


| 


=> 32a — 3b =240 {ii 
On solving Eqs. (i) and (ii), we get 
a=16,b= ale 
3 
( 272 \ 
(a, b) =| 16, — 
kB 


(14 x?)h (1+ x)? (1+ x1)” 

=(1+ *C, x? + *Coxt + 4C,x° + 4C,x°) 

x (1 +7C, x3? Cox®t? Cax? +...) xO + 2Cxt + PCr? +.) 

Required coefficient 

ae. Cay "Ove & Ga"G * eC, 

= 462 + 504 + 7 + 140=1113 

T= °C. (-2vx)' = "C. (-2)'- x” 

For integral powers of x, r = 0, 2, 4, 6, ....50 

. Required sum = °Cy + 27°C, +24 °C, +...4 aad oF 
1 
2 

In the Expansion of (1 +.x)(1 + x?)(1+ x°)...(1+ x”). 


= . [(1+ 2)°+ (1 -2)]=-@ +1) 


x’ can be found in the following ways 


9 148 _2+ + + 1+2+6 1+3+ 2+3+4 
x? xit8 x 7 git gS oo Lgitits x 


x 
There are 8 cases 

The coenfficient of x’ in each cases is 1 ‘ 

. Required coefficient = 8 

Total number of terms = "*7C, = 28 

=> (n+2)(n+1) =56 =(6+ 2)6+1) 

as n=6 

Sum of coefficients = (1-2 + 4)" =3° =729 

[Note In the solution it is considered that different terms in 


the expansion having same powers are not merged, as such it 
should be a bonus question] 


Coefficient of x” in the expansion 
="654 76444 Ce PC, + Men? 
= 305+ °C, + 1) + FCptt Cyt PC, mM? 
= 10,4 1C,4 °C,+...4 °C. + %C,-m’ 
= °C, + °C,-m? (Applying again and again Pascal's rule) 
=(%C, + °C.) 4+ C,(m?—1) 


= 0, + ©C,(m? -1) =(3n+1) *C, (given) 
or °C,(m? -1) =3n: *C, 
2 a 
or ili = mh =17 or a =n 
3n 3 


for m=16,n=5 
Cee "Ce "Ce "Cite Cy) 
=O, + Ont Cyt MC) 


= se ~2) -(2”° -1) = QF ~1) ~(2"° -1) 


= 220 _ 910 
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Session T 
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Definition of Determinants, Expansion of Determinant, 
Sarrus Rule for Expansion, Window Rule for Expansion 


Determinants were invented independently by Gabriel 
Cramer, whose now well-known rule for solving linear 
system was published in 1750, although not in present day 
notation. The now-standard “Vertical line notation”, i.e. “| 
|” was given in 1841 by Arthur Cayley. The working 
knowledge of determinants is a basic necessity for a 
student. Determinants have wide applications in 
Engineering, Science, Economics, Social science, etc. 


Definition of Determinants 


Consider the system of two homogeneous linear equations 
a,x+b,y=0 ‘alt 
a,x +b,y=0 sii) 
in the two variables x and y. From these equations, we 
obtain 


Bai er oo OS 
b, x b, b, b, 
> a,b, ~ayb, =0 
a, by, 
The result a,b, — a,b, is represented by 
a2 2 


which is known as determinant of order two. The quantities 
a,,b,,a, and bz are called constituents or elements of the 
determinant and a,b, — a,b, is called its value. 


The horizontal lines are called rows and vertical lines are 
called columns. Here, this determinant consists two rows 
and two columns. 

For example, The value of the determinant 

2 


x(-5) -3x4=-10-12=-22 
4 -5 


Now, let us consider the system of three homogeneous linear 
equations 


a,x tbyyt+c,z =0 (i) 
Qgxt+boy +c,z=0 ...(ii) 
a,x +b 4y+c3z =0 ...(iii) 


On solving Eqs. (ii) and (iii) for x, y and z by 
cross-multiplication, we get 


aes, ee eee: 
boc3 — b3Cy C23 ~-C4ao 
a. [say] 
azb 3 —a3b, 
= x =k(bz cs —b3¢2), y =k(c2@3 — C342) 


and z=k(a,b, —a3b2) 
On putting these values of x, y and z in Eq. (i), we get 


a;(bzc3 — bc) + by (c,a3 —C4a2) +, (a,b; —a3b,) =0 


. OF a; (boc — b3c2) — by (c3a2 —¢243) 


+0,(a, b, —a3 b2) =0 ...(iv) 


b, ¢ C2 @ a, b 
2 2 @2 2 2% 
or a] —D, +C; , =0 ..(¥) 
3 C4 Cz «Ay a3 93 
a, b ¢ 


Usually this is written as|a, 6b, cz |=0 


a, b Gy 


Here, the expression] a, b, cz |consisting of three rows 


a, by C3 
and three columns, is called determinant of order three. 


The quantities a,,b,,C,,@2,b2,C2,@3,b3 and cy are called 
constituents or elements of the determinant. 


Remark 

1. Adeterminant is generally denoted by Dor A. 

2. Adeterminant of the rth order consists of mn rows andn 
columns and its expansion contains nl terms. 

3. A determinant of nth order consists of nrows and ncolumns. 
.. Number of constituents in determinant = n° 

4, Ina determinant the horizontal lines counting from top to 
bottom 1st, 2nd, 3rd, ... respectively, known as rows and 


denoted by A,,Rp, Ry, ...and vertical lines from left to right 1st, 
2nd, 3rd, ... respectively, known as columns and denoted by 
G. Gy Gy... 
5. Shape of every determinant is square. 
6. Sign system for order 2, order 3, order 4, ... 
+ - + 


are given by 


+ - 
- + 


+ - + 
-+- + 
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Expansion of Determinant 


(i) Expansion of two order 


o ele _* - a = a,b, — bya, 
a, by b, a2 
For example, ve Pane i” 
a 2 2 =3 
=10-12=-2 
(ii) Expansion of third order 
(a) With respect to first row. 
a eee b eee c 
1 1 1 — 
a2 b, C2|/=4) Niger 
as b, C3 “— 
b 
ai —s +c, 72 2 
G3 C3 a, bs 


=a, (bz cz —b 3¢2) — by (a2 cz — a3 C2) 
+¢; (a,b; —a3b,) 
(b) With respect to second column. 


a b ¢ 
az 2 
Q, b, c =-b, 
. a3 Cy 
Gz be & 
7 a; Cc; a, ¢ 
+b,| >2@°|-53| >2 
Qa; C3 


=—b, (a2c3 — @3C2) +b, (a;c3 —a3¢;) 
— bs (a, C2 —a2 C;) 


Remark 


Adeterminant can be expanded along any of its row or column. 
Value of the determinant remains same in any of the cases. 


| Example 1. Find the value of the determinant 


12 4 
3 4 9 
2-1 6 
Sol. Expanding the determinant along the first row 
4. .9 5 3.14 
A, =1 =2 +4 
‘a ar el nl a 
= 1(24 +9) -2(18 - 18) + 4(-3 - 8) 
=33-—0- 44 
=-11 


and expanding the determinant along third column 
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374 


= 4(-3 - 8) -9(-1- 4) + 6(4 —6) 
=-—44+45-12 
=1-12 
=-11 
and expanding the determinant along second column 
9 


2 
0 


A, =-2 +4 


=(=1) 


14 
2° *6 


3 1. ,4 
x 
a 3 9 
= —2(18 — 18) + 4(6 — 8) +1(9 — 12) 
=0-8-3 
=-11 
Hence, A, = A, = A; 


1 sin8 1 
[Example 2. ifA=|-sin@ 1 sind 
-1 -sin@ 1 
prove that2<A <4. 
1 sin® 1 
Sol. Given, A=|-sin6 1 sin@ 
-1 -sin6 1 
Expanding along first row, we get 
1 “i . 
— sin 


-sin8 1 


-sin8 sin@ 
-1 1 


A=1 


—sin8 1 


-1 -sin@ 


=(1+sin?0) —sin®@(—sin® + sin@) + (sin? + 1) 
= 2(1+sin76) 
Again,0 $ sin? <1 


= 1S$(1+sin?0)<1+1 
=> 2<$2(1+sin?0)<4 
2sAS4 


Sarrus Rule for Expansion 


Sarrus gave a rule for a determinant of order 3. 


Rule Write down the three rows of the A and rewrite the 
first two rows. The three diagonals sloping down to the 
right given the three terms and the three diagonals 
sloping down to the left also given the three terms. 


a bb Cy 
If A = a2 b, Co 
a, bs C3 
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Rule in o- 


ws " Co Ap by Cy 
2 by Co ri 3 by Co 
Sum = N Sum = P 
A=P-N 
5 2 5 
| Example 3. Expand}/9 -1 4 | by Sarrus rule. 
Z2 38 =5 
3 2 5 
Sol. Let A=|]9 -1 4 
2 3 -5 
Rule 3 2 fe 
SS 
2 3 -5 
-10 a 3 P< ee = 15 
36 x : Pe i 135 
-90 Pr — 46 
N=-64 P=166 


A= P-N=166-(-64) =230 
| Example 4. if a,b,c eR, find the number of real 
x c -b 
roots of the equation |-c x a/=0 


b -aq x 
x c —b 
Sol. Let A=|-c x a 
b -a x 


Rule 


dal oa 
a 


oh 

>< 
5 
es Pa of oe, Ne abe 


-c% Pag * abc 
N=-x (a2 + b? +c?) P=x 
A=P-N 
=x? 4+ x(a? +b? +c7)=0 [given] 


x=0 or x? =-(a? +b? +c’) 


= x =Oor x =+iy(a? +b? +c”), wherei = V-1 


Hence, number of real roots is one. 


Window Rule for Expansion 


Window rule valid only for third order determinant. 


het A=|a, b, Cc 
a, bs Cc; 


In this method, rewrite first two elements of second row 
and third row, then 


a, b; cy 
Rule Qo by Co a2 by 
x x xX, 
Q@, bz cz a 3 


Now, taking positive sign with a,,b, and ¢c,. 
A=a, (bz ¢3 — by cz) + dy (C2 @3 — C3 2) 
+ (ag b3 — a3 b,) 
126 
i exami 5. Expand|4 6 2/ by window rule. 
5 9 4 


1 2 3 
Sol. LetA=|4 6 2 
5 9 4 


1 2 2 


Rule: 4 6 
ght ee 


A = 1(24 — 18) + 2(10 — 16) + 3 (36 — 30) 
=6-12+18=12 


| Example 6. Find the value of the determinant 
—| 2 1 


3+2V2 2+2V2 1 
3-2/2 2-2/2 1 
-1 2 4 
Sol. Let A=|3+2V2 2+2V2 1|and let 2V2 =A, 
$=2)2 2-22 1 
= 2 1 
then A=|3+A 2+A 1 
3-A 2-A 1 
“— 2 4 
Rule 3+A 2+A 1 34+A 2+A 
3-2 2-KePS3_ Sy_ a 
Now, A=-1(2+A-2+A)+2(3-A-3-A) 
 #1[(B+A)(2-A)—(3-A)(24A)] 
=-2A - 4A +(-2) =-8A =- 162 
[oA =2V2] 
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Exercise for Session I 


14 20 
Sum of real roots of the equation} 1 -2 5 |=Ois 
1 2x 5x? 
(a) -2 (b) -1 (c) 0 (d) 1 
6G -H 1 
If} 4 3 -1|/=x +iy,i = -1,then 
20 3 i 
(a)x=3y=1 (b)x=1,y=3 
(c)x =O y=3 (d)x=Qy=0 


4+3A A-1 A+3 
If pi + gae +2 +sh+t=| 224+1 2-A A-3I, thentis equal to 
2-3 A+4 3A 


(a) 7 (b) 14 
(c) 21 (d) 28 
7 6 x?-13 
If one root of the equation} 2 x? ~13 2 j|=Ois x =2, the sum of all other five roots is 
x7-13 3 7 
(a) 2/15 (b) -2 
(c) 420 +/15 - 2 » (d) None of these 
tanA 1 1 
If A,B and C are the angles of a non-right angled AABC, the value of} 1  tanB 1 jis 
1 1 tanc 
(a) 0 (b) 1 (c)2 (d) 3 
1 3cos@ 1 
If A={ sin® 1 3cos 6 |, the maximum value of A is 
1 sin6 1 
(a) -10 (b) -/10 (c) 410 (d) 10 
a1 1 
If the value of the determinant} 1 b 1|is positive, then (a,b,c >0) 
1 1c 
(a) abc >1 (b) abe > -8 (c)abc < -8 (d) abe > -2 
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Session 2 


7s. eo ey 


Minors and Cofactors, Use of Determinants in 


ee SR at Sr eves eee. 


Coordinate Geometry, Properties of Determinants 


Minors and Cofactors 


Qi, Gyn Ayz 8") Ain 
G2, @2; 23 Gon 
Let A= a3 a39 ax a3), 
Qny Gn2 &n3 Onn 


be a determinant of order n, n 22, then the determinant of 
order n — 1 obtained from the determinant A after deleting 
the ith row and jth column is called the minor of the 
element a;; and it is nae denoted by M,,, where 
i=12 3.  pandji= 12.3.4: 


If M, is the minor of the ener a,; in the determinant A, 
then (-1)'*/ M , is called the cofactor of the element 


a;;. It is usually denoted by Cy. 


i 


Thus, Cy =(-1)'*/ My 
mi M,, if i+ jisan even integer 
“/ M,, if 1+Jisan odd integer 
(i) Let A= 4 412 , then 
42; 422 


My, =|@22 | =@22,My2 =|@21|=421, 
Mo, = [42 |= 412, Moz =|a4,| =a, and 
1 =(-1)'*! My, =az, 
Cie =(-1)'*? Mio =— Qa); 
Ca =(-1)°*! Ma, =— 412 
and C2, =(-1)"** My. = ayy 
Q@1,  @yg 43 
(ii) Let A=|a2, 22 az 
J231 @32 433 


Determinants of minors and cofactors are 


My My Mi Cyy Cy. Chg 
AM = Mz, Moz Maj}, & =|Co Co. Cx 
M3, M3. M33 C3, 232 33 


a2 
My, = 
a32 
a2) 
M2 = 
a3) 
ao) 
M,3 = 
a3) 
a 
12 
My = 
232 
ay 
M2 = 
ay) 
a 
11 
M23 = 
a3, 
a12 
M3, = 
Ar2 
ayy 
My = 
Qo; 
ayy 
M33 = 
a2) 


ao3 
Ley 


a33 


a3 
C 
p12 


a33 


Qo 


Q32 


a3 
’ C2 


a3 


a43 
»Co2 


233 


Q12 
C 
bh 23 


a3 


a13 


C3 


a3 


a13 


a93 


Q\2 


Q22 


=(-1)! + Nie 
=(-1)'*? Mi, =-My 
,Cy3 =(-1)'** My; = M3 
=(-1)*" My, =-May 
=(-1)°*? Mz, = Mz 
=(-1)’** M3 =— Moy 
=(-1)°*! My, =Ms 
, C32 =(-1)°*? My =-M32 
, C33 =(-1)°** Mag = M33 


Important Results for Cofactors 


1. The sum of products of the elements of any row or column 


with their corresponding cofactors is equal to the value of the 
determinant. 


i.e, A = G1 Oy + AyCe + agg = aiCy + AyCy + AiG 
=oiCyy + Anon + ap3Czq = Gon + Apply + Ae 
= yCay + BypCan + BygCaq = a3Crg + Ang + any 

Now, value of n order determinant 


a, ao a3 
& ao 43 
, o ahy 
ST 


eee eve Ann 
= 4101 + oo + a3Gq +... 


+ AnGn 


(when expanded along first row) 


WWW.JEEBOOKS.IN 


2. The sum of the product of element of any row (or column) 
with corresponding cofactors of another row (or column) is 
equal to zero. 


i.e., & Coy + AyoCpy + A3Gy = 0, 
G3 + &iCzg + a31C3 = 0, etc. 
. If the value of a norder determinant is A, then the value of the 
determinant formed by the cofactors of corresponding 
elements of the given determinant is given by 


AS = An =-1 

i.e., in case of second order determinant 
AS =A j 

and third order determinant A‘ = A’. 


a 


Example 7. Find the determinants of minors and 


2 3 4 
cofactors of the determinant|7 2 —5|. 
8 -1 3 


2 -5 
Hee My = 1 ea 
[delete 1st row and 1st column] 
Cy =(-1)' "My = My = 1 


=o 


7 
My = = 21+ 40=61 
8 3 


[delete 1st row and 2nd column] 
Cy = (-1)'* ? Mh =-M, =-61 


- 2 
My = =-7-16 =-23 
8 


[delete 1st row and 3rd column] 
Ci =(-1)'* : Mj3 = Mi = — 23 


3 
M2, = [delete 2nd row and Ist column] 
=9+4=13 
Cy = (-1)’ * Ma, = —My, = -13 
2 
My = ’ [delete 2nd row and 2nd column] 
= 6 — 32 = —26 
Cop =(-1)"*? Map = May = -26 
2 
Ma = ‘ [delete 2nd row and 3rd column] 
= -2-24 =—26 
Coy = (-1)° ** Mag = — Moy = 26 
3 4 
M3, = it [delete 3rd row and ist column) 
=-15-8=-23 


C3, =(-1)? *'Ms, = Mg, = —23 
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2 
My = : [delete 3rd row and 2nd column] 
= -10 - 28 = —38 
Cy_ =(-1)?*? My = — My = 38 
2°3 


[delete 3rd row and 3rd column] 
C33 = (-1)? *? Mgy = Magy = -17 


Hence, determinants of minors and cofactors are 


1 61 -23 1 -61 -=23 
13 —26 -26! and |-13 -26 26}, respectively. 
23 *=38 =17 ~23 38 -17 


Goyal's Method for Cofactors 
(Direct Method] 


This method applied only for third order determinant. 


@; @ @y 
Method If A= b, b, b, 
Cy; Cy C3 


Step I Write down the three rows of the A and rewrite first 


two rows. 
Qa, a 43 
b, b, bs 
i.e. C, Cy C3 
a; a2 a3 
b, bz bs 


Step II Alter Step I, rewrite first two columns. 
@, 42 @3 @ 4 
b, bp by by by 
Le., Cy Cp Cz Cy CQ 
Q@, @, a3 Q a, 
b, bz by by by 


Step III After step II, deleting first row and first column, 
then we get all cofactors i.e. 


by bs b, by 


bo c3—b3c2z b3c, —byc3 yc. — bc, 
or A’ =|c, a3 —C3@, €30,; —C\@3 Ca, —C a, 
Q,b,-a3b, a3b,-a,b, a,b, -a,d, 
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| Example 8. Find the determinant of cofactors of the x, yi 1 
] 2 3 Xo jy2 1; =0 
determinant |-4 3 6) by Direct Method. x3 y3 1 
2-7 9 (iii) Ifa,x +b,y +c, =0;r =1,2,3 are the sides ofa 
1 23 triangle, then the area of the triangle is given by 
Sol. Let A=|-4 3 6 ; a, by af 
na ~ 12C,C,C a Me 
Step I Write down the three rows of the A and rewrite first l2CyC 3| bz C3 
two rows. .* 
1 23 where C,,C, and C, are the cofactors of the elements 
“. oe C1, C2 and cy respectively, in the determinant 
i.e., 2-7 9 a bt 
1 2 3 a2 by Co 
-4 3 6 a, bs C3 
‘Step Il After step I, rewrite first two columns (iv) Equation of straight line passing through two points 
b 23 FF 2 (x1, 1) and (x2, y2) is 
4 36-4 3 x yl 
i.e, 2-7 9 2-7 xy yy 1/=0 
1 z2 3 1 a X2 Yo 1 
~~ aos) & (v) If three lines a,x +b,y +c, =0; r=1,2,3 are 
Step III After Step I, deleting first row and first column, concurrent, then 
then we get all cofactors i.e., a, by cy 
3,6. 4 3 = 
7, 69 48 22 Me, Ba gee 
, 18, x es or Ao=|-39 3 11 a, bz Cy 
~ x, xs 3-18 11 (vi) Ifax” +2hxy + by? +2gx +2 fy +c =0 represents a 
pair of straight lines, then 
[ Example 9. If the value of a third order determinant ah g 
is 11, find the value of the square of the determinant h b fl= 
formed by the cofactors. 
Es © 


Sol. Here, n =3 and A =11 
(A‘)? =(A?)? = AS = 114 = 14641 (vii) Equation of circle through three non-collinear points 
» (x1, 91), (X2, ¥2) and (x3,y3) is given by 
x? +y? x y 1 


Use of Determinants in ee ae 


1 
e =0 
BD inns? 
Coordinate Geometry ity ma 1 
1 
(i) Area of triangle whose vertices are (x,, y; ),(X2, y2) mawys Xa Vs 
ane 99s )8 BIVEMRY Some Useful Operations 
1 x1 yi 1 (i) The interchange of ith row and jth row is denoted by 
=-|x. yz 1 R; — R,. (In case of column C, © C;) 
3 j j 
X3 yz (1 (ii) The addition of m times the elements of jth row to the 
; corresponding elements of ith row is denoted by 
(ii) If points (x 1, y,), (x2, ¥2) and (x 3, y3) and collinear, R, — R, +mR;. . 
then (In case of column C; + C; +mC;) 
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(iii) The addition of m times the elements of jth row and n 
times the elements of k th row to the corresponding 
elements of ith row is denoted by 
R; > R; +mR,; +nR,. 

(In case of column C; > C; +mC,; +nC,) 


Properties of Determinants 


We shall establish certain properties of a determinant of 
the third order but reader should note that these are 
capable of application to a determinant of any order. 
Property I The value of a determinant remains 
unaltered when rows are changed into corresponding 
columns and columns are changed into 


corresponding rows. 
a, by cy 
Proof LetA=|a, b, cz 
a, bz ¢3 


Expanding the determinant along the first row, then 
A=a, (bz cz —b 3¢2) — by (a2¢3 — 432) +¢,(a2b3 — 43bp) 


=, (boc, — b3¢2) — ay (b,c3 — b3¢,) + a3 (b,c. — bp c,) 


@, @2 ay 
=|b, b, by 
C; Cy C3 


= A’, where A’ be the value of the determinant when 
rows of determinant A are changed into corresponding 
columns. 


Property II If any two rows (or two columns) of a 
determinant are interchanged, then the sign of 
determinant is changed and the numerical value 
remains unaltered. 


a bh Gy 
Proof LetA=|a, 5, cp 
Qa, 5; Cy 


Expanding the determinant along the first row, then 
A=a, (bz cz — b3cz) — by (az cz — 32) 
; +c, (a2b3 —a3b2) 
=—@2 (b\c3 — b3c,) + bz (a,c —@3¢;) 
— C2 (a,b; —a3b,) 
=—[a2 (b,c — b3c,) — b2(a,c3 -—a3C;) 
+2 (a,b; — 435, )] 


Qa, b, cy 
=a, b Gy [by R, < Rp] 
Qa, bs C3 
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a, by Cy Qa, by Cy 
Hence, ay bp cz/=-la, 5b, Cc, 
ay, b; C3 a4 b, C3 


Remark 
If any row (or column) of a determinant A be passed over m rows 
(or columns), then the resulting determinant = (-1)A. 


Property III If two rows (or columns) of a 
determinant are identical, then the value of the 
determinant is zero. 


a, b ¢ a, b Cy 
Proof Let A= ao b, Co|=—|@2 b, Co =-A 
a, b Gy a, b cy 
[by R, > R3] 
_ 2A =0 


PA A=0 
Property IV If the elements of any row (or any 


column) of a determinant be each multiplied by the 
same factor k, then the value of the determinant is 


multiplied by k. 
a bb 
Proof Let A=|a, 6, ¢2/=a, Cy, +0, Cy2 +0, C3 
a, by ¢3 
ka, kb, ke, 
Then, |a, 6, cz |=ka,C\, +kb,Cy. +ke,Cy3 


a, bs ¢3 


(where C,,,C,2 and C,3 are the cofactors of a,, b, and c,in A) 


=k(a,C,, +0,Cyz +¢,Cy3) =k A 

Property V If every element of some column (or 
row) is the sum of two items, then the determinant is 
equal to the sum of two determinants; one 
containing one the first term in place of each sum, 
the other only the second term. The remaining 
elements of both determinants are the same as in the 
given determinant i.e., 

a,t+x db, cy] Ja, By cy] |x BC, 
Co|t|y b2 Ce, 


a3 +Z b, C3 a3 b, C3 Zz b; C3 


Proof Let 


Expanding the determinant along first column, then 
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b, Cc b, Cc 
A=(a,+x)| "> “|-(a,t+y){ 7 
b; C3 bs Cy 
b 
+(a,+z)| ) 7 
b. C2 
bz C3 by C3 2 C2 
acai b, Co b, Cy — b, C} 
by C3 by Cy by C2 


a+h+eq a4+e fl la % Al la @ f 

1. Ja t+ d+ Co Ant & hl=|% G hl+la & h 

&+h+c3 +e fl |& % Al |e & 
bh a fl |&4 & Al [a & Al la @ 
+]b, dp hl+ |b, & fel+|Co dp hit+|C. & fh 
6, 03 fl} [65 & hl |¢cs 3 fl |G & 


2. If each element of first row of a determinant consists of 
algebraic sum of p elements, second row consists of 
algebraic sum of g elements, third row consists of algebraic 
sum of r elements and so on. 


Then, given determinant is equivalent to the sum of 
pxqxrx...other determinants in each of which the 
elements consists of single term. 


Property VI The value of the determinant does not 
change, if the elements of any row (or column) are 
increased or diminished by equimultiples of the 
corresponding elements of any other row (or 
column) of the determinant. 


a,+mb,+nce, 5, c,| ja; 3b, cy 
ie., |a,+mb,+ncy by cCy|=|a2 b2 C2 


a,+mb,+ncz, b3; c3| |a3 bz 3 


a,+mb,+nc, 5b, cy] |a, 50, ¢, 
Proof ja, +mb, +ncy by Col=|a2 by Cy 


a,+mb, +NnCz b, C4 ay, b, C4 


b, b, Cy : Cy b, C} 


b, bz cy cz b C3 


a, b, cy a, b, c¢ 


a, 53 Cy a, bs Cc 


Property VII If each element on one side or other 
side or both side of the principal diagonal of 
determinant is zero, then the value of the 
determinant is the product of the diagonal element. 


a 0 0} la i Al ja 0 0 
ie, |f b O}=|0 b gl=|0 b 0j=abe 
e dcl j0 0 ¢ 0 0c 


Ass Qes- 
Proof LetA=| f b 0 
e d c 
b 0 
Expanding along R;, we get a ; =a(bc) =abe 
c 


Property VIII If determinant A becomes zero on 
putting x =a, then we say that (x —«) is a factor of A 


x 5 2 
ie, if A=|x? 9 4 
x? 16 8 

at x =2,A=0 [because C, and C; are identical at 


x =2] 
and at x=0,A=0 [because all elements of C, are zero] 
Hence, (x —0) and (x — 2) are the factors of A. 


Remark 


1. It should be noted that while applying operations on 
determinant that atleast one row (or column) must remain 
unchanged. ; 

2. Maximum number of operations at a time = order -1 

3. It should be noted that, if the row (or column) which is 
changed by multiplied a non-zero number, then the 
determinant will be divided by that number. 


Examples on Properties 


13 16 19 
| Example 10. Evaluate|14 17 20 
15 18 21 
13 16 19 
Sol. Let A=|14 17 20 
15 18 21 


Applying R, > R,— R, and R, > R;— R,, then 


13 16 19 13 16 19 
A=]}1 1 1;=2;/1 1 = #=41/=0 
2 2 2 2 wf 


[-R, and R; are identical] 
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ja B y| |B BL o 
[Example 11. Prove thatj@ © wi=|a A @ 
A uv iy vy 
a Bp y] ja @ A 
So. LHS=/6 6 wl=|B 6 B 
Auvw ly wey 
[interchanging rows and columns] 
a xX 8 
=(-1)iB p o [C2 C3] 
Y vy 
Bou 9 
=(-1|a A 6 [R, > RJ 
Y Vv vV 
Bop ¢ 
=la A 6/=RHS 
Yvy 


[Example 12. Use the properties of determinant and 
without expanding, prove that 
b+c qtr y+z| |a p x 
Cta r+p z+x\=2\b q y 
a+b p+q x+y} |c r z 
b+c ytz 
Sol. Let LHS=A=lcta r+p z+x 
a+b p+q xty 


qtr 


Applying R, > R, + R, + R;, then 
@{atb+c) Apt+qtr) Akx+y+z) 


A=| cta r+p , 
a+b ptq x+y 
at+b+c ptqtr xt+ytz 

=2) cta rtp z+x 
a+b p+q x+y 


Applying R, > R, — R, and R; > R; — R,, then 
atb+c pt+qtr xtytz 


Applying R, > R, + R, + R3, then 


a p *x ap x 
A=2|-b -q -y/=2(-1)(-1)}b q y 
=—C =F =Z c rT 2@ 
apex 
=2)b q y|=RHS 
Cc r 2@ 
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| Example 13. Without expanding as far as possible, 
prove that 


1 1 1 


X ‘y Z)=(x-y)(y—z)(z—x) (x+y +z). 
x y3 pe 
i-f 4 
Sol. Let A=|x y 2z 
x? y> z> 
forx=y,A=0 [. C, and C, are identical] 


Hence, (x — y) is a factor of A. Similarly,(y — z) and 
(z — x) are factors of A. But A is a homogeneous expression 
of the 4 th degree in x, y and z. 


There must be one more factor of the Ist degree in x,y and 
z say k(x + y +z), where k is a constant. 


Let A =k(x - y)(y—z)(z-—x)(x + y +2) 
On putting x =0, y=1andz =2, then 
dad 
0 1 2)=k(0-1)(1-2)(2-0)(0+1+2) 
01 8 
=> 1-(8 — 2) = k(-1)(-1)(2)(3) ». k=1 
=> A=(x-y)(y —z)(z — x)(x + y +z)=RHS 


J Example 14. Solve for x, 
4x 6x+2 8x+l 
6x+2 9x+3 12x j=0. 
8x+1 12x 16x+2 


Sol. Applying C, > C, - . C, and C; > C, ~2C, 


4x 2 1 
Then, \6x +2 0 -4/=0 
8x+1 -(3/2) 0 


=> 4x(0-6)-(6x+2)(042] 4 (6e4(-8-0)=0 


=> -9x-11=0 = x=-— 
97 
| Example 15. Prove that 
a’?+1 ab ac 


ab b24+1. be | =1+07+b? +c’. 
ac be c?+1 
a’ +1 ab ac 
Sol. Let LHS=A=| ab b°+1 be 
ac be ce? +1 


On taking common a, band c from R, , R, and R 
respectively, then 
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a +1 b ‘ 
a 
bP +1 
Az=abc!| a c 
b 
2 

+ 
P b Cc 1 

c 


Now, multiplying in C,, C, and C3 by a, b and c respectively, 


then 
a+1 Bb c? 
A=| a 641 ¢? 
a’ be oc? +1 


Applying C, 3 C, + Cz, + C3, then 
l+a° +b? +c? b? c? 
A=|1 +a? +b? +c? b? 41 ¢? 
1ta?t+b? +c? B® oc? 41 
1 »b c? 
=(1ta? +b? +c?)|1 b?4+1 = c? 
1 Bb ¢* 41 


Applying R, > R, — R, and R; + R,; — R,, then 


1 b? ¢? 
A=(1+a’? +b? +c”)lo 1 0 
0 0 1 


=(1+a? +b? +¢7)-1-1-1=(14+ a? + b* +c?)=RHS 


| Example 16. If a,b and c are all different and if 
a a* 1+a° 
b b* 1+b*|=0, prove that abc =-1. 
é¢@ KBE 


aa 1+a aad 1 aaa 


Sol. LetA=|b b? 14+b7l=|b Bb? 1/4lb 8? 


ee ie c c* c coc 


w 


S 
we 


ee] 


aaj 1a a 
=|b b? 1/+abel1 b Bb? 
ce 1 le c? 
1 a’ a 1a a 
=(-1)|1 b? bl+abel1 b B? [by C, 4 C5] 
1c? ¢ 1c c? 
1a a 1 aa 
=(-1)?|1 b b*{+abel1 b 0B? [by C, + C;] 
1 <¢ ¢ 1c ce? 
1aa@ 
=|1 b b*\(1+abc) 
loc c? 


Applying R, — R, — R, and R; > R, — R,, then 

1 a a’ 

A=|0 b-a b* —a’\(1+ abc) 
0 ca c*?-@ 


2 


1 aa 
=(b-—a)(c-—a)(1+abc)}0 1 bt+a 
0 1 cta 
Applying R,; — R; — R2, then 
af a a 


=(b-—a)(c — a)(1+ abc) |0 ) 1 bta 


=(b-—a)(c — b)(c —a)(1+ abc) 
=(a-—b)(b-—c)(c —a)(1+ abc) 


But given that, A=0 
(a—b)(b-c)(c —a)(1+ abc) =0 
aad 1+ abc =0 


[since a, b andc are different, soa # b,b#¢,c #a] 
Hence, abc = —] 
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Exercise for Session 2 


1 


10 


11 


1 0 -2 
If A and y are the cofactors of 3 and —2 respectively, in the determinant;}3 -1 2], the value of A+ pis 
4 5 6 
(a) 5 (b) 7 (c) 9 (d) 11 
abe 
Ifa,b andc are distinct andD =|b c_ aj, then the square of the determinant of its cofactors is divisible by 
c a b 

(a) (a? + b? +c”)? (b) (ab + be + ca)* (c)(a+b+c)* (d) (a+b +c/ 
An equilateral triangle has each of its sides of length 4 cm. If (x,, y-)(r = 12,3) are its vertices, the value of 

Xx yy tf 

X2 Yo 1| is 

X3 Y3 1 
(a) 192 (b) 768 (c) 1024 (d) 128 
If the lines ax + y + 1=0, x + by + 1=O and x + y +c =0 (a,b andc being distinct and different from 1) are 
concurrent, the value of = + ae + as is 

a-i1 b-1 c-1 
(a) 0 (b) 1 (c) 2 (d) 3 
pa qb rc 
Ifo +q+r=0=a+b+-¢, the value of the determinant}gc ra _ pb/is 
rb pce qa 
(a) 0 (b) pa + gb + rc (c) 1 (d) None of the above 
a?4+2"149p b*+42°*243q c7 +p 
If p,q andr are in AP, the value of determinant 2" +p OP*l ag 2q |is 
az+2?4p b242"t'42q ct —r 

(a) 1 (b) 0 (c) a*b2c? - 2" (d) (a? + b? +c?) - 2"q 


Let {D,, D2, D3,...,D,} be the set of third order determinants that can be made with the distinct non-zero real 
numbers aj, 2,...,a9. Then, 


(a) 3D, = 1 (b) yr) =0 (c)D, =D;,, Vi, j (d) None of these 
i=1 f=1 
x 3 6] |j2 x 7 [4 5 x 
f}3 6 xl=lx 7 2{=|5 x 4/=0, then x is equal to 
6 x 3] 17 2 x} |x 4 5 
(a) 0 (b) -9 (c) 3 (d) None of these 
a-x Cc 
Ifa+b+c=0,theonerootof} c b-x a |=0is 
b a c-x 
(a) 1 (b) 2 (c) a? +b? + c? (d) 0 


{tax (1+b2)x (1+0¢7)x 
Ifa? +b2 +0? =-2andf(x)=|(1+a7)x 14+b2x (1+c7)x |, the f(x) is a polynomial of degree 
(14.a7)x (14b7)x 1+0x 


(a) 0 (b) 1 (c) 2 (d) 3 
a® d* x 
Ifa,b,c,d,e andf are in GP, the value of be y|is 
c? f* 2z 
(a) depends onxandy (b) depends on x andz (c) depends on y andz (d) independent of x, y andz 
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Examples on Largest Value of a Third Order Determinant, 
Multiplication of Two Determinants of the Same Order, System 
of Linear Equations, Cramer's Rule, Nature of Solutions of System 
of Linear Equations, System of Homogeneous Linear Equations 


Examples on Largest Value 
of a Third Order Determinant 


| Example 17. Find the largest value of a third order 
determinant whose elements are 0 or 1. 
4 hb GY 
Sol. Let A = Qo bp Co 


a, bs Cy 


A = a,(bz¢3 — bscz) — b,(a2.¢3 — a3c2) + C, (a2 bs — a3b2) 
= (a, bp C3 + a, bc, + a3D,C2 )- (b,c 3a, + b, C)Q4 + bc» a;) 

Since, each element of A is either 0 or 1, therefore the value 
of the A cannot exceed 3. But to attain this value, each 
expression with a positive sign must equal 1, while those 
with a negative sign must be 0. However, if 
a,b,c; = a2 b3c, = a3 b,c, = 1, every element of the 
determinant must be 1, making its value zero. Thus, noting 
that 


The largest value of A is 2. 


| Example 18. Find the largest value of a third order 
determinant, whose elements are 1 or —1. 


a b& CG 
Sol. Let A={a, 0b, Cz 
a, b; Cy 
A = a,(b,c3 — b3cz) — b,(a2¢3 — a3C2) + Cy (a2 53 — a3b2) 
= (a,b,c, +a, b3c, + a,b,c.) — (byc3a2 + by c\a3 + bycza,) 
Since, each element of A is either 1 or —1, therefore the 
value of the A cannot exceed 6. But it can be 6 only if 
a,b,c, = a2 b3c, = a3bc2 = 1 ...{i) 
and = bc3a2 = by c,a3 = byc2 a, = —1 ...(ii) 
In the first case, the product of the nine elements of the 


determinant equals 1, while it is —1 in the second case, so 
the two cannot occur simultaneously i.e., the determinant 


cannot equal 6. The following determinant satisfies the 
given conditions and equals the largest value 


-1 1 1 
1-1 1)=-1(1-1)-1(-1-1)+1(1+ 1)=4 
1 a 


| Example 19. Show that the value of a third order 
determinant whose all elements are 1 or —1is an even 


number. 
a b Cc 


Sol. Let A = a2 b, Co 


a, by Cy 


Applying R, 3 R, - 2 R, and R; 3 Ry - =R, then 
1 ] 


ao b, oes C; 
a a 
A= 0 b, - =, Co -—C, 
= ay a, 
a a 
0 b, - —b, C3 — ¢, 
a) a, 


Expanding along C,, we get 


tnal(s-Ba)o-Bs] (o-Ba]a-Ze}} 
a, a, ay ay 


SINCe, A), Az, a3, D,, bg, 53, C), Cz, Cz are 1 or —1. 


fi) 


a a a a 
by, —b,, C3, —-C, by, bes, —¢, are 1 or-1 
1 ay ay 1 


a a a a 
=> by -—b,,¢3— 2c), bs — by, Cy — Care 2, -2or0. 


a ay a ay 
a 
ay a, 
a a, 
and (+, -%) am | are 4,—4 
a a ) 
or 0 = an even number 


From Eq. (i), A = an even number (a, = 1 or -1) 
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Multiplication of Two 
Determinants of the Same Order 


Let the two determinants of third order be 


aq bb Cy a B 
A,=|a, b, c2{ and A,=|a, B, Y2 
a, by Cy a; B; ¥3 
Let A be their product. 


Method of Multiplication (Row by Row} 


Take the first row of A, and the first row of Aj i.e., 
a;,b;,c,; anda@,,B,,7; multiplying the corresponding 
elements and add. The result is a,@, +5,B, +c,¥, is the 
first element of first row of A. 


Now, similar product first row of A, and second row of A, 
gives a, +b, Bh, +c,Y2 is the second element of first row 
of A and the product of first row of A, and third row of A, 
gives 2,03, +b, 85 +c,¥3 is the third element of first row 
of A The second row and third row of A is obtained by 
multiplying second row and third row of A, with 1st, 2nd, 
3rd row of A, in the above manner. 


a, b, | jo, BN 
Hence, A=A, XA, =|a2 b, c2/X|Q2 Be Y2 
a; bz cs} [43 B3 Ys 
a, + b,B. +c1¥2 
G2 A, +b, By + ¢2¥2 
A302 +b3B, +32 
a3 +b,B3 +c1Y3 
a, 43 +b, B3 +c2¥3 
a303 +b3B3 +c373 
Multiplication can also be performed row by column or 
column by row or column by column as required in the 
problem. 
12 3 2 7 & 
[Example 20. Evaluate|-2 3 2|/x| 3 -2 1 
3 4 -4 2 1-2 


a, +b,B, +eyy, 
=| a2, +.B, +c27; 
a0, +b5B, +¢37, 


Using the concept of multiplication of determinants. 
12 3| |-2 1 3 

A=|-2 3 2|x|3 -2 1 
3.4 -4, | 2 1 -2 


Sol. Let 


On multiplying row by row, we get 


—2424+9 3-443 2+2-6 
A=| 4+3+6 -6-6+2 -4+3-4 
-6+4-12 9-8-4 6+4+8 
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9 Zz -=2 
=| 13 -10 -5 
-14 -3 18 


Applying C; > C, + C3 andC, > C, + C3, then 


7 0 <2 

A={8 -15 -5 

4 15 18 

Applying R, > R, + R3, then 
7 0 —2 
A =|12 0 13 
4 15 ++ 18 


Expanding along C2, we get 


7 -2 
-15 = -15(91 +24) =-15 x 115= -1725 


12 


} Example 21. If ax? +by? 
+z? =ax} + by}+cz} =ax} +by; +cz} =d, 
GX, X3+by2 y3+CZ2Z;3 
= OX; X, +by zy) +CZ3Z) =GX)X2 +by V2 + C222 =f, 
then prove that 


x Z 
1 oY 41 [(d+2f)|"” 
X2 Yr 22 FSW) ape] 
Xz Y3 23 
yY MW 4 
Sol. Let LHS = A = X2 y2 22 
X3 Y3 23 


xX YW % y MW % 


Z2|%|X2 V2 22 


Xz Y3 «23 X3 3 «23 
: 1 WM 4 ax, by, czy 
=—|xX2. yo Z2/X|ax, by, czz 
abc 


[x3 Ys 23] |ax3 bys czy 


ax? + by; + cz; AX,Xq + by y2 + C222 


= ax; + by; + cz; 


[ax%2 + byyy2 + CZZ2 


laxs>, + by3y, +¢Z32, aX2X3 + by, y3 + C2223 


Gx4x, + by3y, + ¢232 
ax X3 + by2 y3 + cZ2 23] [multiplying row by row] 
ax, + by3 +¢z5 
qd ff 
fo df 
f fd 


1 : 
ar [given] 
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Applying C, > C, + Cz + C3, then | Example 22. Show that 


2 
cn a (d+2f)| is a*+x? ab-—cx ac+bx x cb 
=—{d+2f d fil=——|1l d f 2 7 
c abc ab+cx b°+x° bc-ax|=|-c x 4a|. 
d+2f f d 1 fd 5 n 
ac-bx bc+ax c°+x b -a xX 
Applying R, — R, — R, and R; > R, — R,, then 
1 f f x ce —b 
. Sol. Let A=|-c x a 
_(4+2f)|, d-f 0 = Da fy b -a x 
abe , Cae 
Cofactors of 1st row of A are x * + a“, cx + ab, ac — bx, 
0 0 d-f cofactors of 2nd row of A are ab — cx, x” +b’, ax + be and 


cofactors of 3rd row of A are ac + bx, be — ax, x’ + o. 


rele pfeeeel” = RHS 


Hence, the determinant of the cofactors of A is 


atx? abtcx ac—bx 


An Important Property AM =lab—-cx b? +x? be+ax 


If A,,B, andC,,... are respectively the cofactors of the act+bx be-ax c? +x’ 


elements a,,5, and c,,... of the determinant. ; 
Interchanging rows into columns, we get 
a, b, Cy A, B 1 C; 2 


a+x? ab-—cx actbx x c —-b 


Ae a2 by C2|, A0, then A» B, C; = A? A= ab+ cx b? +x? be ~ax|=|—-c x a [-- A =A") 
a, bz Cy A, B3 C; ac-bx be+ax c*?+x*} |b -a x 
Proof Consider _ 
a, b, | |A, B, G [Example 23. Prove the following by multiplication of 
determinants and power cofactor formula 
ao b, Co|X Ag B, c js b 2 b? j ‘ 
ac 
Qs b; C3 A 3 B 3 C3 C i. iy : b 
c 0 a] =| a cg ie 
a,A,+b,B, +¢,C, a,Az +b,B, +¢;C, b é 2 b2 
+ 
=| @2A,+b.B,+c2C, a,A2 +b,Bz+0¢2C, c? ae e 
2 
a,A, +b3B, +c,C, a3,A> +b,B, +c,C, ot 6 ab ac 
2 Ria.2 
a,A3;+b,B;+¢,C, =| ab -b*  bc}=4a°b’c 
2 
a,A,+b,B,+0,C; ac bce -c 
43A,+b3B,+¢3C; 0c b 
[multiplying row by row] Sol. Let A=j/c 0 al. Expanding along R,, then 
/ ba 0 
0 0 j asa;A, +b,B, +¢,C, ; 
A =0-c(0- ab) + b(ac — 0) = 2abc 
=10 A 0|=A° A, i=j : elo ah) bine) 
ik = ee 0c b 
al . c 0 al =A? =(2abc)? = 4a°b?c" wi) 
A, B, Cy Ay B, C1 b a 0 
=> AIA, B, C,|=A® or |A, B, C,/=” eo a? ty =e Wee 6 
A; Bz C; A; By Cy Also, jc 0 a} =|c 0 alxic 0 a 
[A £0] b a 0 ba 0O| |b a O 
Note Let A #0 and A‘ denotes the determinant formed by the be +c? ab ip 
cofactors a ee i determinant, then bl: aa Bing ie Ai) 
bl ac be a+b? 
This is known as power cofactor formula. 
{multiplying row by row] 
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—-a ab ac 
-b? bc |= A?! =A? 


ac be -c? 


0c bl’ 
=Ic 0 a ...(iii) 
b a0 
From Eqs. (i), (ii) and (iii), we get 
0 ¢ bl’ b? +c? ab ac 
c 0 al=! ab e* +a" be 
ba 0 ac be a’ +b? 
-a’ ab ac 
=| ab -b* bel = 4a*b’c? 
ac be -c? 
Express a Determinant Into 
Product of Two Determinants 
+b OQ, +b 
Consider the determinant si By 02 + Br 
Q, 0%, +b,B, a,0,+b2 B, 
biti a,0,+b,B, a0, +b, Bp 
4,0, +b,B, a,0,+b2 Bp 
By the property of determinant, A can be written as 
gare “Gee + b,B, | PiB: a0, +b,B, 
42 Oy Q2 2 +b, B2| |b2B, a,0, +b, 8, 
‘ a;Q%, aA a,%, 5B, b,B, a0, 
@2Q%, G22] |a,Q, b, B. bo B, a2, 
b,B, 7 
boB, 628, 
a, @ a, b b, a 
=O. '! +08. ") + Bia, aa 
a2 a2 a, by bp a2 
b, bd, 
+ 
B,B. b, ‘| 
=0+a,8, ay —B, a, ay i +0 
a2 b, Qs b, 
ay b, 
aa (Bz — a, B,) 
a, db, 
[1 b, gal B, 
a, b.| |, By 
ee a,Q2 + b,B, _|% by sel B, 
a0, +b,B, a,0,+b.B2} Ja, by] |a, B, 
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| Example 24. Prove that 


535 


qja,;+b,B; a0%2+bB, aa;+bB; 
070,;+5,B, ,4,+b,B, a,a;+b,B;/=0. 
a30,+b3B, a302+b3B, 0;0;+b3B; 
ao,+bB, aa,+b8, aa,t+ bp, 
Sol. LHS =|a,0,+5,B, a4, +bB, a,a; +528; 
a,0,+5;B, a4, +568, aa; +58, 
a b 0} ja, B, 0 
=|a, b, O}xila, B, 0 [row by row] 
a, b; 0| |a; B; 0 
=0x0=0= RHS 


[Example 25. Prove that 


2 a+B+yt+d 
a+B+y+d 2(a +B) (y + 8) 

ab + yd aB (y + 8)+ y5(a +B) 

aB + yd 

aB (y + 8) + y5(a + B)| =0. 

2aBy5 
2 a+B+ryt+d 
Sol. LHS =|a+B+y+8 2(a + B)(y + 8) 


af + 5 


1 1 0 1 


aB(y + 5) + y5(a +B) 


aB + yd 
aB(y + 5) + y5(a +B) 
2apyd 
I 0 


=la+B y+5 Olx]y+85 «+68 0} [row by row] 


aB ys 0 75 
=0x0=0=RHS 


| Example 26. Prove that 


aB 0 


cos(A-P) cos(A—Q) cos(A-—R) 
‘!cos(B-P) cos(B-Q) cos(B-R)|=0. 
cos(C-—P) cos(C-—Q) cos(C -R) 


cos(A - P) cos(A - Q) 
Sol. LHS =|cos(B- P) cos(B-(Q) 
cos(C- P) cos(C -Q) 


cosA sinA 0} |cosP 
=|cosB sinB 0|x/cosQ 

cosC sinC 0} |cosR 
=0x0=0= RHS 


cos(A — R) 
cos(B — R) 
cos(C — R) 
sinP 0 
sinQ 0 
sinR 0 


[row by row] 
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| Example 27. If «,B and y are real numbers, without 1+2ax tax? 14+2bx4+b?x? 14 2cx +07x’ 


expanding at any stage, prove that 
1 cos(B-—a) cos(y—-«a) 
cos (a — B) 1 cos (y —B)|=0. 
cos(a—-y) cos(B-y) 1 
1 cos(B-—Q@) cos(y - a) 
Sol. LHS =|cos(a — B) 1 cos(y — B) 
cos(a-—y) cos(B-y) 1 


cos(a—@) cos(B-a@) cos(y -a) 
=|cos(a—-B) cos(B-B) cos(y -B) 

cos(a—'y) cos(B-y) cos(y -y) 

cosa sin® O} j|cosa sina 0 
=|/cosB sinB 0}x/cosB sinB 0 


cosy siny 0] |cosy siny 0 


=0x0=0=RHS 


} Example 28. If a,b,c, x,y,z eR, prove that 


(a-x)? (b-x)? (c-x)? 


(a-y)* (b-y)? (c-y 


‘3 


(a—z)* (b-z)’ (c-z)’ 
(j+ax)? (14bx)? (14 ex)? 
=|(l+ay)? (ltby)? (1+ cy)? 
(lt+0z)? (1+bz)? (14+z)? 


(a-x)? (b-x)? (c—x/ 
Sol, LHS =|(a-y)? (b-y)’ (c-y)’ 
(a—z)* (b-z)? (c—z) 


=|1+2ay+a’y? 1+2by + b’y’ 1+2cy+e'y’ 
l+2azt+a7z? 142bz+b'z? 142cz +072" 
{multiplying row by row] 
(1+ax)* (1+ bx)? (1+ cx)? 
=|(1t+ay)? (1+ by)? (1+ cy)?|}= RHS 
(1+az)* (1+bz)® (1+ cz)? 


System of Linear Equations 


(i) Consistent equations Definite and unique solution 
[Intersecting lines] 
A system of (linear) equations is said to be consistent, 
if it has atleast one solution. 
x+y=2). 
For example, System of equations y is 
x-y=6 
consistent because it has a solution x = 4, y=-2. 
Here, two lines intersect at one point. 
i.e., intersecting lines. 

(ii) Inconsistent equations No solution [Parallel lines] 
A system of (linear) equations is said to be 
inconsistent, if it has no solution. 

Let a,x + by +c, =O and a,x + boy +c, =0, then 
a, _b 
Qo b, Co 
= Given equations are inconsistent. 
ety =2 ||, 
For example, System of equations ang is 
2x +2y= 5| 


inconsistent because it has no solution i.e., there is no 


2 2 2 2 2 2 : 
BUS: er Siem ee eae value of x and y which satisfy both the equations. 
=|a°-2ay+y? b°-2by+y’ c? -2y ty" Here, the two lines are parallel. 
2 2 2 2 2 2 
amet z WY -ebe+z” co ecz tz (iii) Dependent equations Infinite solutions 
2 2 {Identical lines] 
1 2x x a -a il i ve asta ‘ad 
ions is sal ependent, 
=l1 2y y*lx{b? -b 1 [row by row] se aa ( inear) equations is said to be dep 
i oe th ee. Gi if it has infinite solutions. 
Let a,x +byy +c, =Oand a,x + by +c, =0, then 
; . a, b, ¢ 
i a — —1 =—1 =-! > Given equations are dependent. 
=|1 2y y? x (-1)(-1)}1 b b Qo b, Cy 
1 2z 2° 1 ¢ ‘< ge yes 
For example, System of equations y | is 
[C, <> C; and taking (—1) common from second 2x +4y =6| 


1 2x x? laa 


=|1 2y y*|xl1 bb? 
1 2z 27| |1 ¢ ec? 


determinant] 


dependent because it has infinite solutions i.e., there 
are infinite values of x and y satisfy both the 
equations. Here, the two lines are identical. 
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Cramer's Rule 


System of linear equations in two variables 


Let us consider a system of equations be 


ax+byte, =0| 
a,x + boy + C2 =0] 


a 
where — # 
a 


On solving by cross-multiplication, we get 


ua 
2 


1 


x = y eas 
(b,c, —bac,) (cya, —C24,) (a,b, —a,b,) 
x 1 
or —__—_—_—__. a a a 

b, cy c; ay a, »d, 

by C2 Co a2 a, b, 
b, Cy Ci a, 
| bo ¢ & @ 
or gol 2 ye 2 42 
a, Dd, a, b 
a, b, a, b, 


in Three Variables 


a,x+b,y+c,z=d, 


Q,X+b,y+c,z=d, 
a,x +bay+c3z =d, 


a, b, Cy d, 

Here, A=|a, 5, cz}A; =/d, 
ay b, C3 d, 
a d, cy 


A, = Qo d» Co and A; = 


Qa, dz C3 


If A#0, then 


System of Linear Equations 


b, 
b, 
bs 
a; 
a2 


a3 


Let us consider a system of linear equations be 


di by c A,X +O, y TCyz 


A, = d, b, Co | =| gx + boy +09z 


d, bz c3] |agx+b3y+c3z 


Applying C, > C, -—yC, -2zC3, then 


a,x b, Cy a, 
A, = ayX b» Co. =X Qo 


Qa3x b, C4 a3 
x == where A #0 


Similarly, A, =yA and A; =A 
A, A; 
=—| andz=— 

2 A 


C} 

Col, 

C3 

b, d, 

b, d, 

bs dy 
by 
b, 
b; 

Cy 

Co |= xA 

C3 


..(i) 
a(t) 


...(iii) 


Cy 
C2 


C3 
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Thus, a ee where A #0 ...{iv) 
A A A 

The rule given in Eq. (iv) to find the values of x, y and z is 

called the CRAMER’S RULE. 


Remark 


1. A; is obtained by replacing elements of /th columns by 
0;, A, dx where / = 1, 2, 3 
2. Cramer's rule can be used only when A #0. 


Nature of Solution of System of 
Linear Equations , 


Let us consider a system of linear equations be 
a,x +bhyt+c,z=d, 
a,x +boy +z =d, 
a3X + b3y +032 =d, 
Now, there are two cases arise: 
CasellIf A#0 
In this case, x a 2. ee! 
A A A 
Then, system will have unique finite solutions and so 
equations are consistent. 
Case Il If A=0 
(a) When atleast one of A,, A,, A, be non-zero 
(i) Let A, #0, then from A, = xA will not be satisfied 
for any value of x because A =0 and A, #0 and 
hence no value of x is possible. 

(ii) Let A, #0, then from A, = yA will not be satisfied 
for any value of y because A =0 and A, #0 and 
hence no value of y is possible. 

(iii) Let A, #0, then from A, =zA will not be satisfied 
for any value of z because A=0 and A, #0 and 
hence no value of z is possible. 

Thus, if A=0 and any of A,, Az, A; is non-zero. 
Then, the system has no solution i.e., equations 
are inconsistent. 


(b) When A, =A, =A, =0 


A, =xA 
In this case, A, = yA} will be true for all values of x,y 
A; zal 


and z. 


But, since a,x +b, y +c,z =d,, therefore only two of 
x, y and z will be independent and third will be 
dependent on the other two. 


Thus, the system will have infinite number of 
solutions i.e., equations are consistent. 
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Remark 
4. IfA #0, the system will have unique finite solution and so 
equations are consistent. 
2. If A = 0 and atleast one of A,, Ay, A, be non-zero, then the 
system has no solution i.e., equations are inconsistent. 
3. If A =A, = A> = A; =0, the equations will have infinite 
number of solutions i.e. equations are consistent. 


| Example 29. Solve the following system of 
equations by Cramer's rule. 
x+y=4 and 3x-2y=9 


1 1 
Sol. Here, A= =-2-3=-5+40 
3 2 
4 1 
A, = =-8-9=~17 
9 4 
1 4 
and A, = =9-12=-3 
2 8 : 
Then, by Cramer’s rule 
set aT and ere eae ter 
A -5 5 A -5 5 
ie 
5 5 


| Example 30. Solve the following system of 
equations by Cramer's rule. 


X+y+zZ=9 
2x + 5y +7Z = 52 
2x+y-z=0 
11 1 
Sol. Here, A=|2 5 7 
21 ~!1 
Applying C, > C, -C, andC; > C, —-C,, then 
Joc 0 eee 0 
=|2 3 3 
2 ~1 =—3 
Expanding along R,, then 
, 4 
4-1] Jano += 40 A, =|52 5 
~ 01 


Applying Ce — C, + C3, then 


9 2 1 
A, =| 52 12 7 
0 0 ~1 


| 
7 
=] 


Expanding along R;, then 


9 2 
A, =(-1 = —(108- 104)=-4 
1 =( Neo és ( 
1 9 1 
> A,=|2 52 7 
2 0 =I] 
Applying C, > C, + 2C;, then 
3 9 1 
A, =|16 52 7 
0 0 -1 
Expanding along R;, then 
711% 
3 9 
A, =(-1) = —(156 — 144) =-12and A, =|2 5 52 
16 52 
21 0 
Applying C, > C, — 2C2, then 


Expanding along R;, then 

=| 9 
-8 52 
= —(-52 +72) = —20 


A; =(-1) 


Then, by Cramer’s rule 


ae eee 
and gn Ar ~~ 20 _, 
A -4 


x=1y=3,z=5 


| Example 31. For what values of p and q, the system 
of equations 
x+y+z=6 
x +2y +3z =10 
x +2y + pz =q has 
(i) unique solution? 
(ii) an infinitely many solutions? 
(iii) no solution? 
Sol. Given equations are 
xty+z=6 
x+2y+ pz=q 
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=> x+2y+3z=10 
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a 2 611 | Example 32. Find the value of A, if the following 
A=|1 2 3/=(p-3) = A,=]10 2 3 equations are consistent 
_ 2 X+y-—3=0 
P oe (l+A)x+(2+A) y-8=0 
= 6(2p —6)— 1(10p —3q) + (20-2) X— (1+A)y+(2+A)=0 
=2p+q-16 Sol. The given equations in two unknowns are consistent, then 
1 @ 4 1 1 -3 
4,=|t 10 3 . (1+A) (2+A) -8|=0 
1 q p 1 -(1+A) (2+A) 
= 1(10p —3q) - ( p —3) + 1(q - 10) = 4p —2¢ +8 Applying C, - C, - C,; and C; > C3 +3C,, then 
11 6 1 ee 0 ome 0 
and A;=]1 2 10 : 
12 q (1+A) 1 (3A — 5)|=0 
= 1(2q — 20) — 1(q — 10) + (2~2) = q -10 : 
(i) For unique solution, A #0= p #3,qER 1 —(2 +d) (5+A) 


(ii) For infinitely many solutions, A = A, = A, = A; =0 Expanding along R,, then 
p =3,q =10 1 3A-5 
(iii) For no solution, A = 0 and atleast one of A,,A2,A; is Le <2) Gd) 
non-zero is p =3 and q ¥ 10. 
=> (5+A)+(2+A)(3A—5)=0 
= - 302422 -5=0 or (3A +5)(A—-1)=0 


Condition for Consistency of Three ‘ h=1-5/3 
Linear Equations in Two Unknowns 


Let us consider a system of linear equations in x and y . System of Homogeneous 
memeber nai! “Linear Equations 


a,x +boy +c, =0 ...(ii) 
a,x +b3y +c, =0 ...(iii) | Let us consider a system of homogeneous linear equations 
will be consistent, the values of x andy obtained fromany 1 three unknown x, y and z be 
two equations satisfy the third equation. a,x tbyy+cz=0 ---{i) 
On solving Eqs. (ii) and (iii) by Cramer’s rule, we have apt, y Hee =0 --(il) 
a,x+b3y+c3z=0 ...(iii) 
a — a, b cy 
ee Here, A=la, by Ce 
by ¢3| |C3 a3] [a3 ds a, b3 C3 


Case I If A #0, then x =0, y=, z =0is the only solution of 


a, bp Cy +b,|? “l4e, a, b, =0 above system. This solution is called a Trivial solution. 
3 C3 C3 a3 a, Case I If A =0, atleast one of x, y andz is non-zero. This 
bc , ; 5 al solution is called a Non-trivial solution. 
2 2 ” 
ay be Gy “B — + Cy =" = Explanation From Egg. (ii) and (iii), we get 
x z 
a, bb Gy a a a 
a Be. wee hed (b2¢3—b3c2) (c2@3 —¢€3@2) (a,b 3 —a3b2) 
2 92 2)= 
x z 
a, bs Cc, or ie ee = ——— =Kk[say] (#0) 
ahi by C2] |€2 G2} |az de 
which is the required condition. 
bs 3] |c3 a3} |a3 by 
Remark bo ¢ c a. b 
_pl@2 ©2) . a hb2 _ 1/42 92 
For consistency of three linear equations in two knowns, the x=k F 2 =k i @ and z=k e. % 
number of solution is one. 2 “3 ii. a: 


wwWwW.JEEBOOKS.IN 


540 = Textbook of Algebra 


On putting these values of x, y and z in Eq. (i), we get 


be @el le ap | la, bo 
a; iP oe L +, iP a NS ee I, - }=< 
| b, C3 | | Cz «3 | | ay b3| 
b, c Qa C 
=> a|? “l-b,| 7 “l+e,] 7% 7{=0 [-k¥0] 
bs C3 ay C3 a3 3 
a, by Cc 
or a, by c,|=0 or A=0 
a, bs cy 


This is the condition for system have Non-trivial solution. 


Remark 


1. If A #0, the given system of equations has only zero solution 
for all its variables, then the given equations are said to have 
Trivial solution. 


2. If A=0, the given system of equations has no solution or 
infinite solutions for all its variables, then the given 
equations are said to have Non-trivial solution. 


| Example 33. Find all values of A for which the 
equations 
(A -—1)x+(3A+1)y+2Az=0 
(A-1)x+(4A -2)y + (A+ 3)z=0 
2x+(3A41)y+3(A-1)z=0 
possess non-trivial solution and find the ratios x: y :z, 
where A has the smallest of these values. 


Sol. The given system of linear equations has non-trivial solu- 
tion, then we must have 


A-1 3A+1 2A 
A-1 4A-2 A+3 |=0 
2 3A+4+1 3(A-1) 
Applying R, — R, — R, and R; > R; — R,, then 
A-1 3A41 220 
0 A-3 -A+3}=0 
3-rA 3600 A-3 
Applying C, > C3 + Co, then 


A-1 3A +1 SA +1 


Expanding along R2, we get 


A-1 SA+1 

A-3y aesl 
=> (A-3)[(A -1)(A -3)-(3-A) (5A 4+ 1)]=0 
=> (A - 3)’ 64 =0 
1 =0,3 


Here, smallest value of A is 0. 
.. The first two equations can be written as x — y = Oand 


x + 2y —3z =0. . 
Using Cramer’s rule, we get 
an igh 
-1 O 0 1 L = 
2 -3 -3 1 1 2 
- Xda 2 gp Seeker 
3 6 @ 1 1 1 
X:y:Z=1:1:1 


| Example 34. Given, x =cy +bz, y =az+ cx and 
z =bx + ay, where x, y and z are not all zero, prove 
that a? +b? +c? + 2abc =1. 


Sol. The given equation can be rewritten as 
x -cy~bz=0 
—x+y-—az=0 
—bx -ay+z=0 
Since, x, y and z are not all zero, the system will have 
non-trivial solution, if 


1 -c -b 
-c 1 -a/=0 
-b -a 1 
Applying C, + C, + cC, and Cy 3 C; + bC,, then 
Loe 0 0 
—¢ 1-c¢? —a-—bc|=0 
—b -a-—be = 5" 
Expanding along R,, we get 
1 1-c? —a-—be| _ 
-a-—be 1-b? 
= (1-c?)(1-b?) -(a + bc)* =0 
=> 1-b? —c? + b*c? — a? — b’c? — 2abe =0 
=> a’ +b? +0? + 2abe=1 
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@| Exercise for Session 3 


1. 


2. 


70. 


11, 


12. 


13. 


Number of second order determinants which have maximum values whose each entry is either -1or 1 is equal to 
(a)2 (b) 4 (c) 6 (d) 8 
Minimum value of a second order determinant whose each entry is either 1 or 2 is equal to 
(a) 0 (b) -1 (c) -2 (d)-3 
i my mM 
If? +m? +n? =1, (i =12,3)and/J, + mm, +0;n; =O, (i # j:i,j =142,3)and A=|l,_ m2 ng}, then 
Iz M3 73 
(a) |Aj=3 (b) |A]=2 (c) |4|=1 (d) |4|=0 
44, 442-43 


Let Ap =|a2; €@22 23|and A, denotes the determinant formed by the cofactors of elements of Ag and Az 


431 432 433 
denote the determinant formed by the cofactors of A, and so on. A, denotes the determinant formed by the 
cofactors of A, _;, the determinant value of A, is 


" (aya? (b) a2” (c) 43 (4) A2 
1 x x? x=] O x=x 
if|x x? 1/=3,thenthevalueof} 0 x-x* x%-1I, is 
x? 1 x re eS | O 
(a) 6 (b) 9 (c) 18 (d) 27 


(a,;-by)* (a-b2)’ (a-b 3)? (a;-b,)? 
(a7-b 4) (a2-b2 (a2-b 3)? (a2 -b)? 
(a3-b,)’ (a3-b2)° (a3-b3)° (a3 -b4)*| 
(a4 -b 4)’ (a -b2)* (a-b 3) (a -b4)? 
(a) depends ona,,i =1,2,3,4 (b)dependsonb,i=1,2,3,4 (c)dependsonc,,i=1, 2,3,4 (d)0 


The value of the determinant is 


14 X_ 0 14X4qx 14%4x? 
Value of 1+ x2 14+ X2X 1+ Xo x?! depends upon 
14 Xq 14X5X 14 x5x? 
(a) only x (b) only x, (c) only x, (d) None of these 


If the system of linear equations x + y + z =6, X + 2y + 3z =14 and 2x + Sy + Az =n (A. ER )has a unique 
solution, then 

(ajAz#8 (b) A = Band # 36 (c)A = 8andyp = 36 (d) None of these 

The system of equations ax-y-z=a-1, x-ay-zZ=a-1,x-y-az=a-1 

has no solution, if a is 

(a) either —2 or 1 (b) -2 (c) 1 (d) not (~2) 


The system of equations x + 2y -4z =3, 2x -3y + 2z =Sand x -12y + 16z =1has 
(a) inconsistent solution (b) unique solution (c) infinitely many solutions (d) None of these 


If c <1and the system of equations x + y -1=0, 2x - y -¢ =O and -bx + 3by —c =Ois consistent, then the 
possible real values of b are 
3 3 3 
a)b e| -3, = b)b al. Ze. c)b (-$ 3 d) None of these 
ab ef | (oyb ef -5 (e)b ¢{-3 (a) 


The equations x + 2y =3, y -2x =1and 7x —6y + a =O are consistent for 
(aja=7 (b)a=1 (c)a= 11 (d) None of these 


Values of k for which the system of equations x + ky + 3z =0, kx + 2y + 2z =O and 2x + 3y + 4z =0 possesses 
non-trivial solution 
5 J | 5| s} 
a) {2 ~} b) {-2, = c){2-—- d) 4-2, -= 
| 4 (o)|-2¢ {2-3 (){-2-° 
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Session 4 


ee 


<a 2h. ee 


LLL TO EOE ETT 


Differentiation of Determinant, Integration ofa 
Determinant, Walli’s Formula, Use of > in Determinant 


Differentiation of Determinant 


Let A(x) be a determinant of order n. If we write 
A(x) =(C, C, C;...C, ] where C,,Cz,C3,...,C, denotes 
Ist, 2nd, 3rd, ..., nth columns respectively, then 


A’ (x) =[Cy Cr C3 Sg OF Ee (Sy C’, C3 smn, | 
#[C, Cp Ch C] 4+ 


=Z[C,'C, Car Cy | 


where C; denotes the column which contains the 


derivative of all the functions in the ith column C;. Also, if 


-R, 
R, 
A(x) = R, 
Ra 
where R,, Ro, R3,...,R, denote 1st, 2nd, 3rd, ..., nth rows 
respectively, then 
Rr] [Ri] [R Ry] [Rr 
R, R; Ki R, R, 
A(x) =| Rs | +] Rg | +} Rg] 4+--- +] Rs | =D] Rs 
R R R ia R 


where R‘, denotes the row which contains the derivative of 


all the finetiane’ in the ith row R;. 
Corollary I For n=2, 
A(x) =[C, C,], then A(x) =[Cy C.] +[C, Cz] 
RAL LR 
J} LR. 


Also, if =| then A(x) = 
LR, 


2 


For example, Let A(x) = mie): Dike) , then 
a,(x) b,(x) 
ate a[8@ HOD), Ja) by) 
a,(x) b2(x)| ja2(x) b2(x) 


[derivative according to rowwise] 


+[Cy C2 C3:++ Ch] 


Corollary II For n =3, A(x) =[C, C, C3], then 
A(x) =[Cy Cz C3] + [Cy Cz C3] +1C1 Cr C3] 


R,| - RY R, | [R 
Also, if A(x) =| Rp |, then A’(x)=| R, | +] R2 | +] ® 
R3_ ee R, R, 
a(x) a(x) @3(x) 
For example, Let A(x) =| b,(x) b2(x) 0b 3(x)}, then 
C(x) ¢2(x) ¢3(x) 
a(x) az(x) a(x) 
Ax) =|bi(x) be(x)  b3(x) 
C(x) ¢2(x) ¢ 3(x) 
a(x) a(x) a3(x)| |a,(x) a@2(x) s(x) 
+) by(x) ba(x) b3(x)}+] by (x) a(x) bs(x) 
ex(x) eax) es(x)] for(x) esx) 09(2) 
[derivative according to rowwise] 
Remark 


1. Ina third order determinant, if two rows (columns) consist 
functions of x and third row (column) is constant, let 


a(x) a(x) a(x) 
A(x) =|O(x) B(x) 64(x)}, then 

Cy Co C3 

a(x) a(x) a(x)| jal(x) a(x) a(x) 
A(x) =1B(x) bo(x)  b4(x)}+ ]O(x) ba(x)-83(*) 


C Co C3 C Co C3 


2. Ina third order determinant, if only one row (column) 
consists functions of x and other rows (columns) are 
constant, let 


A(x) a(x) a(x) a(x) a(x) a(x) 
A(x) =| 6, b bg |, then A(x)=| 0 & by 
CG Ca C4 C Co Cg 


and in general 
qd” d” dq” 
— —{a(x) 
cral)} tala} {ale 
b b bs 


n 
(400) = 
: Cy Co C3 
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Important Derivatives 
(Committed to Memory) - 


Ifa and b are constants and n€ N, then 


1. if y=(ax +b)”, then : x =n!a" 


dx 
an. \ 
2. if y =sin(ax +b), then dt = sin{ +ax + b| a" 
dx" \ 2 
d"y ( nt ae 
3. if y=cos(ax +b), then —— =cos| —+ax+b]-a 
dx" \ 2 J 
sSiINX COSX  siNx 
[Example 35. If f(x)=|cosx -sinx cosx\, 
x 1 1 
find the value of 2/1) + {f(1)}?. 
cosx -—sinx cosx sin x cosx sinx 


Sol. f'(x)=|cosx -sinx cosx|+|-sinx -cosx -sinx 
x 1 1 x 1 1 
cos x 


sin x sin x 


+/cosx -sinx cos x| (derivative according to rowwise] 


0 0 
cosx sinx 2 ci 
=0+0+1) | =cos°x +sin°'x=1 
-sinx cosx 


a f(x)=1> f'(0)=1 and f(1)=1 
= 2 4 {p(ayPedtti a3 


cOSX sSiINX  COSX 
[Example 36. Let f(x)=|cos2x sin2x 2cos2x |, 
cos3x sin3x 3cos 3x 


ee 
then find the value of f’| — |. 
\2) 


cosx sinx  cosx 
Sol. Given, f(x)=|cos2x sin2x 2cos2x 
cos3x sin3x 3cos3x 
—sinx sinx cos x 
f’(x)=|-2sin2x sin2x 2cos2x 
—3sin3x sin3x 3cos3x 
cosx  cosx cos x cosx sinx —sin x 
+|cos2x 2cos2x 2cos2x|+|cos2x sin2x —4sin2x 


cos3x 3cos3x 3cos3x cos3x sin3x —9sin3x 


[derivative according to columnwise] 


ig) ft 2 2 0 1-1 

T 

=e 0 0 -2a+o0+|-1 0 0 
3-1 0 0-1 9 


['.« Cz = C3 in second determinant] 
= 2(1-3)+1(9 -1)=-4+8=4 


Chap 07 Determinants 543 


| Example 37. Let a be a repeated root of a 
quadratic equation f(x)=0 and A(x), B(x) and C(x) be 
polynomials of degree 3, 4, and 5 respectively, show 

A(x) B(x) C(x) 
that} aio.) Bla) Cla) #5 divisible by f(x), where 


A’(a) Ba) Ca) 
prime (“) denotes the derivatives. 


Sol. Since, a is a repeated root of the quadratic equation 
f(x) =0, then f(x) can be written as f(x) = a(x — a)’, 
where a is some non-zero constant. 

A(x) Bx) C(x) 
Let g(x)=|A(a) Bia) C(a) 
Aa) Bia) C(a) 
g(x) is divisible by f(x), if it is divisible by (x — a)’ ie., 


g(a) =0Oand g’(a)=0. As A(x), Rx) and C(x) are 
polynomials of degree 3, 4 and 5, respectively. 


.. Degree of g(x) 22 
A(a) Baa) C(a) 
Now, g(a)=|A(a) Bia) C(a)j/=0 


Aa) Bia) Ca) 

(". R, and R, are identical] 
C(x) 

C(a) 

C(a) 

C'(a) 

C(a)|=0 

C(a) 


A(x) 

Also, g’(x)=| A(a) 
A“(a) 

Aa) 

g(a) =| A(a) 
Aa) 


B’(x) 
Bic) 
B’(a) 
B’(a) 
Ka) 
B'(a) 

[-.. R, and R, are identical] 
This implies that f(x) divides g(x). 


| Example 38. Find the coefficient of x in the 


determinant 
(1 x) (rt x) (1 xs 
(1+ x) (14 x)? (1+ x)92% 
(1+ x23 (T+ x)252 (4 x28 


Sol. We know that, if f(x) be a polynomial, then coefficient of 


x" in f(x) = - f"(0) 


Gea” Gea” (ae 
Let f(x)= (1 + xz (1 + x)2e (1 + xyr 
(L+x)?> (1+ x) (14 x) 


a,b(1+ x)" ayb,(1 + x)*?~a.by(1 + x)22 7! 
(1+ x) 4c eal 
(1+ x) (1+ x) (14 xy 
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(1+ x)™ (1+ x)"”# (1+ x)0® a ok 
+ la, b(1 + x)2a7} ayb, (1 + x)! a, by (1+ x)2bs-! " of all cofactors in A(0), whereA(0)=|B 9 
(1+ x) (1+ x)%% (1+ x)? Le 
A”(x)= + Sis constant 
(1 + x) (1 + x) (1 + x)rbs Si 0 [ IS CO J 
a2 b a,b; aby —— BOs 
+} (1+ x) (1 + x) ; (1 +x) On integrating A(x) =Sx+C 
a3b(1+ x47! ayb, (1+ x) 7} ab, (1+ x)3s~! ce A(0)=0+C 
a,b, ab, a,b; 1 1 1 Hence, A(x) = Sx + A(0) 
 f'O)=| 1 1 1 |+la,b, a,b, a;b, ae! sin X COS X 
1 1 1 i 4.4 ‘nt nn 
1 1 EEXample 40. If f(x)=|0! sin| — | Cos (= 
2 2 
\ 4 \ / 
ant 1 1 a ad 
_ _ a3, a3b, ab, qd" 
=0+0+0=0 then find the value of an {f(x)} at x=0, nel. 
‘ baa 
“. Coefficient of x in f(x) = rn. 0 re ‘ 
; —(x") ——(sin x) (cos x) 
Aliter " dx" / 
Gta Geer? Tas Sol. - —{f(x)}=| an! sin{ =) cos{™*) 
Let (1+ x)2> (14x)? (14 x)?4)= A+ Bxt+Cx? ++ ‘ % , 
a; a,b a,b u tT mt 
(1+ x)?" (14 x)?" (14 x)?" 
On differentiating both sides w.r.t. x and then put x =0in — (nt > Tv 
both sides, we get me <3 oh on 9 
B= 1 1 1 +a, b, a,b, a,b, + 1 1 1 \ 2 ) | 2 
i +t 4 1 1 1] fab, ab, ab, T nt n° 
=0+0+0=0 Pie (nt 
Hence, coefficient of x in given determinant is 0. n! sin( cos (=) 
’ 
a+x O+x A+x *. Tf (x)pat(x = 0)= n! sin( “2 cos( 
| Example 39. If A(x)=|B+x o+x p+x a a 3 
14 1 


Y+X wx ytx 


show that A”(x)=0 and A(x) = A(0)+ Sx, where S =0 [- R, and R, are identical] 
denotes the sum of all the cofactors of all elements in 


A(0) and dash denotes the derivative. Integration of a Determinant 


1 O0@+x A+x| Iant+x 1 At+x 


Sol. We have, A(x)=]1 O+x pwtx/+|P+x 1 p+x f(x) g(x) A(x) 
1 wtx vtx| lytx 1 vex} Let A(x) =| p q r 
atx O@+x 1 l m n 


+|B +x +x 1) where p,q,r,l,mand nare constants, then 


Ytx wWte 1 ; 
h(x) d 
Applying C, > C, — xC, andC; > C; — x, in first, [ f(x)dx { g(x)dx (x) dx 


C, > C, - xC, andC; > C, — xC; in second and |, A(x)dx =| p q P a 
C; —C, - xC; and C, 7C, — xC; in third, then l m n 
16 Aj ja 1 A} ja 6 1 *3 ‘ ‘ 
emar 
A’(x)=]1 + 1 + 1 
(x) ¢ BI +/B ‘i B ¢ If in a determinant, the elements of more than one columns or 
1wv ily ive jy wil rows are functions of x , then the integration can be done only 


after evaluation or expansion of the determinant. 
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Important Integrals (Committed to Memory) 
sin” x fie 5 uj 
sin" x +cos” x 4 


a 


le dx,VneER 


sin” x +cos” x 


2 /2 
(i) [ tan! x a dee taf 2 ie 
° 1+tan" x 4 © 14+tan" x 
/2 /2 a 
(ii) [ —“_="=f cone dx,VWneER 
9 1+cot"x 4  14cot" x 


I /2 
| 2. af Insin x dx = Incos x dx = ~~ In? 


orEin( >) 
2 (2. | 
(ii) Ng wun 3 Incot x dx =0 


(iii) {- Insec x ={" = IWeoseere ay = 7 In2 


Walli’s Formula 


/2 
(An easy way to evaluate [ sin™ x cos" x dx, where 


m,né W) We have, rc sin™ x cos” x dx 
- {(m —1)(m ~3)...2 or 1} {(n -— 1) (n -3)...20r }} 
{(m+n)(m+n—-2)(m+n-—4)...2or I} 


where, p is 1 / 2, ifm and n are both even, otherwise p = 1. 
The last factor in each of three products is either 1 or 2. In 


case any of m or nis 1, we simply write 1 as the only factor to 
replace its product. If any of m or n is zero provided, we put 1 


as the only factor in its PEceeh and we regard 0 as even. 
For example, 


i sin® x cos* ‘dee 3M He _ 3m 
[10-8-6-4-2] z2 512 
(5-3-2) 42 


[9-7-5-3-1] 63 


3.[" sin’ xcos 1 de = lt 2I6-4°2) 
ve 10-8-6-4-2] 


2 
bof 3 
2.[ sin’ xcos’ x dx = 


~ 256 


(7-5:3-1] 35 
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ab € 
J Example 41. if A(x)=|6 4 3), then 
, oI ee 
find {, A(x) dx. 
a b c 
Sol. i A(x) dx =! 6 4 3 


Applying R, —> Rp - 12R;, then [ A(x)dx = 


[Example 42. If 
sin? x 


f(x)= 


8 () Tt 
aoe —\Int = 
15 2 3 


then find 


[, xdx f, x?ax fj x?dx 


Nol A 
wile fh & 


WL 
o -_ 
 ——aaie 
»|* 

> 
aS 
oS = 

ml—& wi a 


Bole © A 
Wwlie- oOo & 
ml o 4 


Vsin x 


In sin > ¢ —_ 
Vsin x + Vcos x 


k =I 


n vk Ik 
k=1 


4 
the value of las f(x)dx. 


Sol. ["* f(x) dx 


i sin? x dx tg Insin x dx Jo 


sin x 
Vsinx + Vcosx 
a 
Ik 
k=! k=1 


8 T% fi Tt 
a 


cue 


[by Walli’s formula] 
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Example 43. Let f(x ; 
HExamp Hx) Important Summation 
sec X COSX sec” x+Cot x cosec x 
=|cos?x cos’ x cosec’x , then find (Committed to Memory) 
n 
| cos* x cos*x 1. 2 pepreuasee age 
the value of {” f(x)d 7 
e€ value O Xx. 
oO 4 2 n+1)(2n+1 
, 2% ee re ee ea Nae 
Sol. Applying C, > C, — cos” xC,,then r=1 6 
n 
2 3. Dri=Unt=1° 4294373 +... 40° 
sec x 0 sec’ x + cot x cosec x r=1 
f(x)=| cos? x cos? x-cos* x cosec’x n(n+1) | ‘ 
2 =| ——| =(Xn) 
1 0 cos" x 2 
[expanding along C, ] n 
; ieee 4. 2 a=La=at+at+at...ta=an 
7 2 4 sec x sec’ x +cot x cosecx r=1 ‘ ~v : 
= (cos” x — cos” x) 2 n times 
cos’ x 
n 
=(cos* x — cos* x) (cos x — sec’ x — cot x cosec x) 5. D (A-1)N 1 =" -1,VA41andA>1 
r=l 
2 2 1 cos x ; 
= cos” x (1— cos 2){ cos x - - 7 
cos*x sin? x / sin a + eae sn (#) 
| : 2 | 
= cos? xsin®x{ cos x - : -= <) 6. X sin{a +(r-1) B]= “5 
; cos’x sin’ x a sin( 
= cos’ x sin’? x — sin? x — cos’ x 2 
=- cos? x (1—-sin’ x) —sin? x Particular Foro =B =9. 
5 2 
a : 1 6 
. f(x) = sin’ x ; sn} a )e}: (=) 
14 nq 
& i f(x) dx =— cos® x dx — | sin? x dx z sinr0 = 4 ; 
™ (4 2 | E =) = (8 2) - sn( ©) 
gee ede UA cian ie Se | 
\5 3 22) \i5 4 2 . 
by Walli’s formul -1 __ {mB ) 
Ly opnule| cos fae shin] 


Use of = in Determinant 


f(r) g(r) Ar) 
If A(r)=] a b c 


where a, b,c,a,,b, and c, are constants, independent of r, r=1 a) 
sin| — 
then 
n n n 
¥ fir) SX¥e(r) LAr z 
; ae 8. Y (f(r +1)— flr} = fln+1) - f) 
r= 
> A(r)=| a b c | 
r=] : n 1 n 1 1 ‘\ 
a; b, Cy" Particular > = } | --—— 
r=1r(r+l1) r=ilr ri 
ne ae re 
Remark 1 nt+1 n+l 
If in a determinant, the elements of more than one columns or 
rows are function of r, then the & can be done only after 9 y nC =9" 
e r je! 


evaluation or expansion of the determinant. 
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Remark 
Capital pie [1 is not direct applicable in determint i.e., 


, Tha) Tot) Tan 
Il A(r)#| a b c 
a 5 C 


Explanation I] A(r) = A(1) x A(2) x... A(n) 


f() g(t) AA) (2) g(2) A) f(r) gn) 
=| a b c |x] a b C |xX...X| a b 
a4 bh «G 4 Bb G a 4 
Tan Toi) Tan 
# a b Cc 
q b C 


[Example 44. Let nbe a positive integer and 


2r-1 = "C, 1 
A,=| n?-1 2° n+1 |, prove that 
cos?n* cos*n cos?(n+1) 
n 
5 A. =0: 
r=0 
2r-1 "C, 1 
Sol. We have, A, =| n?-1 Z n+1 
cos?(n”) cos?n cos?(n + 1) 
> (r=1) Fe, y1 
‘i r=0 r=0 r=0 
~ A,=| n?-1 o n+1 


cos*(n?)_ —cos*n_—cos” (n +1) 


Now, Si yee r r- y 1 
r=0 r=0 r=0 


=2(0+14243+...¢n)-(1+1+1+... +1) 
(n + 1) times 


gE of neath hn = 
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n?-1 z n+1 
¥ A, =| n?-1 2 n+1  {=0 
cos?(n?) cos?n cos? (n +1) 


[since R, and R, are identical] 


] Example 45. Let n be a positive integer and 
re+r 0 or+1)or-2 
A,=|2r?+3r-1 3r 3r—3j}and 
r?-42r+3 2r—1 2-1 


n 
> A, =an*+bn+c, find the value of a+b+c. 
f=1 


r?+ir r+1 r-2 
Sol. We have, A,=|2r?+3r-1 3r 3r-3 
r?+2r+3 @r-1 2r-l 


Applying R, > R, —(R, + R;), then 


re+r r+l1 r-2 
A, = -4 0 0 
r?+2r +3 2r-1 ar -1 
Expanding along R2, we get . 
_ r+1 r-2 
a2r-1 2r-1 


= 4([(r + 1)(2r -1)-(r - 2) (2r -1)] 


= 24r -—12 
n n n 
Now, > A, =24 Yr-12 21 
r=1 r=1 r=1 
+ 
<9 BOOTY) _ son etonin 1 =a) 
=12n? =an’ + bntc [given] 


For n = 1, we have 


at+bt+c =12 
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a] Exercise for Session 4 


1. 


10. 


2 3 


x x & 
Iff(x)=|1 2 3 |, f%1)is equal to 
0 1 xX 
(a)- 1 (b) 0 (c) 1 (d) 2 
secx x? 
, 3 2 . f(x). 
Letf(x)=|2sinx x~ 2x”|, lim —+ is equal to 
2 x70 x 
tan3x x 
(a) 0 (b)- 1 (c) 2 (d) 3 
x 2 x 
Let|x? x 6|=Ax‘4 + Bx *+Cx ? 4+ Dx +E, the value of 54+ 4B + 3C + 2D + Eis equal to 
x x 6 
(a) - 16 (b) - 11 (c) 0 (d) 16 


x? sinx cos x 


3 
Letf(x)=| 6 -1 0 |, where p is a constant. Then le {f(x }} at x =Ois 


p p> p® a 
(a) p (b) p + p? (c)p+p° (d) independent of p 
y at 2 dy | 
If y =sin mx, the value of the determinant] y3 y4 Ys |, where y, = ——, is 
. Ye 7 Ye * 
(a)m?. (b) m3 (c) m? (d) None of these 


2cos*x sin2x -sinx 
nl2 
Letf(x)=| sin2x  2sin?x cos x |, the value of “{f(x) + f(x)} dx, is 
sinx -cosx 0 


(a) (b) (= (d) 2n 


2 x 
cosx e* 2xcos? (x) 


lff(x)=| x? secx sinx+x? the value of f° (x? + 1)[f(x) + f(x)] dx , is 


1 2 xX + tanx 


(a)-1 (b) 0 (c) 1 (d) 2 
. 2 4 1 
sin* x + cos x Incos x 
1+ (tan x) : 
nt 
Iff(x)=| n? a , the value of [” f(x) dx is 
i 1 1 0 
— --In2 = 
16 2 4 
(a) 2 (b) - 1 (c) 0 (d) None of these 
1 n n ; 
IfA,=| 2k n?4+n+1 n?4+n land > A, =56, thenn is equal to 
=1 
2k -1 n? nr+n+ : 
(a) 4 (b) 6 (c) 8 (d) None of these 
: n-2 C..2 sees as oF 
The value of > (-2)' -3 1 1 |(n>2)is 
one 2 a4 0 
(a) 2n - 1+ (- 1)” (b) 2n + 1+ (- 1)” (c) 2n- 3+ (- " (d) None of these 
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Shortcuts and Important Results to Remember 


1 Symmetric Determinant The elements situated at equal 
distance from the diagonal are equal both in magnitude 
ahg 
and sign. i.e.}h b f |=abc + 2fgh - af? - bg? -ch? 
of « 


2 Skew-symmetric Determinant All the diagonal elements 
are zero and the elements situated at equal distance from 
the diagonal are equal in magnitude but opposite in sign. 
The value of skew-symmetric determinant of even order is 
always a perfect square and that of odd order is always 


‘ 0 c -b 
zero i.e. =a’and|-c 0 a |=0 
b -a 0 
3 Circulant Determinant The elements of the rows (or 


columns) are in cyclic order. i.e., 
1a a ae 
()|1 b b?|=(a-b)(b-c)( -a) 
ie c 
a boc 1141 
(ji)} a b? c2l=|a? b* oc? 
be ca ab} |a® b*® c? 


=(a-b)(b-c)( -a)(ab+ bc +ca) 


a be abc] |a a a? 
(ii) |b ca abc|=|b b? b?\=abc(a—b)(b-c)(¢ -a) 
c ab abc| |c c* c? 


1 1 1 
(iv)|} a b-c |=(a-b)(b-c)C -a)(atb+c) 
a’ bc? 


abc 
Wib c al=-(a*+b*+c% — 3abc) 
Cc a b 


Remark 


These results direct applicable in lengthy questions as behaviour 
of standard results. 


oA A nee ant ae ene. 8 eee 


4 (i) IfA=0, then & =0, where & denotes the 
determinant of cofactors of elements of A. 
(ii) If A #0, then & = A°~', where nis order of A. 
a1 a2 ag 
(iil) Let A =| a1 a2 43 
431 432 433 
The sum of products of the elements of any row or 
column with the corresponding cofactors is equal to 
the value of determinant, i.e. 
A Ciy + Ae + AgQig = oCay + Apna + AosCog 
= €31C31 + AgeC a2 + 2g3C33 = A 
and sum of products of the elements of any row or 
column with the cofactors of the corresponding 
elements of any other row or column is zero, i.e., 
Coq + AWCop + A3C23 = A 1Cg1 + Ao Coq + a xCyq 
=0 
5 Ahomogeneous system of equations is never consistent. 


6 Conjugate of a Determinant If a,b, andc; EC (/ = 1,2, 3) 


el ee eee 
andA=|a bp Co}j,thenA=|a B& Co 
a by Cz a 63 C3 


(i) If Ais purely real, then A=A 
(ii) If Ais purely imaginary, then A =- A 


7 (i) If X, Xo, Xg,...are in AP or a”, a?, a, ...are in GP, 


x Xo X3 
then! Xn+1  Xn+2  Xne3 =O 
Xone+1 Xane+e2 X2n+3 


(ii) If a, ao, a3,...are in GP anda, >0,/ =1,2,3..., 


loga, l0oga+1 logan. 
then|log a3 l0ga.4 loga.s5j=0 
loQ&nx6 !0Ga+47 logare 


AT AF a 
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JEE Type Solved Examples: 
Single Option Correct Type Questions 


eters 


=» This section contains 10 multiple choice examples. 


Sol. (b) We observe that, 
Each example has four choices (a), (b), (c) and (d) out of h 


RT Ey ER Py a ee 


et ren ne a ee eet 


0 -b -¢ 
which ONLY ONE is correct. Azlb 0 -@ 
@ Ex. 1 If (xy- x2)? (yi -¥2)? =a’, c 0 
(xp — x3)" +(y2 —y3)? =b* and : i # 2 
xX, yi 1 => A=|-b 0 a 
(x3 — x1)? +(y3 yi)? = C7 andk} x2 ya 1 a 
x3 Ys 1 [interchanging rows and columns] 
=(at+tb+c)(b+c—a)(c+a—b)(a+b-—c), the value ofk a 
KY =- b 0 -a 
(a) 1 (b) 2 (c) 4 (d) 8 1 Sues 
c 6a 0 


Sol. (c) Consider the triangle with vertices B(x,, y,), C(x2, y2) 
and A(x3, y3) and , 


AB=c, BC =aandCA =b 
(%3, ¥3) A 


1.¥,)B C (Xp, Yo) 


x yy 1 


Area of AABC = ; Xo yo 1 .»(i) 


x3 yz 1 
Also, area of AABC = Js(s —a)(s — b)(s —c), 


where 2s =a+b+c ..{ii) 
From Eqs. (i) and (ii), we get 
' x, yw 1 
a| %2 Ye 1]=vs(s-a(s- bY(s —e) 
X53 y3 1 
On squaring and simplifying, we get 
x yy i r 
4'xp yo 1] =(a+6b4+c)(b+c —a) 
x3 yz 1 


(ec +a-—b)(at+b-c) 
Hence, the value of k is 4. 


@ Ex. 2 Ifa, b andc are complex numbers, the determinant 


0 -b -c 
A=|b 0 —-alis 
¢ a oO 


(a) a non-zero real number (b) purely imaginary 
(c) 0 (d) None of these 


[taking (- 1) common from each row] 
=> A=-A 
Hence, A is purely imaginary. 


@ Ex. 3 The equation 
(+x)? (I-x)? ~(2+x’) 


2x +1 ax 1-—5x 
xX +1 2x 2 —3x 
(14x)? 2x41 x41 
+|(I-x)? 3x 2x |=0 has 
1-2x 3x-2 2x-3 


(a) no real solution 

(b) 4 real solutions 

(c) two real and two non-real solutions 

(d) infinite number of solutions, real or non-real 


Sol. (d) Interchanging rows and columns in first determinant, 


then 
(l+x)? 2x41 x41 
(1-x)* ax * By 
~(2+x’) 1-5x 2-3x 
(1+x)? 2x+1 xt! 
+|(1-x)? 3x 2x |=0 
1-2x 3x-2 2x-3 
(itx)? @xt+1 x41 
= (i-x)? 3x 2x |=0 


-(1+x)* -2x-1 -x-1 
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Applying R,; > R3 + R,, then (l+x)* (1 +2x)? 1 
(i+x)? ax+1 x41 © Ex. Gif f(x)=| 1 (l+x)7  (1+2x)? |;a,6 
= (1-x)? 3x 2x |=0 (142x)? 1 (1+x)? 
0 0 0 
being positive integers, then 
7 0=0 (a) constant term in f(x) is 4 
which is true for all values of x . (b) coefficient of x in f(x) is 0 
Hence, given equation has infinite number of solutions, real (c) constant term in f(x) is(a — b) 
or non-real. ' (d) constant term in f(x) is(a + b) 


(1+x)° (1+2x)? 1 


@ Ex. 4 If X,Y and Z are positive numbers such that Y and 
Sol. (b) Let} 1 (i+ x)? (14+2x) 


Z have respectively 1 and 0 at their unit’s place and 


xX 41 (1+ 2x) 1 (1+ x)? 
A=|Y 0 1 =A+Bx+Cx’ +... 
Z 10 Put x =0, then A =0 
If(A +1) is divisible by 10, then X has at its unit’s place On differentiating both sides w.r.t. x and then put x =0 
(a) 0 (b) 1 a 2b 0 11 1 I ty 
(c)2 (d) 3 1 1 1/+/0 a 2b/+}1 1 1/=B 
Sol. (c) Let X =10x + A, Y =10y + 1 and Z =10z, where 1 fk) ja ta 2b 0 a 
x,y,z€ N, then 
X 4 1] [10x40 4 1 re cea 
A=|Y 0 1]=| 10y+1 0 1 a pe 
2 10 102 1 0 Hence, constant term in f(x) is zero and coefficient of x in 
f(x)is 0. 
10x 4 1] |A 4 1 : 
=|10y 0 1/+/1 0 1 @ Ex. Tiff; = Y aj x’, j=1,2,3and fj and f‘aredenoted 
i=0 
10z 1 0 01 0 
Ap At f 
x 41 by—+and— respectively, theng(x)=| fi fz fy is 
=10 y 0 1 +(1-A) dx dx? ” “” " 
fi fi fh 
z 1 0 
(a) a constant (b) a linear in x 
=> A+1=10k +(2-A), (c) a quadratic in x (d) a cubic in x 
as fi f Bf) iff fh fl |fii fk f 
where k=|y 0 1} Sol. (a e(y=|ff & RItIK KF RI*IN KK 
z 1 0 RR BIKA BIEL 
It is given that (A +1) is divisible by 10. Therefore, 2- A =0 =0+0+0 [ f; is a quadratic function] 
be,A=2 RS g(x) =c =constant 
é X =10x +2 
= 2is at unit’s place of X. (a-1) rn 6 
= @ Ex. 8letA, =|(a-1)? 2n? 4n-2 
@ Ex. 5 ihe number of distinct values of a2 x2 determinant (a-1)> 3m? 3n?—3n 
whose entries are from the set {—1,0,1}, is : 
(a)3— (b) 4 (c) 5 (d) 6 the value of ¥ A, is 
Sol. (c) Possible values are —2, -1,0,1,2 ci 
= n-1)n 
i 1 Ol gl 1 =o 1° 1 mi (a) 0 (by { : 
= 1 0 0 1 -l , 
it —1)n(2n -1 
1-1 1 eee. (d) (n =1)n(2n ~1) 
= =-2 2 3 
1 1 | es | 
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Sol. (a) Applying C3 - C; + Cy = Cy. then 


n 
= n 6 
2 1 cos x 0 
n n : 
Sol. (2) YA, =| E(a-1)? 2n? 4n-2 
ae a A(x)=|1+4sin x cos x 0 
¥(a-1)? 3n°? 3n* —3n : 
= sinx sa. SINX aw 1 
| : Ls 
a n 6 =1(cos x — cos x — cos x sinx)=—, sin 2x 
_|(n=1)n(2n=1) 9 7 
7 6 af see fr A(x)dx =-- fi sin2x dx 
(n -1)'n? 3 
—————— 3n”  3n" —3n 1 
‘des xf? = 2(-1-1=-5 
; A : 6 @ Ex. 10 Number of values of a for which the system of 
(n-1)n" | 2n-1 ; 3 3 ue. 
ss i a én =4n-2 equations a“ x +(2-a)y =4+a° andax +(2a-l)y =a - 
(n -1)n a ee possess no solution, is 
2 (a) 0 (b) 1 
c)2 d) infinite 
[taking cd 5 i and n common from C, and C2] () 5 (¢) 
Sol. ()A=|7 274% | =a? (2a-1) -a(2-a) 


a-l 


= 2a(a +1)(a — 1) 


Applying C; > C3 —6C,, then 


] 1 O 
‘4 ee: =) For no solution, A = 0 
S Anal 1)n* | 2n-1 a ele er 
a=1 2 3 i a= iat ie 
(n -1)n 3n7 0 4+q° 2-a 
a-2 2a-1 
1 cos x 1—cos x Values of A, at a = —1,0, 1 are —6, 0, 6 respectively and 
@ Ex. 9 IfA(x)=|1+sinx cosx 1+sin x —cos x |, then — a 4+a° 
2 = 
sinx  sinx 1 a a -2 
ie A(x) dx is equal to Values of A, at a = —1, 0,1 are 2, 0, — 6, respectively. 
For no solution, 
(a) - u (b) 0 (c) Z (d) ; A =0and atleast one of Aj, A, is non-zero. 


a=-1,1 


JEE Type Solved Examples : 
More than One Correct Option Type Questions 


—— eee 


= This section contains 5 multiple choice examples. Each Sol. (a,c,d) Applying C, > Cz -—(C, —2C3, then 


—. has four es beret (c) and (d) out of which a? -(b? +02) be at py? te 

e correct. 
sain — , b?  —(c2 +a") cal=—-|b? c? +a’ ca 
a a -—(b -—c) be c = (a’ es b?) ab c2 a’ ea b? ab 


© Ex. 11 The determinant|b? b? —(c-a)’? ca|is 


a ae =(a =p)? 2b Applying C, > C, +C,, then 
divisible by a a+b +c? be 

(a)a+b +c (b)(a + b)(b +c) (c +a) =—|b? a? +b? +c? ca 
2 


(c)a? +b? +c? (d) (a — b)(b -c)(c -a) ce at +b? +c? 
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Applying R2 > R,-R, and R,— R; — R,, then 


a’ ww a+b te? ... bc 
=—| 5? - a’ 0 c(a—b) 
c* -a* 0 — Kc -a) 
xfataibt «d% -(a+b)(a-—b) c(a-b) 
(c ta)(c-a) —-Ke-a) 
=(a—b)(c -a)(a? +b? +c”) Nee). 10 
c+a —-b 
Applying C, > C, -— C2, then 
so _ 2. 22. .2|\~lato+e) c 
=(a— b)(c —a)(a° + b° +c") Grbae. <5 


=(a—b)(b-—c)(c —a)(a+b+c) (a? +b’ +c’) 


@ Ex. 12 The value'of 8 lying between _ and and 


T 
0SAS 3 and satisfying the equation 


1¢+sin2?A cos? A 2 sin 40 
sin? A 1+cos? A 2sin4@ |=0, are 
sin? A cos?7A  1+2sin 40 
Tt Tl 3% 
(a) A=—,6 =-— (b) A=— =8 
4 8 8 
@A=Ze=-£ Wa=Zo=™ 
5 8 6 8 
Sol. (a, b, c, d) 
l+sin?A cos? A 2 sin 46 
sin? A 1+cos?A_ 2sin40 |=0 
sin? A cos? A 1+2sin 46 


Applying Rz > R, — R, and R, >R, —R,, then 
1+sin?A cos?A 2sin40 


-1 i” 0 =0 
-] 0 1 
Applying C, > C, + C, , then 
2 cos? A 2sin 40 
0 sug 4 o {=o 
-1 0 1 
=> 1(2+2sin 46) =0 
sin 46 =-1 
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=> 48 =(2n-1)7 = 8 =(2n-1) 


Forn =0,2,then@=-1, = and AER 


© Ex. 13 The digits A, B, C are such that the three digit 
numbers A88,6B8, 86C are divisible by 72, the determinant 
A 6 8 
8 B 6 |is divisible by 
8 8 C 
(a)72 = (b) 144 (c) 288 (d) 216 
Sol. (a, 8, c) 
*: A88, 6B8, 86C are divisible by 72. 
“. A88,6B8, 86C are also divisible by 9. 
=> A+8+86+B+88+6+C 
are divisible by 9, then A =2,B=4,C =4 


A 6 8 26 8 
Let A=/|8 B 6)j=|8 4 6 
8 8 C 8 8 4 


=2(16 — 48) — (32 — 48) + 8(64 —32) =288 
Hence, A is divisible by 72, 144 and 288. 


@ Ex. 14 If p,q, rands are in AP and 
ptsinx qtsinx p-rtsinx 
f(x =|qtsinx rtsinx —-1+sinx 


rtsinx s+sinx s—q+sinx 


such that vic dx = — 2, the common difference of the AP 


can be 
(a)-1 = (b) 1/2 (c) 1 (d) 2 
Sol. (a, c) 
p tsinx qtsinx p-rtsinx 
fx) = 2@qg+2sinx a@r+2sinx -2+2sinx 
r+sin x st+sinx s-—qtsinx 
Applying R, oR, —(R, + R;), then 
ptsnx gq +sin x p-rt+sin x 
1 
f(x)=- 0 a 0 eas -2 
2 : 
r+sinx s+sin x $—q tsinx 


[2g =p+r,2r=q +sandp+s=qtr) 
(-2)|pt+sinx gq+sinx 
2 |rt+sinx s+sinx 
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Applying C2 = C, = Ch, then 


p +sinx D 
f(x)= 
pt+2D+sinx D 
[where D = common difference} 
=D[p+sinx — p -2D -sinx]=- 2D? 
1 
and [ f(x)ax =-4 
=> [(-2D")dx=-4 =» -2D?=-2 


D?=1=> D=+t1 


© Ex. 15 If the system of equations a* x — by =a” — band 
bx — b?y =2 + 4b possess an infinite number of solutions, 


the possible values of a and b are 
(aja=1b=-1 (b)a=1b=-2 
(c)la=-1lb=-1 (dja=-1b=-2 


JEE Type Solved Examples : 
Passage Based Questions 


a re rr ee ee renee tere nee en ee nee —: 


~~ 


# This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 


Consider the system of equations 
2x +ay+6z=8 x+2y+bz=5 


x+yt+3z=4 
16. The system has unique solution, if 
(aja=2b=3 (b)a=2,b #3 
(c)a#¥2,b=3 (d)a#2,b#3 
17. The system has infinite solutions, if 
(aja=2,bER (b)a=3,bER 
(c)aE R,b =2 (d)aER,b=3 
18. The system has no solution, if 
(aja=2,b=3 (b)a=2,b #3 
(c)la#2b=3 (d)a#2,b6 #3 
2a 6 
Sol.A=|1 2 b|=2(6— b)—a(3— b) +6(1 —2) 
ar 2S 


=ab — 3a —2b+6 =(a —2)(b —3) 


Sol. (a, b, c, d ) 
a’ -b 2,2 2 2 2 
Here, A = 5? =—a*b’ + b° =-(a°—-1)b 
If A =0, thena? =1,b=0 
2_ — 
Now, A, = arly : 
2+4b —b 
-b -b 
For a’ =1, A,= ; 2 = b(b +1)(b +2) 
2+4b -—b 
2 2 
-b 
and A,=l 
b 2446 
1 1-b 
For 7=1A = =(b+1 b+2) 
ly a vo 


For infinite number of solutions, A = A, = Az =0 
. a =),b=-1,-2 => a=+1,b=-1,b=-2 


EE A TT SE TS 


8 a 6 
A,=|5 2 b|=8(6—b)—a(15— 4b) + 6(5-8) 
4 1 3 
= 4ab —15a — 8b +30 = (a — 2) (4b -15) 
28 6 
A,=|1 5 bl=0 [...R, =2Rs] 
14 3 
2a 8 
A,=|1 2 5|=28-5)— (4-5) +8&(1-2) 
11 4 
=6+a-8=a-2 


16. (d) The system has unique solution, if 


A #0 
=> (a—2)(b-3)#0 
=> atZ2oe3 


17. (a) The system has infinite solution, if 
A=A,=A, =A, =0 
=> a-2=0 
or a=2,beR 
18. (c) The system has no solution, if 
A = Oand atleast one of A,, A, and A; is non-zero. 
= a#2,b=3 
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Passage Il 
(Ex. Nos. 19 to 20) 


Le Cp, "C ; and °C ; (i=1,2, 3) be Binomial coefficients, 
where xe N 


*C, "Cy. *Cy 

and f(x)=12}" C, * Cy * C3 |, then 
AG €6, *G; 
19. f(x) is a polynomial of degree 
(a) 6 (b) 10 
14 (d) 18 


20. If f(x) =(x -1)” x"(x +1)?, where m,n; p€ N, then the 


value of © mnis 


(a) 32 (b) 43 
(c) 44 (d) 56 
Sol. 
*C, *C, “Cy 
wf(x)=12]"°C, 7 C, "C, 
ae Po xO 
1 2 3 
x(x - 1) x(x -—1)(x —2) 
2 6 
ages x(x? =1)  x2(x? -1)(x? -2) 
2 6 
a3 x3(x2-1)  x°(x? -1)(x? -2) 
2 6 


JEE Type Solved Examples: 


Single Integer Answer Type Questions 


en: a ee Se eer 


PO me eee er we reer 


« This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 


r —1 ’ 
| where r is a natural number, 


r-1 r 
1024 


the value of") X A, is 
r=) 


© Ex. 27 ifA, = 


Sol. (4) +: A, =r? ~(r -1) 


1024 
¥ A, =(1024)? - (1-1)? = (1024)? = 2” 
r=] 
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Taking x, x? and x* common from R,, R2 and R3, then 


1 (x-1))) (x-1)(x-2) 
f(x)=x-x?-x? 1 (x?-1) (x? —1)(x ? -2) 
1 (x°=1) (x? =1)(x? -2) 


j1 1 x -2 
=x°(x-1)?/1 x41 (x +1)(x ? —2) 
1 x?74+x+1 (x? +x 41)(x? -2) 
Applying R, +R, — Rz and R, — R; — Rz2, then 
0 -x x(3-—x—- x’) 


f(x)ax8(x tty ee ta ee (x t1)(x? -2) 


0 x? x?(x? +x? -3) 


Expanding along C,, then 
x x(3-x-x?) 


6 2| 7 
== x%"(x—1) 
| x? x?(x? + x? -3) 


-1 3-x=- x? 


9 2 
=-x'(x-1) 
1 xr +¢x° -3 


=~ x°(x —1) (- x? -x° +3-3 +x + x’) 
= x!°(x =1)?(x? -1)= x!(x -1)(x +1) 
19. (c) f(x) is a polynomial of degree 14. 
20. (b) Here, m =3,n =10 and p =1 
“. Dmn = mn + np + pm =30+ 10+3 =43 


—_——<— 


@ Ex. 22 If P,Q and R are the angles of a triangle, the value 
tan P 1 1 


off 1 tanQ 1 {fis 
1 1 tanR 
tan P 1 1 
Sol. (2); 1 tan Q 1 |= tan P(tan Q tan R-1) 
1 1 tan R 


—1(tan R-1) + 1(1 — tan Q) 
= tan P tan Q tan R-(tan P+ tan Q + tan R)+2 
=0+2 
{- In APOR, tan P + tan Q + tan R= tan P tan Q tan R] 
=2 
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JEE Type Solved Examples : 
Matching Type Questions 


® This section contains 2 eamples. Example 23 have four 
statements (A, B, C and D) given in Column I and four 
statement (p, q, r and s) in Column II and example 24 
have three statements (A, B and C) given in Column I 
and four statements (p, q, r and s) in Column II. Any 
given statement in Column I can have correct matching 
with one or more statements(s) given in Column II. 


@ Ex. 23 Let f(x) denotes the determinant 


x? 2x 1+x? 
f(x)=|x? 41 x41 1 
x —1 x1 


On expansion f(x) is seen to be a 4th degree polynomial 
given by f(x) =a) x* +a,x° +a,x? +a3x +44. 
Using differentiation of determinant or otherwise match the 


entries in Column | with one or more entries of the elements 
of Column Il. 


Column I Column II 
(A) | a5 + a, is divisible by 2 
(B) | a? + a, is divisible by 3 
(C) | aj +4, is divisible by (r) 4 
(D) | aj + a} +a? is divisible by (s) 5 
Sol. (A) — (p, s); (B) > (p, 1); (C) > (p, q; (D) > (q) 
x? 2x 1+x? 
f(x)=|x? 41 x41 1 
x =I | 
Applying C, ~ C, — C3, then 
—1 2x 1+x? 
f(x)=|x? x41 1 
1 = e—1 


Expanding along R,, then 
f(x) = — (x? -141) — 2x(x? ~x? -1) 
+(1+ x’)(- x? —x -1) 


= -3x4 +x? -3x? +x -1 «-e(i) 
According to the question, we get 
f(x) = ayx* +a,x? +a, x° +a3x +a, .. (ii) 


From Eqs. (i) and (ii), we get 
ay = — 3,a; =1, a2, = — 3,43 =1,a, =—-1 
(A) af +a, =(-3)? +1=9 +1=10=2x5 
(B) a2 +a, =(-3)* -1=9 -1=8=2x 4 
(C) aj +a, =(-3)’ -3=9-3=6=2x3 
(D) a2 +a? +a? =(-1)* +(1)? +(1)? =1 +1 +1=3 


a a a rm Ne en re ee A en 


@ Ex. 24 Suppose a, b aah ¢ are distinct and x,y and z are 


connected by the system of equations x +ay + a’z=a’, 


x+by +b?z=b* andx+cy tce*z=Cc°. 


Column I 


For x =1, y =2 and z =3,(a + b +c) @***) js 
divisible by 


For x =4, y =3 and z =2,(ab + bc + ca)*” 
divisible by 


(C) | For x =6, y = 4and z =2,(abc)** °* is divisible by 


(A) 


Sol. (A) > (p, r) (B) > ( p, ; (C) > (pan 5) 


atzb#c 
1 aa 
A=|1 b b*|=(a—-b)(b-c)(c —a) 
lec c? 
aa a@ aa a laa 
A,=|b> b Bb l=|b b? Be l=abcl1 b O° 
coc ¢ c ce Li e.< 


= abc(a — b)(b—c)(c —a) 


la @ 1a @ 
A,=|1 Bb be l=-l1 Bb B? 
1 ¢ c? i<c ¢ 
= ~(a—)(b—c)(c -a)(ab+be +a) 
1 aa 
and A,=|1 b b*|=(a—b)(b—c)(c —a)(a+b+e) 
lee 


By Cramer’s rule, we get 
x= cal =abc 
A 


A’ A, 
=— =~(ab + be +ca), z=— =atbte 
pn har 


(A) (a+b+c) (ab + be + ca) _ > ¥ — 3? =9g which is divisible 


by 3 and 9. 

(B) (ab + be +ca)*™ =(— y)* =(—3)* =81, which is 
divisible by 3 and 9. 

(C) (abe) *>** = x3 = 6? =36, which is divisible by 3, 6,9 
and 12. 
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_ JEE Type Solved Examples : 
| Statement | and Il Type Questions 


Se ee ee eee ee ee re 


* Directions Example numbers 25 and 26 are 
Assertion-Reason type examples. Each of these examples 
contains two statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 

Each of these examples also has four alternative choices, 

only one of which is the correct answer. You have to select 

the correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


@ Ex. 25 Statement-1 Let 
(r-1) on! 6 
A,=\(r-1)? (nt)? 4n-2 
(r-1)? (n!)? 3n?-2n 


n+1 
, then J] A, =0. 


r=2 


ntl 
Statement-2 I A, =A, : A; . A, eee Avaa 


r=2 


Subjective Type Examples 


rt eee ren ws ee 


# In this section, there are 20 subjective solved examples. 


®@ Ex. 27 A determinant of second order is made with the 

elements 0 and 1. Find the number of determinants with 

non-negative values. 

Sol. The number of determinants that can be made with 0 and 1 
=2X2X2xX2=16 


and there are only three determinants of second order with 
negative values 

0 1 

1 1 


1 1 

1 0 
Therefore, number of determinants with non-negative 
values =16 —3 =13 


0 1 
1 0 


i.e., 


l+a 1 1 
@ Ex. 28 Prove that} 1 1+b 1 


1 1 dre 
Ligh 3 
=abc| 1+—+ : + I hence find the value of the 
. a c 
determinant, ifa,b andc are the roots of the equation 
px gx? +x -—s5 =0. 


me ee Ot ee ren I ee 
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LE OS SE — + ween — == 


n+l 


Sol. (d) . H A, = Az:A;-A, seal +1 
r= 


1 nv! 6 2 on! 6 
=|1 (n!)? 4n-2 |x]4 (n!)? 4n-2 
1 (n!)? 3n°-2n 8 (n!)> 3n? -2n 
n n! 6 
x...x[n? (nt)? 4n-2 | #0 


n> (n!)> (3n? ~2n) 


.. Statement-1 is false and Statement-2 is true. 


© Ex. 26 Consider the determinant 


0 x--a x°-b 
fi) =|x? +a 0 x? +¢ 
xi +b x-c 0 


Statement-1 f(x) =0 has one root x =0. 
Statement-2 The value of skew-symmetric determinant of 
odd order is always zero. 


Sol. (a) For x =0, the determinant reduces to the determinant 
of a skew-symmetric of odd order which is always zero. 
Hence, x = 0 is the solution of given equation f(x) =0. 


l+a 1 1 


Sol. Let A=! 1 1+6b 1 
1 1 l+c 


Since, the answer contain abc, then taking a. b andc 
common from R,,R, and R; respectively, then 


1 1 1 
oe. ae én 
a a a 
1 1 1 
Azabe} -—- -+1 = 
b ob b 
1 1 
La eh 
c c c 


; 1 1 #1 
But answer also contains f +—-+-—+ 1) 
l -@ 8 @J 


then applying R, > R, +R, + Ry 


A =abc 
1 1 =2=#1 1 1 #1 1 1 1 
lt-+—-+- 14-4-4- 14-4+-4- 
aob<« a be abe 
1 1 
= = i x 
b b 
1 1 1 
~ - ~+1 
c c c 
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a 


Taking t + Le + z + +) common from R,, then 
c 


a b 


a=abc(i+t4242] 
L abe 


Ce oe ~ 


Applying C, >C, -C,, then 


b=abe(1+24242) 
i @ & < 


(oe 8 


Expanding along C2, then 
aqabe(1+24242) 
~ «a c 


a | = 


Hence,A sobs iet a tgs 
a b 
fs 


\ 
2nd Part A=abe [142+ +2 |= abe + b +ca tab 


a c 


@ Ex. 29 Ifa,b andc are positive and are the pth, qth.and 
rth terms, respectively of a GP. Show without expanding that 


loga p 1 
logb q 1/=0- 


logc r 1 


Sol, Let A be the first term and R be the common ratio of GP, 


then 
a= pth term = AR?! 
b=qthterm= AR?" 
ce =rth term = AR’ ™ 
: log a= log A +(p—1) log R, 
log b= log A +(q — 1)log R and 
logc = log A+(r—1) log R 
loga p 1 
LHS.=|logb q 1 
loge r 1 
log A+(p-l1)logR p 1 
=| log A+(q-l1)logR gq 1 
log A+(r—-i1)logR r 1 
Applying C, >C, — (log A)C3, then 


(p-1)logR p 1 (p-1) p 1 
=((q-1)logR gq 1)=logRi(g-1) q 1 
(r-1)logR r 1 (r -1) 


Applying C, >C, +C3, then 
p p 1 
=logR|q q 1|=0[since C, and C, are identical) 
an a | 


= RHS 


@ Ex. 30 Prove that 


—-2a atb atc 
bt+ta -2b b+c|=4(b+c)(c+a) (a+b). 
cta ct+b -2c 


-2a at+b atc 


Sol. Let A={|b+a -2b bte 


cta ctb -2c 


On putting a+ b=0,b=-a 


Then, A=! 0 2a c-a 
c+a c-a =—2 
Expanding along R,, then 
A = —2a {-4ac —(c — a)*} -0+ (a +c) {0 —2a(c +a)} 
= 2a(c +a)” —2a(c +a)* =0 
Hence, (a + b) is a factor of A, similarly (b + c) and(c + a) 
are the factors of A. 
On expansion of determinant we can see that each term of 
the determinant is a homogeneous expression in a, bande 


of degree 3 and also RHS is a homogeneous expression of 
degree 3. 


Let A =k(a+ b)(b+c)(c +a) 
-2a at+b atc 


or |b+a -2b b+cl=k(a+b)(b+c)(c +a) 
cta ct+b -2c 


On putting a = 0, b =1 and c =2, we get 


01 2 
1 -2 3 |=k(0+1)(1+2)(2+0) 
2 3 -4 
= 0 -1(-—4 — 6) +2(3 +4) = 6k 
=> 24 =6k 
k=4 


-2a atb ate 
Hence,}b+a -2b b+c|=4(at+b)(b+c)(c +a) 
cta c+b —2c¢ 


@ Ex. 31 ifbc+qr=ca+rp=ab+pq=-l, 


ap bp cr 


show that} a b c|{=0. 


p qe 
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| 


_ Sol, Given equations can be rewritten as 


| 
| 


be + qr +1=0 (i) 
ca+rp+1=0 «-(ii) 
ab + pq +1=0 ...{iii) 


On multiplying Eqs. (i), (ii) and (iii) by ap, bq and cr 
respectively, we get 
(abc)p +( pqr)a+ ap =0 
(abc)q +( pqr)b + bq =0 
(abc)r +( pqr)c + cr =0 


These equations are consistent, given equations three but 
abc and pqr are two. 


p a ap 
Hence, q 5b bq\|=0 
cr 
pP qr 
= a b c¢{=0 
ap bq cr 
(interchanging rows into columns] 
ap bq cr 
> (-1)}@ 6b c}=0 [R, © R3] 
- Gg FT 
ap bq cr 
Hence, ab cj=0 
Poeqsyr 


@ Ex. 32 Ifa andB are the roots of the equations 


Ya Ya? Ya? 
x’ -2x+4=0, find the value of| Da? Ya? Ya 
ye’ 3a* a? 
Sol. Given, x? -2x + 4 =0 
x =1+ iv3 
O =1+ iv3 
and B =1~-iv3 


= ae -f Me) and p=-f—th3 | 


a =-2a) and B = — 2« where wis the cube root of unity. 
Ya =a +B =-2(m+@)* = -2(-1) =2 
Ya? =07 +8? =40' +40° = 4(w+ w)? =4(-1)=-4 
Ya* =a7 +8? =- 80° - 8m =-8-8=-16 


Lat =a* + B4 =16m° +16" =16(a" + w) 
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and Ya°=a°+f*> =-32a)° - 320° 
= — 32(W+ w ) = —32(-1) =32 

Ya Sat Sa? 2 -4 -16 

Let A=|da? Ya? Yatl=|-4 -16 -16 

Ya*> Yat Ya®|] |-16 -16 32 

1-2 -8 1-2 -8 

=A-4)(-16)}1 4 4 |=128]/1 4 4 

11 -2 11 -2 


Applying R, Ry, -R, and R, ed R; = R,, then 


1 =2 =8 
A=128}0 6 12 
0 3 6 


Expanding along C;, we get 


6 
A =128-1: 
3 


12 
: =128(36 — 36) =0 


@ Ex. 33 Ifa? +b? +c? =1, prove that 


a? +(b? +c”) cosd ab (1—cos 6) 
ba(1-cos 6) b? +(c? +a7)coso 
ca (1—cos 6) cb(1—cos 9) 
ac (1—cos o) 
bc (1—cos 0) 


c? +(a? +b?) cos o 


is independent of a, b and c. 


Sol. Let 
a’ +(b?+c*)cosd ab1—cos 9) 
A= ba{1—cos >) b? +(c? +a”)cos > 
ca{1— cos >) cb(1—cos >) 
ac (1 —cos 9) 
be (1-cos 6) 


c? +(a? + b*)cos > 


On multiplying C,, C, and C, by a, band c respectively and 
taking a, b and c common from R,, R, and R; respectively, 


we get 
a’? +(b? +c”) cos > b?(1 —cos 6) 
A=2% a*(1— cos ¢) b* + (c? +a’)cos 6 
ats a’(1—cos 9) b?(1 —cos ¢) 
c?(1—cos 9) 
c7(1— cos 6) 


c? +(a* + b*)cos > 


Applying C, > C, + Cz + C3, then 
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a’ +b? +¢? b*1-cos 6) c?(1—cos 6) = xa’ +(x? +a’x + ax +a’ —x’) 
a+b? +c? b?(1 —cos 6) c* +(a*+b*)cosd 


=fetei slg p a= RH 


Taking a? + b” + c? common from C,, then - (a-1) 7 a’(a-1) 
A =(a* +b? +c?) 


2 2 
be-—a* ca—b* ab-c 


1 b?(1-cos 6) c*(1—cos 6) . , 4 

i B +(e? a? e086 0 =656 ® Ex. 35 (i) Prove that| ca oe ae ae 

1 b?(1 —cos 6) c? +(a? + b*) cos > ab-c" be-a" ca-b 
Applying R,; > R, — R, and R; > R; —R,, then a” p? B? 

A=1 =|B* a? p7 | 
1 b?(1 —cos 6) c7(1— cos 6) a 8? 
2 2 2 
Dee ee ease eo de : ‘ where.” =a” +b? +c? andB’ =ab + bc +a. 
0 0 (a° + b° +c") cos > 


2 
be-a* ca—b? ab-c 


=(a? +b? +c?) cos” b 


(ii) Prove that|ca—b? ab—c? bc—a’ | is divisible 
[by property, since all elements zero below leading Ame? Peage ache 
diagonal] 
=1? cos d= cos’ [cv a? +b? +c? =1) by(a+b+c)’. Find the quotient. 
which is independent of a, b and c. be-a® ca—b*? ab-c? 
(iii) Prove that|ca—b? ab-—c* be-a’ 
@ 
Ex. 34 Ifa#0 anda #1, show that Aime tease gee 
x+1 x x 4 ‘ , , 
x x+a x nf ee a 7 ad 
s me spline a*(a-1)_ = ai b a 
b 2be — a” ce” 
Sol. Let 
x+1 «x x xt+1 x x 2be —a” ce” b? 
LHS=A=| x xta x {=|x+0 xta x (iv) Prove that| c? 2ca — b? a’ 
x x x4a’ x+0 x x+a° b? a: 2ab ~c? 
a : & ss =(a° +b? +¢* —3abc)?. 
=|x xta x  {+/0 xt+a x 
, ‘ a abe 
7 Pat - 3ene Sol. (i) LetA=|b c a 
c ab 


.. Determinant of cofactors of A is 
determinant, then be-a" ca-b ab-c 


a ee & i: ws Ao =|ca-b? ab-c? be-a’ |= A= 
A=|0 a O/+|0 xt+a *x | ab-c? be—a’ ca—b’ 
0 0 a} |0 x x+a’ abc 
Expanding first determinant by property, since all elements =|b ca fil 
below leading diagonal are zero and expanding second sat 


determinant along C,, then 
abe abe 


bc alx|b ca 


xta x 
A=x-a-a’ +1: 


x xta’ 
ca b ¢ ab 
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= xa’ + {((x +.a)(x +a”) - x’} 


ath +c? abt+bce+ca abt be +ca 
=labt+be+ca a? +b? +c? abt+bet+ca 
abt+be+ca abt+betca a +b? +c? 


ca-b* ab-c*| |a? Bp? B? 
Hence|ca-—b? ab—c® be-a’? |=|B? a? B? 
ab-c* be-a® ca-b’ 8? B? a? 
(ii) From Eq. (i), we get 
| be-a’® ca-b* ab-c’ a bcl 
| ca—b* ab—-c? be-a’? |=|b c a 


2 c a b 


ab-c* be-a’® ca-b’ 
=(a° +b? +c° —3abc)’ 
=(a+b+c)*(a? +b? +c? —ab—be — ca)’ 
be-a® ca—b* abc’ 
Therefore,| ca—b?- ab—c? be ~a? |is divisible by 
ab-c* be-a® ca-b’ 
(a+b+c)*. 
Hence, the quotient is (a? + b” +c? — ab — be —ca)’. 


(iii) From Eq. (i), we get 


2 
be-a’? ca-—b* ab—-c? abe 


ca-b® ab-c? be-a’ l=|b c a 


ab-c* be-a’® ca-b’ c a b 
bcl |a b ¢ abe 
Let A=|b c a] =|b c a|x|b c a 
© ab c ab ¢ a2 
abe a-c b 
= c a|X|b -aec 
c a b c -b a 
| a’ c? 2ac — b’ 
=|2ab—c? b? a 
b? 2be —a* ce? 


be-a’ ca-b* ab-c? 


Hence] ca—b* ab—c? be—a’ 


ab-c? be-a@® ca-b* 

a’ ¢? 2ac — b? 
=|2ab-c? —_ a’ 

b? 2bc — a” c? 


[row by row] 


[row by row] 
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2be - a? c? b? 


(iv) LHS c? 


-ac b 


Nl 

sS Af 

Qa FS 
° 

x 


-b a c| [row by row] 
ec a b| |-ce 6b a 


2 


abe abe abe 


bc alx|b c al=ib ¢c a 


c ab ce @ Bb) +e @ 8 
=(a+b+c)* (a? +b? +c? —ab — be -ca)’ 
=[-(a° + b° +c? —3abc)} 


=(a° + b° +c° —3abc)* = RHS 


@ Ex. 36 Leta andB be the roots of the equation 


ax’ + bx +c =0. LetS, =a" +B” forn21. Evaluate the 


3 1+S$, 1+5, 
determinant|1+5S, 1+5S, 145; | 
1+S, 145, 1+5S, 


Sol. Since, a and B are the roots of the equation 
ax’ + bx +c =0. 


:oepatdiet adept 
a a a 
3 145, 145, 
Let A=/(1+5, 145, 1+5, 
1+S, 14+5, 1+5, 
3 1ta+B 14+0°+8? 


=| 1+a+B 


141 


1 1 1 
=|1 a BIxi1 a 6B l=A,xA, 
1 a? B? l a? B? 
A=“ 
1 1 1 
A,=!1 a 8B 
1 a? B? 
Applying C, > C, -C, andC; > C, —C,, then 
1 0 0 


1 a?-1 B?-1 


1+0°+B* 1+0a°+P* 
1+0°+B? 14+0°+BP? 14+04+ 8‘ 


961 


[from Eq. (ii)] 


[say] 


oe (| 


wWW.JEEBOOKS.IN 


562 Textbook of Algebra 


Expanding along R,, then 

a-1 6-1 

a?-1 Bp? - 
= {aB -(a +B) +1} (B - a) 

aan asd 

D _ (a +b+c)*(b? ~ 4ac) 


-(£ nas i 
a ) ae a’ 


1 1 
a+1 B+ 


=(a -1)(B -1) 


l= 


@ Ex. 37 If A,B andC are the angles of a triangle, show 


that 
sin2A sinC sinB 
(i)| snC sin2B_ sinA |=0. 
sinB sinA_ sin2C 
-l+cosB cosC+cosB cosB 
(ii) |cosC+cos A -1+cosA cos A!|=0. 
—1+cos B -l+cosA -1 
sin2A sinC sin B 
Sol. (i) LHS =| sinC sin2B sin A 
sin B sinA_ sin2C 
2ka cos A ke kb 
= ke 2kb cos B ka [from sine rule] 
kb ka 2ke cos C 
2a cos A c b 
=k} c 2b cos B a 
b a 2c cosC 
acosA+acosA acosB+bcosA 
=k?! acosB+bcosA bcosB+bcosB 
acosC+ccosA ccosB+bcosC 
acosC +ccosA 
bcos C +c cos B 
ccosC +c cosC 
cosA a 0 a cosA 0 
=k?!lcosB b O0!|x|b cosB 0}=0x0=0=RHS 
cosC c 0 c cosC 0 
-1+cos B cosC +cos B cos B 
(ii) LHS =|cosC +cos A —-1+cosA cosA 
-1+ cos B -1+cosA -1 
Applying C; Cc, -C; and C2 ~C, —Cs, then 
-1 cosC cosB 
=!cosC -—-1 cosA 
cos B cosA -1 


-a cosC cos B 
1 
=-—!acosC -] cos A 
a 
acos B cosA -1 


Applying C; >C, + bC, + cC3, then 
0 cosC 
x16 —-1 cos A|=0=RHS 

” 0 cosA -—1 


cos B 


@ Ex. 38 Without expanding at any stage, evaluate the 
value of the determinant 
2 tan A cot B+cotA tanB 


tan BcotA+cotBtanA 2 
tanC cotA+cotC tanA tanCcotB+cotC tanB 
tanAcotC +cotA tanC 
tan BcotC +cot BtanC |. 
Z 


Sol. The given determinant can be written as the product of 
two determinants 


tan A cotA 0 cot A tanA 0 
tanB cotB O|x|cotB tanB 0/=0x0=0 
tanC cotC 0 cotC tanC 0 


®@ Ex. 39 Suppose that digit numbers A28, 3B9 and62C, 
where A, B andC are integers between 0 and 9 are divisible 


A 3 6 
by a fixed integer k, prove that the determinant|8 9 C 
2 Bi 


is also divisible by k. 


Sol. Given, A28,3B9 and 62C are divisible by k, then 


A28 = 100A + 20+ 8=n,k .-i) 
3B9 = 300+ 10B+9 =n,k il) 
and 62C = 600 + 20+ C =nyk witt) 
where ny, Nz, Ny € J (integers). 
A 3 6 
Let A=|8 9 C 
2 B 2 


Applying R, - R, + 10R; +100 R, then 


A 3 6 
A=/[100A +20+8 300+10B+9 600+20+C 
2 B 2 
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A 3 6 
=|nk nak nyk {using Eqs. (i), (ii) and (iii)] 
2 B 2 
A 3 6 
=k|n, my n3 
2 B 2 


Hence, A is divisible by k. 


sin x sin(x+h)  sin(x +2h) 
@ Ex, 40 If A =| sin (x + 2A) sin x sin(x +h) 
sin(x +h) sin(x +2h) sin x 
find im{ 4. 
h-0\ fh? } 
“Sol. Let a=sin x, b=sin (x +h) andc =sin (x + 2h) 
avec abe 
Az=lc a bl=|b c al=(a?+b> +c? —3abc) 
boca c a b 
= (a+ b+) [(a-b) + (bc)? +(e ~a)] 


, 


Now,a=b=sin x—sin(x +h)=~2cos{x+4)sin* 


: \ 
b-c=sin(x +h)-sin (x + 2h)=—-2 cos x+ 3 )sin = 
\ / 
and c-a=sin(x+2h)-sin x =2cos(x+h)sinh 
2 a2 Gia boa) 
hr 2 


) oe aoe c-a r 
even ces, 
Fa Lae 

= [sin x + sin (x + h) + sin (x +2h)] x 


(44) 


-—2cos;jx+— ae 
a)" 2 


h 
yf. 3h) hy ) 
shane it 2)" 2 (2eoe (e+ sinh) 
+ | ———_—->—___- 4 | +.) —— 
h \ h 
Al : 2 2 2 
— =-—(3sin x)(cos* x + cos” x + 4 cos” x) 
hoofh? 2 
=9 sin x cos’ x 
xtc; xta xta 
@ Ex. 41 if f(x)=| x+b x+c, x+a |, show that 
x+b x+b xtc; 
f(x) is linear in x. Hence, deduce that f(0) = “oe 
-a 


where g(x) =(cy—x) (cy — x) (cs -X): 
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xtc, xXta xta 
Sol. Since, f(x)=| x+b x+c. 


x+b x+b xtc, 


x+a 


Applying C, om 2 C, = C; and Cc, mr C; = C3, then 


x+G, a-c, 0 
f(x)=| x+b c2-b a-c, 
x+b 0 c,-5 
1 @=-¢ 0 Cc; a-c 0 


f(x)=x11 c2-b a-cyit|b cy2-b a-c, 


1 0 ¢,-5b b 0 c,—-b 
So, f(x) is linear. 
Let f(x) = Px+Q 
Then, f(-a)=-aP+Q, f(-b)=- bP +Q 
f(0)=0-P+Q=Q 
_ bf (-a)-af (-») 
(b—a) 
From Eq. (i), we get 
c;- a 0 0 | 
f(-a)=|b-a c,-a 0 
b-a b-a c3-a 


=(¢, — a) (cz —a)(cy — a) 
Similarly, f(— 6) =(c; — b)(¢2 — 6) (c3 — 6) 


and g(x) =(c, — x) (cz —x)(c3 — x) 
g(a)= f(a) 
g(b) = f(- 5) 

Now, from Eq. (ii), we get 


bg (a) — ag (6) 


F(0) = boo) 


© Ex. 42 if f(x) is a polynomial of degree < 3, prove that 


1a f(a)Kx-a)| |1 @ a’ 
1b f(b) x—b)|+|1 6 Bb? 


1c f(ce)Xx-c)| {1 ¢ ¢? 
" f(x) . 
(x -a)(x — b)(x -c) 
— ftxy A + B + Cc 
"(x-a)(x—b)(x-c) (x-a) (x-b) (x-c) 


[let] 
..{i) 


On comparing the various powers of x , we get 


__ f@  __ ft) 
(a-b)(a-c) (ab) (c =a) 
Jae £0) fb) 
(b-a)(b-c)  (a—b)(b-c) 
_ fe) __ fe) 
(c-a)(c-b) — (b-c)(e-a) 
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...(ii) 
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Now, from Eq. (i), we get 


f(x) 
(x - a)(x — b)(x ~c) 
f(a) f(b) fo). 
(c - 4 eer = —(¢ - co b) +(b Nees 


(a — b)(b—c)(c - a) 
1 a_ f(a)/(x —a) 
1 6b f(b)/(x -b) 
_f{l ¢ f(e)(x-c) 
7 1 a a 
1b Bb 
1 @ ,e° 


© Ex. 43 If f(a, b) ee and 
—-a 


f (a,b,c) = PAL Ia ALD) prove that 
(c -a) 
fla) f(b) f(c)} | 1 1 1 
f(a,b,c)=| 1 1 1 Itla 6b c¢ 
a b € a’? bh? e? 
Sol. LHS = f(a,b, ye Te” 
a 
f(c)- f(b) _ f(b) — f(a) 
(c -— b) (b— a) 
(c - a) 
_ (b- a) {f(c)— f(b} - (c — &) {f(6) — fla)} 
(b- a)(c — b)(c -— a) 


_ (f(a)-(¢ — b) — f(b) -(c — a) + f(c)-(6 — a)) 
(a—b)(b—c)(c —a) 


fla, ‘|- fb)" "I+ fe) ' 
a b 
tf 2. 4 
abeoe 
a’ b* ¢? 
Fla) f(b) fle) 
1 1 1 
_| 4 b c 
tT? Aa 
abe 
a’ ob? oc? 


ll 
b— 


1 1 |}+|a@ 6b c|=RHS 
a b 6 a pb ¢? 


: 1 
m= lim — ¥ 


@ Ex. 44 Let S be the sum of all possible determinants of 
order 2 having 0, 1, 2 and 3 as their elements. Find the 
common roota of the equations 
x? tax +[m+1] =0, 
x? +bx +[m+4] =0 
and x* —cx+[m+15] =0, 
such thata > S, wherea+b+c=0 and 
2n r 
oe neta ee) 
and [.] denotes the greatest integer function. 
Sol. Let % be a common root of the given equations, then 
a? + aa +[m+1]=0 
=> a* +aa +[m]+1=0 Si) 


a”? + ba + [m+ 4] =0 


=> ao? + ba +[m]+4=0 .-{ii) 
and a? —ca +[m+15]=0 
=> a? —ca +[m]+15=0 .-{iii) 


On adding Eqs. (i) and (ii) and subtracting Eq. (iii), we get 

a’? +(at+b+c)a+[m]-10=0 

a? +0+[m]-10=0 fratbt+c=9 

=> a? +[m]-10=0 .-{ts) 
2n 


Also, m= lim — 2 ——> 
ae 


r 


2n 4 
: i r/n : x 
= lim > —- 


(Va+ x)f =V5-1 
Now, [m] = [V5 -—1]=1 
From Eq. (iv), we get 
a? +1-10=0 = a? =9 
a=+3 
Now, number of determinants of order 2 having 
0,1,23=4!=24 


a be one such determinant and their exsts 
a, a4 


Let A, = 


another determinant. 


a, 


Let A, = ” [obtained on interchanging R, and Ry] 


a a2 
such that A, + A, =0 

*’ S = Sum of all the 24 determinants = 0 
Since, a>sS>a>o0 

¢ a=3 
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® Ex. 45 ifa,,a2,a3 and b;,b,,b 3 € Rand are such that 
ab; #1 for1Si, j $3, 


1-ajb> 1-a3b2 1-a?b3 
1-a,b, 1-a,bz 1-ayb; 
1-a3b} 1-a}3b3 1—a3b3 >0 provided either 
1-a,b, 1-a,b, 1-—ayb, 
1-a3b} 1-a3b3 1-a3b3 
1-a3b, 1-a3;b, 1-a3b; 


a, <a, <a; and b, <b, <b; ora, >a, >a; and 
b,>b, > b3. 


Sol, Since, %_~Y. =X YMx” tay ty") 
oy (<-y) 


Hence, the given determinant becomes 


= x? + xy ty’ 


1+a,b, +a2b? 14+a,b,+a7b? 1+4,b, +4; 55 
l+a,b,+a3b? 1+4,b,+a3b3 1+a4,b, +4365 |>0 
1+ a3b, + a3 b? 1+ a,b, + ab? 1 +a,b, +03 b? 


1 aq a, i Be 
> 1 a2 ae x] 1 b, be >0 
1 a, Qy 1 b, bs 


= — (a, —a2)(az —@3) (a3 — a) (b; ~ ba) 


1a a’ 
‘11 b b? |=(a—b)(b—c)(c—a)} 


le ce? 


Casel lf a, <a, <a; and b, <b, < b;, then 
(a, — a.) <0, (a, — a3) <0 


and (b, ~— b,) < 0,(b, — b3) <0 
(a, - a3) <0 
and (b, — b3) <0 
; (a3 —a) >0 
(b; — b,) >0 


Then, (a, — a) (az —a3) (a3 —a,) >0 
and * (b, - b,)(b, — b3)(b3 — b) >0 
(a, —a2) (az — a3) (a3 —a,) (b — b2) 
(b, — b3)(b3 -— ) >0 


(bp ~ bs bs ~ by) >0 
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which is true. 

Case II If a, > a, >a, andb, > b, >b, 
oe a, —a, >0, a, —a;, >0 

and b, — b, > 0, b, - b5 >0 


a, —a,; >0=> a, -a, <0 
and b, -— bs >0=>b, —b, <0 


Hence, (a, —a,) (a. -a,) (a; —a,) <0 
and = (b, — b,) (b, — bs) (bs — )) <0 
(a; —a@2) (a, — a3) (a3 — a,)(b, - 5) 
(b, — bs) (bs — ;) >0 
which is true. 


@ Ex. 46 Show that a six-digit number abcdef is divisible by 
11, if and only ifab +cd + ef is divisible by 11. Hence or 
otherwise, find one set of values of two-digit numbers x, y 

x 23 42 
and z, so that the value of the determinant|13 37 y jis 


19 z 34 
divisible by 99 (without expanding the determinant). 
Sol. Since, abcdef = ab0000 + cd00 + ef 

= (9999 + 1) ab + (99 + 1) cd + ef 
= 9999 ab + 99 cd + ab+cd + ef 


Given, abcdef is divisible by 11, if and only if ab + cd + ef is 
divisible by 11. Now, let x = ab, y = cd and z = ef. 
[each being a two-digit number] 


x 23 42 ab 23 42 
Again, let A=|13 37 y |=|13 37 cd 
19 z 34] 119 ef 34 


Applying R, — R, + 100 R, + 10000 Rj, we get 
1913ab ef3723 34cd 42 


Now, 1913ab is divisible by 11, if and only if 
19 + 13 + ab = 32 + ab is divisible by 11 = ab = 01, 12, 23,... 


Again, 1913ab is divisible by 9, if and only if 
1+9+1+3+a+b=14+4 + bis divisibe by 9. 


The above two conditions are satisfied for a = 6, b = 7. Thus, 
x = 67. Similarly, y = 23 and z = 39. 
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Determinants Exercise 1: 

~ Single Option Correct Type Questions 

= This section contains 30 multiple choice questions. 7. If f(x)=atbx+ cx? and a, B andy are the roots of th: 
Each question has four choices (a), (b), (c) and (d) out of abe 


hich ONLY ONE is correct : : 
iin equation x* =1,then|b c a|is equal to 


3 1+ f(1) 1+ f(2) 


c a b 
1. If f(n)=a" +B" and|1+ f(t) 1+ f(2) 1+ f() anya 
1+ f(2) 1+ f) 1+ f(4) (b) fe) FCB) + F(B) Fv) + Flv) Fl) 

=k(1-a)* (1-B)* (a —B)*, k*d is equal to (c) f(a) f(B) fly) 

(a) 1 (b) -1 (d) — f(a) f(B) fly) 

(c) oB (d) oBy cos2x sin’ x cos4x 

xta x+b xta-c 8. When the determinant} sin? x cos2x cos” x |is 

2. Let A(x)=|x+b x+e  x-1 and eaudie eos? &  cosdx 


xtc xt+d x-bt+d ; 
expanded in powers of sin x , the constant term in that 


5 A(x) dx = — 16, where a, b,c andd are in AP, then the expression is 
, (a) 1 (b) 0 (c)-1 (d) 2 
common difference of the AP is equal to 
(a)+1 (b) +2 (c) +3 (d) + 4 9. If [ ] denotes the greatest integer less than or equal to 
“ jae? =A the real number under consideration and 
-1< 
2 Wat log. (1+ x?) os din | ther 1<$x<0,0Sy<1,1Sz<2 the value of the 
5 [x]J+1 [yy] [z] 
cos x tanx sin“ x ; 
determinant} [x] [y]+1  [z] |is 
(a) A(x) is divisible by x (b) A(x) = 0 
(c) A(x) =0 (d) None of these [x] by] [z]+1 
; (a) [x] (b) [y] 
4, Ifa, band care sides of a triangle and (c) [z] (d) None of these 
2 2 2 
a b c y2 —xy x? 
(at+1)" (b+1)" (c +1)" |=0 then 10. The determinant} a bc |is equal to 
(a-1)? (b-1)? (c-1)? ae gh oe 
(a) AABC is an equilateral triangle bx+ay cx+by a’x+b’y bx+cy 
(b) AABC is a right angled isosceles triangle (a) Pea ce bay (b) feeb. be wey 
(c) AABC is an isosceles triangle y y y 
(d) None of the above () bx+cy ax+by (d) axt+tby obx+cy 
Oo # Be & b’x+c’y a’x+b’y a’x+b’y b’x+c’y 
5 ir\* Bx x = Sted =e Mitesh ai ie aval 11. If A, B and C are angles of a triangle, the value of 
; : q 2iA -icC - iB 
xx ¥ & e e e 
+e & © a get gen is (where i = J 1) 
(a) (x — a) (x — B) (x - y) (x - 8) ge gw ee 
(b) (x + a) (x + B) (x + ¥) (x + 8) 
(c) x ~ a) (x - B) (x ~ ¥) (x - 8) o1 Om Ost ca 
(d) None of the above x2 xt? 2a 
a b-c ctb 12. If} 1 x" a |=0,V xe R wherenéN, 
6.Iffat+c b c-—a}=0,the line ax+by+c=0 ges gre ge 
a-b a+b c¢ the value of ais 
passes through the fixed point which is (a) n (b)n-1 
(a) (1, 2) (b) (1, 1) (c)(-2,1) — (d) (1, 0) (c)n+1 (d) None of these 
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13, If x, y andz are the integers in AP lying between 1 and 
9 and x51, y 41 and z31 are three digits number, the 


5 4 3 
value of} x51 y41 z31/is 
x y Z 
(a)xt+yt+z 
(b)x-y+z 
(c) 0 
(d) None of the above 


14, If a, b, c;,a, bc 2 anda,b,c, are three digit even 
Cy a, b, 
b, |, then A is 


Cz a, db, 


natural numbers andA=|c, az 


(a) divisible by 2 but not necessarily by 4 
(b) divisible by 4 but not necessarily by 8 
(c) divisible by 8 
(d) None of the above 
15. If a, bandc are sides of AABC such that 
c bcosB+cB acosA+batcy 
a ccosB+aBh bcosA+ca+ay |=0 


b acosB+bB ccosA+an+by 


f y 
[where a,B,yeR* and ZA, ZB, ZC # a} AABC is 


(b) an equilateral 
(d) None of these 


(a) an isosceles 
(c) can’t say 
16. If x,, x2 and y, y2 are the roots of the equations 
3x? — 18x +9 =Oand y* — 4y +2=0, the value of the 
X 1X2 Yiy2 I 
1 1X Vite 2| is 
sin(™@x,x2) cos(2/2y,y2) 1 
(a) 0 (b) 1 
(c) 2 (d) None of these 
10 C, 10 Cc mG. 
17. Ifthe value of A=|"'C, "C, Caa2 | is equal to 


12A 112A 13 
Us Ug Cm+4 


determinant 


zero, then m is equal to 


(a) 6 (b) 4 
(c) 5 (d) None of these 
18. The value of the determinant 

1 sin(a-B)6 cos(a —f)6 
a sin a6 cosa@ _|is independent of 
a” sin(a-B)@ cos(a—f)0 

(a) o (b) B 

(c) 8 (d) a 
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19. If f(x), g(x) and h(x) are polynomials of degree 4 and 
f(x) g(x) A(x) 

a b c 

a 


identity in x, then 
iP (0) pe f (0) gz “(0) a g (0) h’(0) 7 h (0) 


=mx' +nx3 4rc7 +sx+tbean 


a b c 
P q F 
is equal to 
(a) 2 (Gn + r) (b) 3 (2n —r) 
(c) X2n + r) (d) 2(3n — r) 


cos(x+a@) cos(x+B) cos(x+y) 
20. If f(x) =| sin(x+a@) sin(x+f) sin(x+7)|, then 
sin(B-y) sin(y-a) sin(a —8) 
f(8) - 2F() + f(y) is equal to 


(a) 0 (b)a—-B 
(c)a+B+y~ (d)at+B-y 
1 1 1 
21. If} a b e¢ |=(a—b)(b-c)(c—a)(a+b+c), where 
a b c¢? 
- abandc are all different, then the determinant 
1 1 1 
(x -— a)? (x - b)? (x-c)? {vanishes 
(x-b)(x-c) (x-c)(x-a) (x-a)(x—}) 
when 


Aas rcs (b)x=2(a+ +0) 


()x=5(a+b+e) (d)x=atbt+e 


22. Leta, b,c € Rsuchthat no two of them are equal and satisfy 
2a b c¢ 
b c¢ 2a|=0,theequation24ax” + 4bx + c = Ohas 
c 2a b 


1 
(a) atleast one root in fo A 


1 
(b) atleast one root in - ; | 


(c) atleast one root in [-1, 0] 
(d) atleast two roots in (0, 2] 


23. The number of positive integral solution of the equation 


xi+1 x*y x*z 


xy? oy’ +1~—=so_y’z {=11is 
xz? yz? zi +1 
(a) 0 (b) 3 (c) 6 (d) 12 
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24. If f(x) =ax? + bx +c,a,b,c € Rand equation 
f(x) - x =Ohas imaginary roots a, B y and be the roots 


2a 8 

of f(f(x))-x=0,then|B 0 a fis 
y B 1 

(a) 0 (b) purely real 


(c) purely imaginary (d) None of these 


25. If the system of equations 2x — y+ z=0,x —2y+z=0, 


tx — y + 2z =Ohas infinitely many solutions and f(x) be 
a continuous function, such that f(5 +x) + f(x) =2, 


then 3 . f(x) dx is equal to 
(a) 0 (b) — 2t (c) 5 (d)t 
26. If(1+ax + bx?)* =a) t+a;xtazx* +... +a,x°, 
where @, b, dg, @;,...,@g3 € Rsuch that ag +a; ta, #0 
Qo a a2 
and| a, @, a, |=0,then 


Q@2 Gay a, 


3 5 1 5 
=-,b=- ba=-,b=— 
ee 4 8 (b) 4 32 
(mais =: (djiNoneroP these 


Determinants Exercise 2: 


27. Given, f(x) = log, x and g(x)=e™™. 
f2-2@) Yoyen 1 
If Xx) =| f(x?)-g(x?) (flx?E@ 0], the value of 


Flx?)-g(x3) f(x 2 ye) 4 


(10), is 
(a) 1 (b) 2 (c) 0 (d) None of these 
28. The value of the determinant 
1 a -q~ 2%)? (cr 2* +a7 2%)? 


1 (pe —B- 2)? (B* +B ai is 
1 (y?* -y~**)? (ye + 2*y2 
(a) 0 (b) (aBy)** — (c) (aBy)~ 7% (d) None of these 
29. If a,b andc are non-zero real numbers and if the 
equations (a—1)x =y+z,(b-—l)y=z+x, 
(c -1)z=x + yhas a non-trivial solution, then 
ab + bc + ca equals to 
(aja+b+c (b)abe (c) 1 (d) None of these 
30. The set of equations Ax — y + (cos 8) z =0, 
3x + y + 2z =0,(cos 6) x + y + 2z =0,0 $6 $ 2m, has non- 
trivial solution(s) 
(a) for no value of A and 8 
(b) for all value of A and 8 


(c) for all values of A and only two values of 8 
(d) for only one value of d and all values of 6 


More than One Correct Option Type Questions 


Ne 


s This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct. 


a® +x? ab ac 
31, The determinant A = ab b? +x? be is 
ac be c* +x? 
divisible by 
(a) x (b) x? (c) x? (d) x* 
32. The value of the determinant 
V6 2i 3+6 
Vi2. V3 +81 3/24+V6i ,is (where i = .f- 1) 
V18 J2+V12i = J27 +2i 


(a) complex (b) real (c) irrational (d) rational 


sin k® 

k (k +1) n 
33. If D. =| x y z ,then } D, 
n+1 n k=1 
sin @sin —0 
m1 n 2 2 
n+l a. © 
is equal to 


LT ee jae 


ee er ee St ee ewe 


(a) 0 (b) independent of n 
(c) independent of @ (d) independent of x, y andz 
a b aa +b 
34. The determinant| b c ba. +c | is equal to 


aatb bate 0 


zero, if 

(a) a, band c are in AP 

(b) a, b, ¢, are in GP 

(c) a, b andc are in HP 

(d) (x — a) is a factor of ax? + 2bx + 


2cos x 1 0 
35. Let f(x)=| 1 2 cos x 1 |, then 
0 1 2 cos x 


wae 


wf) 


(©) { Flx)dx = 0 
(d) { f(x) dx =0 
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x? -5x4+3 2x-5 3 
36. IFA(x)=| 3x27 +x4+4 6x+1 9 
qx? -6x+9 14x-6 21 


=ax*> +bx? + cx +d, then 

(a)a=0 (b)b=0 (c)c =0 (d) d = 47 

37. Ifa, band c are the sides of a triangle and A, Band C are 
the angles opposite to a, band c respectively, then 


a’ bsinA CsinA 


A=| bsin A 1 cos A | is independent of 
CsinA cosA 1 
(a)@ (b) b (c) (d) A, B,C 
a a’ 0 
38, Let f(a,b)=|1 (2a+b) (a+b)? | then 
0 1 (2a + 3b) 


(a) (a + b) is a factor of f(a, b) 
(b) (a + 2b) is a factor of f(a, b) 
(c) (2a + b) is a factor of f(a,b) 
(d) a is a factor of f(a, b) 


sec? x 1 1 
39. If f(x) =| cos? x cos? x cosec x |, then 


1 cos? x cot’?x 
n/4 1 
(a) [ nd ax =~ (on +8) 
Tt 
b) f1—|=0 
wr | 
(c) maximum value of f(x) is 1 
(d) minimum value of f(x) is 0 
a a+ x’ atx? +x‘ 
40. If|2a 3a+2x” 4a+3x7 +2x‘ 
3a 6at+3x? 10a+6x? +3x'4 


=a) t+a,xta,x"° +a,x°> +a,x‘+a,x° 


+a,x° +a, x’ and 


f(x)=+ a x? +a, x+4,, then 


(a) f(x)20,V xe Rifa>0 

(b) f(x) = 0, only ifa =0 

(c) f(x) = 0, has two equal roots 

(d) f(x) = 0, has more than two root if a = 0 


41. 


42. 


43. 


45. 
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4x-4 (x-2)? -" 
If A(x) =| 8x-4V¥2 (x-2V2)? (x +1)? | then 
12x - 4V3 (x -2V3)? (x-1) 
(a) term independent of x in A(x) = 16(5 - V2 - 3 ) 
(b) coefficient of x in A(x) = 481 + 42 - V3) 
(c) coefficient of x in A(x) = 16 (5 + 42 - V3) 
(d) coefficient of x in A(x) is divisible by 16 


If 
3 3x 3x? +2a? 
f(x)= 3x 3x7 +2a” 3x°> +6a°x 
3x° 420° 3x°+46a?x 3x4 +120’ x? +2a' 
then 
(a) f(x) =0 


(b) y = f(x) is a straight line parallel to X-axis 
‘ a oe 

(c) ik f(x) dx =32a 

(d) None of the above 


Ifa>b>c and the system of equations ax + by + cz =0, 
bx + cy + az =0, cx + ay + bz =Ohas a non-trivial 
solution, then both the roots of the quadratic equation 
at” + bt +c, are 

(a) real 


(b) of opposite sign 
(c) positive 
(d) complex 


. The values of A and b for which the equations 


x+y+z=3,.x+3y+2z=6andx+Ay+3z=bhave 
(a) a unique solution, ifA #5,bER 

(b) no solution, if A #5, b =9 

(c) infinite many solution, A =5, b =9 

(d) None of the above 

Let A and be real. Let S denote the set of all values of A 
for which the system of linear equations 

Ax + (sina) y +(cosa)z=0 
x+(cos a) y+(sina)z=0 

~ x +(sin @) y—(cos a)z =0 

has a non-trivial solution, then S contains 

(a) (- 1,1) (b) (- V2, 1] 

(c) [1, v2] (d) (-2,2) 
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ts] Determinants Exercise 3: 
. Passage Based Questions 


Le eee Re ere ee ete. terete we eee eee 


® This section contains 7 passages. Based upon each of the 
passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), (b), 


(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 46 to 48) 


Consider the system of equations 

X+ y+z=5,x+2y+3z=9; x+3 yt+Az=p 
The system is called smart, brilliant, good and lazy 
according as it has solution, unique solution, infinitely 
many Solutions and no Solution, respectively. 


46. The system is smart, if 
(a)A#5orA=S5andp =13(b) A #5 andp =13 
(c)A #5andp #13 (d)A#50rA=5andyp 413 
47. The system is good, if 
(a)A #5o0rA =Sandp =13(b)A =Sandp =13 
(c)A =Sandp #13 
(d) A #5, wis any real number 
48. The system is lazy, if 
(a)A#5o0rA=Sandp=13 (b)A=5andp =13 
(c)A =Sandp #13 (d)A #5o0rA=Sandp #13 


Passage II 
(Q. Nos. 49 to 51) 
@1 00 432 3 
If N=|ax, 422 423 |andCy =(-1)'*/ My, 
23; 432 433 


is a determinant obtained by deleting ith row and 


Cy C2 Ch3 
jth column, then|Cy, Cx Cy |= A. 
C3, Caz C33 
1 «x x? x?=1 0 x-x‘ 
49. If}x x? 1}=5andA=| 0 x-x' x 3-1], 
x? 1 Eg x-x' x 3-1 0 
then sum of digits of A’, is 
(a) 7 (b) 8 (c) 13 (d) 11 


50. Suppose a, b, cé R, at b+c>0, A=be -a’,B=ca-b’ 


A BC 

andC=ab-c” and|B C A |=49,then the value of 
C A B 

a> +b* +c° —3abe, is 

(a) -7 (b) 7 (c) —2401 (d) 2401 


where M i 


meme ae na eee ee ee = ee e+ > er oe a ee rn er 


51. If a8 +b° +c? —3abe = -3and A =be-a’, B=ca-b’ 
and C = ab—c?, then the value of aA + bB+cC, is 
(a) -3 (b) 3 (c) -9 (d) 9 
Passage III 
(Q. Nos. 52 to 54) 
Ifa,B,y are the roots of x? +2x? —x-3=0 


ao Bp y¥ 
52. The value of] y a 68 | is equal to 
Boy 
(a) 14 (b) -2 (c) 10 (a) 14 
53. If the absolute value of the expression 
Ay p=! ie expressed as ™ where mand 
a+2 B+2 yt2 n 


: m n° |, 
nare co-prime, the value of , is 
m-n mtn 


(a) 17 (b) 27 (c) 37 (d) 47 
54. Ifa=a° +B’ +y’, b= a8 +Py + ya, the value of 
a b b 
b a Ob},is 
b ba 
(a) 14 (b) 49 (c) 98 (d) 196 
Passage IV 


(Q. Nos. 55 to 57) 


Suppose f (x) is a function satisfying the following 
conditions: 


(i) f0)=2, f()=1 


(ii) f (x) has aminimum value atx = ; 


2ax 2ax-1 2ax+b+l 
(iii) Forallx, f’ (x) = b b+1 =] 
2(ax+b) 2ax+2b+1 2axtd 
99. The value of f(2)+ (3) is 
(a) 1 (b) = (2 (a2 


96. The number of solutions of the equation f(x)+1=0is 
(a) 0 (b) 1 (c) 2 (d) infinite 
57. Range of f(x) is 


7 3 7 3 
(2 (|, =) |.) (@(-3) 
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Passage V 
(Q. Nos. 58 to 60) 


x = (x-1) 


2 


tan x sin” x cos? x 


58. The value of cos~'(a,), is 


T Tt 
0 b) — — d 
(a) (b) 7 (c) 5 (d) x 
59, The value of lim (sin x)” is 
xa 

| (a) 1 (b) e (c)e-1 (d) None of these 
| 60, The equation whose roots are ay and ay, is 

(a) x?-x =0 (b) x? -2x =0 

(c) x?-3x =0 (d) None of these 
| Passage VI 


(Q. Nos. 61 to 63) 
—be b?+be ct +be 


LetA=|a*+ac  -ac cc? +ac| and the equation 
‘la? tab b? +ab  -ab 
r= px’ +qx—r=Ohas roots a, b, c where a,b,c€¢ R*. 


61. The value of A is 
(a) <9r* (b) 2 27r° 


(c)<27r? = (d) 281° 


| Determinants Exercise 4 : 


ER Re A OL st Or Ome m8 ee Re ee 


question is a single digit integer, ranging from 


0 to 9 (both inclusive). 
+k 42 37 434k 

67. If} 47 +k 57 47 444+k/=0, 
5 +k 67 57 454k 


| = 
the value of 2" ek Je 1. 00 JS 


68. Leta, 8 and y are three distinct roots of 
xo] =6 2 


-1 
1 : 
-6 x-2 -4 =0 the vate of 2424-4) is 
a B y¥ 
2 -4 x-6 
x eo (x -1)° ; 
69. If}x—Inx cos(x-1) (x—1)* |= ¥ a, (x-1), 
=0 
tan x sin? x cos” x : 


the value of (27° +37!)7!*? is 


I }x-Inx cos(x-1)  (x-1)* |= aot aj (x-1)+ a,(x-1)*+... 


~ Single Integer Answer Type Questions 


" This section contains 10 questions. The answer to each 
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62. If a,b,c are in GP, then 
(a) r = p’q (b) p =r°q (c) p =q’r (d) q° =p'r 
63. If A =27 anda’ +b? +c? =2, then the value of ¥.a7h, is 


(a) 422 - p) (b) (2V2 -r) 
(c) 42V2 -q) (d) 42V2 - p-q) 
Passage VII 
(Q. Nos. 64 to 66) 
at +n ab ac 
IfAn=| ab b? +n — be__|, n€ N and the equation 
ac bc c+n 


x? —Ax? +1 1x -6=0 has roots a, b, cand a,b,care in AP. 


7 
64. The value of ¥ A, is 
r= 


(a1)? (b)(14)>—(c) (26)? (ad) (28) 
65. The value of a is 
(a) <8 (b) =8 
(c) >8 (d) None of these 
30 = 4 
66. The value of 5 FP ASES is 
r=1 27r y 
(a) 130 (b) 190 (c) 280 (d) 340 
1 cosa cosB 0 cosa cosB 
70. If}cosa 1 cosy|=jcosm 0 cosy}, 
cosB cosy 1 cosB cosy 0 
cos’ a + cos” B + cos” y is equal to 
(b+c)? a’ a” 
71. Let f(a,b,c)=| b? (c+a)? db? | the 
c? c? (a+)? 


greatest integer n € N such that (a+ b+ c)" divides 
f(a,b,c)is 
72. If 0 $6 < mand the system of equations 
x =(sin 8) y + (cos 8)z 
y =z +(cos 6) x 
z=(sin0)x+y 


; 86. 
has a non-trivial solution, then — is equal to 
Tt 
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Lai? 4 l+a 1 1 
12 3 4 = 
73. The value of the determinant is 75. Wfa#0b#0c#O0and|1+b 1+2b 1 : 
13 6 10 Ite Ite 1+ 
1 4 10 20 the value of|a~' + b~’ +c" |is equal to 
74, If a,b,c and d are the roots of the equation 76. If the system of equations 
x1 4+2x34+4x? +8x+16=0, the value of the ax +hy+g=0;hx + by + f =0 
l+a 1 ! 1 and ax* +2hxy + by”? +2gx +2fy+c+A=0 hasa 
: 1 1+b 1 an unique solution and 
determinant 7 te : is , : ; ‘ 
c awh? he 
CEe ee a ee = 8 the value of Ais 
1 1 1 1+d h? —ab 


| Determinants Exercise 5 : 
~ Matching Type Questions 


re er erm iret orn ere en a ee 


# This section contains 5 questions. Questions 77 to 81 have three statements (A, B and C) given in Column I and four 
statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 
statement(s) given in Column II. 


77. Column I Column II 
(A) | Ifa,b,c are three complex numbers such that a? + b?+c?=0 and (p) 2 
b? + ¢? ab ac 
ab +a’ be |=Aa"b*c? then J is divisible by 
ac be a? +b? 
a+b at+bt+c 
(B) Ifa,b,c € Rand|2a 5a+2b (q) 3 
7a+3b 

(C) 4 
5 
6 

78. Column I Column II 
(A) | Let fi(x) = x+a), f(x) =x? + bx + by, x, =2, x, =3 and X; =5 and (p) | Even number 
1 1 1 
A=] film) Silt.) filxs) } then A is 
Fila) fl%2) fils) 
1 b, a, 
(B) | If Ja, —b,|=6 and f(x) =|1 b, 2a, ~x |, then the minimum value of f(x) is (q) | Prime number 
1 2b, =X Q) 
x-2 (x-1) x} 
(C) | If coefficient of xin f(x)=|x-1 x? = (x+1)? J isA, then|Alis (r) | Odd number 


x  (x+1)? (x+2) 


8) | Composite number 
Fp Perfect number 
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79. Column I Column II 


x?+3x x-1 x+3 | 

(A) {If} x?+1 2+3x x-3 = ax‘ + bx + cx? + dx +e, thene + a is divisible by (p) 2 
x°-3) x44 3x 
x1, Se 7 

(B) | If} x?-1 x-1 8|=ax’+bx*+cx+d, then (e+a—3) is divisible by 3 
2x 3x 0 


xi+dx x43 


(C) |If| x-2 5% ? 
x=3 
6 
7 
80, Column IT 
(A) | Ifa’+b? +c? =1and independent of a 
a°+(b?+c?)d ab(1—-d) ca(1 —d) 
ab(1 -—d) b? +(c? +a")d be{i-d) |, then Ais 
ca(1-d) ‘bei-d) sc? +(a +b?) d 
(B) ; - , then A is independent of 6 


a a a 
-bd(b+c) (ad+2bd+cd) -{atb)bd 
2 


a’c ac ac 


sina cosa sin(a+d) 
IfA=|sinb cosb sin(b+d) |, then Ais independent of c 


pt 8) | __independent of 
ae = 


af. Column I | Column II 


If n be the number of distinct values of 2 x2 determinant whose entries are from 
the set {-1,0,1}, then (n —1)’ is divisible by 


If n be the number of 2 x2 determinants with non-negative values whose entries | ( 
from the set {0,1}, then (n —1) is divisible by 
If n be the number of 2 x2 determinants with negative values whose entries from | ( 
the set {-1, 1}, then r{n + 1) is divisible by 
i 
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(C) 


sinc cosc sin(c+d) 
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Determinants Exercise 6: 
~ Statement | and II Type Questions 


eee = uate ee | tow 2 erm 8 an re oe nO nee nes me nk a Ee NL CE RR eo nN ERR OS ren er 


= Directions (Q. Nos. 82 to 87) are Assertion-Reason type Statement-2 The value of skew-symmetric determinant 
questions. Each of these questions contains two of odd order equals zero. 
statements: 


Statement-1 (Assertion) and Statement-2 (Reason) (1¢x)" (1+ x)? (1+ x)? 
Each of these questions also has four alternative choices, 85. Statement-1 f(x) =| (1+ x)! (1+x)” (1+x)"| 
only one of which is the correct answer. You have to select (1+ x)?! (1+ x)” (1+ x)? 
the correct choice as given below. 


F : th ient of xi = 
(a) Statement-1 is true, Statement-2 is true; Statement-2 e coefficient of x in f(x) =0 


is a correct explanation for Statement-1 Statement-2 If P(x) =a) ta,x+a,z x? + a4x° 
(b) Statement-1 is true, Statement-2 is true; Statement-2 +...+a, x", then a, = P’(0), where dash denotes the 
is not a correct explanation for Statement-1 airy =f inci 
(c) Statement] is true, Statement-2 is false erential coeiticient. 
(d) Statement-1 is false, Statement-2 is true 86. Statement-1 If system of equations 2x + 3y =a 
r ais a2) A ~ : ; , 
82. Statement-1 If A(r) = then © A(r)=-3n and bx + 4y =5has infinite solution, 
+3 4 r=i ; 15 8 
thena=—,b=- 
filr) falr) 5 


Statement-2 If A(r) = 


far) falr) 


Statement-2 Straight lines a,x + b;y+c, =0 


n n 
. 2 f(r) ») fo(r) and a, x +b, y+c, =Oare parallel, 
then ¥ A(r)= wp Fi Oi 2 Ci 
- DY fslr) 2 falr) a, by Ce 
r=1 r=1 . 12 3 
83. Consider the 4 ceemunant 87. Statement-1 The value of the determinant|4 5 6/#0 
a,+bx° a,x +b, oc, ie 
A= ag +b, x? a,x? +b, Co =0, 
a,+b5x* a,x’? +b; Cc Statement-2 Neither of two rows or columns of 
1 2 3 
where a;,b;,¢; € R(i=1,2,3)andxER fae 
Statement-1 The value of x satisfying A =Oare 780 
xe=1=1 
a b C 


88. Statement-1 The digits A, B and C re such that 


Statement-2 If{a, bz, cz |=0,thenA=0. —_ 
the three digit numbers A88, 6B8, 86C are divisible 


a 2s A 6 8 
84. Statement-1 The value of determinant by 72, then the determinant| 8 B_ 6 |is divisible 
( 7 ( 
sin 7 cos| x +2 tan( x—) 8 8 C 
¢ \ i \ my by 288. 
718 (n x 
sin ls - *) — cos 4 In| — is zero. Statement-2 A = B=? 
4. f 2 y 


cot (= + *| In (2) tan 7 
4 x 
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g| Determinants Exercise 7 : 
7 Subjective Type Questions 


a enmnarer: 


« In this section, there are 20 subjective questions. 


b+tce c¢ b 
89. Provethatl c ct+a a |=4abc. 
b a atb 
a-b-c 2a 2a 
90. Prove that 2b b-c-a 2 |=(at+b+c)°. 
2c 2c c-a-b 
J13+V3 25 5 
91. Find the value of determinant] 15+ 726 5 +10|. 
3+V65 VI5 5 
be ca ab 
92, Find the value of the determinant| p qr |, where 
@ A 


a, band c respectively are the pth,q th and rth terms of a 
harmonic progression. 


93. Without expanding the determinant at any stage, prove 


=5.  34bS1 ; - 4i 
that}3-5i 8  4+5i |hasa purely real value. 
: +4i 4—-Si 9 
2 


ah+bg g ab+tch 
94. Prove without expanding that] bf +ba f hb+bcl=a 


ah+bg ah aft+be c bg + fe 
bf tba h b 
aft+tbe g ff 
95. If A, Band C are the angles of a triangle and 
1 | 1 
1+sinA 1+sin B l¢sinC |=0 


sinAt+sin? A sinB+sin? B sinC +sin?C 
then prove that AABC must be isosceles. 
By By’+B’y B’y’ 
96. Prove that} ya ya’+y‘a y‘a’ 
aB aB’+aB af’ 
=(aB’ — a8) (By’ - B’y)(ya"— ya) 


97. If y= “ where u and v are functions of x, show that 
v 
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98. Show that the determinant A(x) is given by A(x) = 


sin(x+Q@) cos(x+a@) a+xsina 


sin(x+B) cos(x+B) 56+xsinB |. isindependentofx. 
sin(x+y) cos(x+y) ct+xsiny 
*C, *C, *Cy 
99. Evaluate} 7C, *%C, YC, 
“Cy *C, *Cy 
100. (i) Find maximum value of 
l+sin?x cos’ x 4 sin 2x 
f(x)=| sin?x 1+cos*x 4sin2x 
sin? x cos*x 1+4sin2x 


(ii) Let A, Band C be the angles of a triangle, such that 
A2B2C. 


Find the minimum value of A, where 
sin? A sinAcosA cos? A 
A=| sin? B cos’ B 
sin?C sinC’cosC cos? C 
x? 4x46 2x? 44x4+10 3x? -2x +416 
2x +2 3x -1 
1 2 3 


2. 
then find the value of [| ~ "* ¢(xjax. 
—3 x? 


sin Bcos B 


101. If f(x)= 


x-2 


1+ 
102. If Y =sX and Z =2X all the variables beings functions of 
Xx Y Zz 
3/51 fy 
x, then prove that] X,; Y, 2, |=X ; | 
%: Te Ze a 
where suffixes denote the order of differentiation with 
respect to x. 
103. If f, g and hare differentiable functions of x and 
i g h 
(x f)’  (xg)’ — (xh)’ ‘|, then prove that 
Gry (x? g)” (x7h)” 
f g h 
A’= e g’ h’ 
(x? f”)’ (x2?) (x°h”)’ 
104, If|a, |>lay |+]a5 [4] bo [>]b, | +15 [and 
@; @2 a3 
|c4|>|c,|+]|c2 |, then show that} >, 6b, 6; }#0 


A= 
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(a—a,)* (a-a,)* ay" 
105. Show that|(a-a,) (a—-a,)" az'|= 
(a-a3)~ (a—a3)"' a3" 
a® Ne . 
—_—__—_———.. Write out the terms of the product in 
Ila; M(a-a;) 


106. 


the numerator and give the resulting expression its 
correct sign. 

Show that in general there are three values of t for 
which the following system of equations has a 
non-trivial solution (a —t)x + by + cz =0, 

bx +(c —t)y +az =Oand cx + ay +(b-t)z =0. 

Express the product of these values of ¢ in the form of a 
determinant. 


eo Determinants Exercise 8 : 


® This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 to 


een tee terete 0 6 Oe 0 ee rt Se ee eo 


year 2017, 


109. Ifa? +b? +c? =-2 and 


ita’x (1+b7)x (1+c)x 
f(x)=|(1+a?)x  14+b?x (1+¢7)x|, then f(x)isa 
(1+a?)x (1+b7)x 14c7x 


polynomial of degree [AIEEE 2005, 3M] 
(a) 3 (b) 2 (c) 1 (d) 0 
110. The system of equations 


axt+ty+tz=a-1, 
x+Qy+z=a-1 


and xt+ytaz=a-1 
has no solution, if & is [AIEEE 2005, 3M] 
(a) not -2 (b) 1 
(c) —2 (d) Either -2 or 1 
111. If a,, a2, @3,..., @,,-.. are in GP, then the determinant 
loga,  logans, loganse 

A=|loga,43; loga,44 loganss | is equal to 

logan46 l0g@ns7 loganss [AIEEE 2005, 3M] 
(a) 1 (b) 0 (c) 4 (d) 2 

1 1 1 


112. 1f D=)1 1+x 1 


for x #0, y #0, then Dis 


Lt dry 


[AIEEE 2007, 3M] 
(a) divisible by neither x nor y 

(b) divisible by both x and y 

(c) divisible by x but not y 

(d) divisible by y but not x 


Questions Asked in Previous 13 Year's Exam 


owe ee ne owe we 


107. Eliminates 
(i) a, band c 


(ii) x, y, z from the equations 


sae aay $424 226 
z y x. 2 
ax by 
and —-c+—+—=0. 
y = 


108. if x,z and y are not all zero and if 


ax + by+cz=0, bx +cy+az=0 
and cx +ay+bz=0,then 
prove that x:y:z=1:1:1lor1:0:@ or 1:0 :@ 
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113. Consider the system of equations 


x—-2y+3z=-1 
—-x+y—Iz=k 
x-3y+4z=1 


Statement-1 The system of equations has no solutions 


for k #3. [IIT-JEE 2008, 3M} 
and 1 3 -1 
Statement-2 The determinant|-1 -2 k|#0,fork #3 

1 4 1 


(a) Statement-1 is true, Statement-2 is true and Statement-2 
is a correct explanation for Statement-1. 

(b) Statement-1 is true, Statement-2 is true and Statement-2 is 
not a correct explanation for Statement-1. 

(c) Statement-1 is true, Statement-2 is false. 


(d) Statement-1 is false, Statement-2 is true. 


114. 


Let a, b, c be any real numbers. Suppose that there are 
real numbers x, y, z not all zero such that 

x =cy+bz, y=az+cx and z = bx + ay. Then, 

a* +b? +c? +2abc is equal to [AIEEE 2008, 3M] 


(a) —1 (b) 0 (c) 1 (d) 2 
115. Let a, b, cbe such that Ka+c) #0. If 
a atl a-l a+1 b+1 c~1 
—b b+1 b-1)|+} a-1 b-1 c+1 |=0, 


(=i) a (-1)""'b (-1)"c 
[AIEEE 2009, 4M] 


c c-l1 ctl 


then the value of n is 
(a) any integer 
(c) an even integer 
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(b) zero 
(d) any odd integer 


1 tan®é 1 
116. If f(8) =|-tan® 1 tan6|, then the set 
-1 —tané 1 


ee 
{/l0y050 < 2 | 


[IT-JEE 2011, 2M] 


(a) (—,-1) U(1, 29) (b) (2,2) 
(c) (~-9,0] U[2,-) (d) (-»,-1] U[1,-) 
117, The number of values of k for which the linear equations 
4x+ky+2z =0 
kx +4y+z=0 
2x+2y+z=0 
Possess a non-zero solution is [AIEEE 2011,4M] 
(a) zero (b) 3 (c) 2 (d) 1 
118. If the trivial solution is the only solution of the system 
of equations 
x-ky+z=0 
kx +3y—kz=0 
3x+y—-z=0 
Then, the set of values of k is 
(a) {2, -3} (b) R -{2, -3} 
(c) R-{2} (d) R-{-3} [AIEEE 2011, 4M] 


119. The number of values of k for which the system of 
equations (k + 1)x +8y = 4k; kx +(k+3)y =3k—-1 


has no solution, is 
(a) 1 (b) 2 
(c)3 (d) infinite [JEE Main 2013, 4M] 


120. Ifa, B #0 and f(n)=a" +B" and 
3 1+ f(1) 1+ f(2) 
1+ f(1) 14f(2) 1+ f(3)|=k(1-a)?(1-B)?(a@-B)’, 
1+ f(2) 1+ f(3) 1+ f(4) 


then k is equal to [JEE Main 2014, 4M] 
(a) 1 (b) 1 
(c) of (d)1/ a8 

121. The set of all values of A for which the system of linear 
equations 


2x, -2x2 +x, =Ax, 
2x, —3x2 +2x3 =Axz 
—x,+2x, =Ax; 
has a non-trivial solution 
(a) contains two elements 
(b) contains more than two elements 
(c) is an empty set 
(d) is a singleton 


[JEE Main 2015, 4M] 
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122. Which of the following values of a satisfy the equation 
(1+a)? (1+2a)? (1+3a)? 
(2+a)? (2+2a)? (2+3a)? |=-648a? 
(3+a)? (3+2a)? (3+3a)? 
(JEE Advanced 2015, 4M] 


(a) -4 
(c) -9 


(b) 9 
(d) 4 
123. The system of linear equations 
xt+Ay-z=0 
Ax-y-z=0 
xty—-Az=0 
has a non-trivial solution for [JEE Main 2016, 4M] 
(a) exactly one-value of A 
(b) exactly two values of A 
(c) exactly three values of A 
(d) infinitely many values of X 
124. The total number of distinct x € R for which 


x x? 


2x 4x? 


3x 9x? 


1+x°? 
1+8x° | =10is 


1+27x? 
ne [JEE Advanced 2016, 3M] 


125. Let a,A, .e R Consider the system of linear equations 


ax+2y=i 

3x-2y=U 

Which of the following statement(s) is (are) correct? 

[JEE Advanced 2016, 4M] 

(a) If a = -3, then the system has infinitely many solutions 
for all values of Aandp 

(b) If a # -3, then the system has a unique solution for all 
values of Aand pt 

(c) If A +p =0, then the system has infinitely many solutions 
fora =-3 


(d) IfA+p #0, then the system has no solution for a = -3 


126. If Sis the set of distinct values of ‘b’ for which the 
following system of linear equations 
xtyt+z=1 
xtayt+z=1 
ax + by+z=0 
has no solution, then S is [JEE Main 2017, 4M] 
", (a)an infinite set 
(b) a finite set containing two or more elements 
(c) a singleton 
(d) an empty set 
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Exercise for Session | 


1. (d) 2. (d) 3. (c) 4. (b) 
7. (b) 
Exercise for Session 2 
1. (c) 2. (d) 3. (a) 4. (c) 
7. (b) 8. (b) 9, (d) 10. (c) 
Exercise for Session 3 
1. (b) 2.(c) 3.(c) 4.(b) §.(b) 
7. (d) 8.(a) 9.(b) 10. (c) 11. (c) 


13. (a) 14. (a) 


Exercise for Session 4 


1.(c) 2. (0) 3. (b) 4.(d) 
7.(b)  8.(c) 9.(d) ‘10. (a) 
Chapter Exercises 
1. (a) 2. (b) 3. (a) 4. (c) 
7. (d) 8. (c) 9.(c) 10. (d) 
13. (c) 14. (a) 15.(b) ‘16. (a) 
19. (d) 20. (a) 21. (b) 22. (a) 
25. (b) 26.(b) -27.(c) —28. (a) 


31. (a, b, c, d) 
35.(a,c,d) 36. (a, b, c) 37. (a, b, c, d) 

39. (a, b, c, d) 40. (a, c, d) 41. (a,b) 42. (a, b) 
43. (a, b) 44.(a,c) 45. (a, b, c) 


47. (b) 48. (c)  49.(c) 50. (b) 


32. (b,d) 33. (a, b,c, d) 


Answers 


5. (c) 6. (d) 

5.(a) 6. (b) 
11. (d) 

6. (d) 

12. (a) 
(d) 6. (b) 

5. (a) 6. (b) 
Ii.(d) 12. (c) 
17.(c) 18. (a) 
23.(b) 24. (b) 
29.(b) 30. (a) 

34.(b, d) 
38. (a, b, d) 
46. (a) 
51. (b) 


52. (c) 
58. (c) 
64. (b) 
70. (1) 
76.(8) 
78. (A) 4 (p,s,t); (B) > (r,t); (C) > (p,q) 

79. (A) > (r); (B) > (r,t); (C) > @, 4,8) 

80. (A) >(p,q,0); (B) > (p,a,1,8, 1); (C) > (p, 4,758, 6) 

~ 81. (A) >(p,¥); (B) > (p, 4,4, t); (C) > (p, 7,8) 

82. (c) 
88. (c) 


100. (i) 6 (ii) 0 


105. -a?(a, — a,)(ay - a3)(a3 - a) 


107. (i) + 2+%+1=0 
> . 
109. (b) 


121. (a) 
126. (c) 


53.(c)  54.(d)  55.(a)  56.(a) 57-(c) 
59. (a) 60.(d)  61.(b)  62.(d) 63. (0) 
65. (a) 66. (c) 67.(2)  68.(9) 69. (2) 
71.(3)  72.(6)  =73.(1)~—«74.(8) ~—-75. (3) 
71. (A) > (p,0); (B) > (p,r); (C) > (p,4,8,¢) 


83. (b) 84. (a) 85.(a) 86.(b)  87.(b) 
91. 15./2 - 253 
92.0 99. Suet yy - z)(z—- x) 


101.0 


abe 


boca 


ca b 


(ii) a? + b? +c} = Sabe 


110.(c)  WN.(b) 112. (b)—13. (a) 114. (0) 
115.(d) 116.(b) 117.(c) ‘118. (b) 119. (a) 120. (a) 
122. (b,c) 123.(c) 124.(2) 125. (b,c,d) 
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Solutions 


1, +2 f(n) =a" + B" 
3 1+ fi) 1+ f(2) 

Let A=|1+ f(1) 1+ f(2) 1+ f@) 
1+ f(2) 1+ f() 1+ f(4) 

3 1+a+B 1407+ 8? 
1+4a+P 14+07+8? 14+0°+8° 
1+07+8? 1+0°+B8? 1404 +8 

2 


1 1 #1) 1 1 #1) fl 11 
1 a Bixj1 a Bl=l1 a B 


1 a? B? 1 a B? 1 a B? 
Applying C, + C, - C, and C, > C, — C, then 
1 0 wea o 
A=/1 a-1 B-1 
1 a? 1 p? -1 
Expanding along R,, we get 
a-1 B-1]’ a : 1 |’ 
= =(a -1)? (B-1 
a’ -1 B?-1 cares) a+1 B+] 
| = (0 ~1)*(B -1)° (B -a)’ = -a)’ ( —B)’ @ - BY’ 
= kK(1 — a)’ (1 —B)* (@ - B)’ [given] 
k=1 
2. ‘a,b,c andd are in AP. Let D be the common difference,then 
b=a+D,c=a+2D,d=a+3D ..-(i) 


xt+a x+b xta-c 
and A(x)=|x+b x+c x-1 
xt+co xt+d x-bt+d 
On putting the values of b, c and d from Eq.(i) in A(x), then 
x+a x+a+D x-2D 
A(x)=|x+a+D x+t+at+2D x-1 
| x+at+2D x+a+3D x+2D 


Applying R, > R, — ; (R, + R3), then 


x+a xt+a+D x-2D 
A(x) = 0 see 0 tee -1 
x+a+2D xt+a+3D x+2D 


Expanding along R, , then 
xta x+a+D 


A(x) = 
x+at+2D x+a+t+3D 


Applying R, —» R, — R,, then 
A(x) xta x+a+D 
x)= 
2D 2D 


=2D(x+a-x-a-—D)=-2D’ 
Also, [, A(x) dx =-16 


= ~2D*(2) =-16 
D?=4 or D=£2 ° 


x 1l+x 2 x : 
3. Let A(x) =|log1+x7) e” — sinx 
cos x tanx sin’x 


=atbxt+ex’ +... 


On putting x = 0, we get 


0=a 
or a =0, then 
A(x) = bx + ox? +... 
Hence, A(x) is divisible by x. 
a b? ce? 


4. Given, (a+1)? (b+1)? (c+1)*/=0 
(a-1)? (b-1)’ (c-1)’ 
a’ b? ce? 
=> ae+2a+1 b°+2b4+1 c7 +2c4+1/=0 
a? —2a+1 b7-2b4+1 c?-2c+1 


Applying R, > R, —R;, then 


4a 4b 4c |=0 
a®-2a+1 b*?-2b+1 c?-2c+1 


a’ b? ¢? 
4a 6b cl=0 
1 1 #1 
1 1 1 
=> -la b cj=0 [- R, 2 R,) 
ee ic 
1 #1 1 
=> a b cl=0 
a b ¢ 
—: (a — b)(b-—c)(c -a)=0 
a-—b=0orb-—c=0orc-—a=0 
= a=borb=corc=a 


Hence, AABC is an isosceles triangle. 
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cs & & 
cue FOS 
x x ¥ x 
x x x 8 
Applying C, > C, -C,,C, > C, -C, andC, > C, —C,, then 
a x-a@ x-Q x-@ 
x B-x 0 0 
“|x 0 + ime 3 0 
x 0 0 8-x 


Expanding along first column, then 
A =a. (B — x) (y —x) (6 — x) — x (x -@) (y — x) (6 - x) 
+ x(8 — x) (x —a) (x —B) — x(x -a) (B - x) (y— x) 
= (x — a)(x — B) (x — y) (x —8) — x [(x —a)(x — y) (x -8) 
+ (x —B)(x — y) (x -8) 
+ (x —@)(x —B) (x —5)+(x-a)(x-B)(x-y)] [given] 
= f(x)-x f(x) 
F(x) =(x — a) (x — B) (x — y) (x - 8) 
a b-c ct+b 
at+c b 
a-b a+b c 


. Given, c-a\|=0 


a’ b-c ct+b 


=> dé a*+ac b c-—al|=0 
* la? —ab at+b c 
Applying C, > C, + bC, + cC;, then 
a+b? +c? bc 

=> lla beac? ob 
“lat + b+? a+b ec 


c+b 


c-—aj=0 


Applying R, > R, — R, and R,— R,— R,, then 


a+b? +c% + b-c + cmb 
1 
> - 0 c ~b-al=0 
a 
0 at+c -b 


Expanding along C,, then 
(a? + b? +c’) 
a 


(a? + b? +c) {(— be + (b +a) (a +c)]=0 


c -—b-a 


=> 
atc -b 


By gle le 2 
a (a° + b° +c")(—be+ab+be+a tac) 4 


a 
= (a? +b? +c*)(a+b+c)=0 
a’ +b? +c? #0 
at+b+c=0 


Therefore, line ax + by + c = 0 passes through the fixed point 
(1D). 


abe 
7.-|b c al=—(a? +b? +c? —3abc) 
c a b 
=-(a+b+c) (a +bw + cw’) (a + bo’ + cw) 
[where w is cube roots of unity] 
=— f(a) f(B) fy) [0 =1,B=0,y=0') 
cos2x sin?x cos 4x 
8. LetA=jsin’x cos2x cos’x 
cos4x cos’?x cos 2x 
1—2sin’ x sin?x 1-8sin’x(I ~sin’x) 
= sin? x 1-2sin?x 1—sin?x 
1-8sin?x(1—-sin?x) 1-sin?x 1 -2sin’x 
1 01 
The required constant termis/O 1 1 
1 #11 
Applying C, —> C, —C, then 
1 0 & 0 
0 1 1/=1(0-1)=-1 
1 . 1 0 
9° = -1Sx<0 => [x]=-1 
O<y<1 => [y]=0 
1<$z<2 => [z]=1 
0 0 1 
[x]+1  [y] [z] 
LetA=| [x] [y]+1. [z] J=|-1 - 1 + 1 
[x] [y] [z]+1 
-1 0 2 
Expanding along C, then A= ‘ |=t= Ee] 
yo -xy x xy? -xy x’y 
10.LetA=|a b cle—-lax »b cy 
a’ ob’ c'|  la’x c’y 


Applying C, > C, + yC, andC, > C, + xC,, then 


0 oe = XY 0 
‘ : 
A=—| ax + by b bx + cy 
xy 
a’x+b’y b’ b’x+c’y 
Expanding along R,, then 
1 axt+by obx+cy 
= xy carer b’y b’x+c’y 
ax+by bx+cy 


a’xt+b’y b’x+c’y 
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11. «: Ina triangle A + B+ C =m ande* =cosn+isinn=~1 


el(B+C) _ ot(n~A) _ QIK IAS pm iA 
= e (B+) tA 
Similarly, e AFB) el ange (C+ A) —-_ 9B 
Taking e 1A’ ¢!8 6! common from R » R, and R, respectively, 
we get 
etA en (A+C)  QilA+ B) 
Axelre¥ el] o-MB+O 28 e (A+ B) 
en (B+C) Q-HlA+C) eit 
yi 28" 26 
tehatc <8 upf 
agi ‘.g® 


Taking e oe e a e© common from C,, C, and C, respectively, 


we get 
1-1 -1 
A=(-1)e4-e8-e@J-1 0 1-1 
-1 -!I 1 
1 -1 ~-1 
=(-1)e"/-1 1 -1 
-1 -1 1 


1-1 —1 lL =f =] 

=(-1)(-1)]-1 1 -1/=]-1 1 -1 

-1 -1 1 -1 -1 1 
Applying C, > C, + C, andC, - C, + C, then 


1 0 0 
A=|-1 0 ~-2)=1(0-4)=-4 
4 =— 1 


12. Taking x* common from R,, then 
n n+2 an 


x Xx x 
x}1  x* a@l=0,WxeER 
x" ttl x2 
> atl=nt+2 > a=nt+1 


13. Since, x, y andz are in AP. 


2y=xt+z --{i) 
5 4 3 
Let A=|x51 y41 231 
x y z 
5 4 3 
=/100x+50+1 100y+40+1 1002 +30+1 
x y Zz 


5 0 3 

=/100x+50+1 0 1002 +30+1 [from Eq. (i)] 
x 0 Zz 

=0 [‘." all elements of C, are zeroes] 
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14. Asa, b,c,, a,b,c, and a,b,c, are even natural numbers each of 
C, Cz, C3 is divisible by 2. 
Let C, =2A, fori =1,2,3 and A, € N, then 
2A, a 4 A, a 5 
A=|2A, @, 6,1=2}\, a, b,|=2m 
2A, a; bs A, a, 5, 
where m is some natural number. Thus, A is divisible by 2. 


That A may not be divisible by 4 can be seen by taking the 
three numbers as 112, 122 and 134. 


211 
A=|2 1 2|=2(3-2)-1(6-8) + 1(2-4)=2 
4 1 3 
which is divisible by 2 but not by 4. 
c bcosB+ch acosA+bat+cy 
15. LetA=|a ccosB+aB bcosA+ca+ay 
b acosB+bB ccosA+aa + by 
Applying C, - C, — BC, andC, - C, - yC,, then 
c bcosB acosA+ ba 
A=|a ccosB bcosA+ co 
b acosB ccosA+ aa 
Applying C, > C, —a@ secB C,, then 
c bcosB acosA c ba 
A=la ccosB bcos A|=cosAcos Bia c. b 


bac 
abe 


b acosB ccosA 


Applying C, > C;, then A=-—cosAcosBi/b ¢ a 
c a b 
=~cos A cos B(a + b + c)-~[(a - b)? + (bc) + (c-a)*] 
< 

cos A#0,cosB#0anda+b+c#0 

A=0 

(a — b)? + (b-—c)*? +(c—a)* =0 
which is independent, when a —-b = 0,b -c =Qandc -a=0 
i.e., a=b=c 
Hence, AABC is an equilateral. 


Given, 


16. Here, x, +x,=6, x, =3] ---(i) 
and y+ y2=4 yy. =2| 
%%2 VWY2 1 
x, + X Mty, 2 


: t 
sin (% x,x,) cos pve 1 


Let A= 


3 2 1 
=| 6 4 2 {from Eq. (i)] 
(=) 
sin3m cosj—j| 1 
\4 
3 2 
Applying R, > R,-2R,,thenA=|0 0 
0 7 
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0} =0 
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ne NG. NG 
17, ERS. ME, MC cn 
oc, ze, Bo ' 


Applying C, — C, + C, and use Pascal’s rule 
("C.+°C,.,="*'C), then 


1. sin(a-B)6 cos(a —B)8 
18. LetA=|a sin a8 cos a6 
a* sin(a-B)® cos(a—B)6 


Applying R, > R, — R3, then 


isg = 0 0 
A=! a sin a8 cos a8 
a’ sin(a — 8) @ cos (a — 8) @ 


Expanding along R,, then 


sin a6 cos a8 


Now, subtracting Eq. (iv) from Eq. (v), we get 
f°(0) - f"(0)  g” (0) - g” (0) h(0) -h"(0) 
b c 
q 
=6n —2r=2(3n—r) 
cos(x+@) cos(x+ PB) cos(x +) 
20. -: f(x) =|sin(x+@) sin(x+)  sin(x + y) 
sin(B-y) sin(y-a) sin(a -8) 


On differentiating both sides w.r.t. x, then 


p r 


[given] 


~sin(x+a) —sin(x+ PB) —sin(x+ 7) 
f'(x)=| sin(x+a)  sin(x+B) — sin(x+7¥) 
sin(B-y) sin(y-a@) — sin(a -B) 
cos(x+a) cos(x+B) cos(x+ 7) 
+|cos(x+a@) cos(x+B) cos(x+ ¥) 
sin(B-y) sin(y—a@) sin(a —B) 
sin(x+a@) sin(x+f) sin(x +) 


—lsin(x+@) sin(x+ 8) sin(x + y) 

sin(B-y) sin(y-—@) sin(a—-f) 
cos(x+@) cos(x+f) cos(x +7) 
+]cos(x+@) cos(x+B) cos(x+7) 


sin(B-—y) sin(y-a) sin(a -B) 


A=(1-a’ = - Aad 
( 7") sin (0 -B) 0 cos (a —B)6 mn [.- R, and R, are identical] 
=(1 —a’) [sin w@- cos (& — B) 6 — cos a8-sin (a — B) 8] 2 f(x) =e [constant] 
=(1—a”) sin (46 - 06 + 86) =(1 — a”) sin BO Now, f(8) -2f(o) + f(w)=c-2c+c=0 
1 1 #1 
F(x) g(x) A(x) 21. LetA=|a b c 
19. Let F(x) =| a b c |=mx' +nxi+rn?+sxtt ab 111 
P @ et a be 
...(i) Taking a, b,c common fromC,,C,,C;,then=abe}1 1 1 
On differentiating twice and thrice of Eq. (i) w.r.t.x, then a be 
, F(x) g(x) h(x) On multiplying in R, by abc , then 
P'@=| a e : be ca ab | i | 
P q . A=|1 1 1j|=-{be ca ab [R, 0 Ry) 
=12mx* + 6nx + 2r ..(ii) a bp 2 a Re 
fsa (x) eg” (x) h” (x) 1 1 1 
F (x)=| a b c |=24mx+6n_...(iii) =|a’ Bb? ¢? [R, © Ry} 
p q r be ca ab 
On putting x = 0 in Eqs. (ii) and (iii), we get =(a-—b)(b-c)(c-a)(at+btc) 
1 1 1 
“ 0 Mu” 0 h” 0 
CP Ee ae) Now, D=| (x-a)? (x — b)? (x —c)? 
a b c |=2r ...(iv) 
(x-—b)(x-c) (x-c)(x-a) (x-a)(x-}) 
p q r | 
=(b —a)(c —b) (a -—c) (3x -a-b-c) 
f’(0) g"(0)—-h’”’(0) Now, given that a, b andc are all different, then D =0 
and a b c =6n ..{v) 3x-a-—b-—c=0 
a = x= : (a+b+e) 
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22. Given, determinant 
2a (bc — 4a”) — b (b” — 2ac) + c (2ab ~c”) =0 
= —[(2a)? +b? + c? —3-2a-b-c]=0 


= 5 (20+ b +e) [(2a — b)? + (b —c)? +(c -2a)"] = 0 


> 2a+b+c=0 watt) fe bee] 
Let f(x) =8ax? + 2bx? +ex+d 
\ 
- flo)=d and for(2|=a424£4q="*P*e 4g 
2 2 2 2 
0 
=-+d=d from Eq. (i 
9 [ q- (i)] 25. 
l 
” f(0) =f (:) 
So, f(x) satisfies Rolle’s theorem and hence f’(x) = 0 has 
atleast one root in in , 
[2] 
xi¢1 9 x’y x"z 
23. Given,| xy? yy? +1 = y’z {=11 
‘ xz? yz" z+] 


Taking x, y, z common from C,, C,, C, respectively, then 


3 
+ 
x +1 2 g 
x 
| 
=> xyz y? y y? =11 
y 
3 
+1 
z 


“On multiplying R, by x, R, by y and R, by z, we get 


x? +] x? x? 
> y yr tl yy? f= 11 
z? z? 2+ 1 


Applying R, > R, + R, + R3, then 
xetyrtzr td xityrtzrtd xity?tz° +1 
y? y+] 


3 3 


54 Z z° +1 


Applying C, — C, - C, andC, > C, —C, then 


xety i tz3 41 _ 0 0 
y? " ¥ 0} =11 
z? 0° i 
> xoey? tz? +1=11 
=> xity?+z°=10 


Therefore, the ordered triplets are (2, 1, 1), (1, 2, 1) and (1, 1, 2). 
24, -: f(x) — x = 0 has imaginary roots. 


Then, f(x) -—x>0or f(x)-x,0,VxER 
for f(x)-x>0,VxeER, oe 
then FLUC) - flix) >0,V xR 
On adding, we get 
fUf())-x>0,VxeER 
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Similarly, f[f(x)]}-x<0,VxeER 
Thus, roots of the equation f[ f(x)] — x = 0 are imaginary 


2 a 
Let z=|B 0 a 
y B 1 
2a 8| l2 B yl l2 a 8 
Then, z=|B 0 G@l=la 0 Bl=|B 0 al=z 
7 BP 1| [8 a tl ly B 1 


Hence, z is purely real. 
For infinitely many solutions 
A=A, =4, =A, =0 
2-1 1 
A=0 > ]1 -2 1/=0 = t=5 
t -1 2 
t=5, A, =A, =A, =0 


Now, [" * f(x) dx = ag flr) d= J ° F(x) dx + fi. fix dx 


For 


-10 -10 
=f flx+5)de+] f(x) dx 
=5 -5 
~10 
=f, [flx+5)+ f(x)] dx 
-10 
=f, 2dx =2(- 10 + 5) 
=-10=-2t 
On putting x = 0, we get a, =1 
On differentiating both sides w.r.t. x and putting x = 0, we get 
a, =4a 


On differentiating again w.r.t. x and putting x = 0, we get 
2a, = 12a" + 8b 


or a, =6a" + 4b 
a By, 
Also, given|a) a, a)|=0 
Ay Oy. 
a = 
=> ~(a5 +a; +a, —3a,a,a,)=0 
1 2 2 
=> a tetas +ag) [Kay 'ay) +(a,-a,) 
agt+a,+a,#0 
(a, —a,) +(a, -a,)° +(a, —a,) =0 
> ay -a, =0,a, -a,=0,a,-a,=0 
ia 
= 1 = 4a =6a" + 4b 
— jx ae 
4 32 
“+ f(x) = log,, x and g(x) =e *'* 
f(10) = log,,10 =1 
and g(10) =e" =(-1)° =1 
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28. 


29. 


30. 
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f (10°) = log, 10? =2 


and g (107) =e 1"! =(- 0 =] 
f(10°) = log,,10° =3 
and g (10°) = @ 0m! = (— 1/10 = 


f(x)-g(x) — [f() EFM 1 
Given, (x) =| f(x?) g(x2) Lf(x2)}8) 0 
F(x?) g(x?) [fe QEO? 4 
f(10)-g(10) —[f(10)]F° 
(10) =| f(10”)- g(10?) [f(102)}6"") 9 
f(10°)- g(1o*) [FMO*V}EW? 4 

111 

=|12 2 O}=0 
3 3 1 


1 (a* -a” anys (a +07 any? 


=> (cos 6 — 3) (2 + cos 8) =0 
cos =3,—2, where —2 is neglected. 
XA -1 cos® 
Hence, | 3 1 2 |> Oonly trivial solution is possile. 
cos@ 1 2 
a? + x” ab ac 
31. -°A=| ab Bb’ +x? be 
ac boc? + x? 


Taking a, b,c common from R,, R2, R, respectively, then 


2 2 
a+x 
—_—— b c 
a 
b? + x? 
A=abe a —_——. c 
b 
ct +x? 
a 
c 


On multiplying in C,, C,, C, by a, b, c respectively, then 


LetA=|1 (BX -B*)? (B% +B°%)? vex? p? ¢ 
Lo ay Yr ey A=| a be4x?  ¢? 
l (a?* eee 4 a’ be et 4 x’? 
Applying C,; > C,;-C,,then A=|1 (B?*-B"?*)? 4)=0 Now, applying C + C,+C,+C,, then 
Lay? 4 x +a? +b? +0? b? c? 


The given equations can be written as 
(a-1)x-y-z=0, 
—x+(b-1)y-z=0 
and -x-yt+(c-1)z=0 
For non-trivial solution 
a-1l -1 -]1 
-1 b-1 -1/}=0 


=) =] ¢= 1 
Applying C, > CG, —C, andC, > C, -C,, then 
ao -1 


0 b -1/=0 
=¢ =¢ cHl 
Expanding along R,, then 
=> a(be -—b-—c)-—0-1(0+ bc) =0 


=> ab + bc + ca=abec 
A -1 cos@ 
For non-trivial solution| 3 1 2 \=0 
cos@ 1 2 
Xr —1 cos 8 
3 1 2 
cos8-3 ++ O «+ 0 
Expanding along R,, then 
= (cos 8 — 3) (-—2 — cos 8) = 0 


A=|x°+a7+b? 40% 674 x’ c? 
x? ta? +b? +? b? ct +x? 


x? +a? 4b? + ¢? b? c 
A= 0 s x? 0 
0 0 * x? 


=x! (x? 4+ a? +b? +c’) 
6 2i 34+ 6 
32. LetA=|v12 V34+V8i 3/24+-6i 
Ji8 V24+V12i 27 +2i 


NG -+ Do s+ 3406 
A=|0 V3 -2./3 +6i 


0 2 32 +2i 
Expanding along C,, we get 
V3 —2v3 + V6i 
V2 -3V2 +2i 


rc 


= 6 


=0 = V6 [-3v6 + 2iV3 + 2V6 - 2iV3] 


=/6 (- V6) =—6 [real and rations 


n 
33. Vet H14 242 +..4 2 22" -1 
k=] 
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n 1 n { 
ree 2 


k=] 


alle : sinké 
k(k + 1) 
x y z 
Given, D, = in(***}osin( = 
n 2 J 
2-1 
ee sin(2} 
2 


lea kai K(k + 1) k=l 
z 
Ze) * ” 
k=l n fe Von 
qr -1 a CP mm F3, 
| e (*) 
sin} — | 
2) 
; (2) . (2) 
h sin 6 sin 7 
2° -1 
n+1 (2) 
sin | — 
2 
=| x y z =0 
sin (* z 1) 6 sin (*) 
; n 2) \2 
2-l —_——— 
n+1 sin(2) 
2) 
a b aa+b 
34. We have, b c ba +c}=0 


aa+b bate 0 


a b 0 


b c 0 =0 
aa+b ++ bat+c aa” + 2ba +c) 
Expanding along C, , we get 

— (ac? + 2ba. + c) (ac — b”) =0 
= (ac? + 2ba. + c) (b? — ac) =0 
=> b? - ac = Oand aa’ + 2ba +c =0 
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i.e. a, b and c are in GP and (x —@) is a factor of 
ax’ + 2bx +c =0. 


2 cosx 1 0 
35. °° f(x)=| 1 2cosx 1 
0 1 2 cosx 


=2 cosx (4 cos’? x —1)—1(2cosx — 0) + 0 
= 2 cosx (4 cos’x - 1-1) 
= 4 cosx (2cos” x — 1) 
= 4 cosx cos 2x 
=2 (cos 3x + cos x) 
Option (a) 


T { 3n t \ 1 
(2) =2{cos + cos ®}=2(-143)=-1 


Option (b) 
f(x) =2(-3 sin 3x — sin x) 


f (2)=2(-ssinx -sin =] -2(0-2]--.5 


Option (c) 


[, fe) dx =2 f, (cos3x + cos x) dx=2 = 3x | 


=2((0 + 0) -(0+ 0)]=0 
Option (d) 
[ f(x) dx =2 [ (cos3x + cos x) dx=4 f, (cos 3x + cos x) dx 
=0 [from option (c)]} 


xe—-5x4+3 2x-5 3 
36. A(x)=|3x°+x44 6x+1 9 
7x? -6x+9 14x-6 21 


x?-5x4+3 + 2x-5 -- 3 

=; 16x-5 16 0 

29x -12 29 0 
16x-5 16 


E ding along C,, we get =3 
BESnGI EY PRB ge BE 29x-12 29 


Applying C, > C, -xC,, then 


-5 16 
=3(- 145 + 192) =3 x 47 


A(x) =3 
(x) -—12 29 


= 141 =ax? + bx? + cx +d [given] 
. 2a=0,b6=0,c=0,d =141 
a bsinA csinA 
37. -s A=|bsinA 1 cosA 
csinA cosA 1 


wWwWW.JEEBOOKS.IN 


586 


38. 


39. 
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Taking common a from each R, and é. then 
bsinA csinA 


ee a a 1 sinB sinC 
A= ae 1 cosA |=I/sinB 1 cosA 
a 
: sinC cosA 1 
one cosA 1 
a 


[ by sine rule] 
Applying C, - C, —sinBC, and C, > C, -sinCC,, then 
1 eee 0 ove 0 
1—sin’ B 


A =| sinB cosA —sinB sinC 


sinC cosA —sinB sinC 1-sin’?C 


Expanding along R,, then 
cos (m —(B+C)] 
-sin BsinC 
cos*C 
[- A+B+C=n] 


cos’ B 
A= 


cos(n —(B + C)]—sin BsinC 


_ cos’ B -cos(B+C)-sin BsinC 
—cos(B + C)-sin BsinC cos?C 
cos? B -— cosB cosC 
-—cos B cosC cos?C 


= cos’ B cos*C — cos’ B cos’C = 0 


a a’ 0 
’ f(a,b)=}1 (2a+b) (a+b)? 
0 1 (2a + 3b) 


Applying C, — C, — aC, then 
Q 0 eee 0 


f(a,b)=|1 . (a+b) (a + b)? 


0 1 (2a + 3b) 
Expanding along R,, then 
2 
Rati=o (a+b) (a+b) 
1 (2a + 3b) 
ore 1 (a+b) 
=a(a 
1 (2a + 3b) 


=a(a+b)(2a+3b-—a-—b) 
=a(a+b)(a+2b) 
sec’ x 1 1 
“t. ¢ f(x) =|cos*x cos’x cosec’ x 


1 cos” x cot? x 


Applying C, > C, — cos’ x C,, then 


40. 


sec*>x 0 1 
2 
f(x) =| cos? x cos’ x — cos’ x cosec’ x 
I 0 cot’x 


Expanding along C,, then 


2 
: sec X 1 
f(x) =sin? x cos? x 


1 cot? x 


= sin? x cos” x (cosec” x — 1) 


ay cot? x= cos‘ x 


= sin? x cos 
option (a) 


n/4 n/4 ni4 
J f(x) dx = J cos'xdx=2{ cos xdx 
-n/4 -niM Jo 


2 
4 
ey ( + cos?) Ps 


2 


=oxi(™ (+* 282) es 
2 40 ) 
1 ¢ri2 
=— | (1 + 2 cos x + cos’ x) dx 
4 40 
1 pxr/2 n/2 n/2 
== jdeeed cos x dx+— f cos’ x dx 
4 70 2 40 4 70 
1(7 1,, 118 
aif g)4 Gana gh LZ 
4\2 2 2 


x 1 nm 1 1 
=—+-(1-0)+ —=— (20 +847) =— (30 + 8) 
: 2 16 16 16 


option (b) 
f’(x) = 4 cos? x: (—sin x) 
{i = 
r(Z)-° 


option (c) and (d) 
. 0<cos*xS1 
Maximum value of f(x) is 1. 

and minimum value of f(x) is 0. 


a atx atx’ +x‘ 
LetA=|2a 3a+2x* 4a+3x7+2x' 
3a 6a+3x? 10a+6x*+3x' 


Applying R, > R, —2R, and R, — R, -3 R,,then 


a atx* a+x*+x' 
A=|0 a 2a + x? 
0 3a 7a +3x? 
Applying R, —- R,—3R,, then 
a, at x? at+x’+x' 
A=|0 ° a 2a + x? 
0 o- -% 4g 


2 4 4 4 
=a =a) +a,x+4,x° +a,x' + a,x‘ + a,x 


+a, x°+ a,x’ (gives! 
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f. a, =a°,a, = 0, a, = 0,a, =0,a, =0,a, = 0,a, =0,a,=0 
and f(x) =ay)x? + a,x +a, =a°x’ 
option (a) f(x) 2 0 = ax” 20 
Ifa’ > 0, then x? >0 
a>0d,xeER 

optivn (b) If a = 0, then f(x) =0 
and Ifx=0, then f(x) =0 
’. Aliter (b) is fail 
option (c) f(x) = 
=> a’x?=0 or x? =0 

x=0,0 


Suite (d) For a = 0, f(x) = 0 is an identity, then it has more 
than two roots. 


4x-4 (x —2)* x? 
8x—4V2  (x—2V2)? (x +1)? 
lax -4¥3 (x -2V3)?_ (x-1)° 


41. Let A(x)= 


=a, +axta,x’ +... ..(i) 


On putting x = 0 in Eq. (i), then 


-4 4 0 
-4/2 8 1l=a 
—AJ3 12 =I 


8 —12)~4(4V2 + 4v3) 
=16(5- J2 - V3) = term independent of x in A. 


Also, on differentiating Eq. (i) w.r.t. x and then put x = 0, we 
get 


4 -4 o| | -4 4 0 
-4y2 8 1|+| 8 —4V2 3 
-4/3 12 -1| bays 12 -1 
=< 4 0 
++ 4y2 8 1}=a, 
12 -4¥3 3 
a, = 4(-8—12) + 4(4V2 + 43) 


— 4(4V2 -— 36) — 4(—8 + 12V3) 
— 4(24 + 4/3) — 4(-12V2 - 12) 
= 48 + 48/2 — 483 = 48 (1 + V2 - V3) 


= Coefficient of x in A(x) 
3 3x 3x? + 2a* 
2% f(x)=| 3x 3x? + 2a” 3x? + 6a°x 
3x? + 2a? 3x°+6a’x 3x‘ + 12a°x? + 2a‘ 
Applying C, + C, — xC, and C, + C, - x C,, then 
3 0 2a” 
f(x)=| 3x 2a? 4a*x 
3x7 +2a? 4a*x 6a°x? + 2a‘ 


43. 


44, 


Chap 07 Determinants 587 


Applying C, > C,-—xC,, then 
3 0 2a? 
=| 3x 2a? 2a*x 
3x7 +2a7 4a*x 2a*x? + 2a! 
3 0 1 
=4a‘|} 3x 1 x 
3x°+2a7 2x x? +a? 
Applying C, - C, -3 C,, then 
0 0 1 
f(x)=4a‘] 0 1 x 
-a’ 2x x? +’ 


Expanding along C,, we get 
= 4a‘ [-a? (0 -1)]=4a° 
f'(x) =0 

ie. y = f(x) is a straight line parallel to X-axis. 
*.*a >b>cand given equations are 

ax + by + cz =0, 

bx + cy +az=0 
and cx + ay + bz =0 
For non-trivial solution 

abe 


boc aj=0 
cab 

=> 3abe —(a° +b? + c*)=0 
atb+c=0 

ice andplbeiemuce etl? + bt+c=0 


eati=cEantien a” 
a a 


and D 
For opposite sign| a —B| > 0 
=> (a -B)?>0 = (a+)? -—40B>0 


b? 4c 
=> —=-—>0 = (-a-c)?-4ac>0 
a 


= b? — 4ac =(-a —c)* — 4ac =(a-c)* >0 


a’ 


=> (a —c)* > 0, true 
Hence, the roots are real and have opposite sign. 
oe 
Here, A=|1 3 2/=1(19-2A)-1(3-—2)+1(A —3) 
LA 3 
=~(A -5) 
3 11 
A,=|6 3 2|=3(9-2A)-1(18 —2b) +1(6A — 36) 
b A 3 
=-(b-9) 
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13 #1 
A,@|1 6 2|=1 
1b 3 
(18 — 2b) —3(3 —2) + 1(b —6) =—(b —9) 
1 qa 3 
and A,=/1 3 6/= 
1A 5b 


(3b — 6A) -1(b -6) + 3(A —3) =(2b -3A —3) 
Aliter (a) for unique solution A # 0 


Le. A#5,bER 

Aliter (b) for no solution 
D = 0Oand atleast one of A,, A,, A; is non-zero 
XK=5,5649 


Aliter (c) For infinite many solution 
A=A,=A,=A,=0 
A =5,b=9 
45. For non-trivial solutions 


X% sina cosa 
1 cosa sing |=0 
-1 sin® -cosa 


Expanding along C,, we get 
=>  A(—cos*a —sin?a)—1(—sina cosa — sina cosa) 
—1(sin’a — cos*a) =0 


=> —X + sin2a + cos2a =0 
=> A =(sin2a + cos20) 
—/2 <sin2a + cos20 < V2 
~J2<2< V2 
= S =[- v2, v2] 
Sol. (Q. Nos. 46 to 48) 
11 #1 
A=|1 2 3/=(X-5), 
13 A 
5s |] i 
A,=([9 2 3/=(A+p-18), 
w3nr 
1 6 A 
A,=|1 9 3/=(44—21 +6) 
1ypa 
11 £°5 
and A,=|1 2 9/=(p—13) 
134 
46. The system is smart, if 
A#0>A#5 
or A=A, =A, =A, =0 
= A=5 and p=13 


47. The system is good, if 
A=A, =A,=A,=0 
=> A=5 and p=13 
48. The system is lazy, if 
A = 0 and atleast one of A,,A,,A, #0 


= A =S5andu #13 
Sol. (Q. Nos. 49 to 51) 
be-a? ca—b? ab—c?| la b ef 
ca—b® ab-c? be-a’l=|b c a {} 
ab-c* be-a® ca—b’| jc a b 


Fora =1,b=xandc=x° 


x -1 0 x—-x' 1 <x x’ 

0 x-x' x? -1=| x x? 1 

x-x' x°-1 0 x7 1 x 
A=5* =25 


49. -- A’ =(25)? =625 
Sum of digits of A’ =6 +245 =13 
50. From Eq. (i), we get 
A BC! ja bc 
C Al=(b 
A B ¢ 


ag Oo 
oa A 


B 
c 


=> 49=|b 


a 
=> A 


abe 
= q |b c al=+7 
c a b 
=> -(a°+b? +c? —3abc) = +7 
=> a+b>+c?-3abe = F7 
a? +b? +c) —3abe =7 [catbte> | 
abe 
51. : aA+bB+cC=|b c al=-{a?+b> +c —3abc) 
c a b 
= {-3) =3 
Sol. (Q. Nos. 52 to 54) 
~ a+B+y=-2,08 + By+ yo 
ao By} {a B y 
52.)y a Bi=-|B y al=a?+P+y-3aBy 
B ya} jy @ B 
=(0 +B +a" +B’ + 7° -oB -By—12) 
=(4+B+y)[( +B+ 7)’ -3aB + By+ yo] 
=(-2)(4-9) =10 


5}. tage kage 
a+2 


=-landapy=3 


1-x 
@ is a root of x? + 2x?-x-3=0 
a? + 20,7 ~~ -3=0 
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3 z 4 10 9 15 
_ (#44) +2( 2242) -(#2)-s-0 55. fo) fa)=(4-2+2\+(2-B 2} <1 
1-x 1-x 1-x 
2 
> x? +6x?+21x-1=0 (i) 56. - f(x)+1=0 => xX gag 
als = = 4 4 
Hence, a—1 B=1 ad — ake the roots of Eq. (i), then 95 23 
a+2 B+2 y+2 . Pao 4e— =. 20 
ea Be me 16 16 
“ae bao fen . Number of solutions = 0 " 
a-1 B-1 y-1]) 6 m D (? -2) 
te eee 16 7 
a+2 B+1 y+2) 1 0 57. Minimum value of f(x) =-"— =-—— —" = = 
= = d =1, 
- 1e ‘i Hence, range of f(x) is Fe 2) 
then mu Ma = 42-5 =37 
m-n mtn [5 7 Sol. (Q. Nos. 58 to 60) 
a b bl la B yr ; Put x = 1 on both sides, we get 
54° |b a bl=|B y a] =(0°+B?+y’-30By)’ : 
1 1 0 j=a,>0=a, 
b baj jy a B 2 2 
5 . ; tani sin“! cos°1 
=(0+B+y)"[ +B + y)° -0B + By + yo)] 
we observe that 
= (—2)?[(-2)? + 3]° = 4x 49 = 196 a, = f(1) 
Sol. (Q. Nos. 55 to 57) x es? (x-1)"| 
2ax 2ax-1 2ax+b+1 where f(x) =|x—Inx cos(x-1) (x-1)° 
" f(x)=| 6 b+1 =1 tan x sin’x cos" x| 
| Aax+b) 2ax+2b+1 2ax +b ‘ oe 4x-1)"| 
Applying C, > C, -C, and C, — C,-C, then f(x)=|x—Inx cos(x—1) (x—1)? 
2ax -1 b+1 wad z 
tan x sin’ x cos x 
f(xs=| 6 1 -1-5b 
Qax+2b 1 > s, est  (x=1)° 
Applying R; > R,—-R, , then bs laa ~sin(x-1) 2%x—1) 
2ax -1 +1 tanx —sin’x cos’ x 
(x)=| b 1 -1-5b 
f(x) - ; “ ! x ex! (x-1)° 
+|x-Inx cos(x-1) (x-1)" 
Applying R,; > R,-2R, , then sec’x  sin2x ~sin2x 
2ax -1 b+1 
1 1 0 | | 1 ° | 
: tanl sin"l cos"1 tant sin"1 cos 1 
G 6* Ow 4 1 1 0 
= F(x) = (ax + b) | ae 1? 
° f(x) =ax’ + bx+e |sec”1 sin2 -sin2 
f(0)=2 =>c=2 (i) See 
and f(l)=1>a+b+2=15a+b=-1 (ii) . a, =0 
/ i te. 
Also, f'(2)=0-5046=0 (iii) 58. cos (a,) = cos Fs 
—} . X_}: . x 
From Eqs. (ii) and (iii), we get eee? = a a nen o 
gs ana ”. Inp = limxlnsinx 
4 4 ante {form (0 x °%)] 
fix) 42 = lim TEN cata SO [ by L’ Hospital’s Rule] 
4 4 90 Yx 9 x90-Yx” af P 
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x 
=-—-lim =-1x0=0 
x30 tanx 
= P=e°=1 
Required Equation is 
(x-ay)(x-a,) =0 
=> (x-0)(x-0) =0 
= x*=0 


Sol. (Q. Nos. 61 to 63) 


Multiplying R,, R,, R, by a,b,c respectively and then taking a,b,c 


common from C,,C,,C;, 
we get 
—bc abtac actab 
A=|ab+be -ac be+ab 
act+bc be+ac -ab 


Applying C, - C,—C, and C, > C, —C, and then taking 
(ab + bc + ca) from C, and C,, we get 


—be 1 1 
A=(ab+be+ca)*|ab+be -1 0 
ac+bc 0 —1 


- Applying R, > R, + R, + R;, we get 


abt+be+ca «+ 0 «+ Q 


=(ab+be+ca)*| ab+be -1 0 


ac + be 0 -1 


0 3 
= (ab + be + ca) 


=(ab + bc + ca)’ ; 


Also, a,b and c are the roots of 
x? — px? +qx—r =0 


a+b+c=p,ab+bc+ca=q,abc=r 


=> A=q° .».(i) 
67. -° AM2GM 
=> poets >(ab-be-ca)'? 
=> : >(r?)3 =» g? 2277? 
or A227r 
(from Eq. (i)] 
62. -- a,b andcare in GP. 


mb’? =ac>b=abe=r = ber? 


and b is a root of x° — px? + qx—-r =0 


= b> — pb? + qb-r=0 
- r~pr?34qr3-r=0 
- pr? =q'r 
é qe=p'r 
63. °- A=27=9q° =27 
q=3 


or ab+be+ca =3anda’+b?+c* =2 


¥a’b =a’b+a'c+ bat b’c+c’a+c7b 
=(a+b+c)(ab+ be + ca) —3abe 
=3p—3r 
= 62 -3r 
[e (a+b+c)? =a? +b? +c? + ab + bc + ca) 
= 3(2V2 -r) [-.p? =8 = p=2vi 
Sol. (Q. Nos. 64 to 66) 


Taking a,b,c common from R,, R,, R, respectively and then 
multiplying by a,b,c is C,,C,,C, respectively, we get 


a tn b? c? 
A,=| a? b?+n ¢? 
a’? b? ce+n 


Applying C, > C,+C,+C;, then 
n+a?+b? +0? 
n+a°+b?+¢* 
n+a°+b?+c? —b* 


b? c? 
2 2 
b°+n oc 


ce +n 


A. = 


Applying R, > R, — R, and R, > R, —R,, then 


n+a’+b*+c* b? ¢? 
A, = 0 n 0 
0 0 n 
A, =n? +n°(a? + b? +c’) i 
Also,atb+c=2X 
3b=2 [-.- a,b,c are in AP} 
bat 
3 
Also, b is root of x*-Ax? +11x-6 =0 
=> b> -Ab? +11b-6 =0 
3 43 
=> Loa HA io 
27. 9 5 
=> 20° -99A + 162 = 0 
A =6 
Then, equation becomes x° —6x? + 11x—6 =0 
. x =1,2,3 
Let a@=10=Zande=3 
From Eq. (i), we get 
A, =n +14n? 
= n(n + 1)(3n? +59n + 28) 
2 
= 12 
n=) 
7 
7 -&147 + 59-7 +28) 3 
64. ¥ A. = —————_— = (14 
2 r r (14) 
65. Amn _ &(n +7) 
A,  (n+14) 
An <8 
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66. A, =r°+14r’ 
27r? 3 
30 
27A._-—A 
ra + | al 


37+k 4% 37434k 
67. Wehave, |47+k 5* 474+44+k]=0 
Sik 67 574+54+k 
Applying C, + C, - C, then 
+k 4? 3 
tk 5° 4/=0 
5S +k 6 5 


Applying R, ~ R, - R, and R,— R,— R,, then 


9+k 16 3 
7 9 1/=0 
16 20 2 


=> (9 + k) (18 — 20) — 16 (14 - 16) + 3 (140 — 144) =0 


= ~18-2k+32-12=0 = 2k=2 
k=1 
| betas eue 
Now, y2*yat 2k... co=(2k)2" 4" 8 
1 
—2_ 


x=1 =—6 2 
68. We have, -6 x-2 -4 /=0 
2 -4 x-6 
Applying C, + C, +3 C,, then 
x-1 0 2 
-6 x-14 -4 |=0 
2 3x-22 x-6 
Expanding along R,, then 
(x —1) {(x — 14) (x -6) + 4(3x -22)}-0+2 
{- 18x + 132 —2x + 2}=0 
=> (x —1) (x? —8x — 4) + 2(— 20x + 160) =0 
=> x? —9x? — 36x + 324=0 


> (x —9) (x —6) (x + 6) =0 
“ x=9 or 6 or -—6 
Now, leta =9,8 =6, y=-6 
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x et-F (x -1) 
69. We have, x-Inx cos(x—-1) (x-1)’ 
tanx sin? x cos’ x 

=a, + a, (x—-1) +a, (x—1)? +...4 a, (x -1)" ...(i) 


On putting x = 1 in Eq. (i) , we get 


1 1 0 
1 1 0 |=a,+0+0+.. 
tanl sin?1 cos’1 
h- a, =0 (.: R, and R, an identical] 
On differentiating Eq. (i) both sides w.r.t.x, then 
1 e*"' 3 (x=-1)' 
x-Inx cos(x-1) (x—-1) 
tanx sin? x cos’ x 
x eo (x -1)° 
+ (1 -+) -sin(x-1) 2x -1) 
tanx sin’ x cos’ x 
x ert (x-1)° 
+|x—-Inx cos(x-1) (x1)? 
sec’ x sin2x —sin2x 


=0 + a, + 2a, (x—1) + 3a, (x-1)? +... + na, (x-1)"7! 
Now, on putting x = 1, we get 
1 1 0 1 1 0 
1 1 0 [+] 0 0 0 
tanl sin*1 cos71 tanl sin?! cos71 
1 1 0 
+} 11 0 
sec’! sin2 -sin2 
=a,+0+0+..4+0 
a,=04+0+0=0 
Hence, (2° + 3¢1)") *! = (2° +3°)°*! =(1 + 1)! =2! =2 
1 cosa cosB 0 cosa cosB 
70. Given,| cosa 1  cosy|=|cosa@ 0. cosy 
cosB cosy 1 cosB cosy 0 
=>  1(1-cos” y)—cos a (cos & — cos B cos ¥) 
+ cos B (cos y cos & — cos B) 
= 0-cosa (0—cosB cosy) + cosB (cosy cosa — 0) 
=> 1—cos’ a — cos’ B — cos’ y 
+2 cosa cos B cos y=2 cosa cos cos ¥ 
=> 1—cos’ a —cos’B — cos? y=0 


Hence, cos’ + cosB + cos’ y =1 


(b +c)? a’ a’ 
71. °2 f(a.bc)=| b? (c+ay? 2b 
¢? ¢? (a+b) 
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Applying C, — C, -C, andC, > C, —C,, then 
(b+c)? a®?-(b+c)*? a? —(b+c)’ 
bb? (c+.a)*-b? 0 
¢? 0 (a+b)? —c? 


f(a, b,c) = 


(b+c)? (atb+c)(a—b—c) (a+b+c)(a-—b-c) 
(c+at+b)(c+a-—b) 0 
c* 0 (a+b+c)(a+b-c) 


(b +c)? a-b-c a-b-c 
b? cta-—-b 0 
c? 0 

Applying R, > R, —(R, + R;), then 

2bce — 2c 

b> ct+a-b 


c? 0 


=(a+b+c)* 
at+tb-c 


—2b 
0 
at+b-c 


f (a,b,c) =(a+b+c)’ 


Applying C, > C, + ; C, andC,-> C, +1, then 
c 


2be + 0 0 
= 2) p2 De 
f (a,b,c) =(a+b+c) y c+a - 
2 
¢ a atb 
b 


Expanding along R,, then 

f (a,b,c) =(a+ b +c)’ [2bc {(c + a) (a + b) — be}] 
=(a+b+c)* { 2bc (ac + bc + a” + ab — bc)} 
=2be(a+b+c)*a(a+b+c) 
=2abe (a+ b +c)? 

We get, greatest integer n € N such that (a + b + c)" divides 


f(a, b, c) is 3. 
72. The system of equations has a non-trivial solution, then 
1 -—sin®@ -—cos@ 
-—cos6 1 -1 =0 
-sin§ -] 1 
Applying C, — C, + C,, then 
1 ++ —sin@ — sin 6—cos 6 
— cos 8 1 0 =0 
—sin@ -1 0 


Expanding along C;, then 
(— sin 8 — cos 9) (cos @ + sin 8) = 0 
(sin 8 + cos 8)” =0 


=> 
=> sin 8 +'cos 8 = 0 
sin 8 = — cos 8 


" J 


tan§8 =-1 


73. 


74, 


| 


= §=— (6 €[0, m]] 
4 
Hence, ou 
™ 
11 1 1 
12 3 4 
Let A= 
13 6 10 
1 4 10 20 
1 ace f ee 7 ow Y 
0 1 2 3 
A= 
0 2 5 9 
0 3 9 19 
1,2 3 
Expanding sists C, then A=|2 5 9 
a3 2 
12.3 
Applying R, > R, -2R, and R, > R,—R,,then=|0 1 3| 
0 3 10, 
: 1 
Expanding along C,, we get A=1 * 46 =10-9=1 
1+a 1 1 1 
1 lee 1 J 
Let A= 
1 l+c 1 
1 1 1 itd 


Taking a, b, c,d common from R,, R», R; and R, respectively, 
then 


1 1 1 1 
I4#- = = = 
a a a a 
1 1 1 1 
Ss he = rs 
A=abed| © b “F b 
1 date wm 
c c c ¢ 
1 
1 2 “ei ged 
d d d d 


Applying R, > R, + R, +R, + R, and taking 


rete te ts 2) common, we gt 
azabed(1+t+ietst) 
. «@ &@ € a 
1 1 i J| 
I 1 1 1 
py hb. & | 
1 sb ¢e4 J 
ch e ©] 
= oh 1 re 
d a d d| 
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Applying C, > C, -C,,C, > C, -C, andC, > C, -C,, then 


jae atatele)) 
L a bec dj 


\ 0 0 0 
1 
A 1 0 0 
b 
i 0 1 0 
Cc 
1 
1 0 0 1 
d 


f XN 
abed (142+ Foto )ttt 
abed 


= abcd + (bcd + acd + abd + abc)=0, + 6; 


l+a 1 1 
Given,]1+b 1+2b 1 |{=0 
Itc Ite 1+3 
Taking a, b,c common from R,, R, and R, respectively, then 


— 
+ 
= Q| 
ale 


Applying R, > R, + R, + Ry and taking (3+ 243.44) 
‘ a ¢, 


common, we get 


e 1 
abe(3¢24+42) 1+ 
\ a bee, 


1+ 


Applying C, + C, —C, and C, > C, —C, then 
i ee 0 mew 0 


; 1 
abe(s+24t44)|1+> 1 “lg 
\ a bee, 
en ee 
c 


Expanding along R,, we get 
XN 
2ate(s+24t42]=0 
a c 
a#0,b#0,c#0 
ae ee rr | 
~+-+-=-3orla +b +c |=3 
abe 


Given equations 
ax+hy+g=0, ...(i) 
hx + by + f =0 »»(ii) 
and ax’ + 2hxy + by? + 2gx+2fytco+A=0 ...(iii) 
Eq. (iii), can be written as 
x(ax+hy+g)+y(hx+ by + f)t+ ext fytctrA=0 
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=> x-O+y-O0+gxt+ fy+e+A=0 [from Eqs. (i) and (ii)] 
=> gxt+ fytc+A=0 ...(iv) 
According to the question Eqs. (i), (ii) and (iii) has unique 


solution. So, Eqs. (i), (ii) and (iv) has unique solution, 


aheg 
then hb ff {=0 
gf c+iX 


= a(be + bd — f”)—h(ch+ hd — fg) + g (hf — bg) 
= (abe +2 fgh — af? — bg” —ch*) = A(h? — ab) 


abc + 2fgh — af’ — bg? —ch? _ , 
h? —ab 
According to the question, A =8 
77. (A) (p,4r); (B) > (p.s(C)> (p,q, t) 


(A) Using a’ +b? +c? =0, we get 


b? +c? = ab ac ~a* ab ac 
A=| ab c*+a? be |=|ab —b? be 
ac be =a? +b] Jac bee? 

—a4 a a 

=abc} b -b b 

c cm 


[taking a, b, ccommon from C,, C,, C, respectively] 
Applying C, > C,+C, andC, - C,+C, then 
Eh oe Da. 0 


= (abc) (-a) (—4 be) = 4a? b? c? 
AW=4 
a at+b at+b+c 


A=|2a 5a+2b 7a+5b+2c 
3a 7a+3b 9a+7b+3c 


Applying R, > R, —2R, and R, — R, —3R,, then 


(B) Let 


aos atb ++ atb+c 
A=|0 3a 5a + 3b 
0 4a 6a + 4b 
3a S5a+3b 
=a 
4a 6a+4b 
= a(18a* + 12ab -20a* —12ab) 
=—2a* = ~1024 [given] 
=> a® =512=8° 
a=8 
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x-1  2x?-5 x1 
(C) Let A(x) =(2x7+5 2x42 x°4+3 ww(i) 
x°-1 xt+1 3x?~2 
According to the question, 
A(x) = (x? -1) P(x) +ax+b 


“. AQl) =a+band A(-1)=-a+b (ii) 
From Eq. (i), we get 
6 we 3 wee 0 
A(1) =| 7 4 4|=37-0) =21 
0 2 1 
—2 -3 2 
and A(-1) =| 7 0 2| = 3(7 + 4) = 33 
—2 0 1 


From Eq. (ii), a+b =21 and -a+ b = 33, 
we get a = —6, b =27 
4a +2b =—-24+54 =30 
78. (A) (p,s, t); (B) > (r, t); (C)> (p, 9) 
1 1 1 1 1 1 
(A) A=lfilq) fl) Als)=|fi@) AG) AG) 
Sl%) fol.) felxs)) 12) £6) f6) 


1 1 1 
=| 2+a, 3+, 5+, 
4+2b,+b, 9+3b,+b, 25+5b,+b, 
Applying C,  C, -C, andC, — C,-C,, then 
1 eee 0 eee 0 
A=} 2+4a, 1 3 
4+2b, +b, 5+5, 21+3b 
oA Al 3 
5+5, 21+30, 
=21+3b, -15—3b, =6 
1 4b a, 
(B) f(x)=|1 Bb 2a-x 
1 2h-x «4 
Applying R, > R,—R, and R, > R,—R,, then 
] eee b, eee a, 
f(x) =|0 0 a,-x 
0 b-x 0 


= (a, — x)(b, —x)=—-x" +(a, +h) x-a, by 


D_ (a,+b)*-4a,, 
4a 1) 
_ (4-5) _36_, 
4 4 
(C) -» f(x) is a polynomial of degree atmost 6 in x. 
If f(x) =a) +ax+a,x° + d,x" +a,x* +a,x° +a,x° 
= =a, = f'(0) 
1 1 O} |-2-2 O| |-21 O 
=11 0 i/+/-1 0 L/+/-10 3 
1 i 8 0 2 8 01 12 


Minimum value of f(x) =—- 


=-8-12+18=-2 
é JA|=2 
79. (A) = (1); (B) > (7, t); (C)> (p, 9.5) 
x743x x-1 x+3 
(A) Let f(x)=| x?+1 2+3x x-3 
x°-3 x+4 3x 


f(x) =ax' + bx? + cx? +dxt+e fi) 
0-1 3 

e=f(0)=| 1 2 -3 |=04+1(0-9)+3(4+46)=21 
—3 4 #0 


Dividing both sides of Eq. (i) by x‘ ie., C, by x”,C, byx 
and C, by x and then taking lim, we get 
x 00 


1141 
a=|1 3 1/=1(8)-1(2)+1(-2)=4 
1 1 3 
Hence, e+ a@ =25 
e=1 34 @F . 
(B) Let f(x) =|x?-1 x-1 8|=ax'+bx’+art+d ft 
2x 3x 0 
1 0 7] |-1 5 7| Jj-1 0 0 
c=f(0)=|0 -1 8]+j/-1 1 8}+/-1 -1 
2 sw 0 03 0} |0 0 0 


= 2(0+7)-3(-8+7)+0=17 
Dividing both sides of Eq. (i) by x’ i.e., c, by x”, c, by xand 
taking lim , we get 
X00 


8] =-1(0-21) =21 


Hence, c+ a—3 =35 


xot4x x+3 x-2 
(C) Let g(x) =| x-2 5x x-l 
x-3 x+2 4x 


=ax’+ bx! +x? + dx? +ex+f 
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03 -2 

. f=g(0)=|-2 0 -1)/=0-3(0-3)-2(-4~0) =17 
3 2 0 

4 3 -2| |o 1 -2{ Jo 3 1] 

ande=g‘(0)=|1 0 -1/+]-2 5 -1|+/-2 0 1 

1 2 0] I-31 o| |-3 2 4 
=1-23+11=-11 


Hence, f +e =17-11 =6 
80. (A) (p,q); (B) > (p.q.rs,t);(C)> (pans, t) 


(A) Taking common a, b, c from R,, R, and R, respectively and 


then multiplying in C,, C, and C, by a, b, c respectively, then 


a+(b*+c")d  b%1-d) c*(1-d) 
A=| a%i-d)  b?+(c?+a")d = c*(1-d) 
a*(1-d) b7(1-d) co? + (a? + b?)d 
Applying C, > C, +C,+C;, then 
1 bI-d) c*(1-d) 
A=|1 b?+(c?+a?)d c*(1—-d) 
1 b%1-d) c?+(a?+b?)d 


(a? +b? +c? =1] 


Applying R, > R, —R, and R, > R, —R,, then 


i- b°(1 -d) c(i-a) 
A=|0 d 0 |=d? 
0 0 d 


(B) Multiplying C, by a, C, by b and C, by c, then 


a b _(a +b) 
c c C 
het) Cer 6 £ 
abc a a a 
_bd(b+c) bd(at+2b+c) _(@ + b)bd 
ac ac ac 
Applying C, > C, + C,+C,, then 
0 b _(@ +b) 
c c 
A=——\0 b £  l=0 
a a a 
bd(a + 2b +c) _(a + b)bd 
ac ac 


(C) Applying C, > C, —cosd C, —sind C, , then 
sina cosa 0 
A=|sinb cosb 0/=0 
Sinc cosc 0 
81. (A) (p, 1); (B) > (par, ts (C) (pr, 8) 
(A) Possible values are —2 , —1, 0, 1, 2 and numbering 
determinant = 3‘ =81 


[(- a? +b? +c? =1] 
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1 0o| fi -1 0 1 1 -1 
Le., =1,: =0 =-1, =2, 
-1 1] |0 O 1 -1 1 1 

-1 1 5 
\==4 “~n=5 => (n-1)' =16 


(B) There are only three determinants of second order with 
negative value 
° 1] fi 1 1 
j1 Oj'|1 Offa 1 
Number of possible determinants with elements 0 and 1 
are 2‘ = 16. Therefore, number of determinants with 
non-negative values is 13. 
a =13 
=> (n- ij =12 
(C) There are only four determinants of second order with 
negative value 
-1 1 
1 1\' 
n=4 = rwn+1)=20 
82. Statement-1 


A(r)= 


1 
i a < 


1 
ag «eal! 


=(r? + 4r) —(r? + 4r + 3)=- 
LAr) = L(-3) 


=(~-3) + (—3) + (-3) +... +(-3) =—-3n 


n umes 


=> Statement-1 is true. 
Statement-2 


ag i A 


Slr) fylr) 
DA= > LA K-60 LO) 


=f) A) - Al) A) 


= 2 fie £40 - ¥(0 600 (i) 
Y fir) > Ale 
and | "=! Wing 
Lf f(r) ¥ fale 


r=] 


$0) ap 10 [5 09 i 


\r=1 y, r=]| 


(i 
; TAM SAW 


From Eqs. (i) and (ii), we get > A(r) é oy r=] 
r=i | ¥ fr) Y file) 


r=l r=) 


*, Statement-2 is false. 
Hence, Statement-1! is true and Statement-2 is false. 
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a+bx* ax*+b ¢, 
83.7 AW a,+b,x? apx?+b, cy 
a,+b,x* a,x’? +b, cy, 


a b&b Gg} {1 x? 0 


wla, b, ¢.|x|x* 1 0 --(i) 
a, b, cs3{ |0 O 1 
Statement-1 If A = 0, then 


a b ¢ 1 x 2 
a, b, ¢,|x]/x* 1 0/=0 
a, b, Cy 0 0 1 
1 x? 0 
=> |x? 1 0}=0=1-x‘ =Oor x‘ =1 
‘ [- x? 4-1) 
0 sa 0 <o J 
Statement-1 is true 
4 b ¢ 
Now, if a, 6b, c,|=0, then 
a, Bb, cy 
A=0 [from Eq. (i)] 


Statement-2 is also true. 


Hence, both the statements are true but Statement-2 is not a 
correct explanation of Statement-1. 


84, Statement-2 is always true for Statement-1 


wm (ee8)-m(E-(E-aem(9 
wa{E +2) mca (*-(2-2}] mim (*--) 


Therefore, determinant given in Statement-1 is skew-symmetric 
and hence its value is zero. Hence, both statements are true and 
Statement-2 is a correct explanation of Statement-1. 


aQ+x)2 (4x)? (+x)? 
85. \(1+x)" (tx)? (1+ x)= A t+ Axt A x?+.. [let] 
(+x) (+x) (1+ x)” 


On differentiating both sides w.r.t.x and then put x = 0, we get 
11 12 13 1 @& 4 TL @ a 
1 1 1/4/21 22 23/+]/1 1 1/=0+A,+0+0+4... 
i @& a 1 #1 1 31 32 33 
= 0+0+0=A +. A =0 
Coefficient of x in f(x) = 0 


Both statements are true, Statement-2 is a correct explanation 
of Statement-I. 


2 3 
86. Here, A= =8 —3b, 
b 4 
a 3 
5 4 
2a 
and A, = | =10-ab 
& Ss 
For infinite solutions, A = A, = A, =0 
15 8 
We get, a=—andb=- 
4 3 


. Statement-1 is true and if lines a,x + by + ¢ =0 
and a,x + b,y + c, = Oare parallel, then 
a, b, & 


.. Statement-2 is true, but in Statement-1 


23 a 
b 4 5 
3 3 3 
=> —_-=s—-=— 
4 4 4 


[ both equation are identical] 


.. Statement-2 is not a correct explanation for Statement-1 


23 
5 6|=1(0 — 48) —2(0 — 42) + 3 (32 —35) 
8 0 ? 
=- 48+ 84-9 
=84-—57=27+0 
.. Statement-1 is true. 


Also, in given determinant neither two rows or columns are 
identical, Statement-2 is true, Statement-2 is not a correct 
explanation for Statement-1. 


88. -: A88, 6B8, 86C are divisible by 72, then A88 =72A, 6B8 = 72p 
and 86 C =72, where A, py, v EN. 


87. -. 


“ f. - 


A 6 8 
8 B 6 
8 8 C 
Applying R; > R, + 10R, + 100R,, then 
A 6 8 
8 B 6 
100A +80+8 600+10B+8 800+ 60+c 
A 6 8 A 6 8 
=| 8 B 6 /=72/8 B 6 {i 
72X 72 720 A pv 


Now, A838 is also divisible by 9, then 

A+8+8=A + 16is divisible by 9 

FA A=2 

and 6B8 is also divisible by 9, then6 + B + 8 =B + 14is 
divisible by 9 
: B=4 
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From Eq. (i), we get Vi3+43 25 V5 
2 6 8 13 4 91. LetA=|V15+V26 5 10 
=72/8 2 6|=28814 1 3/=288 [integer] 34765 VI5 5 
Pe Y he V3 v5 V5| |vI3 25 V5 
Statement-1 is true and Statement-2 is false. =|J15 5 Vi0l+!v26 5 ~i0 
a 3 vis 5 | |vo5 vis 5 
89. Let A=| c cta a 
b me eae Taking common from 1st determinant V3, /5 and ¥5 from 
Applying R, > R, -(R, + R;), then C,,C, and C, respectively and taking common from 2nd 
0 -2a —-2a determinant V13, V5 and V5 from C,, C; and C, respectively, 
A=|c ct+a a we get 1 @ « 
b a a+b = V3 xV5xV5|V5 V5 V2 1+ Vi3 x V5 x5 
Taking (-2a) common from R,, then 3 3 V5 12 1 
a | 1 
A =(-2a) + 245 42 
=(-2a)|}c cta a 
121 is V3 v5 
b a atb 
ne ee =3x5|-/5 V5 V2}+0 [." C, and C, are identical] 
— C,, then 
plying Cs 2 3 df & de 
0 0 1 
A=(-2a))c c a 1 a I 
b -b atb =5V3/75 V5 2 
Expanding along R,, we get Vs V3 v5 
 «€ Applying C, > C, -C, 
A =(-2a)-1- b Slee enc 111 
7 then A=5V3] V5 0 V2 
3 0 v5 
a-b-—c 2a 2a 
90. LetA=| 2b b-c-a 2b Exparidingalone@,, tren £5 
2c 20 = c-a—b A =5y3-(-1) " ¥ = —53(5 — v6) 
Since, the answer is (a + b + c)°, we shall try to get (a + b +c). 
= ~25¥3 +15V2 
Applying R, > R, +R, + R;, then 
atb+c at+bt+c at+b+t+c =152 -25V3 


A= 2b b-—c-a 2b 
2c 2c c-a-—b 


Taking (a + b +c) common from R,, we get 


1 1 1 
A=(a+b+c)|2b b-c-—a 2b 
2c 2c c-a-—b 
Applying C, +C, -C, andC, 4 C, -C, 
1 0 0 
A=(at+b+c)|2b -a-b-c 0 
2c 0 ~c-a-—b 


[by property, since all elements above 
leading diagonal are zero] 


=(a+b+c)-1-(-a-—b-c)-(—c-a—}) 
Hence, A=(a + b +c)’ 


92. 


Given that , band care p th, qth and rth terms of HP =~, — 
a 


and + are pth, qth and rth terms of an AP. Let A and Dare the 
c 


first term and common difference of AP, then 


Peale ip fi) 
a 
; =A+(q-1)D i) 
SA 2D Ail) 
c 


Now, given determinant is 


be ca ab 
A=|p q_r |=abe 
1 1 1 


— SA le 
= oO oO | 
— EO fe 
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On substituting the values of 2 5 and from Eggs. (i), (ii) and 
a c 


(iii) in A, then 

A+(p-1)D A+t+(q~-1)D A+(r-1)D 

A=abe p q r 
1 1 1 
Applying R, > R, -(A — D)R,; — DR,, then 

0 0 0 
A=abe|p q rj=0 

1 $1é41 

=S 331 *——4i 


2 
93. Let z=|3-5i 8 445i 


Then, Z=|3+5i 8 4-5i 


—+4i 4-Si 9 


[interchanging rows into columns} 


=> Z=Zz 
Hence, z is purely real. 
ah+bg g ab+ch 
94. LHS=| bf +ba f hb+be 
af+be c bgtfe 
ah+bg ga ah+bg g h 
=b|bf+ba f h\|+clbf+ba f b 
af+be c g af+be c f 
In second determinant, applying C, > C, — bC, — aC,, then 
ah+bg bg a 0 gih 
=|bf+ba bf hit+c]0O f b 
af+bce be g oe gf 
In first determinant, applying C, > C, ~—C, then 
ah+bg -—ah a ah+bg ah 
=|bf+ba -—ba h|+0=a|bf+ba h b|=RHS 


af+be -af q afHhe @ f 
1 1 1 
95. LetA=| 1+sinA 1+sin B 1+sinC 


sinA+sin? A sinB+sin’ B sinC +sin?C 


Applying C, >C, —-CandC, > C, =Gynen 
1 


A= 1+sinA sin B -sin A 
sin A+sin? A (sin B -sin A) (sin B + sin A +1) 
0 
sin C -sin A 


(sin C —sin A) (sin C +sinA +1) 


[i.e., conjugate of z] 


Expanding along R,, then 
ve sin B—-sin A 
(sin B —sin A) (sin B +sin A +1) 
sin C -sin A | 
(sin C ~sin A) (sin C +sin A +1) | 


1 
sin B+ sinA + 1sinC+sinA +1 


= (sin B—sin A)(sinC ~sin A) 
1 


=(sin B —sin A) (sinC —sin A) (sinC —sin B) 
But, given A =0 
(sin B —sin A) (sinC —sin A)(sin C —sin B) = 0 
sin B -sin A=0 or sinC —sinA =0 
or sinC —-sin B=0 
=> sin B =sin A orsinC =sin A or sinC =sin B 
B=AorC=AorC=B 
In all the three cases, we will have an isosceles triangle. 
By By +By BY 
96. LetA=|y’a yo’+Ya Ya’ 
op of’+a’B a’p’ 
Taking B’y’, y’ a’ and a’B’ common from R,, R, and R; 
respectively, then 


py BLY 1 
py of ¥ 
A=(By)(yo’)@’p)|/ t= T+ 1 
yo y a 
a’ Bf ao BF 
Applying R, > R, — R, and R, > R,- R, 
By BLY 1 
ae Bp oY 
© panel VIO Bi a 8) 
Then, 6=(08 | F(5 - 5) fe p) ° 
b(2-2) [-2] ; 
Pio’ vy) lo ¥ 
BY Pg al 1 
5 By BP Y 
-wpyy?(&—8)(%_1)} 1 
=('B'y’) (= ale 1) y 1 0 
| 2. Sy a 
p’ 
Expanding along C,, then 
=(a'8’y’)? 2-8) a-1\(1-8 
ew) (J 8 S “Alcan 


=(a'R’y’ \2 -B)(B_1)(te 
(a’'B’y’) (2 B’ B’ 7’ Ly’ o | 
= (apy? OF — eB) By — Bn) (ro! - Ya) 
(a’B’y’) 

Hence, A =(of' -— a’ B) (By’ — B’y) (yo" - 7’) 
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Since, y= z 
v 
dy _ dx dx _ vf —uv’ 
dx v v’ 
= yy = vu —uv’ w(i) 
dx 


On differentiating both sides w.r.t. x, we get 


rated + DY pes =(vu" + uv’) -(uv” + Vif) 


dx’ dx 
ad’ 

= yor seg! =vu" ~ uv" 
dx dx 


On multiplying both sides by v, then 


2 
v? dy sav dy | = yy” — uv" 
dx’ dx) 


2 
=> v oe + 2v'(vu’ — uv’) = v’u" = uv" (from Eq. (i)] 
Mc ; 
d? | 
=> oe =2uv? — uv’ — Qui v+ v?u" .. (ii) 
x 
a 0 


and |v’ vo ov |=u(av? - vu") — vad v’—u’ v) 


=2uv’? — avy" -2viv' +0" u" .-.{iti) 


From Eqs. (ii) and (iii), we get 


g uv 0 
ar ul Vv 
x ul 4 2v’ 


Here, we have to prove that A(x) is independent of x. So, it is 
sufficient to prove that A’(x) = 0 
sin(x+@) cos(x+@) a+xsina 
Now, A(x) =| sin(x +B) cos(x+B) b+xsinB 
sin(x+ y¥) cos(x+Y¥) c +xsiny 
On differentiating w.r.t. x, we get . 
cos(x+Q) cos(x+@) a+xsinad 
A(x)=| cos(x+B) cos(x+B) b+xsinB 
cos(x+y) cos(x + y) ct+xsiny 
sin(x +a) —-sin(x+@) a+xsina 
+|sin(x+B) —-sin(x+B) b+xsinB 
sin(x+y) —sin(x+y) c+ xsiny 
sin(x +a) cos(x+@) sina 
+|sin(x+B) cos(x+B) sinB 
sin(x+y) cos(x+y¥) siny 
sin(x+a@) cos(x+@) sing 
=0-O0+}sin(x+B) cos(x+ ) sinB 
sin(x+ y) cos(x+y) siny 


100. (i) -- 
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sin(x+@) cos(x+@) sing 
=|sin(x +B) cos(x+) sinB 
sin(x+¥) cos(x+y) siny 
Applying C, >C, —(cos x) C, and C, >C, + (sinx)C,, we get 
sin xcos@® cos xcosa@ sing 
A(x) =| sinxcosB cos xcosB  sinB 
sinxcos ¥Y cosxcosy siny 
cos@ cosa sing 
=sinx-cosx|cosB cosB sinB 
cosy cosy siny 
=sinx-cosx x 0 [ C, and C, are identical] 
=0 
Thus, A(x) is independent of x. 
x(x-1) x(x-1)(x-2) 
76 *C, *C, 


1-2 1-2-3 
99, LetA= 7C, OF "Cy =ly yy-}) yy -1) -2) 


1-2 1-2-3 
*G *C, *C; z(z-1) z(z-~1)(z ~-2) 
1-2 1-2-3 

1 x-1l x?-3x+2 


=*7 |; yr-l y? -3y +2 
12 2 
1 z-l 2°-3z+2 


Applying C, > C, + C, then 
1 x x’-3x+2 
Aa 1 y y’ -3y +2 
1 z 2z°-3z+2 


Applying C, -» C, + 3C, —2C, then 
2 


1 x x 
As \1 y y? = de ee gr eG 
12], »| 2 
l+sin’x  cos*x 4sin 2x 
f(x)=| sin?x 1+4cos’x 4sin2x 
sin’ x cos*x 1+ 4sin2x 


Applying R, > R, - R, and R, > R, - R,, then 
1+sin?x cos?x 4sin2x 


f(x) = -1 1 0 


-1 0 1 
Applying C, > C, + C,, then 
1+ sin? x 2 4 sin 2x 
f(x)=| -1 2. 0 1. 0 
-1 -1 1 
Expanding along R, , then 
2 4sin2x . 
f(x)= ‘ =2+ 4sin 2x 
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Maximum value of 
f(x) =2 + 4(1) =6 
sin?A sin AcosA cos’A 
(ii) + A=|sin?B sin BcosB  cos’B 


sin?C sinC cosC_ cos*C 


tan?A tanA 1 
=cos’?A cos’Bcos*C}tan?B tanB 1 


tan’?C tanC 1 
1 tanA tan?A 
=—cos*Acos’?Bcos’C]1 tanB tan’B 
1 tanC tan’C 
=— cos” A cos” B cos*C (tan A — tan B) 


(tan B — tan C) (tan C — tan A) 
=-—sin(A — B)sin(B —C) sin(C — A) 


=sin(A - B)sin(B—C)sin(A-C)20 [+ A2B2C] 


A20 
Hence, minimum value of A is 0. 
x°-4x+6 2x°+4x+10 3x?-2x4+16 
101. Let f(x) = x-2 2x+2 3x-1 
1 2 3 
On differentiating w.r.t. x , we get 
2x-4 4x+4 6x-2 
f'(x)=| x-2 2x+2 3x-1 
1 2 3 
x7 ~4x+6 2x°+4x+10 3x?-2x+16 
+ 1 2 3 
1 2 3 


x7 -4x4+6 2x7+4x4+10 3x? -2x4+ 16 


+ x-2 A as 3x-1 
0 0 0 
f’(x) =0, V x © Rand f(x) =Constant 
6 10 16 
As, f()=}-2 2 -1/=2.. f(x) =2 
1 z= 3 
Now, fx ie a OE fle) dx = 2) x? sin x 
ia aie ait sin x 


x? sin x 


a =e ee 
+x° 


Hence, g is an odd function. 
I=0 


102.Since, Y =X and Z =tX 
¥,=sX,+Xs, | Ai) 
Y, =sX, + Xs, + 2X,s, ...(ii) 


Z, =tX, + Xt, iil} 
and = Z, = tX, + Xt, + 2X, div 
Xx Y Z@ 
LHS=|X, Y% 2, 
X, Y, 2, 
xX sX - 1X 


=| X, sX, + X53, tX, + Xt, 


[using Eqs. (i), (ii), (iii) and (iv)] 
Applying C, > C, -—sC, and C, >C, —tC,, then 
X 0 0 
=| X, Xs, Xt, 
X, Xs,+2X,s, Xt, + 2Xjt, 
Expanding w.r.t. R,, then 


2 


Ss t, 
XS_ + 2X8, Xt, + 2Xjt, 


Applying R, > R, —2X,R,, then 


—~y2| % hy 3/51 4) pas 
Xs, Xt, S. h 
103. Given determinant may be expressed as 
A= xf’ + f xgt+g 
(x2f" + 4xf?+2f) (x2g” + 4xg’ + 2g) 
xh +h 


(x2h” + 4xW’ +2h)| 
Now, applying R, — R;, — 4R, +2R,, then 


f g h 
=|xf'+ f xe’+g xh +h 
iad x*g” xh” 
f g oh 
Applying R, > R,-R, thenA=| xf’ xg’ xk 
x? nw a 4 x7h’ 
. g oA 
=> A=x} f° g’ ht 
x? a” x?g” xh” 
f og oh 
=> A=| f g ht 
xf” xig” xh” 
i g oH f og oh 
=| ff goo |+!] fe gt kt 
x a xg" x 3h” x? ” xg” xh’ 
f g h 


(x f"Y eh (WT 
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f g h 
=0+0+ r g 
wey wert Gry 
f g h 
Hence, A’=| ff’ g H 


(xf (x29) (HY 
104. Let the given determinant be equal to zero. Then, there exist 
x, y and z not all zero, such that 
a,x +a,y +a,z =0, bx+b,y + bz =0 
and ox+c,y +c,z =0 
Assume that, |x| 2|y| 2|z| and x #0. Then, from 
a,x =(~a,y) + (-a;z) 


|a,x| =|— a, y —a,2| S]azy| + [a3z| 
= |a,| |x| S]a,||y| + ]a5]]z| 
But x # Oi.e.|a,| <|a,| + |a;| 
Similarly, |b,] S|B,| + [b5| 


les] S |e] + {cal 
which is contradiction. Hence, the assumption that the 
determinant is zero must be wrong. 
(a-a)? (a-a)' a' 
7 7 
105.LHS =|(a-a,)"* (a—-a,)"' a; 


(a—a,)? (a—a,)"' aj’ 


1 (a-a) a'(@-a,) 
=(a -a,)*(a-a,)” (a -a,)? 1 (a-a,) a;'(a—a,)° 
1 (a-a,) a, (a - a,)" 


Applying R, > R, — R, and R, - — R, — R,, then 


1 (a-a,) a-' (a-a,)° 
1 (a* — a,a,) (a, - a2) 
LHS = ————_— = AOR a LB NB 
Il (a _ a) 0 (a, a) 4,2, 
0 (a, -a,) (a? — aya) (a, — a) 
pay a,a, 


Expanding w.r.t. 1st column, then 
(a’ — a,ay) (a, — a2) 


1 (2 ~ a) a,a 
LHS = ————_—- ioe 
Il (a -a,)’ (a” — a,a,) (a, - a3) 
ja) = 
84 
a’ — aa, 
™ (a, — az) (a, — 45) aa, 
II(a-a,)’ i a” —a,a, 


i a 
_ (= a) (a, = a5) a? (a, - a) _ ~ 0° HI (@,- a) 
Ta, I1(@-a,)’ 


Numerator =- a? (a, — a,) (a,—a,) (a, — @,) 


a,a,a; 11 (a —a,)” 


The resulting expression has negative sign. 


106. The given system of equation will have a non-trivial solution 
in the determinant of coefficients. 


a-t b c 
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A = Ois a cubic equation in t. 
So, it has in general three solutions 4, t, and t,. 
Let A=apgt? + at? +a,t + a, 
Clearly, a, = Coefficient of t*= —1, 
a, a, ; ‘ 
so t,t, =—— =- — =a, =Constant term in the expansion 
a 


0 
of A i.e. A (at t = 0) 
abe 


ttpt;=a,=|b c a 


c a b 


107. (i) Eliminating a, b and c from given equations, we obtain 


y) 


S1THRIN NS 
NWN IR SYN 
H 
° 


Applying R, > R, — R, and R, > R, — R,, then 


N 
< |N 


NIK N [SS 


Ww IN < IN 
iH 
i—) 


x mS N |x 


0 


<I ®] 


Expanding along C,, then 


(z 2)(2-2)4(-2](2-2) << 
zy 


Ax dhe y) yz, 
ye . 2X, XY 
=> 2 +—+-——+1=0 
xy 2 
(ii) To eliminate x, y and z. 
Leta =~, B= = and Y= = inthe given equations, 
z x y 
ba + — =a, Ai) 
a 
a 
cB+—=b ..(ii) 
B 
: b es 
and ay+—=c .. (iii) 
Y 
Also, apy =1 


From Egs. (i), (ii) and (iii), we get 


(= +a)(era)lesle™ 


By 


=> Duhege? Die ty St apt OS 
a B 


gepted Supe? Be gh? eigbe 
a a B 


tail [- aBy = 1] 


=> ac’ — +a°b — 
a? B? 
+ Hoot acy’ + be? B? + aba? =— abe 


¢? 2.2 a 2.2 b 24,2 
=a| — + b’a® |+ b| — + Bre" jtc “tury =~abe 
a? p? \y 


4 
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On squaring Eqs. (i), (ii) and (iii), we get 


c ; a“ 
b°a.” + — =a" —2be, c? B? + — = b? - 2ca and 
Qa 


3? 
ay’ + — =c* —2ab 
Y 
On putting these values in Eq. (iv), we get 
a(a* —2bc) + b(b? — 2ca) +c (c* ~ 2ab) = — abc 
a’ + b> +c> =Sabe 
abe 
108. Here, A=|b c a\{ According to the question, x, y and z not 


c a b 
all zero. Hence, the given system of equations has non-trivial 
solution. 
A=0 
abe 
bc al=0 
¢ as 


= =(a+b +0) [(a-b) + (be +(¢-a)"}=0 


ne a+b+c=0 
or (a — b)*? + (b—c)* +(c-—a)* =0 
Case! Ifa+b+c=0 
From first two equations, 
ax + by -(a+ b)z =0 
bx -(a+ b) y+ ax=0 
[by cross-multiplication law] 
ey eee ee, 
ab~(a+b)? -b(a+b)-a? -a(a+b)-b? 
ee Sree eee ae, ae 
-(a7+ab+b*?) -(a?+ab+b?) -(a? + ab +b’) 
i X:y:z=1:1:1 
Case Il If (a —b)? + (b -—c)* + (c-—a)* =0 
It is possible only, when 
a-b=0,b-c=0 andc—a=0 


Then, a=b=c 
In this case all the three equations reduce in the forms 
x+y+z=0 wi 


Then, Eq. (i) will be satisfied, if 
x=k y=ko,z =k 
or x=k y=kw’,z =kw 
where W is the cube root of unity. 
Then, x:y:Z=1:0:0* or1:@7:@ 
Hence, combined both cases, we get 
x:y:Z=1:1:1 
or 1:00:07 
or 1:07 :@ 
109. Applying C, > C, +C,+C;,, then 
1 (1+b?)x (1+c¢7)x 
f(x)=|1 14+b’x (1+07)x (a? +b? +07 4+2=0] 
1 (1+b*)x 1+c?x 


Applying R, > R,—R, and R, + R,—R,, then 
1 (1+b*)x (14+¢7)x 
=|0 1-x 0 =(1-x’) 
0 0 l-x 
Hence, degree of f(x) =2 
110. For no solution or infinitely many solutions 
a 1 


Applying C, > C, + C,+C,, then 


a+2 1 1 
a+2 a 1/=0 
a+2 1.a 


Applying R, > R, —R, and R; > R,—R,, then 
Ore 1 1 
0 a-1 0 |=0 » @-1)*G+2)=0 


a =1,-2 
For & = 1, clearly there an infinitely many solutions and when 
we put O =—2 in given system of equations and adding them 
together LHS # RHS. i.e., no solution. 


111.°+ a, ay, @y,... are in GP. 

‘, Using a, =a,r""', we get the given determinant, as 
log(ar"") — log(a,r")_ log(a,r"*’) 

n+3)  log(a,r 

6) loglay 


| aed 


log(a,r log(a,r 


ar?) 


log(a,r 


on) 


log(a,r 
Applying C, > C,-C, and C, > C,—-C, and 
; m 
using log m — logn = log (=) we get 
n 


log(ar""') logr 2logr 


log(ar"*”) logr 2logr|=0 
sea | 


log(a,r logr 2logr 


[ C, and C, are proportional] 


1 1 
D=}0 0| = xy 
0 y 
1-2 3 
113. D=|-1 1 -2|= 
1-3 4 
-1 -2 3 
and D,=| k 1 —-2|=(@-k)=0,ifk=3 
1-3 4 
1 -1 3 
D,=|-1 k -2\|=(k-3)=0,ifk =3 
1 =-3 4 
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-1 -2 3 = 1(-3 + k) + M—k + 3k) + 1(k-9) #0 
D,=| k 1 -2/=(k=3)=0,ifk=3 => 2k? + 2k-12 #0 
1-3 4 = k?+k-640 

= (k+3)(k-—2) #0 


.. System of equations has no solution for k #3. 


114. The system of equations = k#2,-3 
x—cy—bz =0, -cx+y-az=0 and -bx-ay+z=0 = aici 
h -trivi ion, i k+1 8 
ave non-trivial solution, if 119. A= = (k + 1)(k+3)~8k =k? -4k +3 
1 -c -b k k=3 
-c 1 -al=0 ‘ A =(k —1)(k -3) 
-b -a 1 , 4k z 
A, = = 4k’ + 12k -—24k +8 = 4k? -12k +8 
=> 1+ 2(-a)(-b)(-c)—a’ -b? -c? =0 3k-1 k+3 
or a’ +b? +c? +2abe =1 ; A, = 4k -1)(k—2) 
. k+1 4k — 
aat+l a-1 atl b+1 c-1 and A, = k k =(k+1)(3k-—1)-4k° =-k° + 2k +1 
115.|-b b+1 b-1\+(-1)"la-1 b-1 c+1!=0 catia 
¢ ¢-1 ct+1 a -b ¢ “Ay =4k-1) 
& 2S8. yes a ae As given no solutions 
=l-b b+1 b-1/4(-1)"\b+1 b-1 -b/=0 = A; and A, #0 
but A=0 
c c-1 ctl c-1 c+l oc 
k=3 
[by property] 3 1+ f(l) 1+ f(2) 
a ati a-l a a+1 a-l 120. +: {14+ f(1) 1+ f(2) 1+ £() 
=|-b b+1 b-1/+(-1)"*7}-b b+1 b-1/=0 1+ f(2) 1+ (3) 1+ f(4) 
Stet ord Ge ad 14141 14048 1407+? 
116. Applying R, > R, + R;, then =! 14a+B 1+07+f? 1+0°+f° 
6 de OG (me 9 1+07+B? 1+0°+f? 14+0'+8' 
1 P ilbwa ri1 af 
f(6) =|-tané 1 tand eli @ Ola @ Gilet e@ 8 
° 1 a? 8? 1 a’ B? 1 a? B? 
-1 —tan@ 1 
2 2 = {(1-a.)(1-B)(a@ -B)}? 
=2(1+ tan’@) =2sec"@ 22 


=(1-a)*(1-B)*(a -B)’ 
So, k =1. 


121. The given system can be written as 


”. £(8) € [2, 22) 
117. Non-zero solution means non-trivial solution. 


For non-trivial solution of the given system of linear equations 
(2-A)x, -2x, + x, =0 


4 k 2 
b «a jlo 2x, -(3+A)x, + 2x, =0 
221 —X, +2x,-Ax, =0 

=> 44-2)—kk—2) +(2k-8) = 0 For non-trivial solutions, A = 0 

=> —k’+6k-8=0 2-A 2 1 

=> k’ -6k+8=0 2 -3+A) 2 |=0 

= (k -2)(k-4) =0 - 2 = 

; k=2,4 

Clearly, there exist values of k. => (2-A)(A' +3A —4) + A-2A +2) + (4-3-2) = 0 
1 -k 1 = O4+2?-514+3=0 

118. For trivial solution |k 3 —k|#0 => 4 =1,1,-3 

3 1 -1 Hence, A has two values. 


, wWwW.JEEBOOKS.IN 


604 Textbook of Algebra 


122. Applying R, > R,—R, and R, > R,—R,, then - BR ite Maa as 
(lta)? (1420)? (1430) a 
2n+3 40+3 6a+3 |=-6480 2 x=(2] -1 
6) 


44+8 84+8 120+8 


Applying R, > R, -—2R, , then 


a 2 . 
(ita)? (1+2a)? (1+3a)? 125. A= ; ars 
2a +3 4a +3 64+3 | =—-648a " 
2 
2 2 2 |) == a+ 
: 1 
Applying GG Ct G)ithes ‘ a od 
or A, = fi =a —3A 


(140)? + -a? + (1430)? 
System has unique solution for A # 0 

*. a #—3 for all values A and uw 

System has infinitely many solution for 
= (40 + 6 — 120 -6) = 6480 A=A,=A,=0 

“ a=-3,A+p=0, at—-3A =0 


+3 40+3 6a+3 |=-6480 
2 0 2 


= — 80° = 6480 
and system has no solution 
= a?—810 =0 ice aie peau 
ee a =0,9,-9 and A+p #0 
723. For non-trivial solution fi 1 1] 
Lh. he 126.-: A=|1 a 1|=1(@—b)-101-a)+1(b-a”)=-(-1)' 
XA -1 -1/=0 Be 4 
1 1 -A. (1 1 1] 
=> (A+1)—A(-A? +1)-1(0 +1) =0 A,=/1 @ 1]=Ka—b)—1(1)+1(b) =(a-1) 
=> MA? -1) =0 Ob 1 
=> A=0, +1 f1 1 1| 
ly 1 14+x3 A,=|1 1 1{=1(1)-1@-a)+1(0-a) =0 
124. x7}2 4 14+8x*?|=10 a 0 1| | 
3 9 14+27x°? fr 11] 
fr 11] fi 1 1] andA,=|1 @ 1|/=1(-b)—1(-a)+1(b-a’)=-a(a-!) 
= x12 4 1/+x°12 4 81=10 a b 0 
Ss 9 2 3.9 27 Fora =1,A=A, =A, =A, =0 
Applying C, — C,—-C, and C, > C, -C, then and for b = 1 only 
f1 0 o| fi 0 0] sl lia 
xl2 2 -1]4+x°]2 2 6|=10 i la 
3 6 -2{ |3 6 24 ink Sacaied 


i.e. no solution (‘.. RHS are not equal) 
=> 2x°+12x°=10 or6x°+x°-5=0 


Hence, for no solution 6 = 1 only. 
or (6x? -5)(x? +1) =0 
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J. J. Sylvester was the first to use the word ‘‘Matrix” in 1850 and later on in 1858 Arthur Cayley developed the theory of | 
matrices in a systematic way. ‘Matrices’ is a powerful tool in mathematics and its study is becoming important day by 
day due to its wide applications in almost every branch of science. This mathematical tool is not only used in certain 
branches of sciences but also in genetics, economics, sociology, modern psychology and industrial management. 


Session 1 


Cpe Fe PEE 


oc. Sate es ne = re rtsre atest 


Cad ete ss BS =e ty SERBS TASS ET TS (en ee LES wee eS 


Definition, Types of N Matrices, Difference berweus 
a Matrix and a Determinant, Equal Matrices, Operations 
of Matrices, Various Kinds of Matrices 


Definition 

A set of mn numbers (real or complex) arranged in the 
form of a rectangular array having m rows and n columns 
is called a matrix of order m Xn or an m Xn matrix (which 
is read as m by n matrix). 

An mX n matrix is usually written as 


G3; 432 43 Qin 
Qa, Q@y2 a3 aon 
G3; @32 433 asp 
am, ain, am, G nr 


In a compact form the above matrix is represented by [a,, } 
i=1,2,3,...,m, j=1,2,3,...,n or simply by[@j }m xn, Where 
the symbols a,, represent any numbers (a,, lies in the ith 
row (from top) and jth column (from left)). 


Notations A matrix is denoted by capital letter such as A, B, 
Css ples 


Note 
1. A matrix may be represented by the symbols [a, ], (4; ). | a; | 
or by a single capital letter A (say) 
A= (a; ] men or (a, Vinx n or| aj | 
Generally, the first system is adopted. 
2. The numbers a,, do, .... etc., of rectangular array are called 
the elements or entries of the matrix. 
3. A matrix is essentially an arrangement of elements and has no 
value. 


4. The plural of ‘matrix’ is ‘matrices’. 


| Example 1. if a matrix has 12 elements, what are the 
possible orders it can have? What will be the possible 
orders if it has 7 elements? 

Sol. We know that, if a matrix is of order m x n, it has ma 


elements. Thus, to find all possible orders of a matrix with 
12 elements, we will find all ordered pairs of natural 
numbers, whose product is 12. 


Thus, all possible ordered pairs are (1, 12), (12, 1), (2, 6), (6,2) 
(3, 4), (4, 3). 


Hence, possible orders are 1 X 12,12 X 1,2 X6,6X2,3X4 
and 4 x 3. 


If the matrix has 7 elements, then the possible orders will be 
1X7 and7 x1. 


[| Example 2. Construct a 2x 3 matrix A=[a, ], whose 
elements are given by 


, a2 
(i) a, aa (ii) a, =5|2i- -3j| 
” i-j,i2j 
A) 9, Seis, 


(iv) aj -|4} 


where [.] denotes the greatest integer function. 


at 
(v) a; = {#1 


where {.} denotes the fractional part function. 


(vi) a, = (=~) 


where (.) denotes the least integer function. 
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Sol. We have, A = i a2 | 
+12 x3 


45; 422 ag, 


4s. asy2 
(i) Since, a, = \i> *!’ therefore 
2 
(142)? 9 (1+4)? 25 
i er as re 
2 2 2 2 
(1+6)* 49 (2+ 2) 
a3 = ; aaa" 5 = 8, 
2+ 4)? 2+6)° 
fsa 3 = 18 and a,,= = 32 
9 25 49 
Hence, the required matrixisA=|2 2 2} 
8 18 32 
(ii) Since, qi, = 5 |21-3) , therefore 
1 1 1 
a =>|2-3|=2|-1]=4 
1 1 4 
sg? -Sl =a) 412 
1 1 7 
a, =-|2-9|=-|-7|=-, 
1 1 1 
a,,=~-|2-3|=-|-1|=-, 
n= t[2—s]=4]-1|=4 
1 I 4 
ag =-|2—-6)/=-|-4|/=—=2 
n=t|2-6|=4]-4|=4 
1 1 5 
and =-|4-9/=-|-5|=- 
on =1|4-9|=2]-5|=2 
Bg 
Hence, the required matrix is A = 2 : , 
ip 
bs "A 
— li-j, i2j 
(iii) Since, a, ) J ; J therefore 
lit, 8 


a,,=2-1=1,a,, =2—2=Oanda,, =2+3=5 
Hence, the required matrix is 


03 4 
Ax 
Les 


(iv) Since, ay = |: , therefore [(-[x]s x] 


and y= 2] =[1]=1anda,, -|;| = [0.67] =0 


Hence, the required matrix is A = | 


100 
zk 9 
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[oi 
(v) Since, a, “15 , therefore [0S {x}< 1] 
7, 
= {2} = {=| 3 =! 
mr y3f 3 lef 133" 
ee le 
a3 “lof 9°" 13 | 5 
eam fa}o tara fal 9 
7 lof la} 3 a er 9 
21 2 
Hence, the required matrix is A = : 2 A 
33 91 
la: e 
(vi) Since, a, = [ e “1 therefore [(x)2x ] 


Boos a 
i es (=) (7.5) = 8, 
a>, = “*4)-(2)-=s 


and a,,= (=) = (=) =(9)=9 


Hence, the required matrix is 
46 8 
579 


Types of Matrices 


1. Row Matrix or Row Vector 


A matrix is said to be row matrix or row vector, if it 
contains only one row, ie. a matrix A =[4;;],, xn is said to 
be row matrix, ifm =L 


For example, 
(i) A=[a,, @,2 Qy3 
(ii) B=(3 5 -7 9hixg 


are called row matrices. 


Bilin 


2. Column Matrix or Column Vector 


A matrix is said to be column matrix or column vector, if 
it contains only one column, i.e., a matrix A =[a is 
said to be column matrix, ifn =1 For example, 
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Qyy 
Qo) 
(i) A=| @3, (ii) B =|-8 
2 
@ inn mx 5x1 


are called column matrices. 


3. Rectangular Matrix 


A matrix is said to be rectangular matrix, if the number of 
rows and the number of columns are not equal i.e., a 
matrix A=[4j; nxn is called a rectangular matrix, iff 

m #n. For example, 


13 45. , = 
(i) A=|2 0 -3 8 (ii)B=|3 0 
7 4 @ § 4 8 


--3x4 


are called rectangular matrices. 


4. Square Matrix 


A matrix is said to be a square matrix, if the number of 
rows and the number of columns are equal i.e., a matrix 
A=[@j ]mxn is called a square matrix, iff m =n. 

: 

qh x2 


For example, 

41, Ayn G43 - 
(i) A=|@q,; Qo, gy a o-|* 
933 I3x3 


are called square matrices. 


Remark 

If A= la; J iS a Square matrix of order n, then elements (entries) 
1, App, yg, «++Gp_ are Said to constitute the dragona/ of the matrix A 
The line along which the diagonal elements lie is called principal 


14 
or leading diagonal. Thus, if A=|8 3 -2].then the elements 
9 2 5 


of the diagonal of Aare 1, 3, 5. 


5. Diagonal Matrix 


A square matrix is said to be a diagonal matrix, if all its 
non-diagonal elements are zero. Thus, A =[a;],,,,, is 
called a diagonal matrix, if a, =0, when i # j. 


nxn 


' For example, - 


(ii) a-| 


(i) A=[2] 


ef 3 0 0 
ii) C=/0 5 0 

; 4 (ii) 
00 7 


are diagonal matrices of order 1, 2 and 3, respectively. A 
diagonal matrix of order n having d,,d,,d3,...,d,, as 


diagonal elements may be denoted by diag (d,,d.,d3,..d,,). 


Thus, A = diag (2), B= diag (— 1, 2) and C= diag (3, 5, 7). 


Remark 
(i) No element of principal diagonal in a diagonal matrix is zero. 


(ii) Minimum number of zero in a diagonal matrix is given by 
mn —1), where nis order of matrix. 


6. Scalar Matrix 


A diagonal matrix is said to be a scalar matrix, if its 
diagonal elements are equal. Thus, A =[a;;], x, is called 
scalar matrix, if 


(0, if i# j 
ay =), ...,» where kis scalar. 
\k, if f= { 
For example, a8 
{2 0 ” 
(i) [7] (ii) _ (iii)]}0 5 0 
0 0 5 


are scalar matrices of order 1, 2 and 3, respectively. They 
can be written as diag (7), diag (2, 2) and diag (5, 5, 5), 
respectively. 


7. Unit or Identity Matrix 


A diagonal matrix is said to be an identity matrix, if its 
diagonal elements are equal to 1. 


Thus, A =[4, ], x, is called unit or identity matrix, if 


nxn ; 
(0, if i# j 
a. ™=¢ 
thar iss 
A unit matrix of order nis denoted by I, or I. For example, 
: 100 
(i) J, =[1] (ii) I, |) (iii) J, =]0 1 0 
001 


are identity matrices of order 1, 2 and 3, respectively. 


8. Singleton Matrix 


A matrix is said to be singleton matrix, if it has only one 
element i.e. a matrix A =[a is said to be singleton 
matrix, ifm=n=1 


ae xn 


For example, [3],[k ], [-2] are singleton matrices. 


9. Triangular Matrix 


A square matrix is called a triangular matrix, if its each 
element above or below the principal diagonal is zero. It is 
of two types: 


(a) Upper Triangular Matrix A square matrix in 
which all elements below the principal diagonal are 
zero is called an upper triangular matrix i.e., a matrix 
A=(4;],xn is said to be an upper triangular matrix, 
if a.: =0. when i> i. 
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For example, 

“P38 20 aay 

. lOxs2 <a 2) a 

(i) * 
0 O47 5] | 
0 0 Os] 


av: ee ee Tee. me 
*4 4) 82° 83 Ag ST 
. ' 
Or. a2 Gy, gg As 

CU) | O OB Gay Gag | «4 
Sis 1 

0 0 0. a4, as i 

se 1 

. r 

00 0 0 a5s Jens 


are upper triangular matrices. 


(b) Lower Triangular Matrix A square matrix in 
which all elements above the principal diagonal are 
zero is called a lower triangular matrix i.e., a matrix 
A=[4;], x, is said to be a lower triangular matrix, if 
a, =0, when i < j. For example, 


100 0 0 
[8 90 0 
Os 6 7D 

123 4f 


are lower triangular matrices. 


Note 
Minimum number of zeroes in a triangular matrix is given by 


“ where nis order of matrix. 


10. Horizontal Matrix 


A matrix is said to be horizontal matrix, if the number of 
rows is less than the number of columns i.e., a matrix 
A=[4), ]mxn is said to horizontal matrix, iff m <n. 


2 3 4 §] 
For example, A=|8 9 7 -2 is a horizontal 
2-2 = *s 


3x4 
matrix. [".. number of rows (3) < number of columns (4)] 


11. Vertical Matrix 


A matrix is said to be vertical matrix, if the number of 
rows is greater than the number of columns i.e., a matrix 
A=[45 ]nxn is Said to vertical matrix, iffm >n. 
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2 3 4 
0 =! 7 
Forexample, A=| 3 5 4 is a vertical matrix. 
z @ 9 
-1 2 =5 


ds x3 
{-- number of rows (5) > number of columns (3)] 


12. Null Matrix or Zero Matrix 


A matrix is said to be null matrix or zero matrix, if all 
elements are zero i.e., a matrix A =[4,,],, x, is Said to be a 
zero or null matrix, iffa, =0, Vi, j. It is denoted by O. 


For example, 


(i) O2x3 | 


0 0 


00 of Orxs= 


oO Oo S&S 


0 0 
0 0 
0 0 


are called the null matrices. 


13. Sub-Matrix 


A matrix which is obtained from a given matrix by 
deleting any number of rows and number of columns is 
called a sub-matrix of the given matrix. 


8 9 5 

aS Qin  . WP eer 

For example, ; isa sub-mati of |2 3 4 
3 +25 


14. Trace of a Matrix 


The sum of all diagonal elements of a square matrix 


A=[4; ]ixn (say) is called the trace of a matrix A and is 
denoted by Tr (A). 
Thus, Tr(A) = y Gis 
i=l 
2-79 
For example, If A=|0 3 2), then 
8 9 4 


Tr(A) =2+3+4=9 
Properties of Trace of a Matrix 
Let A=[@;; nxn» B=[bj Jaxn and k is a scalar, then 
(i) Tr (KA) =k-Tr (A) 
(ii) Tr(A + B) = Tr (A) + Tr(B) 
(iii) Tr (AB) = Tr(BA) 
(iv) Tr (A) =Tr(A’) 
(v) Tr(I,)=n 
(vi) Tr (AB) # Tr (A) Tr(B) 
(vii) Tr(A) =Tr(C AC7'), 
where C is a non-singular square matrix of order n. 
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15. Determinant of Square Matrix 


Let A =[(a;;],x, be a matrix. The determinant formed by 
the elements of A is said to be the determinant of matrix 
A.This is denoted by| A |. 


For example, 


3 4 5 3 4 5 

If A=|6 7 8|then|A|=|6 7 8]=-39. 
2-3 5 2-3 5 

Remark 


1. If A, A, A... A, are square matrices of the same order, 


then] AAA AL=]A [AIA Ll | 


2. Ifk is a scalar and Ais a square matrix of order n, then 
| KAj= ke A| 
16. Comparable Matrices 


Two matrices A=[a, ],,x, and B =[b,, Jpxq are said to be 


comparable, ifm = p andn=q. 


c | pqomr 
and 

f st uy 

2 4 

5 3 


For example, 


a 
The matrices : 


are comparable 


1 2 6 
but the matrices b | and j are not comparable. 


Difference Between a Matrix 
and a Determinant 


(i) A matrix cannot be reduced to a number but 
determinant can be reduced to a number. 

(ii) The number of rows may or may not be equal to the 
number of columns in matrices but in determinant the 
number of rows is equal to the number of columns. 

(iii) On interchanging the rows and columns, a different 
matrix is formed but in determinant it does not 
change the value. 

(iv) A square matrix A such that | A | #0, is called a 
non-singular matrix. If| A |=0, then the matrix A is 
called a singular matrix. 

(v) Matrices represented by [ ], (),|| | but determinant is 
represented by | |, 


Equal Matrices 


Two matrices are said to be equal, if 
(i) they are of the same order i.e., if they have same 
number of rows and columns. 
(ii) the elements in the corresponding positions of the 
two matrices are equal. 


Thus, if A =[a,; 
(i) m=p,n=q 


B=[by],xq> then A=B, iff 


iJ 
(ii) ay =), Vij 


mxn? 
ij? 


‘=a 2 A! 
For example, If =| and 
2x3 


3 0 5 
ae 
B= 
de 


a=~1,b=2,c=4d =3,e=0, f =5 


c 
| are equal matrices, then 
Flexs 


X+3 2y+x] [-x-1 0° 
z—-1 “4w-6, -| 3 lw. 
find the value of | x+ y |[+|z+w. 
Sol. As the given matrices are equal so their corresponding 
elements are equal. 
x+3=-x-1 => 2x=-4 Ai) 
x=-2 
2y+x=0 
2y -2=0 [from Eq. {i)] 
y=l li) 
z-1=3 
=> z=4 ...{iii) 
4w —8=2w 
=> 2w =8 
: w=4 


{ Example 3. ‘| then 


J 


Ae (iv) 
Hence,| x+y |+|z+w|=|-2+1|+|4+4|=1+8=9 


2Za+1 38 | fa+3 p42 
0 esal'| 0 -6— 
find the equation whose roots are « and B. 
Sol. The given matrices will be equal, iff 
2a+1=a+3>5>a=2 
3B =B? +2=>B? -3B8 +2=0 


Example 4. if 


B=1,2 and B?-5fh=-6 Ai) 
> B?-5B+6=0 
B =2,3 ..{ia) 
From Eqs. (i) and (ii), we get B =2 
at a=2,p=2 


”. Required equation is x? —(2 +2)x +2:2=0 


=> x? -4x+4=0 


Operations of Matrices 
Addition of Matrices 


Let A, B be two matrices, each of order m X n. Then, their 
sum A + Bis a matrix of order m Xn and is obtained by 
adding the corresponding elements of A and B. 
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Thus, if A =[@j]mxn and B=[by Im xq» then 
At+B=[ay tdi Imxn Vid 
13. 5 0 3 
[Example 5. Given, A=|-2 0 2),B=;-2 0 
04 -3 0 -4 
4 1 +2 
andC=|3 2. 1\{ Find (whichever defined) 
a a 
(i) A+B, (ii) A+C. 


Sol. (i) Given, A is a matrix of the type 3 x3 
and Bis a matrix of the type 3 x 2 
Since, A and Bare not of the same type. 
“. Sum A + Bis not defined. ° 
(ii) As A and C are two matrices of the same type, 
therefore the sum A +C is defined. 


L 3 5 |4 1 2 


«© AtC=/-2 0 21+/3 2 #1 
04 -3} |}2 -1 7 

1+4 341 5-2] [5 4 3 

=/-2+3 O+2 2+1]=]1 2 3 

0+2 4-1 -3+7] |2 3 4 


[ Example 6. if a,b;b,c and c,a are the roots of 
x? -4x+3=0, x2 —8x+15=0 and x? —6x+5=0, 


. a 4? a 4b" | 
respectively. Compute 


b?+c? atc? 
/2ac -2ab 
+ 
i ive 
Sol. «. x? —-4x+3=0 
> (x -1)(x-3)=0 x= 1,3 
x? —8x +15=0 
= (x -—3)(x-5)=0 x=3,5 
and x? —6x+5=0 
=> (x -5)(x-1)=0 x=5,1 


It is clear thata =1,b=3 and c=5 
| 2ac —2ab 
+ 
—2be —2ac 
(a +c)? (a—b) 
(b-c (ac)? 


"2 2 22 2. 
a+c" at +b 
now, | 


a’ +c? 


a +c? 4+2ac a? +b* —2ab 
b? +c? — 2be a’ +c? —2ac 


_|a+s? (1-3) |; | 
(3-5) (1-5)'] L4 16 


| 
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Properties of Matrix Addition 
Property 1 Addition of matrices is commutative, 
A+B=B+t+A 


where A and B are any two m Xn matrices, i.e. matrices of 
the same order. 


i.e. 


Property 2 Addition of matrices is associative 
(A+ B)+C=A+(B+C) 


where A, B and C are any three matrices of the same order 
m Xn (say). 


i.e. 


Property 3 Existence of additive identity 
A+O=A=O+A 
where A be any m Xn matrix and O be the m Xn null 


matrix. The null matrix O is the identity element for 
matrix addition. 


ie. 


Property 4 Existence of additive inverse 
If A be any m Xn matrix, then there exists another m xn 


_ matrix B, such that A+B=O=B+A 


where O is the m Xn null matrix. 


Here, the matrix B is called the additive inverse of the 
matrix A or the negative of A. 


Property 5 Cancellation laws 


If A, Band C are matrices of the same order m x n (say), 
then A+B=A+C=>B=C _ [left cancellation law] 


and B+A=C+A=B=C [right cancellation law] 


Scalar Multiplication 


Let A=[4;; ]n xn be a matrix and k be any number called a 
scalar. Then, the matrix obtained by multiplying every 
element of A by k is called the scalar multiple of A by k 
and ‘is denoted by kA. 


Thus, kA =(ka;,] 


mxXn 


Properties of Scalar Multiplication 
If A =[a,; lesen! =[5; ] 
scalars , then 
(i) k(A + B)=kA+kB 
(iii) (kI)A =k (LA) = (kA) 
(iv) (-k)A =—(k A) =k (- A) 
(v) 1A=A(-1)A=-A 


mxn are two matrices and k, [ are 


(ii) (k +1) A=kA+IA 


| Example 7. Determine the matrix A, 


1 2 3 5 4 1 
when A=4}-1 —2 -3]4+2/3 2 4 
4 2 6] {3 8 2 
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Sol. 


> 
Hl 
| 
oo 
| 
pes 
i] 
+ 
an 
C- 
oo 


146 8 24 6 16 4 


T4410 8+8 12+2] [14 16 14 
“peg Bee <1 ee lel oO <a <A 
16+6 8+16 24+4 | |22 24 28 


2 0 
ne ka[ 


find the value of b -a —k. 


0 
| Example 8. If A= | 3 


oO 2 0 2k 
Sol. We have, A= kA 
2 = 3k —4k 
But kA = iain 
2b 24 
0 2k | [0 3a 
3k 4k} {2b 24. 
=> 2k = 3a, 3k = 2b, — 4k =24 
=> k=-6a=-4,b=-9 
Hence, b-—a-—k=-—9-—(-4)-(-6)=-9+4+6=1 


Subtraction of Matrices 


Let A, B be two matrices, each of order m Xn. Then, their 
subtraction A — B is a matrix of order m x n and is 
obtained by subtracting the corresponding elements of A 
and B. Thus, if A =[@jj mx» and B=[Dj bn xn» 


then A-B=[a@; - bi Imxn Vis 
2 3 a b 
For example, If A=|4 5jandB=|c d 
6 7, e f 

2 3| [a b| [2-a 3-6 

then A-B=/4 5/-jc d|=|4-c 5-d 

6 7 \e J] Ione Taz) 
1 2 -3 

[| Example 9. Given, A=|5 0 2 |and 
1-1 #1 
3-1 2 


B=|4 2. 5\ Find the matrix C such that A+2C =B. 


2 0 3 
Sol. Given, A+2C = B 
9. <7 BI Tt 2 <2) 
2C=B-A=|4 2 5|-|5 0 2 
2 0 3{ |1 -1 1 


3— jf <1-2 245) 
=|4-5 2-0 5-2 
2-1 O+1 3-1 


r2 -3 5 24 5 
ecal-1 2 3| =catl-1 2 3 
Lat 2 2 “ba 4 2 
1 3/2 5/2| 
=|-1/2 1 3/2 
2 1/2 4 


| Example 10. Solve the following equations for X and 


3-3 0 4 1 5 
Y.2X-Y= 2Y+X= 
3 3 2 14 -4 


3-3 0 
a & 2 
On multiplying both sides by 2, we get 


3 -3 0 6 -6 0 
4X -2¥ =2 - 4X -2 = fi) 
3; 232 


Sol. Given, 2X -Y= 


6 6 4 
[4 1 5 ' 
alsogiven X +2Y= (ii) 
I-14 -4 
Adding Eqs. (i) and (ii), we get 
6 -6 O| [41 5 
5X = + 
16 6 4 Fe 4-4 


6+4 -6+1 0+5| {10 -5 5 
6-1 6+4 4-4] [5 10 0 


2-11 
X= 
120 


Putting the value of X in Eq. (ii), we get 


2 ip ¥ 41 5 
+2Y = 
1 2 0 -1 4 -4 


41  5| [2 -1 1 
= ay = = 
-1 4 -4] [1 2 0 
o 442 5-7" : 


4 - fa24 
~[-1-1 4-2 -4-0] [-2 24. 


1 1 2 
y = 
7 ff) = 
2g = 14 7 
Hence, X= a =b.4 and Y= 
1 20 -1 1 -2 


Remark 

If two matrices Aand 8 are of the same order, then only their 
addition and subtraction is possible and these matrices are said 
to be conformable for addition or subtraction. On the other 
hand, if the matrices Aand 8 are of different orders, then their 
addition and subtraction is not possible and these matrices are 
called non-conformable for addition and subtraction. 
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Multiplication 
Conformable for Multiplication 


If A and B be two matrices which are said to be 
conformable for the product AB. If the number of columns 
in A (called the pre-factor) is equal to the number of rows 
in B (called the post-factor) otherwise non-conformable 
for multiplication. Thus, 
(i) AB is defined, if number of columns in A = number of 
rows in B. 
(ii) BA is defined, if number of columns in B = number of 
rows in A. 


Multiplication of Matrices 


Let A=[4; ]nxn and B=[b, |, be two matrices, then 
the product AB is defined as the matrix C =[Cy ine p 


where C;, =) ay by,1Sis<m1Sk Sp 
j=l 
= Aj, Dy + Ain by, +453 Day ++ Gin Day 
Le., (i,k) th entry of the product AB is the sum of the 
product of the corresponding elements of the ith row of A 
(pre-factor) and kth column of B (post-factor). 
Note 


In the product AB, apie 


8B = Post-factor 


G12 1 -2 
{Example 11. If A=|1 2 3}and B=/|-1 O|, 
23 4 2 -1 


obtain the product AB and explain why BA is not defined? 
Sol. Here, the number of columns in A =3= the number of 
rows in B, Therefore, the product AB is defined. 


C, C, 

01 2|R, [1 -2 
AB=|1 2 3/R,x|/-1 0 
23 4/R, {2 -1 


R,, R,, R; are rows of A and C,, C, are columns of B. 
RC, RC, 
AB=|R,C, RC, 
| RAC, . R3C2 | 542 
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For convenience of multiplication we write columns in 
horizontal rectangles. 


[ree (exe 
[ree ee 
(Gra (ere 


Ox1+1x(-1)+2x2 0x(-—2)+1x0+2x(-1) 
1xX1+2x(-1)+3x2 1x(-2)+2x0+3x(-1) 
2x1+3x(-1)+4x2 2x(-2)+3x0+4x(-1) 


3x2 
0-1+4 0+0-2. 3 <2) 
ell-946 —240-3 =|5 -5 
2-34+8 -4+0-4], . |7 -8],., 


Since, the number of columns of B is 2 and the number of 
rows of A is 3, BA is not defined (*. 2 # 3). 


Remark 

Verification for the product to be correct . 

From above example 
0 1 2] [1 -2] [3 -2 

2 3}x{-1 Of=15 —-5 

3 4 ae AN Vas 


15 -15 


1 
2 
Sum3_6 9 


11 =3x14+6x(-1}+9x2 


Now, [369 | ~-1| =3-6 + 18 


2{ =15 


—2) = 3(-2)+6 x0+9x(-1) 


| ==6 a0 =9 


-1}) =-15 


and 


nd {is 


) — tan(a/2) 
| Example 12. ta-| Me a 


tan (a / 2) 
a2x2 unit matrix, prove that oe 

—sina 

cos & | 

0 — tan(a. / 2)! 


cosa 
sina 
tan (a/2) 0 


nA=(I-A)| 


ct 
Sol. since I= | an ve A-| 


—tan (0/2) 


1 : 
I+Az= sali) 
irae 1 


RHS=(I - [ore -sina 


sing@ cosa 
tan ‘- pe — sina 


1 
7 [. tan(a / 2) 1 sina 


cos a 
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ee 1 tan (a/2) 
| — tan(a / 2) 1 
ie tan?(a /2) 


Property 5 If product of two matrices is a zero matrix, it 
is not necessary that one of the matrices is a zero matrix 


~2 tan (0/2) For example, 


1+ tan*(a /2) 
1—- tan?(a/2) 
1+ tan*(a/2)_ 


1+ tan?(a/2) 
2tan (a /2) 
/1+ tan?(a /2) 
Let tan (@/2) =A, then 


1-2’? -2A4 

' — 

tie | At]1+A7 142? 

A 14] 20 1-2? 

ee eee ce 

| yma? eon? = 20 + 21-22) 

= 1+ 27 1+? 
—A(1—A7)4+2A = 247 41-2? 

1+ A? 1+? 
1+A7 -A(1+ A?) 

_| 142? 1+? |_[1 -r 
A(QL+A7) 142A? r~ 1 
1+A 1+ 

” 1 —tan(a/2) p= ena 
tan(a/2) 1 | 

=I+A (from Eq. (i)] 

= LHS 


Pre-multiplication and 
Post-multiplication of Matrices 


The matrix AB is the matrix B pre-multiplied by A and the 
matrix BA is the matrix B post-multiplied by A. 


Properties of Multiplication of Matrices 


Property 1 Multiplication of matrices is not commutative 
Le: AB# BA 


Note 
1. If AB = — BA then Aand B are said to anti-commute. 


2. HA=\, ¥ and =|) i then AB= BA=|) e 
0 2 0 4 08 

Observe that multiplication of diagonal matrices of same order 
will be commutative. 

Property 2 Matrix multiplication associative if 

conformability assumed. 

i.e. A(BC) =(AB) C 

Property 3 Matrix multiplication is distributive with 

respect to addition. i.e. A(B + C) = AB + AC, whenever 

both sides of equality are defined. 

Property 4 If A is an m Xn matrix, thenI,, A=A=AIT,. 


( 1 1] ~1 1] [1-(-1)+1.1 1-141-(-1) 
1 = 
2 2 1 -l 2-(-1)4+2.1 2-1+2-(-1), 
0 0 
= =O 
f 0 
fo o] fo o] fo-0+0-0 0-0+0-1] fo 0 
(ii) x = = =0 
1 0] [Oo 1] [1-0+0-0 1-0+0-1] [0 0 


None of the matrices on the LHS is a null matrix 
whereas their product is a null matrix. 
Note If A and 8 are two non-zero matrices such that AB =0, then 
A and B are called the divisors of zero. Also, if 
AB=0 = |AB|=0 =| A|| 8] =0 
a | A| = 0 or| 8] =O but not the converse. 
Property 6 Multiplication of a matrix A by a null matrix 
conformable with A for multiplication. 


3 4 
00 0 
For example, If A=|5 6 and 0=| | ; 
a 0 0 Oba 
ls 3x2 
000 
then AO=/0 0 0 , which is a3 <3 null matrix. 
0 0 O lace 


Property 7 Multiplication of a matrix by itself 
The product of A A A...m times =A™ and (A”)" =A™ 


Note 

1. If/ be unit matrix, then /? = /9 =...=/7 =/(me/,) 
2. If Aand Bare two matrices of the same order, then 

(i) (A+ B)? = A? + AB+ BA+ B° 

(ii) (A-B)? = A’ — AB- BA+ B? 

(iii) (A—B)(A+ B) = A? + AB- BA+ B 

(iv) (A+ B)(A- 8) = A’ - AB+ BA-B? 

(v) A(-8) =(~A)(B) = -AB 


7 1 
2 3. 


and 


1 2 
| Example 13. ta-| } a-| 
—2 3 


7 
C= 


and A(B+ C) = AB+ AC. 


Sol. We have, AB = , i x ; , 
-2 3 2 3 


© [1242-2  1:142-3 ] [6 7 
(-2)-24+3-2 (-2)-14+3-3] [2 7. 
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, verify that (AB) C = A(BC) 


'2-(-3)+1-2 2-14+1-0] 
}2-(-3)+3-2 2:143-0 


4 2 - 
he 
| | 1-(-3)+2-2-1-14+2-0 | 
2 0) |(-2)-(-3)+3-2 (-2)-1+3-0, 
140] f1 1 
ar li 4 
Bec= I ae ala 
2 3} | 2 oO] |24+2 340] | 4 3 


6 7| [-3 1] [-18+14 6+0 
Now, (AB)C = x = 
27 2 0} |-6+14 2+0 
_[-4 6] 


ls 2| ...(i) 
i 2 


-4 2 
x 
ah Lo 2 
-4+0 244] [-4 6 
= -| (ii) 
8+0 -4+6] | 8 2 
Thus, from Eggs. (i) and (ii), we get, (AB)C = A(BC) 


1°2) fp 9]- T= 8 
Now, A(B+C)= x = 
-2 3] | 4 3) | 2+12 -4+9_ 


“|i, : ii) 


f1o1)_[6+1 741 
12-2] [2+12 7-2 


211 3 1 
BC = "ie 

2 3 2 0 
642 240. 
-6+6 2+0 


bee 
-2 3, 


AC = 


ged 
| 6 +6 


A(BC) = 


and AB+ AC=|° ae 
27 


ae & 
7 K 
Thus, from Eggs. (iii) and (iv), we get 
A(B+C)=AB+ AC 


...(iv) 


0 1 0 
1 Example 14. if A=|0 0 1| show that 
pqit 
A’ =pI+gA+rA’. 
Sol. We have, A7 = A-A 
0 1 o| fo 1 0 
={0 0 1]x/0 0 1 
Par) [p@q@r 
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‘O00 1 
=| P q r 
pr p+qr qtr? 
O00 1 0 1 0 
A’=A’*-A=| p q r |x!0 0 1 
pr ptqr qtr'| Ip qr 
p q . or 
=| pr ptar qtr? (i) 
pqtr'p pr+q?+qr? p+2grtr> 
10 0 0 1 0 
and pl+qA+rA*°=p]0 1 0/+q/0 0 1 
001 pg 
0 0 1 
+r Pp q r 
pr pt+qr qtr? 
p 0 o| [0 q oO 0 0 e 7 
=|0 p Oj+}0 O qj+t] pr qr ‘ia 
0 0 p Pq q’ qr pr? pr+qr qr+r? 
p+0+0 O+q+0 0+0+r 
=| 0+0+pr p+0+qr O+q+tr’ 


0+pq+pr° O0+q*+prt+qr’ ptqrt+qrt+r’ 


P q r 
pr ptqr q+ r? (ii) 
| Pq + pr? q° + pr+ qr’? pteqrt+ ae 


Thus, from Eqs. (i) and (ii), we get A° = pl + gA + rA” 


 S 2h 
| Example 15. Find x,sothat{1 x 1/0 5 1])1/=0. 
0 3 2||x 
1 3 2{[1 
Sol. We have,[1 x 1]]/0 5 1]}/1)/=0O 
0 3 2 x 
ia 
=> [i 5x+6 x+4]/1}/=0 
cal 
=> (1+5x+64+x7+4x]=0 
or x7 4+9x+7=0 
pccOD, 5g cts 
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Various Kinds of Matrices De EP lees 
| Example 17. Show that} 5 2 — 6 {is nilpotent 
Idempotent Matrix | pe al ae 
A square matrix A is called idempotent provided it mania a . “3 
satisfies the relation A? = A. 
Sol. LetA=| 5 2 6 
Note et a 
A =AWNn22neN, oe ee Te 
' 1 @ 8) Ta *e 3 
| Example 16. Show that the matrix wMiicade &. diel a & & 
ee Sat J-2. -1 -3] |-2 -1 -3 
A=j}-1 3. 4 fis idempotent. 
7: a ck 145-6 142-3 34+6~9 
— ; =|5+10-12 5+4-6 154+12-18 
2-2 -4 2-2 -4 -2-5+6 -—2-2+3 -6-6+9 
Sol. A°?=A:‘Az= -1 3 4|x]-1 3 4 0 0 0 
1 -~2 —3_ | 1 —2 -3 =| 3 3 9 
2-2+(—2)-(—1)+(— 4) 1 -1 -1 -3 
=| (-1)-24+3-(-1)+4:1 0 0 ol] fi 1 3 
sll a ol ie 2 Ab=A?-A=]1 3 3 9|x| 5 2 6 
2-(— 2) (= 2) 3+ Cw 4) <(—12) 4 ck od les et 4 


(— 1)-(—2)+3-3 + 4-(-2) ‘ : 
1+(— 2) +(—2)-3+(—3)-(—2) 0+0+0 0+0+0 0+0+0 000 
=134+15-18 346-9 9+18-27/=|0 0 0|/=0 

S66 -1=243 —3-6+9/ [0 0 9 


2: (—4)+(-2)-4+(— 4)-(-3) 
(—1) -(—4) +3-44+4 -(-3) 


1-(—4) +(—2)-4+(-3)-(-3) ‘ A® = Oie, A* =O 
4 a2 2A’ Here, k=3 
or 2 al=A Hence, the matrix A is nilpotent of order 3. 


1-2 -3| Involutory Matrix 


Hence, the matrix A is idempotent. A square matrix A is called involutory provided it satisfies 


the relation A? = J, where J is identity matrix. 
Periodic Matrix Note A= A"! for an involutory matrix. 


A square matrix A is called periodic, if A‘*! = A, where ; Example 18. Show that the matrix 


k is a positive integer. If k is the least positive integer 


for which A**! =A,then kis said to be period of A. ae a @ _ 
For k=1, we get A” = Aand we called it to be ee: IBIS NOINIOY: 
idempotent matrix. | 2-1 

Note -5 -8 o| [-5 -8 0 

Period of an idempotent matrix is 1. Sol. A2=A-A=l 3 5 olxl3 5 0 
Nilpotent Matrix i Ge 
A square matrix A is called nilpotent matrix of order m 25-2440 40-40+0 0+04+0| [1 00 
provided it satisfies the relation A* =O and A*~! 40, =|—15+15+0 -—244+25+0 0+0+0]=|0 1 0/=! 
where k is positive integer and O is null matrix and k is the | ~5+6-1 -—8+10-2 O+0+1) [0 0 1 
order of the nilpotent matrix A. Hence, the given matrix A is involutory. 
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a] Exercise for Session 1 


1. Azo ; | A? |=125, as equal to 


(a) + 2 (b) + 3 
(c)+ 5 | (d) 0 
an -1| 7 [a 1] 2. a2. p2 i 
2. IfA= % ale sl 4 er) = A* +B’, the value of a + b is 
(a) 4 (b) 5 
(c) 6 (d)7 


4 2 
3: WAZ], 5 [20d A? ~ AA =f, =O, then i equal to 


(a)- 4 (b)-2 
(c)2 (d) 4 
0a b| 
A tna? * \andtacg—s0a=|" line uatoebeer Gis 
lo o| le a| 
(a) 1 (b) 2 
(c) 4 (d) None of these 
5, a=] O° any | stan? SPivtruattes 
E sin0 cos 6 
a)@=0 b)e= = 
(a) (b) i 
(c) 6= . (d) None of these 
6. If B | is to be the square root of two rowed unit matrix, then a, B and y should satisfy the relation 
-a 
(a) 1-0? + By =0 (b) a? + By - 1=0 
(c) 1+ a? + By =0 (d) 1-a? ~ By = 0 
“41°40 
7. IfA a | , then A’ is equal to 
[1/2 4 
a. Oo re? oi 
b 
) k 1 Ns 1 
—_ O1 
(c) (4 2) i (d) None of these 
444 201 3] [tn] ft 378] 
8. if the product of n sie sis is equal to the matrix , the value of n is equal 
aioe lo alo affo a{“|o +]°% lo 1{ : 
to 
(a) 26 (b) 27 
(c) 377 (d) 378 
9. If Aand B are two matrices such that AB = B and BA=A then A* + B? is equal to 
(a) 2AB (b) 2BA 
(c) A+B (d) AB 


‘ 
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Transpose of a Matrix, Symmetric Matrix, Orthogonal 
Matrix, Complex Conjugate (or Conjugate) of a Matrix, 
Hermitian Matrix, Unitary Matrix, Determinant of a Matrix, 
Singular and Non-Singular Matrices, 


Transpose of a Matrix 


LetA 4; mx, be any given matrix, then the matrix 
obtained by interchanging the rows and columns of A is 
called the transpose of A. Transpose of the matrix A is 
denoted by A’ or A’ or A’. In other words, if 

A a then A’ =[a ;; ] 


ij mxXn nxXm* 

For example, 
2345 

If A=|2 -1 4 8 ' 
7 5 3 1, 
a =D F 
Ss 6 

then A’= 
4 4 3 
5 8 Myx 


Properties of Transpose Matrices 
If A’ and B’ denote the transpose of A and B respectively, 
then 
(i) A’)’=A 
(ii) A+B ’=A’+B* Aand Bare conformable for 
matrix addition. 
(iii) kA ’=kA’;k is a scalar. 
(iv) AB ‘= B’A’; Aand Bare conformable for matrix 
product AB. 
In general AAA ...A,_ A,)’ =A‘, A’n-} 
A’, A’, A’, (reversal law for transpose). 


Remark 
/’= 1, where / is an identity matrix. 


@ —sind 
{ Example 19. If A find the values 


/sin@ cos@ | 
of @ satisfying the equation A'+A Ip. 


Sol. Wehave,A’ A_ I, 


‘cos®@ sin@| [cos@ —sin@| 7 1 0] 
-sin@ cos@| |{sin@ cos@| [0 1 
'2cos 0 0 1 0 
=> = 
0 2cos ol 01 


= eee (=) = Q@=2nnt ne 
2 3 3 


Symmetric Matrix 


A square matrix A ay ,x,, is said to be symmetric, if 
A’ =Ai.e., ai, =a, Vi, j. 
For example, 
ah g fa h g 

If A jh b f|thenA’=|h b f 

gf c gs &, 
Here, A is symmetric matrix as A’ = A. 

Note 
1. Maximum number of distinct entries in any symmetric matrx 
of order nis cl 


2. For any square matrix Awith real number entries, then A+ # 
is asymmetric matrix. 
Proof (A+ A’)’=A4+ (AY =N+ A=AtA 


Skew-Symmetric Matrix 


A square matrix A =[a,, Incas said to be skew-symmetric 
matrix, if A’ =~ A,ie.a,, =—a,,,V i, j. (the pair of 
conjugate elements are U ditive inverse of each other) 
Now, if we put i= j, we have a,, =— aj. 

Therefore, 2a,, =0 or a; =0, Vi’s 


This means that all the diagonal elements of a 
skew-symmetric matrix are zero, but not the converse. 
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For example, _ 
0 Ah g 
If A=|-h 0 f'|,then 
ee to ; 
0 -h -g 0 Ah g 
A’=|h 0 -fl=-|-h 0 f|=—-A 
g& f 0 —e ye, 


Here, A is skew-symmetric matrix as A’ =— A. 


Note . 
1. Trace of a skew-symmetric matrix is always 0. 
2. For any square matrix Awith real number entries. then A— 4’ 
is a skew-symmetric matrix. 
Proof (A-A’)’=A4 —(A’)’= A-A=-+A- A) 


3. Every square matrix can be uniquely expressed as the sum of 
a symmetric and a skew-symmetric matrix. 


i.e. If Ais a square matrix. then we can write 
1 1 
A=-(A+ A’) + -(A-A’) 
2 2 


[Example 20. The square matrix A=[0; Jnum given 
by ay = (i - j)", show that A is symmetric and 


skew-symmetric matrices according as n is even or odd, 
respectively. 
Sol. a, =(i- jy" =(-1)" (j - i" 
la ,n is even integer 
=(-1)" a. = . ‘ : : 
|-a jor is odd integer 


Hence, A is symmetric if n is even and skew-symmetric if 
n is odd integer. 


i Example 21. Express A as the sum of a symmetric 
5 


and a skew-symmetric matrix, where A = i; of 


Sol. We have, 


1 : 
Thus, P= 5 (A + A’) is a symmetric matrix. 


ne 


sho lt =2(a—A’)=3 6 


2|-6 0 
6 = ro 3 
oo er-| {n- 3 0)” 


Thus, Q= ; (A — A’) is a skew-symmetric matrix. 
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a 5 
+ = 
[2 2} |[-3 of [+1 2 
Hence, A is represented as the sum of a symmetric and a 
skew-symmetric matrix. 


=A 


Properties of Symmetric and 
Skew-Symmetric Matrices 


(i) If A be a square matrix, then AA’ and A’ A are 
symmetric matrices. 

(ii) All positive integral powers of a symmetric matrix are 
symmetric, because 

(A")’=(A’)" 

(iii) All positive odd integral powers of a skew-symmetric 
matrix are skew-symmetric and positive even integral 
powers of a skew-symmetric matrix are symmetric, 
because (A*y=(4'y" 

(iv) If A be a symmetric matrix and B be a square matrix 
of order that of A,then —A, kA, A’, A™!, A” and B’ AB 
are also symmetric matrices, where ne N and kis a 
scalar. 

(v) If A be a skew-symmetric matrix, then 
(a) A™” is a symmetric matrix for né N. 
(b) A” *! isa skew-symmetric matrix for née N. 
(c) kA is a skew-symmetric matrix, where k is scalar. 
(d) B’ AB is also skew-symmetric matrix, where B is 
a square matrix of order that of A. 
(vi) If A and B are two symmetric matrices, then 
(a) A+ B, AB + BA are symmetric matrices. 
(b) AB — BA is a skew-symmetric matrix 
(c) AB is a symmetric matrix, iff AB = BA 
(where A and B are square matrices of same order) 
(vii) If A and B are two skew-symmetric matrices, then 
(a) A+ B, AB— BA are skew-symmetric matrices. 
(b) AB + BAis a symmetric matrix. 
(where A and B are square matrices of same order) 

(viii) If A be a skew-symmetric matrix and C is a column 
matrix, then C’AC is a zero matrix, where C’AC is 
conformable. 


Orthogonal Matrix 


A square matrix A is said to be orthogonal matrix, iff 
AA’ =I, where is an identity matrix. 


Note 
1. If AA =/,then A'=A 
2. If Aand 8 are orthogonal. then AB is also orthogonal. 
3. If Ais orthogonal. then A” and A’ are also orthogonal. 
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‘Oo 2p yy) 
} Example 22. If}~ 8B ~y |Jis orthogonal, then find 
a -B Y_ 
the value of 207 +687 + 37. 
Oo 2B ¥] 0 a@ «@ 
Sol. Let A={a B yl], then A’=/2B 8B 
a -B Y T -7- 7% 
Since, A is orthogonal. 
AA’=I 
‘o 28 ylfo a a] f1 0 0 
=>jla B -yil2B B -Bl=jo 1 0 
S-f ¥I1y¥ - FJ wot 
ap ty? = 2B?-y? 22+ y? 
=> 2p? -y? a? +B 2+? a? - B? - y’ 
-28? +y? a? By" a? +B? +? 


| 
no) 


I] 
oOo & —! 
ore & 
- Oo SO 


Equating the corresponding elements, we get 
4B? +? =1 : (i) 
2B? - 7? =0 (ii) 
and a? +B +7? =1 .. (iii) 
From Eas. (i) and (ii), we get 
1 


z_1 2 
=- andy’ =-— 
B 6 Y 3 


From Eq. (iii), 
2 2 2 1 
Hence, 20° + 68° + 3y ere aie Oe =5 


Aliter 
The rows of matrix A are unit orthogonal vectors 


~~ 3 
RR, =0 = 287-7? =0 => 8 =y7’ ..(i) 
a) 

R,-R; =0 => a’ -B?-y’? =0 = B?+y? =a? — ..(ii) 


> 8S 
and R,-R,=1 => a? +B?+y? =1 ...(iii) 
From Eqs. (i), (ii) and (iii), we get 


1 1 1 

2 2 2 

a’ =-,B° =-—andy* =- 
2 6 3 


20.7 + 6B? +3y? =3 


Tt 2 2 
| Example 23. If A=|2 1 -2 |is a matrix satisfying 
a2 b 


AA’ = 91,, find the value of |a|+|b|. 


Sol. Since, AA’ = 91, 
12 2]/f1 2 a 10 0] 
=> |2 1-2]/2 1 2/=9l0 1 0 
a 2 b{|2-2 b 001 
9 0 at+2b+4| [9 00 
=> 0 9 2a-2b+2|/=|0 9 0 
at+2b+4 2a-2b+2 a’+b’+4!] |0 0 9 


Equating the corresponding elements, we get 


a+2b+4=0 di 
2a—2b+2=0 »» {i 
and a+b? 4+4=9 Ai 


From Eqs. (i) and (ii), we get 
a=—2andb=-1 
Hence, |a| +|b] =|-2|+|-1]=2+1=3 


Complex Conjugate 
(or Conjugate) of a Matrix 


If a matrix A is having complex numbers as its elements, 
the matrix obtained from A by replacing each element of / 


by its conjugate (a + ib =a F ib, where i= V—1 ) is called 
the conjugate of matrix A and is denoted by A. 
245i 3-i 7 
For example, If A=| -—2i 6+i 7—5i\| wherei=v-l, 
L=7 3 6i 
De ot 7 
then —A=| 2i 6-i 745i 
(iti 3 -6i 


Note 
If all elements of Aare real, then A = A. 


Properties of Complex Conjugate 
of a Matrix 
If A and B are two matrices of same order, then 
(i) (A)=A 
(ii) (A+B) =A+ B, where A and B being conformable for 
addition. 
(iii) (KA) =k A, where kis real. 


(iv) (AB) = A B, where A and B being conformable for 
multiplication. 
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— Conjugate Transpose of a Matrix 
The conjugate of the transpose of a matrix A is called the 
conjugate transpose of A and is denoted by A? ie. 
Ae = Conjugate of A’ =(A’) 


For example, 
2+4i 3 5-98 
If A=| 4 5+2i 3i | 
| 2 5 4-i- 
where i= ii, 


2-45 4 2 
then A°=(A’)=| 3 5-21 -5 
549i -3i 4+i 


Properties of Transpose Conjugate Matrix 
If A and B are two matrices of same order, then 
() (AY =(A’) (ii) (A®)° =A 
(iii) (A+ B)® = A® re ae where A and B being 
conformable for addition. 
(iv) (kA)® =k A®, where k is real. 


(v) (AB)® = B°A®, where A and B being conformable for 
multiplication 


Hermitian Matrix 


A square matrix A =[4;; ],., is said to be hermitian, if _ 
A® =Aie., ay =a ji, V i, j. If we put j =i, we have a, = aii 
=a, is purely real for all i’s. 


This means that all the diagonal elements of a hermitian 
matrix must be purely real. 


For example, 
ao Atm 6+id 
If A=|A-i 8B 
|8-ib x-iy Y 
where 8, y, A,, 8,6, x, ye Randi= J-1, then 
a A-im O-id 
A’=|A+in 8B 
O+id xtiy ¥Y 
a Ath O+i6 
A®=(A)=|A- B 
B=) 2a oF 


Here, A is hermitian matrix as A®° =A. 


xt+ly 


x= ly 


x+tiy;=A 
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Note 


For any square matrix Awith complex number entries, then 


A+ A® isa Hermitian matrix. 
Proof (A+ A°)® = A® + (A°)® = 4° + A= A+ AP 


Skew-Hermitian Matrix 

A square matrix A=[a, ],,, is said to be skew-hermitian 
matrix. If A®° =— A, ie. a, =—ay, Vij. If we put j =i, we 
have a;, =— ai => aij +44 =0=> a, is purely imaginary 
for all i’s. This means that all the diagonal elements of a 
skew-hermitian matrix must be purely imaginary or zero. 


For example, 
oi aor Se 
If As|2-3i 9 -i 3i |, where i=J/-1, 
ee) ee 0 
2i 2-31 2+i 
then A’=|-2-3i -i 3: 


ert 37°79 
=—2i . 243% 27 

A®=(A)=|-24+3i i -3i 
oot SF rt 


2i -2-3i -2+i 
=-|2-3i -f 3i |=-A 
2+i 3 0 


Hence, A is skew-hermitian matrix. 


Note 


1. For any square matrix Awith compiex number entries, then 
A- A® is a skew-hermitian matrix. 


Proof (A— A®)® =( 4°) -(A°)® = 4° - A=-(A- A®) 


2. Every square matrix (with complex elements) can be uniquely 
expressed as the sum of a hermitian and a skew-hermitian 
matrix i.e. 
lf Ais a Square matrix, then we can write 


A= (A+ A) 4 1 (A- 29) 
2 D 


[ Example 24. Express A as the sum of a hermitian 
and a skew-hermitian matrix, where 


2+3i 7 
s-| : fina 


1-! at 

pea oe — [2-31 1+i 
Sol. We have,A = , then A®= (A’)= ; 
|1-i i hl 7 —2i| 

: a 

1 4 8+i 

Let P= asay=2] |- ' 2| = p® 

2 2}8-i 0 4-2 0 
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Thus, P = ; (A+ A®) is a hermitian matrix. 


1 oe, 1| 6i 6-i 
Also, let =-(A-A )=- 
aah pe 4i- 
3i 3-5 ~3i “345 : 
= j . =-— 3 =-Q 
—-3-- 2i 3+-— -2i 
2 


Thus, Q = “(A- A®) is a skew-hermitian matrix. 


2 4+-— 383i 3-- 
Now, P+Q= i 2) 4 ; é 
4-- 0 —-3-- 2i 
2 2 
2+3i 7) _ 
k= Zt 


Hence, A is represented as the sum of a hermitian and a 
skew-hermitian matrix. 


Properties of Hermitian and 
Skew-Hermitian Matrices 


(i) If A be a square matrix, then AA® and A® Aare 
hermitian matrices. 
(ii) If A is a hermitian matrix, then 
(a) iAis skew-hermitian matrix, where i= JI. 
(b) iff Ais hermitian matrix. 
(c) kKAis hermitian matrix, where k € R. 
(iii) If A is a skew-hermitian matrix, then __ 
(a) iA is hermitian matrix, where i = =i, 
(b) iff Ais skew-hermitian matrix. 
(c) kAis skew-hermitian matrix, where k € R. 
(iv) If A and B are hermitian matrices of same order, then 
(a) k,A+k,Bis also hermitian, where k,,k, € R. 
(b) AB is also hermitian, if AB = BA. 
(c) AB + BA is a hermitian matrix. 
(d) AB — BA is a skew-hermitian matrix. 
(v) If A and B are skew-hermitian matrices of same order, 
then k, A +k, Bis also skew-hermitian matrix. 


Unitary Matrix 


A square matrix A is said to be unitary matrix iff AA® = I, 
where J is an identity matrix. 
Note 
1. If AA® =/, then A! = A® 


2. If Aand Bare unitary, then AB is also unitary. 
3. If Ais unitary. then A” and A’ are also unitary. 


1/17 Wil. 
: met , 
| Example 25. Verify that the matrix 5 i ‘} 


unitary, where j = alt, 


then AP = =| 
WB 


1 448 
Sol. Let A= | 
1-i -l 


v3 |1-i -1, 


ead 


Hence, A is unitary matrix. 


Determinant of a Matrix 


Let A be a square matrix, then the determinant formed by 
the elements of A without changing their respective 
positions is called the determinant of A and is denoted by 
det A or| Al. 


Qa, Q@, @, Qa, a, 


ie, IfA=|b, b, bz) then|A|=|5b, 5, 53} 
C; Cy Cy Cy Cy €3 


Properties of the Determinant 
of a Matrix 


If A and B are square matrices of same order, then 
(i) | A| exists <> A is a square matrix. 
(i) |A’|=|A| 
(iii) | AB] =| A]| B] and | AB| =| BA| 
(iv) If Ais orthogonal matrix, then|A|=+1 
(v) If Ais skew-symmetric matrix of odd order, then 
|A|=0 
(vi) If A is skew-symmetric matrix of even order, then| 4! 
is a perfect square. 


(vii) |kA|=k"| Al, where n is order of A and k is scalar. 
(viii)| A” |=|A|", wherene N 


(ix) If A= (Bis OziBageney 
|Al=a, -@,-a, ...4, 


a,,), then 


| Example 26. If A, B and C are square matrices of 
order n and det(A) =2, det(B) = 3 and det(C)=5, then 
find the value of 10det (A°B2 C7). 


Sol. Given, | A| = 2, |B| =3 and |C| =5. 
Now, 10det(A* B’C7') = 10 x {A> B?C™| 
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mrvren 


=10x|A*|x|B’|x|C7{=10x|A)> x |B? x|C|7 
10x AP x|B"| . 10x20" 23" | 


—_ = 7 
ia bp ¢ 
J Example 27. If A=|b c a|abc=1, A’A=I, then 
| c a Db 
| find the value of a? +b? +c’. 
Sol. ATA=I 
| = ATAl=[J| = |ATAl=1 
= | Al] Al =1 [|AT]=[A]] 
= (Al a1 
abe 
> boc alj=+1 
c ab 
= 3abe-(a° +b? 4+0°%)=+1 
or 3-(2 +b? +c?)=41 [- abc = 1] 
or a+b? +c? =3+1=20r4 


Singular and Non-Singular 
Matrices 


A square matrix A is said to be a singular, if] A|=0 anda 
square matrix A is said to be non-singular, if | A| #0. 


For example, 
i 2 3) 
(i) A=|-1 0 2/]isa singular matrix. 
2 4 6 
Since, | A| =0. 


" 2 
(ii) A= : 


3 ~ 
‘ is a non-singular matrix. 


Since, | A]=10 -12=-2 #0 


[Example 28. If w #1is a complex cube root of unity, 
then prove that 


f $269 207 4. gy 2018 (2018 
1 14 (208 4.24207 
(207 (2018 
1 
ar” is singular. 
2+ 27 4.242018 
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. + 2¢)20!7 + @ 018 @?2!8 
Sol. Let A= 1 1+ 208 + 2q)20!7 
@y22!7 62018 
1 
2”? 
2467" + 22018 
o =1=> 0" <0 
and = @”'® =q?, then 
1+20 +0 ? 1 
A= 1 1+@’ + 2o 7) 
® «? 2+ +207 
oo 1 
=|1 0 @ [-1+0+’ =0] 
a wo -o 
o w? 1 wo Oo 1 
Now, |A|=/}1 ®@|=0/1 1 #£4@ |=0 
o wo -@ 0 © -o 
(°C, =C,] 
Thus, | A| = 0. 


Hence, A is singular matrix. 


| Example 29. Find the real values of x for which the 


X+1 3 5 
matrix} 1 x+3 5  |is non-singular. 
1 5 XS 
x+1 3 5 
Sol LetA=j} 1 x+3 5 
1 3 x+5 
x+1 3 5 
o JAl=[ 1 x43 5 
1 3 x5 


Applying C, > C, + C, + C,, then 
x9 2 5 
JAJ=|x+9 x+3 5 
xo 6 x45 
Applying R, > R, — R, and R; > R, — R,, then 


x+9 3° 5 
[Al=| 0 x 0 |=x2(x49) 
0 *°@ “« 


* Ais non-singular. 

[Al #0 => x7(x+9)#0 
Am x#0,-9 
Hence, x € R— {0, — 9}. 
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«| Exercise for Session 2 


P - 
1 IfA al lis symmetric, then x is equal to 
[2x -3 x+ 1| 
(a) 2 (b) 3 
(c) 4 (d) 5 
2 \fAandB are symmetric matrices, then ABA is 
(a) symmetric matrix (b) skew-symmetric matrix 
(c) diagonal matrix (d) scalar matrix 
3 If AandB are symmetric matrices of the same order and P = AB + BAand Q = AB - BA, then (PQY is equal to 
(a) PQ (b) QP 
(c) -QP (d) None of these 
4 \f Ais a skew-symmetric matrix and n is odd positive integer, then A” is 
(a) a skew-symmetric matrix (b) a symmetric matrix 
(c) a diagonal matrix (d) None of these 


5 \|f Ais symmetric as well as skew-symmetric matrix, then Ais 


(a) diagonal matrix (b) null matrix 
(C) triangular matrix (d) None of these 
6 if Ais square matrix order 3, then |(A - A’ )7°"5J is 
(a) |A| (b) |A'| 
(c) 0 (d) None of these 
7 The maximum number of different elements required to form a eymaneiie matrix of order 6 is 
(a) 15 ; (b) 17 
(c) 19 (d) 21 


8 If Aand B are square matrices of order 3 x3 such that Ais an orthogonal matrix and B is a skew-symmetric 
matrix, then which of the following statement is true? 


(a) |AB|= 1 (b) |AB|=0 
(c) |AB|=—- 1 (d) None of these 
Y 2 1-2i| 
9 The matix A=| a where = Vi 
(a) symmetric (b) skew-symmetric 
(c) hermitian (d) skew-hermitian 


10 \f AandB are square matrices of same order such that A = A and B =8, where A denotes the conjugate 
transpose of A, then (AB — aa is equal to 


(a) null matrix (b) AB - BA 
(c) BA- AB (d) None of these 
- 
17 If matrix A= ay F = J-1is unitary matrix, a is equal to 
B\-i al 
(a) 2 (b) ~ 1 
(c) 0 (d) 1 
12 If Ais a3 x3 matrix and det (3A) =k (det(A)} , k is equal to 
(a) 9 (b) 6 
(c) 1 (d) 27 
13 if AandB are square matrices of order 3 such that | A] =— 1, i: =3, then BAB|is equal to 
(a)- 9 (b) - 
(c) - 27 (d) a 
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14 


15 


16 


17 


18 


19 
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lf Ais a square matrix such that A* = A, then det (A) is equal to 


(a) 0 or 1 (b)- 2o0r2 
(c)- 30r3 (d) None of these 
If / is a unit matrix of order 10, the determinant of / is equal to 
(a) 10 (b) 1 
1 

(c) 10 (d) 9 
If A = ce al then pce) is equal to 

3 5 
(a) ri (b) ey 

5 7 
(c) r (d) 744 

[3-x 2 2 
The number of values of x for which the matrixA=| 2 4-x 1 |is singular, is 
-2 -4 -1-x_ 
(a) 0 (b) 1 
(c) 2 (d) 3 
3 -1+x 2 | 
The number of values of x in the closed interval [— 4, — 1], the matrix} 3 -1 x +2{is singular, is 
x+3  -1 2 
(a) 0 (b) 1 
(c) 2 (d) 3 
[~x x 2) 
The values of x for which the given matrix] 2 x -x [willbe non-singular are 
x =e =x | 

(a)-2<x<2 (b) for all x other than 2 and - 2 
(c)x22 (d)x<-2 
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Session 3 _ 


New 8+ Cee = 


2 aT aero et tmet.s . = 


Adjoint of a Matrix, Inverse of a Matrix (Reciprocal Matrix), 
Elementary Row Operations (Transformations), Equivalent 
Matrices, Matrix Polynomial, Use of Mathematical Induction, 


Adjoint of a Matrix 


LetA =[a,, ] be a square matrix of order n and let Cy be 
cofactor of a;, in A. Then, the transpose of the matrix of 
cofactors of elements of A is called the adjoint of A and is 
denoted by adj (A). 


Thus, adj (A) =[C,; ]’ 
= (adj A), =C,; =Cofactor ofa, in A 


Gy, Ay yg 


Le: if A=|Q@., Q22 4, | then 
.43; 239 G33 | 
2. ie ‘ 
Cir Cy, C3 Cy Cy Cs, 
adj A=|Cy, Cy, Cog | =| Cy Coe C32 
C5, C32 Cop} [Cig Cos C33 
where C;; denotes the cofactor of a, in A. 
Qo 23 
Here, Cy = ment 9 Eg Ap 
32 «433 
ani Qa, 823 | _ 
io = 431493 — A338), 
Q3, 433 
Cw 7 a a 
13 = 91;A39 — A410, 
43; 432 
Gs. Si Qy2 43 | = 
21 = 413432 — G19433, 
Q30 433 . 
C Qi, @y3 | 
a = @;1433 — 43143, 
Az, 233 
C= Q@yy 0 @y2 | a 
a = 1243; — 4,430, 
Q3,; 32 
C. = By Sip | = 
31 = 9493 — 220433, 
Arn 23 
Cts Q@y, 43] - 
2 == = Q)389; — 1143 
49, 423 
a a 
1] a 
and C33 = wy Ao oF 12 
42; 422 


Rule to Write Cofactors of 
an Element aj 


Cross the row and column intersection at the element a, 
and the determinant which is left be denoted by D, then 


D, if i+ j =even integer 
Cofactors of ay = J & 


—D, if i+ j=odd integer 
3 1 4 
[| Example 30. Find the cofactor ofa; inj}O 2 -1 
1-3 5] 
a 4 
Sol. Let A=]0 +2 ++-1 
1-3 5 
Cofactor ofa,, = — D [-2+3=odd) 
1 
where D= : 
[after crossing the 2nd row and 3rd column} 
=-9-1=-10 
Hence, cofactor of a,, = —(— 10) = 10 
Note 


The adjoint of a square matrix of order 2 is obtained by 
interchanging the diagonal elements and changing signs of 
off-diagonal elements. 


If o=\° it then 
pc dq 


(adj a-| : 
¢ 


i" 


| Example 31. Find the adjoint of the matrix 
1 2 3 


A=|0 5 O| 
24 3, 
Sol. If C be the matrix of cofactors of the element in|4|, then 


Cy Cy Cass 
C=/Cy Cy Coy 
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As 0 0! lo 5 
4 3 2 3) |2 4 oe o i 

2 3 1 3] |i 2 
ele " =| 6 -3 0 
4 3 3) \2 a — 5: 

2 3 1 3 i 2 

5 0 0 0] |o 5 

12 6 15 

= adjA=C’=| 0 -3 0 

-10 0 5 


Maha Shortcut for Adjoint 
(Goyal’s Method) 


This method applied only for third order square matrix. 


I 23 
Method: Let A=/0 5 0 
2 4 3, 
StepI Write down the three rows of A and rewrite first two 
rows. 
i.e. 
1 2 3 
05 0 
2 4 3 
Il 23 
05 0 
Step II After Step I, rewrite first two columns. 
| Le. 
123 1 2 
05 00 5 
243 2 4 
12312 
| 0500 5 


Step III After Step Il, deleting first row and first column, then 
we get all elements of adj A ice., 
i on 3 me Sow oe: 2 


: => 15 O -10 
, 4 - x 9 * first column of adj A 


x x x 3-6 -3 0 


second column of adj A 
1 2 3 1 PA 


~ S Ss 32-15 0 5 
0 5 0 0 5 third column of adj A 


15 6 —-I15 
or adjA=| 0 -3 0 
-10 0 5 
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Properties of Adjoint Matrix 


Property 1 If A be a square matrix order n, then 
A(adj A) =(adj A)A =[AlI, 
i.e., the product of a matrix and its adjoint is commutative. 


Deductions of Property 1 
Deduction 1 If A be a square singular matrix of order n, 
then A(adj A) =(adj A) A=O {null matrix] 


Since, for singular matrix, | A| =0. 
Deduction 2 If A be a square non-singular matrix of order 


n, then |adj AJ=|A["~! 
Since, for non-singular matrix, | A| #0. 
Proof «. A(adj A) =|A|TI, 


Taking determinant on both sides, then 
|A(adj A)| =|] A] J, 


> | Aj|adj A|=|A|"|J,| =[A]" (|, {= 1) 
ad JadjA[=|A|"7' [| A] #0] 
Note ' 


In general {adj (adj (adj... (adj A)))| =| 477” 


ad} repeat m times 
Property 2 If A and B are square matrices of order n, then 
adj (AB) =(adj B)(adj A) 
Property 3 If A is a square matrix of order n, then 
(adj A)’ = adj A’ 
Property 4 If A be a square non-singular matrix of order 
n, then adj (adjA)=|A|"~* A 
Proof :- A(adj A) =|A|TI,, ...(i) 
Replace A by adj A, then 
(adj A)(adj (adj A)) =|adj A{/, 

=|A[""' 1, [-ladj Al=[A]"™"] 

=1,)A\"™ 
Pre-multiplying both sides by matrix A, then 

A(adj A)(adj (adj A)) = AI,|A|"~' = A] Al"™ 
=> | AlI,,(adj( adj A)) = A] A["~' 
=> (adj (adj A)) = A} A|"~° 
or adj (adj A)=|A|"~?A 
Property 5 If A be a square non-singular matrix of order 
n, then . 
|adj (adj A)|=|l""""” 
Proof -. adj adj A =|A|""°A 
Taking determinant on both sides, then 
ladj (adj A)|=||A["~* | 
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=|A[O-? 1A] [-{kAJ=k"| Al] (i) |Alladj A] =|AJA? [:n=3) 
=| Alvan =)Ajnry? =|A|> = 4° =64 
Note (i) [adj (adj (adj A))| =|A|°~"" =1al* = 4° =2" 
In general, |adj (adj (adj ... (adj A) | =| 4°” (iii) | adj (3A) =[3? adj Al = (3°) | adj Al 
adj m times = 31 Al? = 729 x 47 = 11664 
Property 6 If A be a square matrix of order nandkisa (iv) adj( adjA) =|A[? A =16A 
scalar, then , 
adj (KA) =k" ~" -(adj A) 3-3 4 
Proof °. A(adj A) =| AlI,, i) | Example 33. If A=|2 —3 4] and Bis the adjoint 
Replace A by kA, then oO = 1 
kA(adj (KA)) =|KA|I, =k" | Al I, of A, find the value of | AB + 2/|, where | is the identity 
= Aladj (kA)) =k"""| A|I, matrix of order : - 
=k"~' A(adj A) [from Eq. (i)] so -- A=|2 -3 4 
Hence, adj (kA) =k" ~! (adj A) 9 =—1 1 
Property 7 If A be a square matrix of order nandme N, 3-3 4 
then (adj A” ) =(adj A)” |AJ=|2 -3 4 
0-1 1 
Property 8 If A and B be two square matrices of order n aiiag 
such that B is the adjoint of A and k is a scalar, then =H-3+ 4)+H2—0)+ 4(-2-0)= 
|AB+kI,|=(|A|+k)" “. |AB + 21| =(|A] +2)" [by property 
iat 333 
Proof °." B=adj A =(1+2) =3° =27 
AS Ae A= VAli Inverse of a Matrix 


LHS =|AB+kI,|=|[A|Iy +k, |=|(/Al +k) Fal 
=(|A|]+k)"|I,|=(| A] +)" =RHS 
Property 9 Adjoint of a diagonal matrix is a diagonal 


(Reciprocal Matrix) 


A square matrix A (non-singular) of order n is said to be 
invertible, if there exists a square matrix B of the same 


matrix. ; order such that AB=I, = BA, 
a 0 0 bo 0 0 then B is called the inverse (reciprocal) of A and is denote 
ie. If A=|}0 5b O|,thenadjA=|0 ca 0 by A’. Thus, A =Be AB=I, =BA 
0 0 ¢ |0 0 ab We have, A(adj A)=|A|J, 
Note => A” A(adj A)=A™'I,|A| 
adj (/,) =/, 
: => I, (adj A)=A™ AI, 
“1 1 #1 ; 
, ‘ -, _adjA , 
| Example 32. if A=| 1-1 1) find the values of ear paproviden Aly) 
1 #71 -1 


Note The necessary and sufficient condition for a square matnix 
to be invertible is that| A #0. 


(i) |Al|adj A| (ii) |adj(adj (adj A))| ; ; 

i) Jad Gay) iv ad adj a : Properties of Inverse of a Matrix 
Sol. « Azl1o-1 1 Property 1 (Uniqueness of inverse) Every invertible 

_ a ca matrix possesses a unique inverse. 


Proof Let A be an invertible matrix of order n Xn. Let B 
and C be two inverses of A. Then, 


AB=BA=I. wf 
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*. |Al= (11-1) —((- 1-1) + (+1) = 4 #0 
= A is non-singular. 


and AC=CA=I, ..(ii) 
Now, AB=I, 
= C(AB)=CI, [pre-multiplying by C] 
> (CA)B=CI, [by associativity] 
> I, B=Cl, {. CA=I,, by Eq. (ii)] 
> B=C 


Hence, an invertible matrix possesses a unique inverse. 


Property 2 (Reversal law) If A and B are invertible 

matrices of order n X n, then AB is invertible and 

(AB)! = BA, 

Proof It is given that A and B are invertible matrices. 
|A]#0and|B|#0 = |A]|B|#0 

> | AB | #0 

Hence, AB is an invertible matrix. 


Now, (AB)(B~ A~') = A(BB “')A™ (by associativity] 
=(AI,)A™ (> BB =I.) 
=AA™ [. Al, =A] 
=. [<AA™ =1,] 

Also, (B “'A~')(AB) = B~'(A™'A)B [by associativity] 
= B~'(I,B) (sATA=I] 
=B'B f=], B=B] 
=I, feR BST.) 


Thus, (AB)(B~'A~!) =I, =(B™'A7')(AB) 
Hence, (AB) “' = B~'A7! 


Note 
IfAB,C,...,Y, Z are invertible matrices, then 


(Atl...) =2 1" 20 Be [reversal law] 


Property 3 Let A be an invertible matrix of order n, then 
A’ is also invertible and(A’)~! =(A7')’. 
Proof *. Ais invertible matrix 

| A|#0 =| A’| #0 
Hence, A~' is also invertible. 
AA’ =I,=A™A 
= (AA) =(I,)’=(A7AY’ 


[-|Al=|4'0 


Now, 


‘ - (A7 Vs si, = A’(A™ y’ 


[by reversal law for transpose] 
=> (A’)7 =(A)’ 


Property 4 Let A be an invertible matrix of order n and 
keN, then 


[by definition of inverse] 


(Ak =(A7! yf =k 
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Proof We have, 
(AK) =(AXAXAX...xA)7! 
repeat k times 
=A™xXATXA™TX...xXA™ 


sepedt times 
[ by reversal law for inverse] 

=(Aq! = A 
Property 5 Let Abe an invertible matrix of order n, then 
ays Say 
Proof We have, A A=I ‘ 
‘. Inverse of A'=A =>(A')'H=A 
Note 
=I,asI7'I,=1, 


Property 6 Let A be an invertible matrix of order n, then 


1 
|A“|=—. 
|A| 


Proof -. Ais invertible, then | A| #0. 


Now, AA =1,=A™'A 
> |AA™ |=7,| 
> [A|| A} =1 
[| AB | =| A|| Bj and|J,| = J 
1 
= |A“|=— (‘| A] #0] 
|A| 


Property 7 Inverse of a non-singular diagonal matrix is a 
diagonal matrix. 


‘aod 
ie. IfA=|0 5b O|and|A|#0, then 
0 0c 
: 
-~ 0 0 
a 
, 1 
A'=|0 - 0 
b 
1 
00 - 
C. 


Note 


The inverse of a non-singular square matrix Acf order 2 is 
obtained by interchanging the diagonal elements and changing 
signs of off-diagonal elements and dividing by| Al. 


For example, 


i a-|? j [ans =(ad— be #0. the 


cd 
fe 1 Td —b) 
(ad — bc)|-c a 
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| Example 34. Compute the inverse of the matrix 


‘O12 
A=|1 2 3} 
3 1 i 
012 
Sol. We have, A=|1 2 3 
a ae 
01 2 
Then, |[A]=/1 2 3]/=0-(2-—3)-1(1-—9)+ 21-6) 
3 1 1 
=-2+0 
-. A exists. 


Now, cofactors along R, = — 1, 8,-5 
cofactors along R, = 1, — 6,3 
cofactors along R, = —1,2,-1 


Let C is a matrix of cofactors of the elements in | A| 


-1 8 -5 
C=;| 1 -6 3 
—] 2 =. 
-1 1 -1) 
adj A =C’ 8 -6 2 
-5 3-1 
—1 1 -l 
Hence, pic Aeud 8 -6 2 
[A| 2 
—5 5 =1 
1 os 
2 2 2 
=|-4 3 -1 
Be) 5 1 
e 2 2. 


| Example 35. If A and B are symmetric non- singular 


matrices of same order, AB =BA and A~'B™ exist, 
prove that A7'B™' is symmetric. 
Sol. *. A’ =A, B’= Band {A| #0,|Bl’ #0 
(AB aye =(B™")’(A™)’ 


{ by reversal law of transpose] 
[by property 3] 


=(BY (Ay 


= BA! [.< A’ = A and B’=B 
=(AB)” [ by reversal law of inverse] 
=(BA)° [.- AB = BA] 
= A7'B™ [by reversal law of inverse] 


Hence, A~'B™ is symmetric. 


| Example 36. Matrices A and B satisfy AB=B™, 
2 -2 
where B -| ; | find the value of A for which 
1A -2B7' +1 = 0, without finding B~ 


Sol. -- AB = B" or AB’ =1 
Now, AA -2B'4+1=0 


= i. AB —-2B'B+ IB=O [post-multiplying by 
B] 
> XN AB-21+B=0O 


=> AB’ -21B+ B’=0 
[again post-multiplying by 5, 


= i. AB? —- 2B + B? =O 
=> AI —-2B+B? =O (AB =f 
1.0 ¢. =3) Te 212 3 a 
=>iK —2 + = 
01 4 6 -1 off-1 o| [oo 
> o| [4 -4 6 -4] [0 { 
=> a = 
o Al [-2 of [-2 2] [0 0 
ies 0 ; 0| 
=> = 
0 <A+2} [0 0 
~ A+2=0 
_—— 


| Example 37. If A,B and C are three non-singular 
square matrices of order 3 satisfying the equation 
A* =A™' and let B= A® and C = A’, find the value of 


det (B —- C). 

Sol. -:  B=A*=(A’)* =(A7') 
=(A‘ty? =(Ae*y? 
=((A’)’yt=((A*)"Y’ 
=((ATy'Y =A’ =C 

So, B=C>B-C=0 
det(B-C)=0 


[2 Av=A4’ 


Elementary Row Operations 
(Transformations) 


The following three types of operations (transformations! 
on the rows of a given matrix are known as elementary 
row operation (transformations). 


(i) The interchange of ith and jth rows is denoted by 
R, OR, or Ry. 

(ii) The multiplication of the ith row by a constant 
k(k #0) is denoted by R, — KR, or R,(k) 
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(iii) The addition of the ith row to the elements of the jth 
row multiplied by constant k(k #0) is denoted by 
R, > R, +kR, or Ry (k). 


Note 


Similarly, we can define the three column operations, 
CC, 4 C), GA)(C, > KC) and C, (k)(C, > C, + kC;). 


Equivalent Matrices 


Two matrices are said to be equivalent if one is obtained 
from the other by elementary operations 
(transformations). The symbol ~ is used for equivalence. 


Properties of Equivalent Matrices 
(i) If A and B are equivalent matrices, there exist 
non-singular matrices P and Q such that B= PAQ 
(ii) If A and B are equivalent matrices such that B = PAQ, 
then P"'BQ7'=A 


(iii) Every non-singular square matrix can be expressed 
as the product of elementary matrices. 


13.34 
[ Example 38. Transform|2 4 10|into a unit 
[3 8 4| 
matrix. 
13 3] 
Sol. Let A=|2 4 10 
3.8 4 
Applying R, > R, —2R, and R, — R, —3R,, we get 
1 3 3) 
A~|0 -2 4 
0 -1 -5 


Applying R, > (- sk and R, > (— 1)R,, we get 


13 3 
A=|6 1 —2 
04 3. 


Applying R, > R, ~ 3R, and R, — R, — R,, we get 


10 9 
A~|0 1 -2 
00 7 


Applying R, > (= }Rs we get 
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1060. 9 
A~|0 1 -2 
00 1 


Applying R, > R, —9R, and R, > R, + 2R,, we get 


Lo 0 
A~j0 1 0 
001 
Hence, A-~l 
i oe | = ’ 
| Example 39. Given A=|2 4 1 a-|; ; . Find 
2D. 3. a 
1071 
P such that BPA = 
010 
; 101 
Sol. Given, BPA -| 
010 
11 0 1 
p=B" A? ...{i) [ b 
010 (i) { by property] 


and Az=i2 4 1 
23 1 


| A] = 1(4 — 3) — 1(2 — 2) + 1(6-8)= -1 #0 
= A exists. 


1 2 =3 
Now, adj A=| 0 -1 1 [by shortcut method] 
—2 -l1 2 
_ f-1 -2 3 
Ate SAL) 1-1 iii) 
|A| — 


Substituting the values of A7' and B™ from Eqs. (ii) and (iii) 
in Eq. (i), then 
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To Compute the Inverse of a Non-Singular 
Matrix by Elementary Operations 


(Gauss-Jordan Method) 


If A be a non-singular matrix of order n, then write 


A=I,A. 


If A is reduced to I,, by elementary operations (LHS), then 
suppose I, is reduced to P(RHS) and not change A in RHS, 
then after elementary operations, we get 


I, = PA, 


then P is the inverse of A 


| Example 40. Find the inverse of the matrix 


1 24 


2 3 1], using elementary row operations. 


oo ee 


Sol. Let A=} 2 


» |Al={ 2 
-1 


— 
e wn - YO ND 
= =e wr, =| = WwW 


A” exists. 
We write A=IA 


Applying R, > R, — 2R, and R, > R, + R,, we get 


1 2 5 
0-1 -9]= 
0 3 6 


Applying R, — (— 1)R, and R; > (=}R we get 


1 2 
0 1 
0 1 


5 
9\/= 
2 


P=A"! 


= 1(3-1)-XA2+1)+ X2+3)=2140 


100 


—2 1 O|jA 


i © 4, 


wl wo -_ 


0 0 


-1 O|A 
o i 
3! 


Applying R, > R, —2R, and R, — R, — R,, we get 


wile o Oo 


me F k 
Sol. We have, A - k then | A] = 
[mon m 


Applying R, > (- =)Ry we get 


10 -13 -3 2 0 
0 1 9/=| 2 -1 0 IA 
00 1 > 1 1 
21 7 21 | 
Applying R, > R, —9R, and R, — R, + 13R;, we get 
a 1 3 
10 0 21 7 21 
(4 Olales “2. BA 
7 7 7 
001 5 1 1 
a. 
2 1 13] 
21 7 21 
= 3 
Hence, A= 1 2 2 
7 7 7 
ot ell 
21 7 21 


Matrix Polynomial 


Let f(x) =a, x" +a, x" +a, x7 +..+ py X tq 
be a polynomial in x and let A =[a,;], x ., then expression 
of the form 
f(A) =a,A” +a,A7™) +0,A"? 4... 40g) AtQnl, is 
called a matrix polynomial. 
Thus, to obtain f(A) replace x by A in f(x) and the 
constant term is multiplied by the identity matrix of order 
equal to that of A. 
For example, If f(x) =x? —7x +32 isa polynomial in x and A 
is a square matrix of order 3, then f(A) = A’ —7A +32]; isa 
matrix polynomial. 
Note 
1. The polynomial equation f(x) = 0 is satisfied by the matrix 
A= [4 Jaxn. then f(A) =0. 
2. Let A=[4;],,, Satisfies the equation 
Qt axtaxre+..tax’ =0, 
then Ais invertible of a #0,| A] =0 and its inverse is given by 
A = (al, +%A+...+4A™). 


k 1 
| Example 41. If A | and kn # Im, show that 


A? —(k+n) A+(kn—Im) 1=0. Hence, find A”. 
l 
n 
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= kn — ml #0 [given] ‘1 4 a4 1 0} |0 0 
=> +a +b = 
. AT exists. 8 4 ; i f ; fi 
a a k ik i : Cain Zale = [11+3a+b 4+a ri 0] 
m n||m n||mk+am ml+n? | s+2a 3+a+b| [0 | 
A? —(k + n)A +(kn —Im)I Equating the corresponding elements, we get 
, . . a 11+3a+b=0 ..{i) 
| +lm ies (hem | em - 4+a=0 ...{ii) 
mk+nm ml +n? mon oO 1 8+2a=0 (iii) 
_[ ke +lm kl tin ke +nk kltnl 3+a+b=0 ...{iv) 
Z /mk + nm eee eee ie From Eqs. (ii) and (iv), we get a= — 4 and b=1 
a q % |a|+[b|=|-4]+]1J= 44+1=5 
aa A? +aA+bl=0 


A’ -4A+I1=0 => 1=4A- A’ 
IA“! =(4A - A”) A 
A! = 4(AA™') - A(AA“) 
=41-AI=41-A 


_[k? + lm —k? — nk + kn - Im 
mk +nm—km—nm 


Youd ee 


kl +In—kl-In 
ml +n? —kn-—n? +kn—Im 


: eaf [3 44 o]_[3 3 
=I e\r2 ~~ fo 1} j2 af jo 4) {21 
00 _ptef 2 
As A? -(k +n) A +(kn —Im)I=0 "ko 8 
> (kn —Im)I =(k +n) A- A? 
= (k= Ima = ((k-+ 0) A ANAT Use of Mathematical Induction 
=> (kn-Im)A™' =(k +n) AA” - A(AA™) 01 
=p amar [AAT = 7] | Example 43. Let a-|) | show that 
=(k+n)I-A (al+bA)" =a"l+na"" bA, WneN. 
=(ken)| : -|* i Sol. Let P(n):(al + DA!” =a"l +na"~'bA 
0 1 min 
. : Step I Forn=1, 
-|*3" 0 \-[ LHS = (al + bA)! = al + bA 
o trae and RHS =a! 1 +1-d bA=al +bA 
> fn ima =| cae: | LHS = RHS 
—-m_ k| Therefore, P(1) is true. 
e 1 km a Step II Assume that P(k) is true, then 
Hence, = al ‘ P(k):(al + BAY =a 1 +ka‘"' bA 


Step III For n = k +1, we have to prove that 
P(k +1):(al + DAE *! = ak *1 1 + (k +1) aA 
LHS = (al + bA)‘*! = (al + BA)‘ (al + BA) 
such that A? + gA+bl =O. Hence, find Aq’. =(a"! +ka‘~'bA)(al+bA) [from step II] 
, 1 = ak*! 7? + akb(1A) + ka“b( AI) + k ak —'b? A? 
Sol. We have, A -|; i then | Al = ‘ eat"! 14 (k+1atb A +0 
a pase [- Al =A, A’ =Oand I’ = 1] 


‘ k k 

N ; 3 1][3 1] [11 4 =a'*'] +(k + 1)a"bA = RHS 
I 2 1/]2 11 18 3 Therefore, P(k + 1) is true. 
Since, A? + aA + bI =O 


Hence, by the principal of mathematical2 induction P(n) is 
true for allne N. 
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3.4 
[Example 42. if A -|; it find the value‘of |a|+|b| 


=3-2=1#0 
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2 ot Step II Assume that P(k) is true, then 
| Example 44. If A= , use mathematical , _[1+2k 4k 
1 -1 P(k): A* = 
k  1=2k, 
: 1+2n —4n Step III For n =k + 1, we have to prove that 
induction to show that A” = ,VneN. , - 
n 1-2n ke, |3t2k —4(k +1) 
- P(k +1):A°™ = k 
, [l+2n  —4n | peed. “ay 4 
Sol. Let P(n):A = ioe LHS = Akt! = AKA | 
a nad | (ami [from step []] 
Step I Forn=1 - sea = 
orn =], — . 
’ 1 _ 13 (1+ 2k) — 4k — 4(1+ 2k) + 4k 
cans ~~ _ ~ [3k +101—2k) 4k - (1-2), 
nd RASS) -|) “4 _[3+2k -4(k+0| _ pig 
2 1-2) |b Hl k+1 -1-2k 
=> LHS = RES Therefore, P(k + 1) is true. 
Therefore, P(1) is true. Hence, by the principal of mathematical induction P({n)is 
true for allne N. 
e e 
Exercise for Session 3 
[-1 -2 -2] 
1 IfA=|2 1 = -2], then adj Aequals to 
2-2 1 
(a) A (b) A (c) 3A (d) 3A" 
2 If Ais a3 x3 matrix and B is its adjoint such that |B| = 64, then | A] is equal to 
(a) 64 (b) + 64 (c)+ 8 (d) 18 
1 oO 
3 For any2 x2 matrix A, if A (adj A)= a | _ then | A] is equal to 
(a) 0 (b) 10 (c) 20 (d) 100 
4 If Ais a singular matrix, then adj Ais 
(a) singular (b) non-singular (c) symmetric (d) not defined 
f42 -1] ; 
5 IfA=|-1 1 21, then det (adj (adj A) is 
2-1 1 
(a) 14° (b) 14° (c) 14? (d) 14 
6 Ifk eR, then det adj (k/,))is equal to 
(a) Kk?" (b) kt") (ck" (d)k 


7 With 1,w,w? as cube roots of unity, inverse of which of the following matrices exists? 


1 aw] wo 14 
|, °| | ; 
e 


(«)j}°% © (d) None of these 
a 1. 
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10 


11 


12 


13 


14 


15 


16 


Chap 08 Matrices 


— [1 2] [4 1] 
If the matrix Ais such that A = ,then A is equal to 
is a|"17 7] 
1, i a 4 1-1 -1 1 
(a) ; 4 () is 4 () b 3 | ; 3 
—[cosx sinx 0 
ifA=|-sinx cosx 0|=f(x), then A“ is equal to 
| 0 G 4 
(a) f(-x) (b) F(x) 
(c) -f(x) (d) -f(-x) 
[1 2 -3] 
The element in the first row and third column of the inverse of the matrix}O 1 2 |, is 
0 0 1. 
(a) -2 (b) 0 (6) (d) None of these 
[Oo 1 -1| 
IfA=|2 1 3 |, then (A(adjA)A™')A is equal to 
ia 2 4. 
@. eal: . 
-§ 0 0O| 6 6 3.0 0 tO. 
(a)| 0-6 0 5 5 (c)2}0 3 0 (d) 210 1 0 
/0 0 -6 , a 4 003 001 
(2 3 6 
fo 1-14 
Ais an involutory matrix given by A= : -3 4 |, then the inverse of ; will be 
3-3 4, 
A! 
(a) 2A (b) > 
A 2 
(c) B (d) A 
If A satisfies the equation x° - 5x? + 4x + 4 =0, then A” exists, if 
(a)A #1 (b)A #2 
(c)A#—-1 (d)A +0 
A square non-singular matrix A satisfies the equation x? — x + 2 =0, then A” is equal to 
(a)i-A (b) (( - A)/2 
(c)l +A (d) (+ A)I2 
Matrix A is such that A? = 2A -/, where / is the identity matrix, then forn >2, A” is equal to 
(a)nA-(n- J! (b)nA-I 
(c) 2°-"A-(n- (d)2"°-"A-1 


[3-4 
x=) the value of x" 


(a) an —4n fer | 
Fe n -n 
a Gar 

(c) (d) None of these 
ie ey 
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Solutions of Linear Simultaneous Equations Using 


Matrix Method 


Solutions of Linear 
Simultaneous Equations Using 
Matrix Method 


Let us consider a system of n linear equations in n unknowns 

Say X,,X2,X3,,X, given as below 
Ay, Xy +A. Xp +443 X45 +...+0,,x, =), 

Ay, Xy +Ag2 X_ +An, X4 +... +,X, =), 


Gp, Xy +Q,9 Xp Anz Xy +... +8 


If b, =b, =b, =...=b, =0, then the system of Eq.(i) is 
called a system of homogeneous linear equations and if 
atleast one of b,, by, b;,...,b, is non-zero, then it is called 
a system of non-homogeneous linear equation. We write 
the above system of Eq. (i) in the matrix form as 


an Xn =b, 


Gy, yg yg vee yy |] XY b, 
G2, 422 423 ++» Aan || X2 b» 
G3, 432 2330 wes A5y |] X35] b, 
Qny ane an3 ees Gan _ xy b,, 
= AX =B (ii) 
Gj, G2 ys in 
ayy Oa Ga Qn 
a a a a 
31 32 33 3n 
where A= ‘ 
| any Gana ang Gan | 
x; b, 
Xo 2 
X% 3 
X= and B= 
x b 


Pre-multiplying Eq. (ii) by A~', we get 

A”) (AX)=A7! B = (A7'A)X =A7'B 
=> IX =A7'B 
(adj A)B 


=> X=A7'B= 
| A| 


Types of Equations 


(1) When system of equations is non-homogeneous 
(i) If| A|#0, then the system of equations is 
consistent and has a unique solution given by 
X=A™'B. 
(ii) If] A|=0 and (adjA)- B #0, then the system of 
equations is inconsistent and has no solution. 
(iii) If| A|=0 and (adjA)-B =O, then the system of 
equations is consistent and has an infinite 
number of solutions. 
(2) When system of equations is homogeneous 
(i) If| A |#0, then the system of equations has only 
trivial solution and it has one solution. 
(ii) If| A |=0, then the system of equations has 
non-trivial solution and it has infinite solutions. 
(iii) If number of equations < number of unknowns, 
__ then it has non-trivial solution. 
Note 


Non-homogeneous linear equations can also be solved by 
Cramer's rule, this method has been discussed in the chapteren 
determinants. 


| Example 45. Solve the system of equations 


X+2y + 3zZ=1,2x+ 3y+2z=2 and 3x+ 3y+4z=1 
with the help of matrix inversion. 


Sol. We have, 


x + 2y +3z =1, 2x + 3y + 2z =2 and 3x + 3y + 4z=1 


The given system of equations in the matrix form are 
written as below. 


1 2 3Nfx] fi 
23 21lyl=j2 
3 3 4/iz 1 
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AX =B 
= X=A™'B 
123 e ig 
where Az=|2 3° 2|,X =|yjandB=]2 
334 \Z 1 


| A |=1(12 - 6) — {8 - 6) + 36-9) 
=6-4-9=-7#0 
. Aq! exists and has unique solution. 
Let C be the matrix of cofactors of elements in| A |. 
Now, cofactors along R, = 6, — 2,-3 
cofactors along R, = 1, — 5,3 
and cofactors along R, = ~ 5, 4,—1 


. 2 = 
C=} 1 -5 3 
5 4 --] 
adj A=C? 
6 =< a7 Te 4 = 
= adjA={ 1 -5 3] =/-2 -5 4 
— 4 =f 3 3-1) 
‘ 1 -5 
=> At AS =~ oI -5 4 
pol eg gs a 
6 1 5 
7 FT YF 
-|2 5 _4 
7 7 F 
3301 
a ae 
From Eq. (i), X = A7'B 
Hd 2) sk 
7 Fo ¢i\fai 7 
2 5 4 8 
7 7. 4 7 
a ee ee | ed 
7 7 R 


Hence, x = —- y= s andz=-— ; is the required solution. 


Fj 


_ [Example 46. Solve the system of equations 
X+y+zZ=6, X+2y+3z=14 and x+4y+7z=30 
with the help of matrix method. 


Sol. Wehave, x+y+z=6, 
x+2y+3z=14 
and x + 4y+7z=30 


The given system of equations in the matrix form are 
written as below : 
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11 I|[x] [6 
1 2 3\i|y|=]14 
1 4 a cz 30 
AX =B oll) 
11d cd 6 
where, A=|1 2 3], X =|y| and B=/14 
Re ee z | 30 


|A |= 1(14 - 12) -1(7 - 3) + (4 - 2)=2-442=0 
. The equation either has no solution or an infinite 
number of solutions. To decide about this, we proceed to 
find 
(adj A) B. 
Let C be the matrix of cofactors of elements in| A l 
Now, cofactors along R, =2,~- 4,2 
cofactors along R, = — 3,6,—3 
and cofactors along R, =1,-2,1 


2-4 2) 

C=|-3 6 ~3 

p21 -2 1 
2-3 1 
= adj=C™=|-4 6 -2], 
243 #1 


2 -3 1 [6] fo 
then (adjA)B=|-4 6 -2 |}14j=]0]= 
2 -3 1 30 0 


O 


Hence, both conditions | A | = 0 and (adj A) B=O are 
satisfied, then the system of equations is consistent and has 
an infinite number of solutions. 


Proceed as follows : 


1. $4 @ 
[A:B]J=]1 2 3: 14 
1 4 7 : 30 
Applying R, > R, —R, and R, > R, —R,, then 
tt 1.7 6) 
[A:B)=|0 1 2: 8 
0 2 4 : 16 
Applying R, > R, —2R,,then 
a 2it¢ 
[A:B]=|0 12: 8 
000:0 
Then, Eq. (i) reduces to 
11 1\[x 6 x+y+z 6 
0 1 2iyl=|8} >| yrez |=/8 
0 0 of}z| jo 0 0 
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On comparing x + y+z=6andy+2z=8 
Takingz=keR, theny=8-2kandx=k-2 
Since, k is arbitrary, hence the number of solutions is 
infinite. 


| Example 47.:Solve the system of equations 


X+ 3y —2z =0, 2x — y+4z =Oand x —1ly+14z =0. 


Sol. We have, x +3y—2z=0 
_ 2x -y+4z=0 
x —1ly + 14z=0 


The given system of equations in the matrix form are 
written as below. 


1 3 -2][x] fo 
0 


1-11 14|{z] jo 


AX =O 
1 3 -2 x 0 
where A=|2 -1 4|,X =|y/andO=/0 
1 =11 14 z 0 


| A |=1(-14 + 44) — 28 - 4) - {- 2241) 
=30-72+ 42=0 


and therefore the system has a non-trivial solution. Now, 


we may write first two of the given equations 
x + 3y = 2z and 2x — y= — 4z 
Solving these equations in terms of z, we get 


10 8 
x=-—zandy=-z 
7 _ 7 


Putting x = — - zand y= . z in third equation of the 
given system, 

0 8 
we get, LHS = - 2-2 +142 =0=RHS 


Now, if z = 7k, then x = — 10k and y =8k. 


Hence, x = — 10k, y = 8k and z =7k (where k is arbitrary) 
are the required solutions. 


! Exampre 48. Solve the system of equations 


2x+3y—- 2% =0, 

3X — 3y+z=0 

and 3x -—2y—3z=0 
Sol. We have, 2x + 3y —3z=0 
3x —3y+z=0 
3x — 2y —3z =0 


The given system of equations in the matrix form are 
written as below. 


2 3 -3\{x] fo 
3 -3 lity|=]0 
3 -2 -3]1z 0 


AX = di) 
—3 0 

where A=|3 -3 11],X =| y|andO=)0 
-3 0 


Vow eee 
= 22+36-9= 49 #0 


Hence, the equations have a unique trivial solution x =0, 
y =0andz=Oonly. 


Echelon Form of a Matrix 


A matrix A is said to be in echelon form, if 
(i) The first non-zero element in each row is 1. 
(ii) Every non-zero row in A preceds every zero-row. 


(iii) The number of zeroes before the first non-zero 
element in Ist, 2nd, 3rd, ... rows should be in 
increasing order. 


For example, 


123 4 
><. 2 01 4 5 
i/0 1 4 ii 
(i) C)) 
00 1 
000i 
123 4 5 
012 4 3 
(iii) 
0012 5 
0000 0 
Rank of Matrix 


The rank of a matrix is said to be r, if 
(i) It has atleast minors of order r is different from zero. 
(ii) All minors of A of order higher than r are zero. 
The rank of A is denoted by p(A). 


Note 


1. The rank of a zero matrix is zero and the rank of an identity 
matrix of order nis n. 


2. The rank of a matrix in echelon form is equal to the number 
of non-zero rows of the matrix. 


3. The rank of a non-singular matrix (| A] # 0) of order nisa 


Properties of Rank of Matrices 
(i) IHA=[@y ] nxn and B=[Dj Jn xn» then 
p(A +B) sp(A) +p(8) 
(ii) fA =[ay Im xn and B=[b;], xp, then 
p( AB) Sp(A) and p(AB) <p(8) 
(iii) If A =[@, J, xn then p(A) =p(A’) 
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3 -1 2 We write the above system of Eq. (i) in the matrix form as 
| Example 49. Find the rank of}-3 1 2 Byy Ayn yg vee wee Ayn {XY b, 
-6& 2 4 ce: a a | Ber b, 
Sol. We have, As) a3 ay eee eee a3, X34 b, 
3-1 2Z 
Let A=|-3 1 2 rer 
—6 2 4 amt am ang Qinn _ x, bi. 
Applying R, > R, + R, and R, > R, + 2R,, we get =n AX =B ...(ii) 
3-1 2 
: Qi, Ayn 3 Gin 
ee 0 e a a a a 
00 8 21 22 23 2n 
: a a a i oe 1G 
Applying R, > R, ~2R, , we get where A=| 7 = si , 
3-1 2 a a a 
A=|0 0 4 
0 0 0) Qmi am? an3 ee eee aan 
‘ < 
Applying R, > (:) R, and R, > +) R, , then “1 : 
3 4 %e b, 
: 1. 2 b 
ma, x 
: 3 3 X=| 7] and B=| ° 
A=!9 0 1 a 
“~ o A 43 si 
- <., b., 
This is Echelon form of matrix A. ; 
Rank = Number of non-zero rows => p(A)=2 The matrix A is called the coefficient matrix and the matrix 
3 —] 2 ay Qi a3 eee aoe Qin : b, 
oe ae G4 AvBi= ct sy Q3,: b, 
= 4 - 4) +1(-12 + 12) + A-6 +6)=0 iis he. sae * tak. ten 
. Rank of A #3 but less than 3. 
There will be °C, x 7C, =9 square minors of order 2. Now, 
am Q m2 an Ginn Bi 


we consider of there minors. 


(i) 12) 0 (ii) 2). rer, is called the augmented matrix of the given system of 
2 4 -6 4 equations. 
Hence, all minors are not zero. : 
Hence, rank of A is 2. > p(A)=2 Types of Equations 
Solutions of Linear Simultaneous 1. Consistent Equation If p(A) =p(C) 
Equations Using Rank Method (i) Unique Solution If p(A) =p(C) =n, where n= 


Let us consider a system of n linear equations in n number of knowns. 


unknowns say X,, Xp, X3, --) X, Biven as below. (ii) Infinite Solution If p(A) =p(C) =r, where 
Qs, X1 FAyy Xq +Ajy X54 +... +4),,%, =), r<n 

Oy, X, +o» Xp Hoy Xq +... +Oy_,X_ =, 2. Inconsistent Equation If p(A) #p(C), then no 
solution. 


As, X, +Ag, Xo +Ayy Xy +... +A5,X, =D, 
Oy Example 50. Determine for what values of A and ut 
the following system of equations 
X+y+z=6, 
X+2y + 3z=10 
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and X+2y+Az=p 
have (i) no solution? (ii) a unique solution? 
(iii) an infinite number of solutions? 


Sol. We can write the above system of equations in the matrix 


form : 
1 a x 6 
1 2 3}}/y{=]10 
1 AtLz] Le] 
> AX =B 
ae oe x 6 
where A=|1 2 3], X=]y|andB=/10 
12 A Z boa 
. The augmented matrix ; 
i i ie 
C=[A:B]=|1 2 3 : 10 
2k 2 
Applying R, > R, —R, and R, > R, —R,, we get 
1 1 1 6 
C=|0 1 2 4 


0 2 bed © p=¢6 


(i) No solution p{ A) # p(C) 
ie. A -3=Oandp — 1040 
X4 =3 and p #10 . 
(ii) A unique solution p(A) = p(C) =3 
Le., A-3#0andweR 
; AX#3andueR 
(iii) Infinite number of solutions 
p(A) = (C)(23) 
ie. A-3=0andp —-10=0 
A =3andu =10 


Reflection Matrix 


(i) Reflection in the X-axis 


Let P(x,y) be any point and P’(x,, y,) be its image after 
reflection in the X-axis, then 


7 


Pcie 
| 5 2 aaa 


These may be rewritten as 


[O’ is the mid-point of P and P’} 


| xX, =1-x+0-y 
| yy =0-% +(-1)-y 


These system of equations in the matrix form are written 
as below. 


Db lb 


1 0° 
Thus, the matrix |acscribes the reflection of a 


point P (x,y) in the X-axis. 


(ii) Reflection in the Y-axis 


Let P(x,y) be any point and P’ (x,, y,) be its image after 
reflection in the Y-axis, then 


‘" whe [O’ is the mid-point of P and P'] 
ivi 
These may be written as 

[xy =(-1)-x+0-y 


ly, = Dexa ley 


(1, Yy) Pr---------------- P (x,y) 


These system of equations in the matrix form are written 


— . 


—1 
Thus, the matrx| ‘ 


describes the reflection of a 


point P (x,y) in the Y-axis. 


(iii) Reflection through the origin 


Let P(x,y) be any point and P’ (x,, y,) be its image after 
reflection through the origin, then 


| oo [O’ is the mid-point of P and P] 
Pa een 
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These may be written as 


[ x, =(-1)x+0-y 
ly, =0-x+(-1)-y 


These system of equations in the matrix form are written 


as below. : ‘ 
eae | 0 -1)Ly 


-1 0. 
Thus, the matrix] i 


describes the reflection of 


a point P(x, y) through the origin. 


(iv) Reflection in the line y= x 


Let P(x,y) be any point and P’ (x,, y, ) be its image after 
reflection in the line y = x , then 


ea my 

ly, == 
These may be written as 
Es =O0-x+l1l-y 


[O’ is the mid-point of P and P’] 


ly, =1-x+0-y 


These system of equations in the matrix form are written 


as below. 
y} 1 OjLy 
0 1 , 
Thus, the matrix | 4 describes the reflection of a 


point P(x, y) in the line y= x. 


(v) Reflection in the line y =x tan® 


Let P(x, y) be any point and P’(x,, y,) be its image after 
reflection in the line y = x tan 6, then 
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EZ =xcos20 + ysin20 
ly, =x sin20—ycos20 
[O’ is the mid-point of P and P’] 
These may be written as 
[x, =x-cos20+y-sin28 
ly, =x-sin20 + y-(—cos26) 


These system of equations in the matrix form are written _ 
as below. 


[x, | cos20 sin20 |[ x 
ae hee re || 
sin 26 

—cos 28 


cos 26 
sin20 
reflection of a point P (x, y) in the line y =x tan. 

Note 

By putting 6 = 0, > * , we can get the reflection matrices in the 


Thus, the matrix | describes the 


X-axis, Y-axis and the line y = x, respectively. 


| Example 51. The point P (3,4) undergoes a reflection 
in the X-axis followed by a reflection in the Y-axis. Show 
that their combined effect is the same as the single 
reflection of P (3,4) in the origin. 
Sol. Let P, (x,, y,) be the image of P (3, 4) after reflection in the 
X-axis. Then, 


Rb “dee 


Therefore, the image of P (3, 4) after reflection in the 
X-axis is P (3, — 4). 


Now, let P, (x,, y,) be the image of P, (3, — 4) after reflec- 
tion in the Y-axis, then 
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x2/_ |-1 O17 3] |-3 

yo 0 ] —4 r+ 4 
Therefore, the image of P (3, — 4) after reflection in the 
Y-axis is P, (— 3, — 4). 


Further, let P; (x5, y,) be the image of P (3, 4) in the 
origin O. Then, 


x3) f-1  0][3]_[-3 
Therefore, the image of P (3, 4) after reflection in the 
origin is P, (— 3,— 4). It is clear that P, = P, 
Hence, the image of P, of P often successive reflections in 


their X-axis and Y-axis is the same as P,, which is single 
reflection of P in the origin. 


f Example 52. Find the image of the point (—2,—7) 
under the transformations (x, y) > (x —2y,— 3x+ y). 
Sol. Let (x,, y,) be the image of the point (x, y) under the 
given transormations, then 
Jn =x—2y=1-x+(-2)-y 
In =-3x+y=(-3):x+1-y 


° GG Ae 


Pa ee 


Therefore, the required image is (12, ~ 1). 


| Example 53. The image of the point A(2, 3) by the 


line mirror y = x is the point B and the image of B by 

the line mirror y = 0 is the point (a, B). Find a and B. 

Sol. Let B(x,, y,) be the image of the point A(2,3) about the 
line y = x, then 


X,}_ $0 1/)2) 13 
y; 1 O}[3) {2 
Therefore, the image of A (2, 3) by the line mirror y = x is B 


(3, 2). 
Given, image of B by the line mirror y = 0 (X-axis) is (a, B), 


then 

a] [1 o]f3]_[ 3 

6B} 10 =1{]/2| [2 
On comparing, we get a = 3 andB =—2 


| Example 54. Find the image of the point (- 2 a2) 


On comparing y = x tan vl *) by y= xtan@ 


6= 
io sin20 ||-2 
Now, 
| sin2@ ~— cos2 | V2 
a 1 
-|2 ~ va] _[° 
tis 6 
eal 
On comparing x, =0 and y, =— 2. 


Therefore, the required image is (0, — 2). 


Rotation Through an Angle @ 


Let P (x, y) be any point such that OP = r and ZPOX =¢ 
Let OP rotate through an angle 8 in the anti-clockwise 
direction such that P’ (x,, y,) is the new position. 


OP’ =r, [-- OP = OP 


Hien [a= = xcos@ — ysin® 


|x, = = xsin® + ycos® 


These system of equations in the matrix form are written as 
below. 
x,| [cos@ — sin@] x| 
* | cosO | id 
cos8 —sin® 


Thus, the matrix describes a rotation ofa 


sin8 cos 
line segment through an angle 8. 
Remember Use of complex number 
op’=OPe*i=J-1 
(x, + iy,) =(x + iy) (cos@ + isin8) 
= (x cos@— ysin®) + i(x sin@+ ycos@) 
x, = x cos@—ysin® 
and y, =x sin® + ycos6 


by the line mirror y = x tan (=) 
8 { Example 55. Find the matrices of transformation 
T,T, and T,T, when T, is rotation through an angle 60° 
and T, is the reflection in the Y-axis. Also, verify that 
T,T> #T5],. 
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Sol. Let (x,, y,) be the image of (— V/2,.]2) about the line 


y = xtan & 
8 


» | a 288 
Sol, T, = cos60° —sin 60 elt 2 2}j_1}1 -w3 
sin60° cos60° | | 3 1 2iv3 1 
y 2. 
0 
and T, = | 
,o 1] 
_ -1 0 
2173 1 0 I 2 
: a1 8 
_! a], eye 2 2. 
2|-V3 1 | }_N3 1 
2 2 
-1 0] 1f1 -v3|_if-14+0 V3+0 
and T, T, = x- = 
0 1] 2|¥3 1 | 2/o+v3 041. 
gad 
1 3 
1]-1 V3]_| 9 92 7 
=- = ...{ii) 
il 1 Bb} 
0 «a2 
It is clear from Eqs.(i) and (ii), then 
T, T, # T, T, 


| Example 56. Write down 2 x2 matrix A which 


corresponds to a counterclockwise rotation of 60° about 
the origin. In the diagram the square OABC has its 
diagonal OB of 22 units in length. The square is 

rotated counterclockwise about O through 60°. Find the 
coordiates of the vertices of the square after rotating. 


Sol. The matrix describes a rotation through an angle 60° in 
counterclockwise direction is 


“I x A re 

ty 
fi ef}. 
cos60° -sin60°} | 9 “4 |]_1/1 -v3 
sino cos6o°| | fg 1] 2|¥3 1 

2 2. 

Since, each side of the square be x, 

then xr txts (2/2) 

= ox? =8 = x7 =4 


x =2 units 
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Therefore, the coordinates of the vertices O,A,B and C are 
(0, 0), (2, 0), 

(2, 2) and (0, 2), respectively. Let after rotation A map into 
A’,B map into B’,C map into C’ but the O map into 
itself. 


If coordinates of A’,B’ and C ‘are (x’, y’),(x”, y”) and 


[a 


(x, y”’), respectively. 
x’=1Ly’=v3 = A(2,0)> A(1, V3) 


Pale TIE sbel- 
~ ¥3] 3] [1-3] 


ols ees 
y"| 2|v3 1 jl2| 2|23+2| |v3+1] 


x”=1-73,y”=13 +1 
Pa*)-[] 
2 . 1 


=> B(2,2)-> B(1— V3, V3 +1) 


x”) if1 -3]fo]_1 
A v3 tle} 
x” =—43,y" =1 
= C (0,2) C’ (-v3, 1) 


Eigen Values or Characteristic roots 
and Characteristic Vectors of a 
Square matrix 


Let X be any non-zero vector satisfying 
AX =)X me), 
where A is any scalar, then A is said to be eigen value or 
characteristic root of square matrix A and the vector X is 
called eigen vector or characteristic vector of matrix A. 
Now, from Eq. (i), we have 
(A-AI) X =O 

Since, X # O, we deduce that the matrix (A — AJ) is 
singular, so that its determinant is 0 
ie. 

|A-Al|=0 .. (ii) 
is called characteristic equation of matrix A. 


If A be n Xn matrix, then equation | A — Al] =0 reduces to 
polynomial equation of nth from degree in A, which given 
n values of A i.e., matrix A will have n characteristic roots 
or eigen values. 


Important Properties of Eigen Values 


(i) Any square matrix A and its transpose A’ have the 
same eigen values. 


(ii) The sum of the eigen values of a matrix is equal to the 
trace of the matrix. 
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(iii) The product the eigen values of a matrix A is equal to 
the determinant of A. 
(iv) IfA,,A2,A43,A4,....A, are the eigen values of A, then 
the eigen values of 
(a) KA are kA, kA2, kA, kAy,..., KA. 
(b) A™ areAT,AZ,AZL AG, AD. 


Remark 
1. All the eigen values of a real symmetric matrix are real and 
the eigen vectors corresponding to two distinct eigen values 
are orthogonal. 
2. All the eigen values of a real skew-symmetric matrix are 
purely imaginary or zero. An odd order skew-symmetric 
matrix is singular and hence has Zero as an eigen value. 


4 6 6 
| Example 57. Let matrix A=| 1 3 2} find the 
-1 -4 -3 


non-zero column vector X such that AX =AX for some 
scalar A. 


Sol. The characteristic equation is |A — AJ|=0 


4-A 6 6 
=> 1 3-K% 2 =0 
(2 <4 8-0 
=> 7-44? -2144=0 
or (A +1)(A -1)(A -— 4) =0 


The eigen values are A = — 1, 1,4 
If A =—1, we get 5x + 6y +6z=0,x+ 4y + 2z =0 


and —x—4y-2z=0 
ae 
Giving *=Y-72 x= 2 
6 2 -7 
ee 
If A = 1, we get 3x + 6y + 6z =0,x +2y + 2z =0 
and —x —4y—4z=0 
es 
Giving, ~=2=4,x=]1 
6 dg =I 


If A = 4, we getO-x+6y+6z =0,x~-y+2z=0 
and -x—4y—-7z=0 


FS 

x 3 
Giving, 2et%e + x= 1 

3 1 —] 

a: 

6 0 3 

Hence, vector are X =| 2 1 1 

—7 | |-l1 ; —] 


| Example 58. If A and P are the square matrices of 
the same order and if P be invertible, show that the 
matrices A and P~'AP have the same characteristic 
roots. 


Sol. Let P'AP=B 
|B—AI| =|P"AP — Al| 
=|P7'AP — P'AP| [- P'P=1] 
=|P7(A—AI)P| 
=|Po'}|A — Al |P| 
= |A—AII|P|=|A - Al 
| P| 


| Example 59. Show that the characteristic roots of an 
idempotent matrix are either zero or unity. 
Sol. Let A be an idempotent matrix, then 
A? =A Ail) 


If A be an eigen value of the matrix A corresponding to 
eigen vector X, so that 


AX =4X At) 

where X #0 
From Eq. (ii), A (AX)=A (AX) 

(AA) X =) (AX) 
= A?X =A (AX) [from Eq. (is)} 
=> AX =}°X [from Eq. (3)] 
=> AX =12X [from Eq. (ii)} 
= (A ~A7)X =0 
=> a -27 =0 [. X #0] 
x XA =0 
or A=1 


| Example 60. If 3,—2 are the eigen values of a 


non-singular matrix A and | A| =4, find the eigen values 
of adj (A). 
Sol. -- A7' = 7 if A is eigen value of A, then A” is eigen 
value of A™'. 


Thus, for adj(A)X =(A™X)|A|=|A]ATY 
Thus, eigen value corresponding to A =3is : and 


corresponding to A = — 2is ot 2 


Cayley-Hamilton Theorem 


Every square matrix A satisfies its characteristic equation 
|A~-Al|=0 
i.e., ayn" +a,A"-) +a,A"~* +... +a, =0 
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.. By Cayley-Hamilton theorem > (2-2)? -3=0 
aA" +a,A""'+a,A"~* +... +a,1=0 => ?- 44 41=0 
- a 7 a 4 # _ a .. By Cayley-hamilton theorem, 
wy Aten [80 got gH gent ges etl as 
a, a, a, a, | A*-4A+I=0 or 1=4A-A 


Multiplying by A~’, we get 


| Example 61. Find the characteristic equation of the At =4A7A-ATAA 


2, 4 
matrix A= 3 i and hence find its inverse using =4I1-IA=41-A 
1 0] [2 1 
Cayley-hamilton theorem. = ; 1 ~ ; i 


Sol. Characteristic equation is 


2-2 
JA-Al|=0 = ‘ 


Exercise for Session 4 


1 if the system of equations ax + y =1,x + 2y =3,2x + 3y =5 are consistent, then a is given by 

(a) 0 (b) 1 (c) 2 (d) None of these 
2 The system of equations x + y +z =2,2x + y —z =3,3x + 2y + Az =4 has unique solution if 

(a)A #0 (b)-1<A<1 (c)A =0 (d)-2<A<2 
3 The value of a for which the following system of equations a°x + (a + 1)°y + (a + 2)°z =0, 

ax +(a+1)y +(a+2)z =0,x + y+z =0has a non-trivial solution is equal to 


(a) 2 (b) 1 (c) 0 (d)-1 
4 The number of solutions of the set of equations 
2 2 52 2 ? oe 2 2 2 
2z . 
a b* c¢ a b Cc a“ b c 
(a) 6 (b) 7 (c) 8 (d) 9 


017 . 
5 The matrix , és | is the matrix reflection in the line 


(a)x=1 (b)x+y=1 (c)y=1 (d)x=y 
6 The matrix Sis rotation through an angle 45° and Gis the reflection about the line y = 2x, then (SG)* is equal to 
(a) 7/ (b) & (c) ¥ (d)! 
23 
7 A>) ; j]rthen APs equal to 
(a) 2A (b) A (c) 2. (d)! 
[2 2 1| 
8 ifA=|1 3 1|/and the sum of eigen values of Ais m and product of eigen values of Ais n, thenm +n is equal 
1.2 2 
to 
(a) 10 (b) 12 (c) 14 (d) 16 
4 F 
9 IfA -| oe and @ be the angle between the two non-zero column vectors X such that AX = AX for some 
scalar A, then 9sec’ @ is equal to 
(a) 13 (b) 12 (c) 11 (d) 10 
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Shortcuts And Important Results To Remember 


1 |A exists <= Ais square matrix. 
2 No element of principal diagonal in a diagonal matrix is 


zero. 


3 If Ais a diagonal matrix of order n, then 


10 


17 


12 


(a) Number of zeroes in Ais n (n — 1) 


(b) Ifd,,d5,03,...,d,, are diagonal elements, then 


A=diag {d;,02,d3,...,0,} 


|A =d 003 ...d, 
A" =diag O7',d5',d3",....d7') 


(c) Diagonal matrix is both upper and lower triangular. 
(d) diag {a, ap, a3,...,@,} x diag {j, bp, bs, ..., Da} 


and 


= diag {ajb,, abe, a3b3,...1 AyDy} 


If Ale } and B “1 “| then A‘ (4 "| and 
BK “|, iY eN. 


If Aand B are square matrices of order n, then 
(a) | KA] = k"| A], k is scalar 


(b) | AB] =| Aj BI 
(c) | KAB| =k"| A|| B], k is scalar 
(d) | AB| =| BA| 


(e) | A’| =| A =| A®|., where A® is conjugate transpose 
matrix of A 

(f) |AI™ =|A™],.meN 

Minimum number of zeroes in a triangular matrix is given 


by 2 (0 =) where nis order of matrix. 


If Ais a skew-symmetric matrix of odd order, then| A =0 
and of even order is a non-zero perfect square. 


If Ais involutory matrix, then 
(a) |A=+1 
(b) > + A)and ( — A)are idempotent and 


1 1 
5H +A).5-A)=0 


If Ais orthogonal matrix, then| A =+ 1 


To obtain an orthogonal matrix B from a skew-symmetric 
matrix A, then 


B=(1- Ay (+ A)orB=('- A) (+ Ay" 

The sum of two orthogonal matrices is not orthogonal 
while the sum of two symmetric (skew-symmetric) 
matrices is symmetric (skew-symmetric) 

The product of two orthogonal matrices is orthogonal 


while the product of two symmetric (skew-symmetric) 
matrices need not be symmetric (skew-symmetric) 


ea = ee a en en ee 


13 


14 


19 


20 


a 


2 


22 


23 


24 


25 


a ooo 


The adjoint of a square matrix of order 2 can be easily 
obtained by interchanging the principal diagonal elements 
and changing the sign of the other diagonal. 


ie waa 1 Reded@e| 2 | 
lc ad |-c a | 
3 
[Al 
If Aand B are invertible matrices such that AB =C, then 


C 
ja] =!C1 
[Al 


Commutative law does not necessarily hold for matrices. 


If AB = — BA, then matrices A and B are called 
anti-commutative matrices. 


lf AB =O, it is not necessary that atleast one of the mairx 
should be zero matrix. 


If] A #0, then} A = 


fo 2] r3 o] 
F le, If A= dB= | then 
or example lo 0| ai F | 
fool... | | 
AB = Lo 0 ens neither A nor Bis the null matrix. 


lf A,B and C are invertible matrices, then 
(a) (ABY' =B71A7 
(b) (ABC)! =C"'B-14"' 


lf B is a non-singular matrix and Ais any square matrix, 
then det (B~'AB) = det (A) 


lf Ais a non-singular square matrix of order n, then adj 
(adj A)=|A"~? A 


lf Ais a non-singular square matrix of order n, then 
[adi (adj (a... (adi (adi A)))| =| 4°" 
mimes SS” 
0 
WA=l 1. am =0,Vm22 
lo of 


(A+/yf'=14+nA 


If Aand B are two symmetric matrices, then 
A+ B, AB + BAare symmetric matrices and AB - BAisa 
skew-symmetric matrix. 


lf Aand B are two square matrices of order n and A bea 
scalar, then 


(i) Tr (AA) = ATr(A) 
(ii) Tr (A+ B)=Tr(A) + Tr(B) 
(iii) Tr(AB) = Tr(BA) 
(iv) Tr(A) = Tr(A’) 
(v) Tr(l,)=A 
(vi) Tr(O)=0 
(vil) Tr(AB) # Tr(A): tr(B) 
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26 If rank of a matrix Ais denoted by p(A), then 
(i) p (A) = 0, if Ais zero matrix. 
(i) p (A) = 1, if every element of Ais same. 
(iii) If Aand B are square matrices of order n each and 
p(A)=p(B) =n, then p(AB)=n 
(iv) If Ais a square matrix of order n and p(A)=n —1,then 
p (adj A) = 1 and if p (A) <n - 1, then p (adj A)=0 
27 System of planes 
4X + Ay + az =D, 
Gg1X + GooV + Go3Z = Do 
and 451X + AqpY + Gq3Z = dy 
Augmented matrix C =[A: B] and if Rank of A=r and 
Rank of C =s, then 
(i) If =s =1, then planes are coincident 
(ii) If r =1, s =2, then planes are parallel 
(iii) If r = =2, then planes intersect along a single straight 
line 


en re me ee 


eases 2s ® w@ewaeres 


(iv) If =2,s = 3 then planes form a triangular prism 
(v) Ifr =s = 3 then planes meet at a single point 
28 If P is an orthogonal matrix, then det (P)= + 1 
(i) P represents a reflection about a line, then 
det (P)=-1 
(ii) P represents a rotation about a point, then 
det (P)=1. 
29 Cayley-Hamilton Theorem : Every matrix satisfies its 
characteristic equation. 
For Example, Let A be a square matrix, then| A —- A/| =Ois 
the characteristic equation for A 
If a3 — 642 + 11 - 6=Ois the characteristic equation for 
A, then A® - 6A? + 11A- & =O. Roots of characteristic 
equation for A are called eigen values of A or 
characteristic roots of A or latent roots of A IfA is a 
Chelaclenstie root of A, then A7' is characteristic root of 
A”. 


oe A EE RS ON 
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JEE Type Solved Examples : 
Single Option Correct Type Questions 


a 


ain iia ————_-—__- 


= This section contains 10 multiple choice examples. = A?p" pap™( PAP’ )” p 
Each example has four choices (a), (b), (c) and (d) out of = A?IAPT(pApT )%? p 
which ONLY ONE is correct. 

= A°P" (PAP! )°”" p 


@ Ex. 1 If A is a square matrix of order 2 such that 


+ |= 1 1 = 41000 pT p_. 41000 y [+ A js involutory 
A | -| | and A? | | -| } The sum of elements and aes I [+ Ais involutory] 
=I 2 4 0 Hence, Bl=]"=] 
product of elements of A are S and P, then S + P is 


(a)-1 — (b)2 (c) 4 (d) 5 @ Ex. 3 If A is a diagonal matrix of order3 x3 is | 
Sol. (d) Let A = |? b| commutative with every square matrix of order 3 x3 under | 
e ¢ multiplication and trace(A) =12, then 
1] |-1 ; (a)| A| = 64 (b) |A| = 16 
a a .-(i) (c)] AJ =12 (d)| A|=4 . 
me A 1 Sol. (a2) A diagonal matrix is commutative with every square 
=> js =| . matrix, if it is scalar matrix so every diagonal element is 4. 
¢ d\i=1 2 40 0 
or a-b=-1 ...{ii) Az=!0 4 0 
and c-d=2 ---{iii) 0 0 4 
From second part, 


“(lt = a(a{_})-[ : —_— when 


From Eq. (i), we get @ Ex. 4 IFA =[4y Jana, such thatay = ‘. wee 
- 1 a b\|-1 1 , 
A =} | => = det (adj (adj A 
| i A : ill 4 ‘aaa a = mH is [when {-} represents fractional part 
or -a+2b=1 ...{iv) ; : 
and ~c+2d=0 ee a , : ; 
From Eqs. (ii) and (iv), we get (a) 7 (b) 7 (c) 7 (d) 7 
a=-1,b=0 . ye Ge we 
and from Eqs. (iii) and (v), we get eo 
c=4,d=2 Sol. (a) * A= 
é S=atb+c+d=5 002 0 
and P=abcd =0 000 2 
Hence, S+P=5 2000 
@ Ex. 2 If P is an orthogonal matrix andQ = PAP" and re 0.20 0) ni 
B=P' Q'°p then B™' is, where A is involutory matrix 00 2 0 
(a)A — (b) A™ (c) ! (d) None of these oe e 
2 
Sol. (c) Given, P is orthogonal “det (adj (adj A)) =| adj (adj A)|=|A[> =[Al’ 
P’p=I (i) = (24)? = 2° = (23)? =(14.7)" 
— papt . 
and Q = PAP (ii) =14+ C7) + %C,(7)? +... 
Now, B= P79! p— pl pap’ )'™ P [from Eq. (ii)} det (adj(adj A) 1 — 
= P’ PAP’( PAP’) P a = 7 + Positive integer 
= IAP’. PAP™(PAP")"*P [det (adj (adj | i 
= AIAP™( PAP )** p [ 7 7 
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bof 
+x. 5ifA=| ; and det (A” —!) =1-A", néN, then 
the value of X, is 
(a) 1 (b) 2 (c) 3 (d) 4 
Sol. (b) *: A -(' ] 
| 
a[) ‘|= )-24 
22 11 
> A? =A?.A=2A% =2°A 
Similarly, A"=2"~'A 
ae | -1 
tale ee ak i 
gt ge 0 4 
e g-ta4 ‘ah 
aot gt 4| 
= det(A" -—1)=(2"~'-1)? -(2"-'y? 
=1-2"=1-2)" [given] 
A =2 


* | anche G\e = then FAN 
A, 1-x 
2 2 

Oh ; 


(d) None of these 


=, 
i 


Sol. (0): f(x)= 


1+x 
Lz 
=> (1-x) f(x)=1l+x 

=> (I-A) f(A)=(I1 +A) 

* f(A)=(I- AY" (I+ A) 


CHD He 


@ Ex. 7 The number of solutions of the matrix equation 


1 1 
X= , i is 
| (a) more than 2 (b) 2 
(d) 1 


(c) 0 


; 
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Sol. (a) Let x-[' i 
c d| 


X?= y +be Kat d)|_ [} 1 fitea) 


c(latd) be+d’| |2 3 
=> a’ + bc =1, Ka + d)=1, 
c(a +d) =2and be +d’ =3 


= d? —q* =2 


=2b and d+a= 


=> d-a= Z 
d+a b 


ad =2b+~ and 2a=~-2b 
b b 


Also, c=2b 
Now, from be + d? =3 


/ 


1) 1 
=> ad a =3 => 3b7+—_-2=0 
2b) 4b? 
= 12b4 — 8b? +1=0 
or (6b? — 1)(2b” —1)=0 
1 1 
=> b=+—orb=t 
V6 2 


Therefore, matrices are 


; a) eee a (ene 
| mf Baal 
ee ae) lowe ye 


1 1] 
@ Ex. 8 Fora matrix A= k , tf the value of 


50 |] 2r-1 
i] |isequal 
r=110 1 
‘1 100 1 4950 1 5050) ‘1 2500 
a b Cc d 
@)}, | el, 1} Plo 1 | Mo ‘ 
50 [7 2r—-1] [1 14+345+...+99 
Sol. @ Hi] : |-| 
r=110 ] 0 1 


_|1 (50)?|_ [1 2500 
“fo 1] fo a. 


@ Ex. 9 IfA,, Az, A3,.-., Az,—1 are n skew-symmetric 


n 
matrices of same order, then B = 2, (2r —1)(A>,-,)~ ~' will be 
r=] 
(a) symmetric 
(b) skew-symmetric 
(c) neither symmetric nor skew-symmetric 
(d) data not adequate 
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Sol. (b)-- B= A,+3A3 +5As +... +(2n —1)(Ao,-1)"" 7! 
BT =(A, +3A3 +5Ae +... + (2n —1)(Az,-,)"~')F 
= Al +x AT) 45(As)P + 


=-A,+3-A;)? +X—-As)° +... + 


(2n - 1)(—Ag, —1)"" =! 


= —(A,+3A3 +5A3 +...4+(2n-1) Azr7! 


=-B 
Hence, B is skew-symmetric. 


JEE Type Solved Examples: 


More than One Correct Option ‘Type Questions 


Se OY FS NE LR Ry Oe ae Pee ee 


et ee ees Oe te ee eee 


# This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 


more than one may be correct. 


b 
@ Ex. 11 IlfA= |? i (where bc #0) satisfies the 
C 


equations x* +k =0, then 
(ajat+d=0 
(c)k =|A| 


(b)k =-|A| 
(d) None of these 


Sol. (a, c) We have, A? = a bjja 6 - a’ +be ab+bd 
, c act+cd be+d’. 


d d 
As A satisfies x” + k =0, therefore 
A? +kI=0 
a +be+k (a+d)b | fo 0| 
eee be+d? +k] 0 o| 
sab a’ +bet+k=0,(a+d)b=0, 
(a+d)c=0 and be +d’ +k=0 
As be #0=>5#0,c #0 
So, a+d=0 = a=-d 
Also, k = —(a? + bc)=—(—ad + bc)=(ad - bc)=| A| 
@ Ex. 12 IfA=[aj]nxn and f is a function, we define 
e 6 ) 
F(A)=[ flay nxn LetA=|2 then 
-8 = 


(b) sin A= cos A 
(d) sin2A=2sinAcosA 


(a) sin A is invertible 
(c) sin A is orthogonal 


. + (2n -1)(AZ, 1)" 7! 


@ Ex. 10 Elements of a matrix A of order 10 x10 are defined 
asaj = wif (where w is cube root of unity), then trace(A) 


of the matrix is 


(a) 0 (b) 1 © 3 ha None of these 
Sol. (d) tr(A)= y ay = y alt! = 3a" 


i=j=l i=j=l 
=o? +@1+0° +@° +...4.0” 
=(o? +@ +1)+(w? +0 +1) +(@? +041) +0” 


=0+04+0+07? =’ 


LLL LOLOL ALLOA OD 


sin® cos 


oes we 


cos@ sin® 


d cos 9= 
ie sin 8 


Sol. (a,c) sin A= 
—sin®@ cos@ 


{sin A|=cos’0 + sin?@=1#0 


Hence, sin A is invertible. 
T cos@ sin , i @ —sin® 


Also, (sin A) (sin A)! = sin@ cos@ 


—sin@ cos8 


fe 


Hence, sin A is orthogonal. 
cos8 sin®@|| sin@ cos8 
cos @ sin® 


Also, 2sin A cos A=2 
—sin@ cos @| 


in20 1 
=2 on # sin 2A 
cos 20 0 


® Ex. 13 Let A and B are two square idempotent matrices 
such that AB + BA is a null matrix, the value of det(A-8) | 
can be equal 


(a)—1 (b) 0 


(c) 1 (d) 2 
Sol. (a, b, c) 
"(A - B)? = A? — AB— BA + B’ 


=A+B  ['AB+BA=0and A?=A,B'= 5] 

|A-B/>=|A+B| 
and (A + B)* = A* + AB+ BA + B’ 
=A+B [: AB+ BA=OandA®=A,B= By 


=> [A+B =|A+ B 
|A+B|(|A+B|-1)=0 
|A+B|=0,1 
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From Eq. (i), 
|A-B|?=01 = |A—-B|=0,+1 
or det (A - B)=0,-1,1 


® Ex. 14 If AB= A and BA=B, then 
(a) A?B = A? (b) B?A = B? 
(c) ABA=A (d) BAB = B 
Sol. (a, b, c, d) 
Wehave, A?B=A(AB)=A-A=A’, 
B’A = B(BA) = BB= B’, 
ABA = A(BA) = AB = A, BAB = B(AB) = BA = B 


© Ex. 15 If A is a square matrix of order 3 and | is an Iden- 
tity matrix of order 3 such that A> —2A” — A +21 =0, then 
A is equal to ; 

2 =) 2 21 2 
()|1 0 of (d)]1 0 0 

0 10| jo1 0 


(a)/ (b) 2/ 


JEE Type Solved Examples: 
Passage Based Questions 


Oe ek 


" This section contains 2 solved passages. Base upon each 
of the passage 3 multiple choice question have to be 
answered. Each of these question has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 
2 -2 -4 4 -3 -3 | 
IfAy=|-1 3 4 {andB)=| 1 O | 1 Jand 
1-2 -3 4 4 3. 


B, = adj(B, _,),n € N and Jis an identity matrix of order 3. 
16. det (Ay + Ap Bo + Ap +Aq Bo +... upto 12 terms) is 


equal to 
(a) 1200 (b) -960 
() 0 (d) -9600 
17. B, +B, +B, +... +Bsg is equal to 
(a) By (b)7By 
(c) 49B, (d) 491 
18. For a variable matrix X, the equation Ag X = By will 
have 


(a) unique solution 

(b) infinite solution 

(c) finitely many solution 
(d) no solution 


ee me ee Ot en ees oe 
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Sol. (a, b, d) It is clear that A = / and A =2I satisfy the given 
equaion A* — 2A” — A +21 =O and the characteristic 
equation of the matrix in (c) is 


2-A -1 2 | 
-h 0 |=0 

0 1 -Al 
=> A? 247 +4 -2=0, 
giving A’ -2A?+A-21=0 


#A?-2A*7-A+21=0 


and the characteristic equation of the matrix in (d) is 


2-h 1 -2 
1 -A 0 {=0 

0 1 -A 
=> VP - 207-2 +2=0, 
giving A’ -2A?-A+2I=0 


er a 0 8s ree mre ee ree men St) Pe me nrg et 


Sol. (Ex. Nos 16 to 18) 


2-2 -4 
Ap=|-t 3 4|=]Al=0 
a 
4g ay Tae Se az 
and adjB)=|-3 0 4] =|1 0 1)\=B, 
413 4 4 3 


B, = adj(B,_,),2EN 
B, = adj(By) = By 
B, = adj(B,) = adj( By) = Bo, 
Similarly B, = Bo, By = Bo,... 
B, =By VneN 


=> 


16. (c) det (Ay + Aa Bo + Ag + Ag By +... upto 12 terms) = det 
{Ay (1 + ApBe + Ag + Ag By +...uptol2 terms)} 
=|Aol(I + ApB2 +A + Aq By +... upto 12 terms) 
[ |Ao| = 0] 
17. (c) B, + B, + By +...+ Bop = By + By + By +...+ By = 49B, 
18. (d) "| Ao|=0 


=> Aj’ is not possible. 


=0 


Hence, system of equation Ay X = By has no Sol. 
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Passage II 1 0 O}}1 0 0 10 0 
100 pe re 
LetA=|1 0 1|satisfies A" =A"~ 2+ A? —J forn23and 25 (0 24 «0 
0-1 0 “ A™ =25A?—241=|25 25 O}|-|0 24 0 
consider a matrix U with its columns as U,,U2,U3, such that 25 0 25 0 24 
3x3 . 
i , from Eq. (i 
1 0 0 1 [fro Eq. (i}] 
A™U, =| 25| ,A™U, =|1]and AU; =|0 -125 1 0 Ail) 
- A 1 25 0 1 
19. The value of | A ap equals Hence, trace of A’ =14+14+1=3 
(a)-1 — (b) 0 (c) 1 (d) 25 x 
20. Trace of A*’ equals 21. (c) Let U,;=ly 
(a) 0 (b) 1 (c)2 (d) 3 z 
21. The value of |U| equals 1] [1 0 olfx] [1 
(a)-1  (b)0 (c) 1 (d) 2 Given, AU, =|25|=9]25 1 0]] y|=|25] [from Eq. (ii) 
Sol. (Ex. Nos. 19 to 21) 25 25 0 ljjz}| [25 
A" =A"? + A7-1 => AM =A* 4A? -1 te 
Further, A® = A“ + A? -I = |25x+y|=|25|, we get x =1, y =20andz=0 
A® =A“ 4A? -1 2x+z 
 e ¥ 0 
A‘ =A’ +A? -I' ’ U,=|0 ant =|1 
On adding all, we get 0 
A” =25A* — 241 i) 
10 of” and U, =|0 sacle ali 
19. (c |A*|=]AP? =11 0 1] =(-1)" =1 Be 001 
0 1 0 \U] =1 
JEE Type Solved Examples : 
Single Integer Answer Type Questions 
# This section contains 2 examples. The answer to each = a=Bp=y7 
example is a single digit integer ranging from 0 to 9 on 
(both inclusive). x wale ee % 
@ Ex. 22 Let A be a3 X3 diagonal matrix which commutes ee, 
with every 3 x3 matrix. If det(A) =8, then tr A is = det(A)=a° =8 [given] 
ao 0 é a=2 
Sol. =|0 0 ‘ 
ol. (6) Let A : 7 
y ; ; A=|0 2 0 
a 0 Ojja h g ah gija 0 0 002 
h b =|h b 0 0 
2 2 f f p => trA=2+2+2=6 
oo yjle f ¢} Le f ejLo 9% ¥ 
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@ Ex. 23 Let A and B be two non-singular matrices such 
that A #1, B° =1 and AB= BA’, where | is the identity 


matrix, the least value of k such that AX =1 is 
Sol. (7) Given, AB= BA? = B=A™' BA* => B=] 
= (A~' BAA)(A~' BAA)(A~'BAA)=1 


= (A~'BA)(BA)(BAA)=I—s [" A 'A=T] 
= A~'B(AB)(AB) AA =I 

= A~'B(BA*)(BA*) AA=I [: AB = BA?] 
=~ A” 'BBA (AB) A‘ =I 


JEE Type Solved Examples: 
Matching Type Questions 


ee ee ee me me wre ove 


——- 


« This section contains 2 examples. Example 24 have three 
statements (A, B and C) given in Column I and four 
statements (p, q, r and s) in Column II and example 25 
have three statements (A, B and C) given in Column I 
and five statements (p, q, r, s and t). In Column II any 
given statement in Column I can have correct matching 
with one or more statement(s) given in Column I. 


© Ex, 24 


Column I Column I 


det (A) =3, then 
det (6A~") is divisible by 


det (A) = r then det [adj (adj (24))] is 
divisible by 


order and(A + B)* = A” + B’, if det 
(A) = 2, then det{B) is divisible by 


(B) det [adj (adj (2A))] = [det(2A)]* = [2°det (A)]* 
= 2!? (det(A)]* 


4 
=2"(2) =2'=16 


(C)- (A+B)? =A? + AB+ BA + B’ 


> A’ +B? =A’? +AB+ BA+B’ 
[(A + BY = A? + B?] 
=> AB+BA=O = AB=-—BA 


: det (AB) = det (— BA) = — det (BA) 
=> det (A)-det(B)=—det B -det (A) 
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A” 'BBA(BA’*) At =I [.- AB = BA?] 

A~'BB(AB)A® =I 
A~'BB(BA*) A° =1 [." AB = BA*] 

ABA’ =! 
(AN)A® =I [- B =1] 

ATA =I] 
A’=I=A* (ec AP =J] 

A‘ =A’ 


'!yuduvubvoudyv sy 


.. Least value of k is 7. 


OP ee ee tne ee eee ee ee eer ee 


=> 2det(A)-det(B)=0 => 4 det(B)=0 [-.. det (A) = 2] 


det (B) =0 
© Ex. 25 
Column I | Column II 
(A) | [1 2 af [1 18 2007] (p) 4 
If}Oo 1 4) =|0 1 36 |, 
fo o 1] [0 oO 1. 
then (n + a) is divisible by 
(B) | If Ais a square matrix of order 3 (q) 6 


such that | Aj = a, B = adj (A) and 
| B| = b, then (ab” + a’b + 1)A is 
divisible by, 

ed 


+... upto 
b> 


1. a 
where -A =—+— + 
2 b 


co and a =3 
[a b cl (r) 10 
(C) LetA=|p q rjandB= <A’. 
42 
If (a — b)* + (p—q)? =25, 
(b—c)? + (q—r)’ =36 and 
(c—a)? + (r — p)” = 49, then det 
2) is divisible by 


(s) | 12 
| (t) 15 
Sol. (A) > (p, 1); (B) >(t): (C) > (q, s) 


12a 
(A) ~ A= 4 
1 
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1 4 2a+8}/1 2 al |1 6 3a+24 1 
=> A’=|0 1 8 {j0 1 4{=/0 1 12 Sr. Pa a ee ee 
00 1 }{0 0 1! {0 0 1 3 81 27x81 :-i % 
‘ 27 
Similarly, we get 9 
‘ n-1l —) = ou 
9 13 
1 2n meet 1 18 2007 
A"=j0 1 4n =|0 1 36 | [given] Now, (ab? + a°b + 1)A = (3X 8149 X9 +1)x— = 225 
_ an’ a bec] ja pl ‘le pil 
‘ (C) det(A)=|p q rlj=|b q a b ql 
es oe oe c rl crt 


a-1 8 
na+8 Sr = 2007 => 9a+ 8)ir = 2007 


r=0 r=0 


= 2 x Area of the triangle with vertices 
(a, p), (b, q) and (c,r) with sides 5, 6,7 


8x9 = - 
=> sa+8.(2%?) = 2007 = 9a = 2007 — 288 = 1719 =2x ./s(s — a)(s — b\(s — c) = 2X 6v6 = 12V6 


“. a=191 B 1) 1 
Hence, n+a=9 +191 = 200 Hence, det (7)=(2) Get A) SrtA ) 
(B) B=adj A 
= b=|B|=|adjA|=|A|’ =a’ =9 = a=3,b=9 = + (det A)? = ~(12V6)* = 108 
2 3 8 8 
1 Ss. 3 3 
and -A =—+ —+—+...+400 
2 9 93 5 


JEE Type Solved Examples: 
Statement land Il Type Questions 


a 


mr i a a 


= Direction example numbers 26 and 27 are @ Ex. 27 Statement-1 /f A and B are two matrices such 
Assertion-Reason type examples. Each of these examples that AB= B, BA=A, then A* + B* =A+B. 


contains t tate : : ; 
Beanie) Been Statement-2 A and B are idempotent matrices, then 


Statement-1 (Assertion) and Statement-2 (Reason) A? =A B2=B 
Each of these examples also has four alternative choices, Sol. (b)-: AB=B 
ONLY ONE of which is the correct answer. You have to ; . 7 
select the correct choice as given below. = B(AB) = B- B 
(a) Statement-1 is true, Statement-2 is true; Statement-2 => (BA) B= B? [by associative law 
is correct explanation for Statement-1 
} : . => AB= B? [se BA=A 
(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 - B= B (2 AB= 
(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true and BA=A 
= A(BA)=A-A 
@ Ex. 26 Statement-1 A is singular matrix of order n x n, => (AB) A = A? [by associative law 
then adj A is singular. sai BA=A? (-: AB= E 
si = n-1 
Statement-2 | adjA|=|A| ay aie [BA=A 
Sol. (d) If A is non-singular matrix of order n X n, then — 
y Hence, .’. A°+B°=A+B 
. ~ A ti ‘ : 
pag) 4 Here, both statements are true and Statement-2 is nota | 
Hence, Statement-1 is false and Statement-2 is true. correct explanation for Statement-1. 
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Subjective ctive Type Examples 


= In this section, there are 12 subjective solved examples. 


@ Ex. 28 If A” =0, then evaluate 
(i) [+A+A2 +A? +...4A7~' 
(ii) 1—A +A? —A? +... +(-1)"7'A"™! for odd ‘nr’, 


where / is the identity matrix having the same 
order of A. 


Sol. (i) A7=0 > A" -I=-I1 
= A™-["=-T = ["-A"=] 
=> (I-A)\I+At+A? +A +..4 A" =r 
=> (ItAtA?+A4...4A"7!) 
=(1- A)'l=(1-A)" 
(ii) A"=05A"+I=1 
=> A" +I" =I 
=> +A" al 


=> (I+ A)I-A+tA?-A’+...4+A° =I 


[ «nis odd] 
=f +... 4°" 
=(I1+ A)‘I=(I1+ A)" 


>I-A+A? 


@ Ex. 29 If A is idempotent matrix, then show that 
(A+/)" =1+(2" -1)A, Vn EN, where | is the identity 
matrix having the same order of A. 


Sol... A is idempotent matrix 


similarly A = A? = A® = A‘ =...= A" --{i) 

Now, (A +I)" =(1 + A)" 
=1+"C,A+"C,A2+"C3A°+...+"C, A" 
=I1+("C,+"C,+"C3+...+"C,)A — [from Eq. (i)] 
=I1+(27-1)A | 

Hence,(A+J)° =1+(2" -1A,VneN. 


4 2 b 

© Ex. 30 If the matrices A | | and B= |? | a,b,c, 
3 4 cd 

d not all simultaneously zero) commute, find the value of 


d—-b 
atc- 


. Also, show that the matrix which commutes with A 


is of the form| % ~ B 
B 


2 
3 
Q 
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em re ne rt re te ee net me me mem re 


Sol. Given, AB = BA 


1 2 ab _fa bjt 2 
3 4\lc d| {ce djl3 4 
b+2d] [at+3b aa 


a+ 2c - 
3a+4c 3b+4d| |c+3d 244d 


On comparing, we get 


a+2c=a+3b 
2c 
=> oi 
j (i) 
b+2d=2a+ 4b 
=> d=a+— (ii) 
=> 3a+ 4c=c+3d 
d=a+t+e ..-(iii) 
and 3b + 4d =2c + 4d 
2c 
: him wi 
> : (iv) 
d-b d-b 
=> =—— =] from Eq. (iii 
atc-b d-b 4. (ii)] 
2c 
b ene Sa 
Now, a-|" |-|" a 
¢ d c d 


2B 
fenadonanmacact™-? 3| 


LB « 
1 3 5. 
@ Ex. 317 Given the matrix A=| 1 -—3 -—5 | andX be 
1 3 5 


the solution set the equation A* = A, where x € N — {I}. 
Evaluate lis 


where the continued extends for all 


ue —| 
xe X. 
1 3 5 -1 3 5 
1-3 -5 1-3 -5 
1 3 5 -! 3 5 
=A 
A?=A=At'=A'=...2A 
but given A* =A 
=> x = 2,3, 4,5,. le ee ewan 
x" +1 


n{est)n(2=2 os} 


I] S17 ie et 
On putting x = 2,3, 4,5,... 


3 
x ay 


WWW.JEEBOOKS.IN 


656 


II 


Textbook of Algebra 
= lim Th 


fx3 +1 
L x* -1 
3-4-5... 


n> -A1-2-3. 


x+i1 


x-1 


II 


Il 


x22 


c 


x" -xt+1 
x°+¢x41 


(n — 1)n(n + 1) 


..(n —3)(n — 2)(n — 1)) 


2 
x ite 3-7...(n° —n +1) 
is Aad | ee 


=" n(n +1) 3 

neo 2 (n? +n +1) 
ie) 

_3 he 2M 3, (1+0) _3 

emia da 4) 2(1+0+0) 2 
n no, 


@ Ex. 32 If P is a non-singular matrix, with 


that, (B)=Aand|P|=|Q|=1. 
of. - adj(P™')=|P|(P™')' =|P|P = P [- [P| =1] 
and adj(Q™'BP™') = adj( P~')- adjB- adj(Q™’) 
P.O 
=—A-—=PA “*/P|=|Q|=1 
PI 101 Q (.] P| =|Q| = 1] 


@ Ex. 33 Let A and B be matrices of order n. Prove that if 


(1 — AB) is invertible, (1 — BA) is also invertible and 


(1 — BA)7' =1+ B(! — AB)~'A, where | be the identity matrix 


of order n. 


Sol. Here, I — BA = BIB™' — BABB™' = B(I — AB)B! 


Hence, |J — BA| =|BI||I — ABI =|BILI ~ ABI 
=|I — AB| 


If | — AB| #0, then|I — BA] #0 


i.e. if (J — AB) is invertible, then (I — BA) is also invertible. 


Now, (I — BA)[I + BI —- AB) A] 
=(I — BA)+(I — BA)B(I — AB) 'A 
=(I — BA) + B(I — AB)B'B(I — AB)'A 
=(I — BA) + BUI — AB)(I — AB")A 
=(I- BA)+ BA=I 

Hence, (I —- BA)’ =1 + B(I -— AB)'A. 


A O 
@ Ex. 34 Prove that the inverse of b | is 
Ao 
-C'BA™ 


] 
. 7 
O is null matrix and find the inverse: 
] 


(n? =n +1)(n? +n 41) 


(P~') in 
terms of P ’, then show that adj(Q™'BP~') = PAQ. Given 


[using Eq. (i)] 


+ | where A, Care non-singular matrices and 


AO - 
Sol. We have, First part : e 
|B C\|-c"'BA™ C 

— AA” O 

[BA -cC™'BA™ CC™'| 


a og o| [1 o 
“Ba = BAF TT le EL 


= o |. AO 
Hence, ; ‘ ,| is the inverse of 
-C BA™~ C™ " 


B C| 


0 
0 
Second part ‘ 
1 


*, Inverse of 


ee ee Y 


a 
@ Ex. 35 LetA=|2 5 c | is symmetric and 
8 


d 3 a 
B=|b-a e —2b—c| is skew-symmetric, find AB. If AB 
-2 6 -f 
is symmetric or skew-symmetric or neither of them. justify 
your answer. 
Sol. A is symmetric 
c=8,b=-landa=2 4 
and Bis skew-symmetric 
d=e=f =Oand2b+c=6a=2b-a=-3 -( 
From Eggs. (i) and (ii), we get 
a=2,b=-1,c=8,d=0,e =0,f =0 


a @ et]. 03 2 

A=] 2 5 8]andB=]-3 0 -6 

-1 8 2]. -2 6 0 
: oa ee: 
=>  AB=|-31 54 —26 
—~28 9 -—50 
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© Ex. 36 If B, C are square matrices of order n and if 
A=B+C, BC =CB,C°* =0, show that for any positive inte- 
gerp, AP*'=B?(B+(p+1)C]. 
Sol. A=B+C = A?*'=(B+c)P*! 
= Pic peti + Ptic pec + Pt iC BP ic? 4+... 
ee oP" 


= Bt! 4 PIC BPC 40404... 
[-C? =0>C? =C’=...=0] 
= BPIB+(p+1)C] 


Hence, A? *' = B[B+(p +1)C] 


© Ex. 37 If there an three square matrices A, B, C of same 
order satisfying the equation A’ = A~' and let B= A’ " and 
C=A ie , prove that det(B —-C) =0. 


Q’-! ani 


Sol B= A? = AP? = (A?) H(A fe AP SAT 
= (A2— y! =(A2""y! = (ayer 
=(aty s(t eat Hc 

=> B-C=0 = det(B-C)=0 


© Ex. 38 Construct an orthogonal matrix using the 


2 


-2 0} 
ia Ae|” Al pope? © 
-20 2 a) 
= (I-Ay'=~ 
5 


: sander aye! i 
-2 1 -21 


Let B be the orthogonal matrix from a skew-symmetric 
matrix A, then B=(I — A) '(I + A) 


skew-symmetric matrix A = 


_if1 2]f1 2] af-3 4] 175 § 
5|-2 1}[-2 1} 5|-4 -3 4 _3 
3 
Bs 2 2 
@Ex.39/IfA=| 2 4 11 andX,Y are two non-zero 
2 <4 = 


column vectors such that AX =AX, AY =[LY, A #4, find 
angle between X and Y. 
Sol. AX = 1X =3(A—AI)X =0 
. X #0 
det(A — AI)=0 
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~1-2 
Applying R; > R; + R, , then 
3-A 2 2 
Z 4-dX 1 |=0 
0 ~h -Ad’ 
Applying C, > C, — C3, then 
3-rA 600 2 


=2 -—4 


=> 2 3-A 1 }=0 
0 0 -A 
=> —A(3-2)? =0 
=> dX =0,3 
It is clear that A =0,p1 =3 
ea 2-2 0 
ForA =0, AX=0 => [2 4 = 1 4|/y/=/0 
—-2 -4 -1 Zz 0 
=> 3x + 2y + 2z =Oand2x + 4y +z =0 
ae ee 
-6 1 8 
z. 
So, X =} 1 
8 
Forp =3, (A —3/)Y =0 
lo 2 ile! fo 
=> 2 1 141Bl=lo0 
-2 -4 -4|ly| [0 
=> 0-a +28 + 2y =Oand2r +B +y=0 
ae 
0 4 -4 
0 -1 «41 
Af 
So, Y =|-1 


If 8 be the angle between X and Y, then 
cos § = _O-{= 6) + (= 141-8 = ioe 
y(0+1+1)J36+14+64 202 


6= cos"(2-) 
202, 


Vv 
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Matrices Exercise 1: 


Single Option Correct Type Questions 


ee ee ee ee 


® This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct 


1. If A> =Osuch that A" #1 for1<ns 4, then(J— ay" is 
equal to 
(a) A* (b) A® 
(c) I +A : (d) None of these 
ab « 
2. Let A=|p q_ r|and suppose that det (A) = 2, then 
x y 2| ; 
4x 2a —p 
det (B) equals, where B=| 4y 2b —q 
}4z 2c -r 
(a) -—2 (b) -8 (c) —16 (d) 8 
3. If both A — . IandA + I are orthogonal matrices, then 


, Let A = 


(a) A is orthogonal 
(b) A is skew-symmetric matrix of even order 


3 
c) A? =] 
(c) i 


(d) None of the above 


: lim x? - 16x tee" 
Let a= lim 
x1 oe ——} =n 4x tx? 


eis ne well 
x70\ x } 


d= lim pe Ns, then : is 
x -13[sin (x +1)-(x +1)] c d 

(b) involutory 

(d) nilpotent 


(a) idempotent 
(c) non-singular 


4 
| If @ is the angle between the two 


non-zero column vectors X such that AX = AX for some 
scalar A, then tan @ is equal to 


(a) 3 (b) 5 
(c)7 (d) 9 
. Ifa square matrix A is involutory, then A”"*! is equal to 

(a)! (b) A 

(c) A’ (d)(2n +1) A 
; @ dais , 

HAs) OO NY ieee thea Se ie (witiereien) 
—sin® cos@| nae 7 

(a) ; zero matrix (b) an identity matrix 

(| ° 3] a 

-1 0 ‘[o -1] 


ee re ee me en et te re re rrr ee me emer ee en ee em mew ee 


—l 2 5 
8. The rank of the matrix] 2 -4 a-—4lis 
lL 2 ae) 
(where a = —6) 
(a) 1 (b) 2 (c) 3 (d) 4 
0 1-1 
9. Ais an involutory matrix given by A=|4 -3 4|,the 
3 3 4 


10. 


11. 


12. 


13. 


14, 


15. 


inverse of - will be 


-) ‘ 


A A 2 
(a)2A (b) rae (c) a (d) A 


Let A be a nth order square matrix and B be its adjoint, 
then| AB+ KI, |, is (where k is a scalar quantity) 
(a)((Al+ ky? (b) (| A| + &)" 

(c)(| A] + ky" (d) (J A] + ky" 

If A and Bare two square matrices such that 
B=-—A™'BA, then(A + B)’ is equal to 

(a) O (b) A? + B’ 

(c) A? + 2AB + B? (d)A+B 


If matrix A =[a,,]; 3, matrix B=[b; ], 3, where 

a, +a, =Oandb, —b;; =0, then A‘ -B is 

(a) skew-symmetric matrix (b) singular 

(c) symmetric (d) zero matrix 

Let A be an Xn matrix such that A” =A, whereaisa 


real number different from 1 and —1. The matrix A +, is 
(a) singular (b) invertible 


(c) scalar matrix (d) None of these 
“gins =1-i8 
fA=| 2 ai -_ | i= J-1and f(x)=x' +2 
i+iv3 1-iv3 | ss LG a 
2i i. 
then f(A) equals to 
iE. O. 3-iv3\[1 0] 
|) 1 | 2 li 1| 
5~iv3\[1 0 fl oO] 
of Wo i} a) @+ Wi), | 


The number of solutions of the matrix equation X Pe 
other than J is 

(a) 0 (b) 1 

(c) 2 (d) more than 2 
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16. If A and B are square matrices such that A”°’° =O and 


AB= A + B, then det (B) equals to 
(a) -1 (b) 0 


(c) 1 (d) None of these 
T : , 
cos — sin — 1 
17. If P= 6 . A= and Q = PAP’, then 
—-sin— cos— 1 
6 6 
P97 pig equal to 
[1 V3/2 [1 2007 
(a) 3 (b) 
0 2007, lo 1 
[¥3/2 2007] [fss2 -1/21 
ee es Nee 
0 1. 1 2007 


18. There are two possible values of A in the solution of the 
2A+1 -5| [ A-5 B] [14 D 

4 A ae ‘)- | E " 
where A, B, C, D, E, Fare real numbers. The absolute 
value of the difference of these two solutions, is 


8 11 1 19 
(b) 7 (c) (d) = 


matrix equation 


(a) ; 


cos’?@ cos@sin@ —sin Q 
19. If f(0)=|cos@sin® sin’ ®@ cos 8 |,then f (£) is 
sin 8 — cos 8 0 


(a) symmetric 
(c) singular 


(b) skew-symmetric 

(d) non-singular 

20. In a square matrix A of order 3 the elements a,,’s are the 
sum of the roots of the equation x” —(a+b) x + ab=0, 


a; ;,, S are the product of the roots, a, ;_,'s are all unity 
and the rest of the elements are all zero. 


The value of the det (A) is equal to 
(a) 0 (b) (a + by” 
(c) a? — b° (d) (a? + b”) (a + b) 


2 


~_ 


If A and B are two non-singular matrices of the same 
order such that B’ = J for some positive integer r > 1. 
Then A~'B’~'A — A~'B™'A is equal to 

(a) I (b) 21 (c) 0 (d) -I 


22. ta-| mt : 


A'C"A nel* equals to 
aT) otk eal oe lO a) ol 1, 
aie o| I | Oh, | og | 

23. If A is a square matrix of order 3 such that| A|=2 then 

|(adj Aq!) fis 

(a) 1 (b) 2 


ns ‘C= ABA', then 


sin® — cos Q 


(c) 4 (d) 8 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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If A and Bare different matrices satisfying A* = B° and 
A’ B= B’A, then 

(a) det (A? + B’) must be zero 

(b) det (A — B) must be zero 

(c) det (A? + B*) as well as det (A — B) must be zero 

(d) atleast one of det (A? + B) or det (A — B) must be zero 


If A is a skew-symmetric matrix of order 2 and B, C are 
4][ 9 
9||-2 
A?(BC)+ A°(B°C?)+ A’(B°C°) +... 

+ A™*'(B"C") is 


(b) a skew-symmetric matrix 
(d) None of these 


a bec q -b y 


—4 
matrices ; respectively, then 


(a) a symmetric matrix 

(c) an identity matrix 

IfA=|x y 2|,B=|-p a —x|andif Ais 
pqr Pot 2 

invertible, then which of the following is not true? 

(a)| A| =| B| 

(b)| AJ=—-| BI 

(c)| adj A| =| adj B| 

(d) A is invertible <> B is invertible 


1 304 
}8-| 
if [2 3, 
3-4) 
shen (a) te(432) of 
2 3 2 


3 
+ tr [eer 


2 
Let three matrices A = |: and 


C= 


A(BC)? * 
| 


5 ]tecqa to 


(a) 4 (b) 9 (c) 12 (d) 6 

If A is non-singular and(A —21)(A — 4/])=0, then 
oA ee A” is equal to 

6 3 


(a)O (b) I 
(c) 21 (d) 6 
012 1/2 -1/2 1/2 
IfA=|1 2 3}andA™'=| -4 3 b\ then 
3 a 1 5/2 -3/2 1/2 
(a)a=1,b=-1 (b)a=2b=-- 
(jase pel (d)a=5.b=- 
‘x 3 2 
Given the matrix A=| 1 y 4} If xyz=60and 
2 2 2 
8x + 4y + 3z = 20, then A (adj A) is equal to 
(a) 641 (b) 881 (c) 681 (d) 341 
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Matrices Exercise 2: 


~ More than One Correct Option Type Questions 


= This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


ee eee = a ee 


ee he eed 


~~ 


which MORE THAN ONE may be correct. 


31. 


32. 


33. 


34, 


35. 


36. 


37, 


38. 


, jt x as 
IfA=]1 1 1], then 
a | 
(a) A> =9A (b) A> =27A 
(c) A+ A=A’ (d) A™! does not exist 


A square matrix A with elements from the set of real 


numbers is said to be orthogonal if A’ = A’. If Ais an 


orthogonal matrix, then 


(a) A’ is orthogonal (b) Aq is orthogonal 
(c) adj A= A’ (d)| At |=1 

1 2 2 
Let A=|2 1 2}, then 

22 4 


(a) A?=4A-51,=0 — (b) A” =< (A~4ls) 


(c) A’ is not invertible (d) A? is invertible 

Dis a3 X3 diagonal matrix. Which of the following 
statements are not true? 

(a) D’ =D 

(b) AD = DA for every matrix A of order 3 x3 

(c) D™ if exists is a scalar matrix 


(d) None of the above | 
-1 2 5 
The rank of the matrix} 2 -4 a-4],is 
1 -2 atl 
(a) 2, ifa =-6 (b) 2, ifa=1 
(c) 1, ifa=2 (d) 1, ifa =-6 
3 —-3 4 
IfA=}2 -3 4},then 
0 -1 1 


(a) adj (adj A)= A (b) | adj (adj(A)|=1 

(c)| adj(A)|=1 (d) None of these 

If B is an idempotent matrix and A = J — B, then 
(a) A?7=A (b) A? =I 

(c) AB=O (d) BA =O 

If A is a non-singular matrix, then 

(a) A™ is symmetric if A is symmetric 

(b) A7! is skew-symmetric if A is symmetric 
(c)| A |=] A] 

(d)[ A“ =| Al" 


39. 


40. 


42. 


43. 


45. 


ns en ee em ee Lee 8 nt 8 ee eee 


Let A and Bare two matrices such that AB= BA, then 
for everyne N 

(a) A"B = BA" 

(b) (AB)" = A"B" 

(c)(A + B)” ="C,A" + "CA" 7B +... + "C,B" 

(d) A” — B™ =(A" — B")(A" + B") 

If A and Bare 3 x3 matrices and | A | #0, which of the 
following are true? 

(a)| AB| =0=>| B|=0 

(b)| AB] =0=> B=0 

(At =| Al 

(d)| A+ A|=2|A| 


. If Ais a matrix of order m X m such that 


A’? +A+2I =O, then 


(a) A is non-singular (b) A is symmetric 


(c)| A] #0 (€) At =-5 (A+ 1) 

If A? —3A +2] =0, then A is equal to 

i rs -2] ° r 3 1] 

(©) [1 o| (d) |-2 o| 

If A and Bare two matrices such that their product AB is 


a null matrix, then 
(a) det A # 0=> B must be a null matrix 
(b) det B #0 => A must be a null matrix 


(c) atleast one of the two matrices must be singular 
(d) if neither det A nor det B is zero, then the given statement 
is not possible 


. If D, and D, are two 3 x3 diagonal matrices where none 


of the diagonal elements is zero, then 
(a) D,D, is a diagonal matrix 

(b) DD, = D,D, 

(c) D? + D} is a diagonal matrix 

(d) None of the above 


for 


Pa 3 
Let,C, = "C, for0sSksnand A, = Chet 

; ; 0 

a 


k2>1and 
k, 0 
A, +A, +A, +...+A, = , then 
0 ky 
(b) k, + k, =2 
(d) ky = "C44 


(a)k, =k, 
(c)k, = "C, -1 
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a Matrices Exercise 3: 
~ Passage Based Questions 


ore ee 8 me ee ee oe 


« This section contains 6 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I (Q. Nos. 46 to 48) 


Suppose A and B be two non-singular matrices such that 
AB= BA”, B" = I and A? = J, where J is an identity matrix. 


46. Ifm=2andn=5, then p equals to 


(a) 30 (b) 31 
(c) 33 (d) 81 
47. The relation between m,n andg, is 
(a) p= mn’ (b) p=m"-1 
()p=n™-1 (d) p=m""" 


48, Which of the following ordered triplet (m, n, p) is false? 
(a) (3, 4, 80) (b) (6, 3, 215) 
(c) (8, 3, 510) (d) (2, 8, 255) 


Passage II (Q. Nos. 49 to 51) 
abe 
LetA=|b c a|is an orthogonal matrix and abc = i(< 0). 


c ab 


49, The value of a7b? + b2c? +¢7a’, is 


(a) 2A (b) -2A 
(c) A? (d) -A 
50. The value of a? +b? +c’, is 
(a)A (b) 20 
(c) 3A (d) None of these 


51. The equation whose roots are a, b,c, is 
(a) x°-2x7 +2 =0 (b) x7 -Ax? + Ax+A=0 
(c) x? -2x? + 2Ax+2=0 (d)x°tx?-A=0 


Passage III (Q. Nos. 52 to 53) 
Let A = [a]; , 3. If tr is arithmetic mean of elements of rth row 
and a, + ay, +a, =Oholds for all 1S i, j,k $3. 
52. > Y a, is not equal to 
1Si $3 
(a)ij tt, +t, 
(c) (det(A))? 


(b) zero 
(d) ttt, 


53. Matrix A is 
(a) non-singular 
(b) symmetric 
(c) skew-symmetric 
(d) neither symmetric nor skew-symmetric 
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Passage IV (Q. Nos. 54 to 56) 


100 
Let A=|2 1 0|be a square matrix andC,, C,,C, be three 
eae 
9 2 2 
column matrices satisfying AC, =|0}, AC, =|3| and AC, =/3 
0 0 1 


of matrix B. If the matrix C= - B). 


54, The value of det(B™'), is 


(a) 2 OF ()3 (d) > 


55. The ratio of the trace of the matrix B to the matrix C, is 
@-=  @-2 @-5 @-5 
56. The value of sin™'(det A) + tan”! (9det C), is 
@= m2 © 
Passage V (Q. Nos. 57 to 59) 


If A is symmetric and B skew-symmetric matrix and A + Bis 
non-singular and C =(A + B)"'(A — B). 


57. C™(A + B)C equals to 


(a) A+B (b) A-B 

(c) A (d) B 
58. (A — B)C equals to 

()A+B  (t)A-B (c)A (d) B 
59. C™ AC equals to 

(a) A+B (b)A-B 

(c)A (d) B 


Passage VI (Q. Nos. 60 to 61) 


Let A be a square matrix of order 3 satisfies the matrix equation 
A’ - 6A’ +7A -8I =Oand B= A —2I. Also, det A =8 


60. The value of det(adj(I — 2A7')) is equal to 


(a= 0) 
16 64 
64 16 
ae a 
(c) 125 (¢) 25 
¢ B «ig ‘ 
61. If adj (3) - (Ea where p, gE N, the least value of 
\ J AS 
(p + q) is equal to 
(a) 7 (b) 9 (c) 29 (d) 41 
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Matrices Exercise 4: 
- Single Integer Answer Type Questions 


oO en re eee 


# This section contains 10 questions. The answer to each question is a single digit integer, ranging 
from 0 to 9 (both inclusive). 


62. Let A, B,C, D be (not necessarily) real matrices such and x CN, the minimum value of Z(cos* 6 +sin* 6), 
that A? = BCD;B’ =CDA;C™ = DABand D’ = ABC ee RI ne i js 
for the matrix S = ABCD, the least value of k such that l ! 
S* =Sis 67. If A is an idempotent matrix and / is an identity matrix 

rfl tan x of the same order, then the value of n, such that 
63. If A -|_ lee i Jana a function f(x) is defined as (A+J)" =1 +127 Ais » 
3a c 

F(x)=det(A" A™~')and if FLFFS... FOAM) is (122), 68. Suppose a,b,c € Randabe =1, if A=|b 3c a|issuch 
the value of 2” is ii ee a 


Me RAs Ags 
64, Ifthe matrix A=|2,2, A% A.A, |is idempotent, 
hs Dale 28 69. a=) 
the value of 42 +23, +A4 is : 


that A7A = 4"? Jand| A|>0, the value of a+b’ +c? is 


1 0 
11 


: and(A®+A°+A‘+A’ +I)V= 
where V is a vertical vector and I is the 2 x 2 identity 


65. Let A be a3 x3 matrix given by A= [a,, } If for every matrix and if A is sum of all elements of vertical vector 
column vector X, X' AX = O and a,, =— 1008, the sum V, the value of 114 is 3 2 
at the dinitsolay 4 70. Let the matrix A and Bbe defined as A -[ and 
66. Let x be the solution set of the equation A* = J, where B= ; then the absolute value of det (2A° B™')is 
0 1 -1 ; - 
A=|4 -3 4 |and/is the corresponding unit matrix 71. LetA= a a and(A +I)” —70A | - the 
5-3 4 rr ae 


value ofat+b+c+dis 


Matrices Exercise 5: 
~ Matching Type Questions 


es en ere 8 a ee 


= This section contains 4 questions. Question 72 has four statements (A, B, C and D) given in Column IJ and four 
statements (p, q, r and s) in Column II and questions 73 to 75 have four statements (A, B, C and D) given in 
Column I and five statements (p, q, r, s and t) in Column II. Any given statement in Column I can have correct 
matching with one or more statement(s) given in Column II. 


72, Suppose a, b, c are three distinct real numbers and f(x) is a real quadratic polynomial such that 
4a? 4a 1) f(-1) 3a° +3a 
4b? 4b 11] f(1) |=|3b? +3]. 
4c* 4c 1|] f(2) 3c? +3¢ 


Column I Column II 


(A) | x-coordinate(s) of the point of intersection of y= f(x) with the X-axis is <2 


(B) Area (in sq units) bounded by y= 5 Jf (x)and the X-axis is 


© 


(D) | Length (in unit) of the intercept made by y= f(x) on the X-axis is (s) 4 
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73. If A is non-singular matrix of order n x n, 


Column II 
A (det A)? 
(det A)""! (adj A) 
adj (adj A) 
(det A)” 
(det A)!" 


Column I 
(A) 


adj (A~') is (p) 
(B) | det (adj (A7') is (q) 


(D) | adj (A det (A)) is 


14. 


commutative with every square matrix of 
order 3 x 3 under multiplication and tr 
(A) = 12, then { Ais divisible by 


(l-a)x+ y+z=0,x+(1-b)y+z=0, 
x+ y+(I-c)z=0 


has infinitely many solutions. If A be the 
minimum value of a 6 c, then A is divisible by 


Let A =[a; ];.3 be a matrix whose 
elements are distinct integers from 1, 2, 3, 
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Column I Column II 


(D) | If the equations x + y=1, 
(c+ 2)x + (c+ 4) y= 6, 
(c + 2)’x + (c+ 4yy= 36 are consistent 


and ¢,, ¢ (c, > &) are two values of c, then 
is divisible by 


Column I Column II 


IfC is skew-symmetric matrix invertible 
of ordern and X ism x1 column 


matrix, then X’CX is 


If A is skew - symmetric, then 
I — A is, where / is an identity 


singular 


symmetric 


(C) 


0 
[b+c c-a b-al| 
Az=|]c-b cta a-b 


b-e a-c atb| 
(a, b,c # 0), then SAS! is 
If A, B,C are the angles of a 
triangle, then the matrix 

sin2A sinC sinB | 


non-singular 


...) 9. The matrix is formed so that the sum 
of the numbers is every row, column and 

each diagonal is a multiple of 9. If number 
of all such possible matrices is A, then A is 
divisible by 


Az=|sinC sin2B. sinA fis 
sin 2C 


sin A 


sin B 


non-invertible 


Matrices Exercise 6 : 
~ Statement | and II Type Questions 


 eumgaue=es. ee eS ee ee Nm ee ne ee 


" Directions (Q. Nos. 76 to 85) are Assertion-Reason 77, Statement-1 If A and Bare two square matrices of order 

type questions. Each of these questions contains two n Xn which satisfy AB= A and BA = B, then 

statements: (A +B)’ =2° (A+B) 

i ager ge (Assertion) and Statement-2 (Reason) Cienenventd Anal Bereanitwatees 

ach of these questions also has four alternative 

choices, only one of which is the correct answer. You 78. Statement-1 For a singular matrix A, if AB=AC=> B=C 

have to select the correct choice as given below. Statement-2 If| A|=0, then A”! does not exist. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement] is true, Statement-2 is false 


79. Statement-1 If A is skew-symmetric matrix of order 3, 
then its determinant should be zero. 
Statement-2 If A is square matrix, 
det (A) =det (A’ )=det (— A’) 


(d) Statement-1 is false, Statement-2 is true 80. Let A be a skew-symmetric matrix, B=(I - A)(I1+ A)” 
76. Statement-1 If matrix A = [a }3x3» B= [bj]; x3, where and X and be column vectors conformable for 
multiplication with B 


a, +a, =Oand b, —b, =0, then A‘B? is non-singular 
we Ye Statement-1(BX)" (BY) = XY 


Statement-2 If A is skew-symmetric, then (J + A) is 
non-singular. 
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matrix. 
Statement-2 If A is non-singular matrix, then| A] #0 
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83. Statement-1 A =[a, ] be a matrix of order 3 x3, where 
iJ 
= t d of symmetric 
B=9A?’, the determinant of B’ is equal to 36. a i+2j a aaa 


and skew-symmetric matrix. 


81. Statement-1 Let a 2 x 2 matrix A has determinant 2. If 


Statement-2 If A, Band C are three square matrices Stat bo Miata A ] me ae; se citi 
such that C = AB, then|C|=|A]|| B. nics AEA [Rp nxn ey Ta 
i <1 <1 symmetric nor skew-symmetric. 
82. Statement-1If A=|1 —1 0 | then 84. Statement-1 If A, B, C are matrices such that 
1 0 -1 |Asx3 1=3| B3x3 |=—1and|C zy. |=2|2ABC|=~-12 
Foe reer . Statement-2 For matrices A, B, C of the same order 
ier Sie oe | | ABC | =|A|| B||C|. 
Statement-2 If 85. Statement-1 The determinant of a matrix A =[4; J, 
det (A-AI)=CyA? +C,A? +C,A+C, =0, where a, +a; =0 for all i and j is zero. 
thenC,A* +C,A* +C,A+C,I=0. Statement-2 The determinant of a skew-symmetric 
matrix of odd order is zero. 
a Matrices Exercise 7: 
Subjective Type Questions 
® In this section, there are 12 subjective questions. Office superintendent & 500, Head clerk % 200, cashier 


~ 175, clerks and typist 

= 150 and peon % 100. Using matrix notation find 

(i) the total number of posts of each kind in all the offices 
taken together, 


86. If Sis a real skew-symmetric matrix, the show that J —S 


is non-singular and matrix 
A=(I+5S)(1 —S)"! =(1 —S)"'(I + $) is orthogonal. 


87, If M is a3 X 3 matrix, where det M =I and MM! =I, (ii) the total basic monthly salary bill of each kind of office 
where / is an identity matrix, prove that det(M — I) = 0. (iii) the total basic monthly salary bill of all the offices taken 
[cosa —sina cos28 sin 2B tagetner: 
88. IfA=| . =|. , where 92 i 
sing cosa sin 2B —- cos 8 - In a development plan of a city, a contractor has takena 
- : : contract to construct certain houses for which he needs 
0<B< > then prove that BAB = A™". Also, find the least building materials like stones, sand etc. There are three 
firms A, B,C that can supply him these materials. At one 
ip. q-l »D, 
value of @ for which BA" B= A™. time these firms A, B, C supplied him 40, 35 and 25 truck 
89. Find the product of two matrices loads of stones and 10, 5 and 8 truck loads of stone and 
al © 2@ cos@sin@|__ | cos? cos osin o sand, respectively. If the cost of one truck load of stone 
a Pee eee = lcca@ain®  ain*@ and sand are 1200 and 500 respectively, find the total 
amount paid by the contractor to each of these firms A, 
Show. that, AB is the zero matrix if @ and 9 differ by an B, C separately. 
“ Tt 7 “ 
odd multiple of —. ; 1 aa ao 
‘im, 93. Show that the matrix A=}1 5b B bP |is of rank3 
90. Show that the matrix]/, m,n, |is orthogonal, 129 8 
ee Diy ay provided no two of a, b, c are equal and no two of uf, 7 
if 1? +m? +n? = 21? =1=21} = 21} and are equal. 
Ll, +mym, +nyn, =2X1,1, =0=21,1, = Xgl. 94. By the method of matrix inversion, solve the system. 
91. A finance company has offices located in every division, P11 l{jx uy {9 2 
every district and every taluka in a certain state in India. 25 7\ly vi=]52 15 
Assume that there are five divisions, thirty districts and 54 ual ler wy 0 -1 
200 talukas in the state. Each office has one head clerk, . ’ 
one cashier, one clerk and one peon. A divisional office 95. If x, =3y, +2y, —V3, y,) =2Z,—-Z, +23 
has, in addition, one office superintendent, two clerks, 2 =—y, +4y, +5y3, Yo =Z, +325 
one typist and one poen. A district office, has in =¥i-Y2+3y3, ys =2z, + 22 


addition, one clerk and one peon. The basic monthly express X1,X2,Xq in terms of Z,, 2,2 


salaries are as follows: WWW. J E E 5 © @ KS. | [N 


| 
| 
| 96. For what values of k the set of equations 
ax —3y +6z—5t=3,y—4z+t=1, 
4x — 5y + 8z ~ 9t =k has 
(i) no solution? 
97. Let A, B, U, Vand X be the matrices defined as 
follows. 


(ii) infinite number of solutions? 


Matrices Exercise 8: 
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If AX =U has infinitely many solutions, show that BX = V 
cannot have a unique solution. If afd #0, show that BX = V 
has no solution. 


Questions Asked in Previous 13 Year's Exam 


oo eee re re 8 re ee ee 


« This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 
2005 to year 2017. 


1 0 «#0 100 
98 A=|0 1 1|;1=|0 1 Oland 
0 -2 4 001 


ee [A +cA +dI]where c,de R, the pair of 


values (c,d) [lIT- JEE 2005, 3M] 
(a) (6,11) (b)(,-11) (c)(-6,11) (d)(-6, - 11) 
3 1 
| 99.1fP=| 2 2 al) lena = PAP’, the 
21 Bf Io 
2 21 
PQ”) P™ equal to [lT- JEE 2005, 3M] 
[1 2005] [¥371 2005] 
od ae , 
| 1 2005] @)! V3 /2| 
O16 3/2 1 | at 2005 | 
0| 1 0| 
100. If A= 1 and J = ; , which one of the 


following holds for all n> 1, (by the principal of 


mathematical induction) [AIEEE 2005, 3M] 
(a) A"=nA+(n—1)I = (b) A" =2""' A+(n-1)1 
(c) A" =nA-(n—-1) 1 (d) A" =2"-'A-(n-1)1 


101. fA? -A+I=0,thenA 
(a) Aw? (b)A+I 
10 0 
102. If A=|2 1 0{U,,U, andU, are column matrices 
3 2 1 


is equal to AIEEE 2005, 3M] 
()I-A  (d)A-I 


1 4 (2\ 
satisfying AU, =|0}, AU, =|3]and AU, =|3}and 


(0 0 1 


4 4 
U is 3 x 3 matrix when columns are U,, U,,U;, then 
answer the following questions 


a a a me tt ee me eee 


103. 


104. 


105. 


106. 


107. 


(i) The value of| U| is 


(a) 3 (b) -3 (c) 3/2 (d) 2 
(ii) The sum of the elements of U~' is 
(a)-1 (b) 0 (c) 1 (d) 3 
3) 
(iii) The value of (3 2 0) Uj 2j is 
0; {lIT- JEE 2006, 5+5+5M] 
(a) 5 (b) 5/2 (c) 4 (d) 3/2 
1 0 
Let A =| a, be N. Then, 
3 [AJEEE 2006, 4AM] 


(a) there cannot exist any B such that AB = BA 

(b) there exist more than one but finite number of B's such that 
AB=BA 

(c) there exists exactly one B such that AB = BA 

(d) there exist infinitely among B’s such that AB = BA 


If A and Bare square matrices of size n X n such that 

A? — B* =(A-—B)(A + B), which of the following will be 
always true? [AIEEE 2006, 3M] 
(a) A=B (b) AB = BA 

(c) Either of A or B is a zero matrix 

(d) Either of A or B is identity matrix 


5 5a @ 
LetA=|0 a 5a]. If| A? |=25, then|a| equals to 

00 5 [AIEEE 2007, 3M] 
(a) 5” (b) 1 (c) 1/5 (d) 5 


Let A and B be 3 X3 matrices of real numbers, where A is 
symmetric, Bis skew-symmetric and(A + B)(A — B) 

=(A — B)(A + B). If(AB)' =(—1)* AB, where (AB)! is the 
transpose of matrix AB, the value of k is [lT- JEE 2008, 1%) 


(a) 0 (b) 1 (c) 2 (d) 3 


Let A be a square matrix all of whose entries are integers. 

Which one of the following is true? [AIEEE 2008, 3M] 

(a) If det A #+1, then A‘ ' exists and all its entries are 
non-integers 

(b) Ifdet A=+1,thenA' 

(c) Ifdet A=+1, then A”! 

(d) Ifdet A=+1, then A7! 
necessarily integers 
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exists and all its entries are integers 
need not exist 
exists but all its entries are not 
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108. 


109. 


Let A be a2 X 2 matrix with real entries. Let I be the 2 x 2 


identity matrix. Denote by tr(A), the sum of diagonal 
entries of A. Assume that A* = I. [AIEEE 2008, 3M] 


Statement-1 If A # J and A #— I, thendet A =—1. 


Statement-2 If A # I] and A # —1, then tr(A) #0. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 is not 
a correct explanation for Statement-1 


(c) Statement-! is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 

Let A be the set of all 3 x 3 symmetric matrices all of 
whose entries are either 0 or 1. Five of these entries are 

1 and four of them are 0. [lIT- JEE 2009, 4+4+4M] 


(i) The number of matrices in A is 


(a) 12 (b) 6 
(c) 9 (d) 3 
(ii) The number of matrices A for which the system of linear 
[x] [1] 
equations A! y | =| 0 | has a unique solution, is 
4 0 


(a) less than 4 (b) atleast 4 but less than 7 
(c) atleast 7 but less than 10 
(d) atleast 10 


(iii) The number of matrices A in which the system of linear 


[x] [a] 
equations A] y |=] 0 |is inconsistent is 
zy} [oO 
(a) 0 (b) more than 2 
(c) 2 (d) 1 


110. Let A be a2 xX 2 matrix 


111. 


Statement-1 adj (adj A)=A 

Statement-2 | adj A|=| A| [AIEEE 2009, 4M] 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is not 
a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


The number of 3 x 3 matrices A whose are either 0 or 1 
rx] 1 
and for which the systemA| y|=|0] has exactly two 
EZ 0 
distinct solutions, is [lIT- JEE 2010, 3M} 
(a) 0 (b) 2° -1 
(c) 168 (d) 2 


112. Let p be an odd prime number and T, be the following 


set of 2 x 2 matrices. 


"| er ae | 
‘ | 


[INT- JEE 2010, 34343) 


(i) The number of A in Tp such that A is either symmetric of 
skew-symmetric or both and det (A) divisible by p, is 
(a)(p ~ 1)’ (b)2(p -1) 

(c)(p~-1)° +1 (d)2p—-1 
(ii) The number of A in T, such that the trace of A is met 
divisible by p but det (A) is divisible by p, is 


[Note The trace of a matrix is the sum of its diagonal entries] 
(a)(p -1)(p? - p +1) (b) p> -(p-1)" 


(c)(p - 1)” (d) (p - 1) (p* -2) 

(iii) The number of A in cp such that det (A) is not divisib’e 
by p, is ; : 
(a) 2p’ (>) p>-Sp (c)p’-3p — @)p’-P 


113. Let k be a positive real number and let ; 
ak—-1 ak 2k 0 2-1 vk 

A=| 2k 1 —2kland |1-2 0 kl. 
—2vk 2k -1 —Jk -2Wk 0 


If det (adj A) + det (adj B) = 10°, then [k] is equal to 
(lIT- JEE 2010, 3¥) 
Note adj M denotes the adjoint of a square matrix M and [f] 
denotes the largest integer less than or equal to k}. 
114. The number of 3 x 3 non-singular matrices, with four 
entries as 1 and all other entries as 0, is [AIEEE 2010, 8) 
(a) 5 (b) 6 
(c) atleast 7 (d) less than 4 


115. 


Let A be a2 X 2 matrix with non-zero entries and let 

A’ =I, where J is 2 x 2identity matrix. Define 

Tr(A) = sum of diagonal elements of A and 

| A| = determinant of matrix A. 

Statement-1 Tr( A) =0 

Statement-2| A|=1 [AIEEE 2010, 4u) 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is nxt 
a correct explanation for Statement-1. 

(b) Statement-1 is true, Statement-2 is false. 

(c) Statement-1 is false, Statement-2 is true. 


(d) Statement-1 is true, Statement-2 is true; Statement-2 isa 
correct explanation for Statement-1. 
116. Let M and N be two 3 x 3 non-singular skew-symmetric 
matrices such that MN = NM. If P? denotes the 
transpose of P, then M?N? (M?N)~' (MN7')! is equal 
to _ [IIT- JEE 2011, 48 
(a) M? (b) — N? (c) - M? (d) MN 
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| 117. Let a, band c be three real numbers satisfying 
19°7 
[abc}]|8 2 7]}=[000} «4E) 
? 2S % 

(i) If the point P(a, b,c), with reference to (£), lies on 
the plane 2x + y +z =1, then the value of 7a+b+c 
is 
(a) 0 (b) 12 (c) 7 (d) 6 

(ii) Let w be a solution of x° ~1=0 with Im(@)>0. If 
a=2 with b and c satisfying (E), the value of 


+. 4+ + is equal to 
o” o oo 
(a)-2 (b)2 (c)3 (d)-3 


(iii) Let b=6 with a and c satisfying (E). If a and B are 
the roots of the quadratic equation ax” + bx +c =0, 


E (a*a) * 


[lIT- JEE 2011, 3+3+3M] 


(a) 6 (b)7 
6 
Oo: (d) e 
118, Leto # 1 be a cube root of unity and S be the set of all 
1 ab 
non-singular matrices of the form] ®@ 1 c{ , where 
o o 1 
each of a, band c is either @ or @”. The number of 
distinct matrices in the set S is [lIT- JEE 2011, 3M) 
(a) 2 (b) 6 
(c) 4 (d) 8 
0| f-1 
119. Let M be a3 x3 matrix satisfying Mj1}=| 2 |, 
0 3 
i. a5 bela 
M|-1)/=| 1 |and Mj1/= 
0} |-1 1) [12 


The sum of the diagonal entries of M is [IIT- JEE 2011, 4M] 


120. Let A and Bare symmetric matrices of order 3. 
Statement-1 A (BA) and(AB) A are symmetric matrices. 
Statement-2 AB is symmetric matrix, if matrix 
multiplication of A with Bis commutative. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is not 
a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is false 

(c) Statement-1 is false, Statement-2 is true 

(d) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 [AIEEE 2011, 4M] 
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121. Let P= [a,, ]be a3 x3 matrix and Q =[b, | where 
b, =gi* ay for 1Si, j$3. If the determinant of P is 2, 


the determinant of the matrix Q is [lIT- JEE 2012, 3M] 


(a) gil (b) giz 
(c) gis (d) gio 


122. If Pis a3 x3 matrix such that P’ =2P +I, where P’ is 
the transpose of P and I is the 3 x 3 identity matrix, then 


x 0 
there exists a column matrix X =| y|#{0] such that 
zi {0 
fol [IIT- JEE 2012, 3M] 
(a) PX =|0| (b) PX =X (c)PX =2X (d) PX =-—X 
: 
‘14 4 
123. If the adjoint of a3 x3 matrix Pis|2 1 7], then the 
1 1 3 


possible value(s) of the determinant of P is (are) 
[NT- JEE 2012, 4Mj 
(d) 2 


(b) -1 (c)1 


0}, u, and u, are the column matrices such 


1 
124. If A=|2 
3 4 


nN 


that Au, = 


ARSE 2012, 4M] 
f ‘ 
x4 
-] 
\ 0 4 


125. Let Pand Q be 3X3 matrices with P#Q. If P? =Q° and 


p? = Q’ P, the determinant of (P? + Q”) is equal to 
[AIEEE 2012, 4M] 


(b)} -1 (c) (d) 


4 c 1, 


0jand Au, * | then u, + u, is equal to 
\ 0) 
(a) | of: 


(a) 0 (b)-1 (c)-2 (d) 1 
ie 3 
126. If P=|1 3 3/]is the adjoint of a3 x3 matrix A and 
24 4 
| A|=4, then @ is equal to [JEE Main 2013, 4M] 
(a) 11 (b) 5 (c) 0 (d) 4 


' 127. For 3X3 matrices M and N, which of the following 


statement(s) is (are) not correct? 

(a) N'MN is symmetric or skew-symmetric, according as M 
is symmetric or skew-symmetric 

(b) ALN — NM is skew-symmetric for all symmetric matrices 
Mand N 

(c) MN is symmetric for all symmetric matrices M and N 

(d) (adj Mf) (adj N) = adj (MN) for all invertible matrices M 
and N [JEE Advanced 2013, 4M] 
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128. 


129. 


130. 


131. 


132. 


133. 


Let @ be a complex cube root of unity with w # 1 and 
P=([p, ]be an Xn matrix with p, ='*/, Then, p? #0, 
when n is equal to [JEE Advanced 2013, 3M] 
(a) 55 (b) 56 (d) 58 

If Ais a3 X 3 non-singular matrix such that AA’ = A’ A 
and B= A’ A’, then BB’ equals to 
(a) B' (b)(B'Y (c)1+B 
Let M be a2 X 2symmetric matrix with integer entries. 
Then, M is invertible, if 


(a) the first column of M is the transpose of the second row of 
M 


(b) the second row of M is the transpose of the first column of 
M 

(c) mis a diagonal matrix with non-zero entries in the main 
diagonal 


(c) 57 


[JEE Main 2014, 4M] 
(d) I 


(d) the product of entries in the main diagonal of M is not the 
square of an integer [JEE Advanced 2014, 3M] 


Let M and N be two3 X3 matrices such that MN = NM. 

Further, if M#N? and M? = N’%, then 

(a) determinant of (M? + MN’) is 0 

(b) there is a3 X 3 non-zero matrix U such that (M? + MN’) U 
is the zero matrix 

(c) determinant of (M? + MN?) 21 

(d) for a3 x3 matrix U, if(M? + MN’) U equals the zero 


matrix, then U is the zero matrix 
[JEE Advanced 2014, 3M] 


12 2 

IfA=!2 1 —2]is a matrix satisfying the equation 
a2 6b 

AA! =9I, where I is3 x3 identity matrix, then the 


ordered pair (a, b) is equal to (JEE Main 2015, 4M] 
(a) (2, 1) (b)(-2-1) ()@-1) = (d)(-2,1) 
Let X and Y be two arbitrary 3 x 3 non-zero, 
skew-symmetric matrices and Z be an arbitrary 3 x3 
non-zero, symmetric matrix. Then, which of the following 
matrices is (are) skew-symmetric? 

[JEE Advanced 2015, 4M] 
(b) X* + y* 
(d) X* + ¥” 


Gyre 2*y° 
(c) X1Z> ~ Z°x* 


14 a=|"" " and A adjA = AA’, then 5a+ bis equal 
to [JEE Main 2016, 44] 
(a) 5 (b) 13 
(c) 4 (d) -1 
3 -1 -2 
135.Let P=|2 0 a}, where ae R Suppose 0=[q, Jisa 
3 -5 0 


matrix such that PO = kI, where k € R,k #0 and J is the 


identity matrix of order 3. If q,, =- 3 and 


k? 
d t. Oe th 
aE) = en [JEE Advanced 2016, 44] 


(aja =0,k =8 (b) 4a. -—k+8=0 
(c) det (Padj (Q)) =2° (d) det (Q adj (P)) =2"° 
136. Let z = = where i = ./—1, and r, s= {1,23} 


(-2¥ 2 eaitenaeies 
Let P= , |and Ibe the identity matrix o 
z 


Zz | 


oreder 2. Then the total number of ordered pairs (r,s) 
for oo p’ =-lis [JEE Advanced 2016, 38] 


1 
(a) - = la - DI (b) -|a + b| 
()|a-b| (d)|a + b| 
1:0 :(0 
137.Let P=| 4 1 OjandI be the identity matrix of order 
146 4 1 


3.1fQ= [95] is a matrix such that P*’ -Q =], then 


931 +932 equals 

Gai [JEE Advanced 2016, 3] 
(a) 52 (b) 103 
(c) 201 (d) 205 


138. If A -| : F then adj (3A +12A) is equal to 
me [JEE Main 2017, 40 


72 -63| 72 -84| 
| 51 | 63 51 

51 63 [51 84 
() fe 72. Ol 63 72, 
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Exercise for Session 1 
1. (b) 2. (b) 3. (d) 
7. (b) 8. (b) 9. (c) 
Exercise for Session 2 
I. (d) 2. (a) 3. (c) 


7. (d) 8. (b) 9. (d) 
13. (b) 14. (a) 15. (b) 
19. (b) 

Exercise for Session 3 

1. (d) 2. (c) 3. (b) 

7. (d) 8. (c) 9. (a) 
13. (d) 14. (b) 15. (a) 


Exercise for Session 4 
I. (a) 2. (a) 3. (d) 
7. (d) 8. (b) 9. (d) 


Chapter Exercises 


4. (b) 


4. (a) 
10. (c) 
16. (b) 


4. (d) 
10. (d) 
16. (d) 


4. (d) 


4. (d) 
10. (b) 
16. (b) 
22. (d) 
28. (b) 


5. (a) 


5. (b) 
11. (b) 
17. (c) 


5. (a) 
11. (c) 


5. (d) 


5. (c) 
11. (b) 
17. (b) 
23. (c) 
29. (a) 


Answers 


6. (b) 


6. (c) 
12. (d) 
18. (b) 


6. (b) 
12. (a) 


6. (d) 


6. (b) 
12. (b) 
18. (d) 
24. (d) 
30. (c) 


33. (a, b, d) 34. (b, c) 


1. (d) 2. (c) 3. (b) 
7. (a) 8. (a) 9. (a) 
13. (0) 14. (d) 15. (d) 
19. (d) 20. (d) 21. (c) 
25. (b) 26.(a) «27. (d) 
31. (a, d) 32. (a, b, d) 
35.(b,d) 36. (a,b,c) 37. (a,c, d) 


39.(a,c,d) 40. (a,c) 41.(a,c, d) 
43.(c,d)  44.(a, b, c) 

46. (b) 47. (b) 48. (c) 

52. (d) 53. (c) 54. (d) 
58. (b) 59. (c) 60. (a) 

62. (3) 63. (2) 64. (1) 


45. (a, c) 
49. (b) 


55. (a) 
61. (a) 


65. (9) 


38. (a, d) 
42. (a,b,c,d) 


50. (d) 


56. (c) 


66. (2) 


51. (d) 


57. (a) 


67. (7) 


68. (9) 69. (1) 70.(2) 71. (6) 

72. (A) > (Pp, 1); (B) > (s); (C) > (q); (D) > (s) 

73. (A) — (r,t); (B) — (s); (C) > (p); (D)  (q) 

74. (A) — (q, Ss); (B) = (p, 9; (C) > (p, q, 1, s); (D) — (q, s) 
75. (A) — (q, t); (B) — (p, s); (C) > (p, 1, s); (D) > (q, 6, 2) 


76. (d) 77.(c) 78.(d) ~—-79.(c)_~—«80.(a)_—«811. (d) 
82. (d) 83.(d)  84.(d) _—85. (a) 
fg wee ee (0-) cos@sin dcos(0 ~ 6) 

3 sin@cos @ cos (@~ 9) sinOsindcos(8 ~ >) 


91. (i) Number of posts in all the offices taken together are 5 office 
superintendents; 235 head clerks; 235 cashiers; 275 clerks; 5 
typists and 270 peons. 

(ii) Total basic monthly salary bill of each division or district and 
taluka offices an 71675, 7875 and %625, respectively. 
(iii) Total basic monthly salary bill of all the offices taken together 
is % 159625. 
92. 753000; 744500; %34000, respectively 
94.x=l,u=-l, y=3,v=2,z=5,w=l 
95.x, = 2, — 22, + 9Z;,x, = 92, + 102, + 11z,,x, = 72, + 2, -22, 


96.(i)k #7 (ii)k=7 


98. (c) 99, (a) 100. (c) 

101.(c) 102. (i) (a), (ii) (b), (iii) (a) 103. (b) 104. (6) 

105. (c) 106. (b,d) 107.(d) 108. (c) 

109. (i) (a), (ii) (b), (iti) (b) 

110. (b) 111. (a) 

112. (i) (d), (ii) (c), (iii) (d) «113. (4) «114. (c) 

115. (b) 116. (c) 

117. (i) (d), (ii) (a), (ili) (b) 

118. (a) 119. (9) 120.(a) 121. (c) 

122. (d) 123. (a,d) 124.(b) 125.(a) 126.(a) 127. (¢,d) 
128. (a,b,d) 129.(d) 130. (c,d) 131. (a,b) 132.(6) 133. (c, d) 
134. (a) 135. (b,c) 136.(1)  137.(b) 138. (c) 
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Solutions 


fiw ANU - A)=A‘I- AD = At -0=A‘ 2] 
AI -A)=A71-A'=A°- At #] 
Pe ee eestor 
4x 2a -p x a p 
2. «: det(B)=|4y 2b -q}=-8|/y b q 
4z 2c -r zer 
< 3 = abe 
=-8|a b cl=8|x y z [by property] 
pPqr pPpqr 
a be 
=-8/p q r|=-8 det (A)=-16 
x y Z 
T 
3 (4-27}(4-27) if (i) 
2 2 
a ee a 
and A+=1] A+=1} =I] (ii) 
2 2 
= (4-21](a7-2)=1 
2 2 
\ 
and [asdr}(atetilar 
) 2 
= A+A™=0 [subtracting the two results] 
=> Al=-A 


*. Ais skew-symmetric matrix. 
From first result, we get 


AAT = 3] 
4 
= ye 
jayi=|-21] 


= nis even. 


4. a= tim (- : J>sim 


x~7ltinx xInx x1 


f 
=I 
xin x 


[by L’Hospital’s Rule] 


et 4) (x - 4) 


x(x + 4) 


)- lim (x- 4) =—4 


9. -: Ais involutory 


In (1 + sin x) 
m ee 
x0 x 


= lim Sa xy lim SS a aed 
x70 sin x x-0 Xx 


F (x + 1)° 
x -1 3[sin(x + 1) —(x + 1)] 
'3(x +1) 
eel 3[cos (x + 1) -1] 
; 1 
=i [1 — cos (x + 1)] =n 
(x + 1) 


d= 


[using L’Hospital’s Rule] 


[2 -4 2 
Let, A= => A“ =0 
~ 


5. & (A-—AI) X =0 

|A-AI}=0 
i-A % 
3 2-1|— 
=> 7-34 -10=0 


_4:14(-3)-1 1 


oes) Ja+i) 52 


. tan @ = y(sec’@ — 1) =/49 =7 
6. A™*1=(A?)"-A=(I)!"-A=IA=A 


7+ Pei cos@ sin®@| 
|-sin8 cos@ 
zal cosn@ sin nO | 
~|—sin nO cos nO | 
[ lim cos nO nd__—ilim sin n@ | 
A" n-> © n> 0 ; lo 0| 
=> lm —= : n : 
nen |— lim sinn@ lim cos n0 “lo 0| 
ra-o no —_____ 
n n 
=a zero matrix [‘. —1 <sinoo <1 and-1 < cos» <1] 
-1 2 = 51 
8. LetA=| 2 -4 -10 [-a=-6] 
| 1-2-5 
Applying R, > R, + 2R, and R, > R, + R,, then 
1 2 5| 
A=] 0 0 0] => p(A)=1 
000 


At=I>A=A™ 


(4) =247 =20 
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10. +: B=adjA 
= AB = A(adj A) =| A| I, 
’ AB +kI, =| A|I, +kl,=((A] +h) I, 
= | AB + kI, |=|(| A] +k) 1, |=(/ A] + ky” 
11% B=-A™'BA 
=> AB=-BA 
=> AB + BA=0 
Now, (A+B)’=(A+B)(A+B) 
= A? + AB + BA + B’ 
| =A’+0+B 
= A? + B? 
| 12, Since, A is skew-symmetric. 
| | A]=0 
> | A°B*|=| A‘||B*|=| A] | BP =0 
13. Let B=A+I, 
A=B-I, 
Given, A" =aA 
=> (B-I,)" =a (B-I,) 
=> B" —"C,B"-' + "C,B"~? +:..4+(-1)" I, 
= 0B - al, 
=> B(B"~'-"C,B"~? + "C,B"~ > +...4 (-1)""" I, -au,) 
=((-1)"*! -a] 1, #0 [-a #41) 
Hence, Bis invertible. 
14, - oa tS nae? os 
2 2 
Also, w* =1and@ +? =-1 
Thus, A ". -io* | 
io” io 
ra. ere were o | 
io” iw || io’ io | 0 0? +0| 
Now fia)= A ear O° : | of 
0 -O +l 0 2 


15. - 


_[+0? +@+2 0 | 
| 0 -o?+0+2| 
: 10], fi 0 
=(-0 +042) pees), i 


X? =[=9(X1X)X =X 
=> X =x" 
> X=X" 


which is self invertible involutory matrix. 
There are many such matrices which are inverse of their own. 
AB=A+B 


> . B=AB-A=A(B-1) 


17. 


18. * 


19. 
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=> det (B) = det (A)- det (B -/)=0 
[. A” = 0 = det A™ =0] [..det A =0] 


Wehave, PP! = p™! (- PP? =1] 
Now, Q= PAP! = pap 
oo = PA?? p-1 
p7Q?? p = Ppa) P 
_ gz |} 2007 | 
O01 
1 2 1 3 
F A’ -| | a] fs] 
O14 O ayes 
A-5 B| [2A+1 -5][14 D] 
2a-2 C| |-4 alle Fl 
=> A-5=28A+14—-5E 
= 5E=27A +19 (i) 
2A —-2=-56 + AE 
=> AE =2A + 54 (ii) 


From Eq. (i), we get 
5AE =27A7 + 19A 


= 5(2A + 54) =27A7 + 19A 
=> 27A* + 9A -270=0 
=> 9(A-3)(A+10)=0 


{from Eq. (ii)] 


A=3,A= ae 
3 
.. Absolute value of difference 
-|5420|-¥ 
3 3 
cos’@ cos8@sin@ -sin6 
“*| f@)|=|cos@sin@ — sin*® cos 8 
sin 8 -— cos 8 0 


On multiplying in R, by cos 6 and then take common cos 8 
from C,, then 

cos§ cos@sin6 -sin®@ 
| f(8)| =| sin 8 


sin 8 


sin? cos 8 


—cos’@ 0 
Applying R, > R, — R,, we get 
cos® cos@sin6 —sin® 

| f@)|=| 0 1 cos@ |=1 

sin@ -cos*@ 0 


Applying C, > C, -sin@C, then 


cos8 0 -sin®@ 
| f@)|=} 0 1° cos® |=1 
sin6 —1 0 


Ej (=) is non-singular matrix. 
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20. *s a,, =a =a,, =a + b, 
Gp = Ap, = ab, ay, = Ay = 1, 3 = a5, = 0 
a+b ab 0 | 
A=] 1 a+b_— ab 


0 1 a+b 
a+b ab 0 
=|[A|=| 1 a+b ab 
0 1 a+b 


=(a + b) [(a + b)’ — ab] — ab(a + b)=(a + b) (a? + b?) 


21. Given, B=] => BB" = JB" . 
=> B'-1=B" 26. -: 
AB’ A=A'B'A 
=> A'B’~'A —- A "BA =0 
22. Here es [cos @ sin 0 | 
° . sin® -—cos Qe 
=> AA’ =I 


C = ABA’ = A'C = BA™ 


SA web ATS. Aner 


= A(A? + A‘ 4+ Ao +... + A) 


_[ 0 a] 
[a 0 
ele a |ene 
0 =e | 
D=IA(-a? + at —a° +... +(-1)" a”) [a > 0] 


= A(-a? + a4 —a® +... + (-1)" a”) 


Hence, D is skew-symmetric. 


q > y 
|B|=|-p a -x 
rc 2z 


Applying R, — (-1) R,, then 


q -b y 
|Bl=|p -a x 
r-c¢t Z@ 


Applying C, > (-1) C,, then 


b r 
Now, A’C"A=A'C-C""'A oe T a 
[Bl=|p @ x|=|B] =/b a c 
= BA'C""'A= BA'C C""7A ——_ — 
= B’ATC"-*4 c 
eh xabbe otds =-|q pr [R, + R,] 
= B"~'A'CA= B"~\(BA") A * 2 
= b a . 
=B'ATA= BIT = B=) | 1 =ly x z [R, © R, 0] 
ee qpr 
23. +> |adj A |=| At =—— abe 
ee =-|x y z/=-[4| 
1 
. |(adj A7')”’ | = ———— =| A[? =2? =4 p r 
| (adj Yl gat]! | q 
24.-: A’—A2B=B?—B2A => |B|=-|A| 
fe og , Also, | adj B| =| B|? 
as in ce =| A|? =| adj A| [| A] #0, then] B| #4} 
or A? + B*)(A-B)=0 ‘3 41f 3 -4] fi 0 
(as BAB me: wee PO “LP 9. 
or det (A? + B’)- det (A — B) =0 2 3){-2 3f [0 1 
ABC A(BC)* A(BC)’ 
Either det (A? + B?) = 0 or det (A - B) =0 tr(A) + tr (=*) 7 eee sae we. 7 
[0 al 
25. = 
ame |-a o| =tr(a)+te(4)4tr(4) + tr(4)+.uptom 
saelt 4\{ 9 -4] [1 ol_, , ‘ 
“2 9||-2 i] 0 i|> Pe UA a WHC) ae A cents 
“. BC? =(BC) =I? =] = HAY 2 tr(a)=2(2 + 1) =6 
Similarly, B?C? = B°>C?=...= BC" =1 1-(2} 
Let, D=A*(BC) + A°(B°C*) + A(B°C?) 28. Wehave, (A-2I)(A—4I)=0 


+ ...4 A™* BNC") 


A? -4A-2A+4+8I? =0 
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=> A? -6A+8I =0 
=> A (A? -6A +81) =A‘0 
= A-61+8A'=0 
= a Eo 
6 3 
29. We have, AA +=] 
1 i” 
fo 1 21} 5 “2 3] fi 0 0] 
= 1 2 3|1-4 3 6]=|0 1 0 
Bes 5 3 1] 10 0 1 
2 Z| 
[ 1 0 b+1] [100 
>| 0 1 2(b+1)/=]0 0 
4(l1-a) 3(a-1) ab+2 001 


On comparing, we get 
b+1=0,ab+2=1,a-1=0 


s a=1,b=-1 
30, «: A(adj A) =] A| I (i) 
x 3 2 
Now, {A|=|1 y 4 
222 


= x(yz —8) —3(z —8) + 2(2 — 2y) 
= xyz —(8x + 4y + 3z) + 28 
= 60 —20 + 28 =68 
From Eq. (i), A (adj A) = 681 
31. Here, | A|=0 
‘2. A does not exist. 
f1 1 11f1 1 1] [3 3 31] 
Now, A’=]1 1 1]/1 1 1]=/3 3 3/=3A 
11 1}{1 1 1] [3 3 3 
A> = A?.2=3A-A=3A* =33A) =9A 
32.0 A =ATSAA =I (i) 
Now, (A’Y A’ =I 
.. A’ is orthogonal 
From Eq. (i), (AA )yt=r 
=> 7 A? =] 
=> (ATY (AT)=I 
“. A’ is orthogonal 
Since, adj A=A"|A|#A’ 


and JA" =7 #1 [for orthogonal | A |= + 1] 


| A 
1 2 2|f1 2 2] [9 8 8] ~ 
33.7 A? =/2 1 2//2 1 2/=|8 9 8 
22 11/2 2 1] [8 8 9 


Wehave, A’—4A -5], 
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fo 38 8] fi 22] f1 0 0 
=18 9 8|-4/2 1 2/-S/o0 1 0 
88 9 2 4 001 
[fo o ol 
=10 0 O}=0 
000 
=> 51,=A’-4A=A(A —41,) 


A= : (A= 415) 
Since, |A|=5 
| A°]=[ A)? =125 #0 
=> A? is invertible 
Similarly, A? is invertible. 


[a 0 O| [a, a, a; | 
34. Let, D=|0 b 0|=D!' andletA=|b, b, 6b, 
00 ¢ CG, Cy Cy | 


[fa 0 0 [a, a, a, | aa, aa, aa, 
DA=|0 b 0||b, b, b,|=|bb, bb, bb, 
0 O c}lq c Cy] [ae ee, ce, 


7. 


{a, a, a,|[a 0 O| faa ab ag 


AD=|}, b, b,|]/0 b Ol=|ba bb bcl#DA 
Cg C3410 0 cl jaa cb exc 
(A a al 
a 
and D' =] 0 . 0 
b 
00+ 
Cc. 
pt \ja—#0 [a #0,b#0,c #0] 
abc 
[-1 2 5 
35. Let A=} 2 -4 a-4 
1-2 a+1 
Applying R, > R, + 2R, and R, > R, + R,, then 
mi 2. 5” 
A=! 0 0 at6 
0 0 at+6 


Applying R, > R, — R,, then 


-1 2 5 | 
A=! 0 0 at+6 
00 O 


Fora =-6,p(A)=1 
Fora =1,2,p(A)=2 
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36. 


af. 2 


38. +: 


39. ~ 


40. 


41. 


42. °- 


43. °: 


3 -3 4 
Here,| AJ=|2 -3 4 
6 <1 1 
= 3(-3 + 4) + 3(2 — 0) + 4(-2 + 0)=1 40 
adj(adj A)=| A|>>? A=A 
and | adj(A)|=|AP =| APP =1?=1 


Also, | adj(adj(A))|=| A]=1 


(i) 


[from Eq. (i)] 


A=I1-B 
= A? =]? +B? -2B=1-B=A (. Bis idempotent] 
and AB=B-—B*=B-B=0 [null matrix] 
and BA=B-B*=B-B=0 [null matrix] 
| A|#0 => A’'is also symmetric, if A is symmetric 
and | A~ hee ae 
| A| 
A’B = A(AB) = A(BA) =(AB)A =(BA)A = BA? 


Similarly, A*B = BA? 
In general, A"B = BA", Vn21 


and (A +B)" ="C,A"+"C,A"~'B 
+ "C,A"~*B? +... + "CB" 
Also, (A” — B")(A" + B")=A"A" + A"B" — B"A" — B"B" 
= A™ — B™ [AB = BA] 
| AB|=0 => | Aj] B]=0 
| B] =Oas| A| #0 
Also,  |A™7|=| Al” 
Here, A(A + I) =—2I1 (i) 
=> | A(A + I)] =| -2/ |] =(-2)" #0 
Thus, | A| #0, 
also, I =- SAA +I ) [from Eq. (i)] 
faa 2 ead 
2 
A? ~3A +21 =0 ..(i) 
=> A*-3AI+2I7=0 
=> (A-I)(A-2I)=0 


A=lIorA=2] 

Chacaciesistte Eq. (i) is 

VW -3A4+2=0 > A=1,2 
It is clear that alternate (c) and (d) have the characteristic 
equation A? —3A +2=0. 
AB=0 
=> | ABJ=0 =| A||B]=0 
or (det A) (det B) =0 
=> Either det A = 0or det B=0 


Hence, atleast one of the two matrices must be singular 
otherwise this statement is not possible. 


[d, 0 0 Td, 0 oO| 
44. Let D=|0 d, O]}and D,=| 0 d, 0 
Ore 0 ae 0 0 dy 
[dd, Oo 0 | 
DD,=| 0 dd, 0 |=D,D, 
0 0 dade 
fa? o ol [a o ol 
and D?+De=|/0 d? o|+]0 de 0 
0 od] jo og 
fd2+d?2 0 0 | 
=| 0 d+di 0 
0 0 d,+d; 
2 2 
45. A+ At Ast... FACE ie aoe a 
fe of + Ga 
Lo al?" oc 
l@4 4+@+..4@ 0 | 
7 0 Ci +C2+Cit.. +c 
_[™¢,-1 0 |_[h | even} 
| G- 7G 4P [ 0 i, | , 
» kh =k="C,-1 
sassage (Q. Nos. 46 to 48) 
' AB = BA™ 
=> B= A™'BA” 
B" =(A'BA")(A'BA”)...(A~ BA”) 
= A BA™'BA™ BA™'BA™'A Al 
ntimes 
Given, AB = BA™ 
- AAB = ABA™ = BA?™ =» AAAB=BA™ 
Similarly, A*B=BA™VmeN 
From Eq. (i), we get 
B"= A™'BA™! BA™'BA™|. BA™'BA™ A 
(n—1) times 
= A7'B(A™"B)A™ BA"... BA”™"BA™ A 
(n—2) times re 
= ABBA mr Am Bam BAT BAA 
= A B2A™ —) Bam Bam Bam 4 
= ABA") 4 
T=ATIAM YD, [-B*=0 
T=ATAT 4 = AtA™ 
=> =a) 
; p=m"-1 (ii) [7 A? = 1] 
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46, Put m=2,n=5 in Eq. (ii), we get A, Az ay 
p=2°-1=31 and detA=/@,, ay @2 
47. From Eq. (ii), we get 4, 932 Sy 
p=m'—1 Applying C, > C, + C, + G, we get 
48. From Eq. (ii), we get 0 42 Ms 
510 #8° -1 =|0 a d,/=0 
O a5. ys 
Passage (Q. Nos. 49 to 51) (det A)? = 0 
*’ Ais an orthogonal matrix 
AA! =I 53. * %, +4, +a, =0,0,, +. + a, =0, 
fa b clfa b cl] f1 0 0] a, + a3 + as, = 0,42 + a2, + Ao. = 0, 
bc alib c al=1/0 1 0 22 + 2 + Ar, = 0,4, + Ay, + 52 = 0, 
¢ a bijc a b 001 ay, + 3 + 3, = 0, a3; + a2, + a3, = 0 
[eta b?+c? abtbetca ab+be+cal [1 0 0 Anaya tiara =U she Bet 
2,42, 2 Q, = a2, =a; = 0 
abt+be+ca a-t+b*+c° ab+bc+caj=|0 1 0 4 : 
ee ee ANd dy. = — Gp1, A23 ™ — 232 Aya = — 23, 
ab +be+ca abt+be+ca a+b’ +c } to 0 1 Hétibe, A inekew-cymimetceonnaiels 
By equality of matrices, we get 
a+h?+c%=1 (i) Passage (Q. Nos. 54 to 56) 
ab+bc+ca=0 veal) fo, BY 
(a+ b+c)?+a?=b? +c? + Aab + be + ca) Let B=|a, B. 2 
=1+0=1 a, By 3, 
‘ at+b+c=+1 {iii a,]  [B, | n! 
49, -+a°b? + bc? + 7a? =(ab + bc + ca)’ — 2abc(a + b +c) G=|G@1G= 4 and C; =] ¥; 
= 0 —2abe(t 1) =F 20 [abe =A] a, Bs Ys. 
=-2Xr [A <0] l Q, 1. Ta] 
50. -- a? + b3 +c? —3abe =(a t+ b +0) — AG, =| 20, +@, ia 
(a? + b? + c? — ab — be —ca) 30, +20, +0, 0 
=> a+b? +c?-32 =(+1)(1- 0) => o, =1,0,=-20,=1 
[from Eqs. (i), (ii) and (iii) and abe = A] r B, 7 {21 
> @+b>+c°=3A41 => AC,=| 28, +B, sh 
51. Equation whose roots are a, b, c is 3B, + 2B, +B; ) [0 
x? -(a+b +c)x? + (ab + bc + ca)x — abe =0 => B, =2,8B, =-1,8, =—4 
=> x° —(+1)x7+0-A=0 Nn | [2] 
xtx?-1=0 and AC;=| 24+. |=]3 
; 3Y, + 2¥2 + ¥3} [1 
Passage (Q. Nos. 52 to 53 ' 
§ (Q S s) ) - => Y =292=-Ly3 =-3 
fay, a as | . P 
A=]@2, @22 G93 [t 2 2 
(43, A323 | 2 iP 5 : 
Qj + Ay. + ay * - ai 
= = 3 = 9, Ja, +a, + a, = 0) 
ty a [ay + Oy + Oy ; 2 2 
t, = Sut S22 F 9 «9 => detB=|-2 -1 -1 
. 2 A 1 -4 -3 
a,, +a, +a 
and ae =13 - 4) —26 + 1) + 48+ 1) =3 
52. )) Yay =H, +h t+h)=OHh +h tt, if o olf1 2 2] 
1Si, JS3 and C=-12 1 O72 -1 -1 
# tials [4 =0,t, = 0, t, = 0] 3 2 1ff1 _4 -3 
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54, det(B~!) = —— = 


Trace of BL 
” Trace of Cc. 5 ) 
3) 
56. sin7 (det A) + tan '(9det C)=sin™'(1) + tan '(1) 


cnc nm 32 


2 4 
Passage (Q. Nos. 57 to 59) 
Given, A? = A, B’ =— B, det(A + B) #0 


and C=(A + B)(A-B) 

=> (A+ B)C=A-B ...(i) 
Also, (A+ B)'=A-B ...(ii) 
and (A-B)'=A+B ...(iii) 


57. C™(A+ B)C=C'[(A + B)C] 


=C™(A — B) [from Eq. (i)] 
=C'(A + B) [from Eq. (ii)] 
=[(A + B)c]’ 

=(A-B) [from Ec. (i)] 
=A+B [from Eq. (iii)] 


58. C'(A-B)C =(C'(A + B)']c 
={(A + B)C}C 


{from Eq. (ii)] 


=(A—B)'C {from Eq. (i)] 
=(A+ B)C [from Ed. (iii)] 
=A-B [from Eq. (i)] 
59. CTAC = cr AtPt Ante 
2 


= “CMA + BC+ “CMA ~ B)C 


ss AA + B)+ (A — B) [from Q13 and Q15] 
=A 
paekace (Q. Nos. 60 to 61) 
B=A-2I 
A'B=1-2A" wi) 
60. det{adj(I —2A7')]= det[adj(A~'B)] [from Eq. (i)] 
=|adj(A~’B)| 

eyataeeqanyay?=(2N) aay 


UAL) 


From Eq. (i), we get B = A — 21 
B? =(A-21)? =A° 
[. A: 


—6A’ + 12A-8I 
=5A -~6A* +7A-8] =0] 
= |B*| =|5A| 
=> [B|>=5°*|A| 
= |B)? =5° x8 
= | B|° = (10)° 
|B| =10 

From Eq. (ii), we get 


2 2 
det[adj(J -2A™')] = [2 -(2) ae 


| A| 8 16 
e ih: ae B 
| Sal ers 
61. adj (2) ae ee ae ee, F [|B] =19) 
2 Bi 1 |B} 10 
“| [BI 
2} 8 
2. 9 i 
B=*B [given] 
5 q 
p=2andqg=5 
Hence, pt+q=7 
62. S = ABCD = A(BCD) = AA’ (i) 
5? =(ABCD) (ABCD) (ABCD) 
= (ABC) (DAB) (CDA) (BCD) 
= D'c’B’A’ =(BcD)' aA’ 
=> S'=S 
Hence, least value of k is 3. 
63, A sa 1 tan x 
& tanx 1 
1 t 
. det A= — =(l+tan?x)= *x 
— tan x 1 


64. 


=> det A? =det A =sec’ x 


Now, f(x) = det (A? AW!) =(det A7) (det A’) 
_ det AT 
=(det A’) (det A)” 
(det A’) (det A)! = a 
A= A= f(f(f(f-- S--f)) 
~~ ire =1 [‘: f(x)=1} 
Hence, 2\ =a! =2 
THe Gay. Ria ll Oe Ady Bel 
VAP =A-A= AA, Me Aah; Ady Me; Ms 
Nyhy Aaghg 98 [Vag dade Ah 
[a2 (02492422) A,A(A2 + 12 4 22) 


=| AA (M+ AZ 402) MAT + AG +25) 
AyAs(y + AZ +03) 0 shah + 22 +22) 
Wertre eet) 
Nady (Ae + ea) 
MQ + G+ AD) 
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=( +22 4+22)A 


Given, A is idempotent 


=> A°=A 
es Bat 
[ x, | 
65. Let X =| x, |and given X'AX =O 
5 
fay ae a IIx | 
= [x X_ X3]] a2) Gy. G3 || x, =O 
93, 432 G33 || X3 | 
[ a,x, F Ag Xq + 3X5 | 
= [x1 X2 X35] | Gq1X1 + G2 XQ + Ayyx, | =O 


24) X + Az. Xp + Ay3Xs | 
2 2 
SAX + AyQXXQ + GygXpX_ + AyyXjXq + Aqy X_ + Ag3XQX3 
+ 3)X,X4 + G42%XQX3 + asx = 0 
2 2 2 
> Ay + Ay X_ + A543Xq + (G2 + Ay) XXq + (yz + Ay) XQ X3 
+ (a3, + 3) x3x, = 0 
it is true for every x,, X2, X3, then 
hy = Ag = ay, = Oand a. = — a1, Qo, = — Ayp, O13 = — Ayy 
.. Sum of digits =1+0+0+8=9 


fo 1 -1] 
66..°-A=|4 -3 4 
3-3 4) 
fo 1 -1]fo 1 -1] fi 0 oO] 
A =A-A=|4 3 ‘||: 3 BF 1 Ol=! 
3-3 4/13 3 4] [0 0 1 


SA SSM SA = 4S 27 

A* =! 

> x =2, 4, 6,8,... 

-. ¥'(cos* 6 + sin* 6) =(cos* 6 + sin” 8) + (cos* @ + sin‘ 8) 


Now, 


+(cos® @ +sin® 0) +... 
=(cos” 68 + cos’ 6 + cos’ @ +...) 
+ (sin? @ + sin* @ + sin’ @ +...) 
” cos” @ sin’ @ 
1-cos?@ 1-sin?® 
= cot? @ + tan?@ 22 
Hence, minimum value of }' (cos* @ + sin” 8) is 2. 
67. -: Ais idempotent matrix 
: A’=A 
=> A=A°=A°=A‘ =A =... ..(i) 
Now, (A+ 1)" =(I + A)" 
=1+"C, A+"C, A? +"C, A’+ 
=I+(C, + °C, + "Cy +..+"C)A 
[from Eq.(i)] 


+ "CA" 


Chap 08 Matrices 677 


=> (A+tIf=14+(2"-1)A ...(ii) 
Given, we get 
(A+ I)" =14+127A ...(iii) 
From Eqs (ii) and (iii), we get 
2" -1=127 
= 2” = 128 =2' 
n=7 
[3a b c| 
68. -. A=|b 3c a 
c a 3b 
3a b ec 
«.det(A)=| b 3c a@ |=29abc —Xa* + b? + c°) 
c a 3b 
Or 
| A| =29abc — Ha + b° +c’) (i) 
Given, ATA =4'3 7 
= [AT Al =| 47 1 
=> [AT PAL =(4°) || 
= JAL|A]=4-1 
> |A\>=4 
PA | A]=2 [| A] > 0] 
From Eq.(i), we get 
2 =29abc —3(a° + b° +c’) 
=> 2=29 -3(a° +b? +c’) [-« abe =1] 
.@+b+e=9 
69. ee!" 1 
“Is | 
A= A-A= oy a the 0 31 
[3 ol[3 o| [o 3|~ 


=> A‘ =(A’)? =9/,A°=271, A® =811 
Now, (A°+ A°+ A‘ + A?4+/)V =(121)IV=(121I)V__ ...d) 


“" 
Gieniiied aie oars! | ..(ii) 
ry 
fo] [ 0 | 
From Eqs.(i) and (ii), oe | =V “le 
11 1 
.. Sum of elements of W=6 bee [given] 
11 11] 
WA=1 
3 2 s 1 
70. | and B= [3 1] 
la 1|*™42=17 5] 


det A=-—1landdet B=2 
Now, det (2A° B') =2? - det (A*)- det (B™’) 
=2?.(det A)’ -(det B)! 
=2°-(-1)-@)'=- 
Hence, absolute value of det (2A°B~') =2 
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[o a] 
Ti “lo 0 | 
[o alfo a] fo o] 
al oflo of lo 0|° 
=> Ae =A°=At=A =... =0 


Now, (A + 1)” =(1 + A)” 


ad °C At "CAs "6, Ae. C: 


=I+70At+0+0+...=1+70A 
1 0 a-1 b-1 
= (A+ D”-T0A=1=1 Nea 
lo 1| Lei d-1 
is a-1=1,b-1=0,c-1=0,d-1=1 
= @=2 0=1,c=1d =2 
Hence,a+b+c+d =6 


(A) > (p, 1); (B) > (s); (C) > (q); (D) > (s) 
On comparing, we get 


{4 f(-1)—3}a’ + {4f(1) -3}a + f(2)=0 
{4f(-1) — 3}b’ + {4f(1) —3}b + f(2) =0, 
{4f(-1) —3}c? + {4f(1) -3}C + f(2)=0 
It is clear that a, b, c are the roots of 
{4 f(-1) —3}x? + {4f(1) —3}x + f(2) =0, then 
4f(-1)-3=0,4f(1)-3 =0, f(2)=0 
= fica) =2, f) ==, fle) =0 


72. 


and 


Let f(x) =(x —2)(ax + 5) 
Now, f-a)== => (-3)(-a +b) == => a-b= 
fay=2 = Cnatd)=2 > -at+b=- 
4 4 
ee 
4 
= fix)=2(4~2*) 


Graph of y = f(x) 


(A) x-coordinates of the point intersection of y = f(x) with 


the X-axis are —2 and 2. 


3/21, eB (%e_ 2 
(B) Area =~ [1 7(4 x")dx = aie x°)dx 


(C) Maximum value of f(x) is 1. 
(D) Length of intercept on the X-axis is 4. 


73. (A) (r, t); (B) > (s);(C / (p); (D) 9 (q) 


eral, of 4nlyl SU as A 

(A) adj(A™) =(A™)™ det (A : det(A) 
Alco, 2d) adi A _ Aldet(AyI'* __ A 
"(adj A)" = (det A)" —det(A) 


(B) det(adj AH )= (det A" 
1 
7 (det A)" 
(C) adj [adj A] = A(det A)" 
(D) adj (Adet A) = (det Ay (adj A) 


= (det A)” 


470 
a 


[given] 
74. (A}3(q, s); (B}>(p, t); (Ch(p, q, 1, 8); (DAG, 8) 
(A) A diagonal matrix is commutative with every square 
matrix, if it is scalar matrix, so every diagonal element is 4. 
40 0 
Therefore,|A|=|0 4 0|=64 
, 00 4 
1-a 1 1 
(B)} 1 1-b 1 |=0 
1 1 l—c 
Applying R, —> R, — R, and R, > R, — R,, then 
—-a 0 c 
0 -b ec |=0 
1 1-c 
= —a(—b + be —c) -0+ cb) =0 
ab + bc + ca =abc i) 
; Now, AM 2GM 
id i 
4 = a0 4 BC+ C8 > (ab. be ca)? 
3 3 
4 be : 
= = 2 (abc)3 {from Eq. (i)] 
J 
=> (abc)? 23 
‘, abc 227 
Hence, A =27 
My 2 a3 | 
(C) -- A=/@, 22 Qo, 
G3, 432 433 | 


3 
Given, }' a, =9A, Vi € {1,2, 3} 
k=l 


3 
Yay =H » Vj € {1, 2,3} and 
k=l 


Gy, + Ay + ay, =90; where A, pH, v € {I, 2} 
Following types of matrices are possible: 
[1 | [2 } f7 


A= 3 ;B= 3 
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1 | Now, (AX)? = XAT => XT =-XTA 
, = X'X =-X'AX =-Xx'Xx (from Eq. (i)] 
= 2x'x=O0 => 


|X| =0 


j=| 9 [Kel 9 pecs 9 (I — A)X = Ohas only trivial solution 
7 | 6 5 I - Ais non-singular 
é => (I — A) is invertible 
Now, if we interchange 1 and 5 to obtain . 
fo 1 1] 
Ps a (Cc) S=|1 0 1 
A,=|7 3 8 ; | 
. 1 1 0 
621 : 
oa stat 4 7 
Also,  A’=|2 3 4 = OS | 
675 pe Ee 
za fo 1 1|[b+ce c-a b-al 
ana At=-l4 3 2 We have,SA=|1 0 1{/c-b c+a a-b 
= 
981 1 1 Oj[b-c a-c a+b 
Then, from A we get four matrices A, A,,A’, A/. [0 2a 2a| 
Similarly, from B, C, D,...,K, L we get 4 matrices. =|2b 0 26 
2c 2c 0 


Thus, total 12 x 4 = 48 matrices. Hence, A = 48. 
1 1 1 


(D) For consistent,} c+2 c+4 61=0 
(c+2)° (c+4)’ 36 


[0 2a 2a] [-1 1 11] 
ae i Ole bi 2 

2c 2c 0 j t 1 -l 
1| [2a o of 


Applying C, > C, —C,, we get [o @ alf-1 1 


1 0 1 sear | ee ee 
c+2 2 6|/=0 c c OF Il 1 -l 0 0 2 
2 
(c+2)° 4c+12 36 |SAS'| =8abe #0 
1 0 1 [sin2A sinC sinB | 
> 2 eee 1 6/=0 (D): A=|sinC sin2B sind 
(c+2)" 2c+6 36 sinB sinA  sin2C| 
=> -—12c-0+ I[(c + 2)(2c + 6) -(c + 2)"] =0 [2akcosA ck pp 
> c*? -—6c+8=0 |A|=| ck 2bk cos B ak 
=> c=2.4 bk ak 2ck cosC 
; G = 4c, =2 [acosA+acosA acosB+bcosA 
=> c = 4? = 16 
Pes =k>|acosB+bcosA bcosB+bcosB 
75. (A)-(q, t); (B) (p, s); (C) (p, 1, s); (D) 3, 1, t) acosC+ccosA bcosC+ccosB 
(A) Here, X is an X 1 matrix, C is n Xn matrix and X’ isa acosC +ccosA| 
1 Xn matrix. 
bcosC + ccosB 
Hence, X'CX is a1 x1 matrix. Kees Berser 
- Let X'CX =[A], then 
(xTCX)T = X7CT(XT)T = XT(-C)X =— X™CX a cosA 0} jcosA a 0 
~ 7 =k']b cosB 0|x|cosB b 0/=k’-0-0=0 
(A]=-[A] c cosC 0| |cosC c 0 
=> A4=0 
zy xTcx <0 76. Since, matrix A is skew-symmetric 
ie., X TCX is null matrix. Lalo 
| A*B’|=0 


(B) Consider the homogeneous system 
(I - A)X =O 
=> AX =IX =X sae (i) 


= A‘B° is singular matrix. 


Statement-1 is false and Statement-2 is true. 
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78. 


79. 


80. 


81. -. 


82. ... 
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AB = A,BA=B= A? =Aand B’=B 
(A + B)* =A? + B?+ AB+ BA=A+B+A+B 
= 2(A + B) 
(A +B)? =(A + B)*.(A + B) 
= 2A + B)* =27(A + B) 
(A + B)’ =2°(A + B) 
Statement-1 is true and Statement-2 is false. 
A’ 'exists only for non-singular matrix 


AB = AC = A™'(AB) = A~ (AC) 
= (A7' A) B=(A7™' A)C 
=> IB=IC 
=> B=C, if A“! exist 

| A] #0 


Statement-1 is false and Statement-2 is true. 
Statement-2 is false 
det (A~') # det (— A’) 

[-- det (—A’) =(-1)° det(A’) = — det(A’)] 

but in Statement-1 
Ao =-A>A=-A’ 
det (A) = det(- A’) 

=— det A’ =— det (A) 

= 2det (A) = 

7 det (A) = 

Then, Statement-1 is true. 

":(BX)' (BY) ={U — A) (I+ AY! XP (1 - A) (I+ AYY 
=X’ r+ay'}’U-a)P(1-A)(+ A) Y 
=X7(r+ ATS (L-A)U-A)(I+ A)LY 
=X7(1-A)'(I+ A)(I-A)(1+ AVY 
=X7(1-A)'U-A)(I+ A)(+ A) TY 
[.- A’ =— Aand(I — A)(I + A)=(I + A)(I - A)] 
=X?. ].]-Y=x'y 

Both Statements are true; Statement-2 is correct explanation 

for Statement-1. 


|A|=2 
B=9A’ 
| Bl=|9 A? |=9°|A/? 
=81 x 4=324 = | B’|=| B| =324 


and (given) 


Hence, Statement-1 is false but Statement-2 is true. 


I-A = 1 -1 
det(A-AI)=| 1 -1-A OO |=0 
l 0 -1-A 
=> (1-A)(1 +A)? -1-A-1-A=0 
ot 4+274+241=0 
=> A+ A°7+A+1=0 
=> A’+A*+A=-! 


Statement-1 is false but Statement-2 is true. 


84, 


85. *. 


86. 


i 


0 -_ 
Z 


Wi Nm pale 


7 


which is neither symmetric nor skew-symmetric. Infact every 
square matrix can be expressed as a sum of symmetric and 
skew-symmetric matrix. Hence, Statement-1 is false and 
Statement-2 is true. 

ABC is not defined, as order of A, B and C are such that they 
are not conformable for multiplication. 

Hence, Statement-1 is false and Statement-2 is true. 


Al=-A 
= | AT|=|-A| 
=(-1)°|A|=-|A| 
> |A|=-|A] 
= 2|A|=0 
| A|=0 


Both Statements are true but Statement-2 is a correct 
explanation of Statement-1. 


* Sis skew-symmetric matrix 

gf 236 (i) 
First we will show that J —S is non-singular. The equality _ 
|1 —S|=0=91 isa characteristic root of the matrix S but this is 
not possible, for a real skew-symmetric matrix can have zero 
or purely imaginary numbers as its characteristic roots. Thus, 
|J —S| #0ie, J —S is non-singular. 
We have, 

AT ={(I + SI -S)"Y =(F -sy"U + SP 
=(F-s)"'0 +s) = + SY -sy'¥ 
=(I- 8)" r+ sy = (1+ SU -sy 
= a ~sty gt 4 St) =(17 e sya’ sy" 


=(1+S)"(1-S)=(1-S)(1 +S)" [from Eq. (0)] 
ATA=(1 +5)" -S\I + S)\U-S)" 
=(1 —S)(I +S)" -S)"(I + $) 
=(1 +S)" +S) -—S)\ -S)" 
=(I -S)(I1 -S) +S) (1 +S) 
=[-T=[-T=] =]. 
Hence, A is orthogonal. 
MM! =I ~) 
Let B=M-I Ai) 
B’ = M’ —17=M’ —M'M (from Eq. (i)} 
= M'(I-M)=-M'B [from Eq. (ii)] 


Now, det(B’) = det(— MB) - 
=(— 1)? det(M")det(B) = — det(M’ ) det(B) 
= — det(M) det(B) = — det(B) 
det(B) = 0 
det(M — I) =0 
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88. BAB = A”! fxr? su, x] [1 0 0] 
= ABAB = I =(Zh, <BR Xid,j=|/0 1 Ol=! 
= (AB)? =I Hy ri, xf} [0 0 1, 
Now, _ feos (2 +28) sin (a + 28) | Hence, matrix A is orthogonal. 


89. 


90. 


sin (a + 2 - a+2 
| am B) ORK B). 91. Let us use the symbols Div, Dis, Tal for division, district, 


and (AB)* =(AB)(AB) = [1 0] =I [+*(AB)(AB) =I] taluka respectively and O, H, C, Cl, T and P for office 
lo 1| superintendent, Head clerk, Cashier, Clerk, Typist and Peon 
Also, BA*B=A™ respectively. 
ox A‘'B = BA"! =(AB)! = AB Then, the number of offices can be arranged as elements of a 
_ , i) row matrix A and the composition of staff in various offices 
«Trott ancl Fcc aatuel can be arranged in a3 X 6 matrix B (say). 
Now, Av=! . . Div Dis Tal 
sing cosa }|sin® cosa _ * A=[5 30 200] 
_[cos 2a —sin 20 | r ] 
“| sin20 cos.20 | 114 241 1 141 
ea at [eos 40 ~ sin 40] and B=|0 1 1 1+1 0 141 
ce 7 [ sin 4% cos 4a | 11 1 01 
Hence, from Eq. (i) " : 
[cos 4a -sin 4a,|_[cos a —sin a | F 113 1 i 
sin 40 cos 40, | sin® cosa or B=|0 112 02 
or 4% =27 +a 01 1 21 041 
ao 22 
3 The basic monthly salaries of various types of employees of 
r P| cos) «6 --eoDsinO ll ‘woe 6  cosdsin o | a offices correspond to the elements of the column matrix 
eae @sin@ —sin’0 Ie dsind sin’ | ; a 
en: 2 ; : : O [500] 
_} 60S 8 cos" + cos 6 cos o sin @ sin > H | 200 
cos’ pcos 8 sin®@ + sin@ sin 6 cos > C1175 
cos’Ocos $ sin ¢ + sin’ dsin 8 cos e| 7 ~ C1] 150 
cos @ cos $ sin @ sin $ + sin’@sin’ >| T | 150 
2 [cos @cos (cos Ocos > + sin Osin 6) P {100 
~ | sin ® cos $(cos @ cos o + sin @ sin 6) (i) Total number of Posts = AB 
© H € cl T P 


cos $ sin o(cos @ cos @ + sin @ sin ) | 


sin 6 sin o(cos 8 cos $ + sin @ sin @) | ay Ey Ta ah ee 
; =[5 30 200]x/0 11 2 0 2 
_ [cos 8 cos 6 cos (0 - 6) cos @ sin o cos (0 - 9) | 0111012 


7 [ sin Bcos b cos(8@-—) sin @sin > cos (0 —- o) | 
Clearly, AB is the zero matrix, if cos (0 ~ >) = Oie.,@ — > is an 
odd multiple of ‘ 


© H € ad T P 
=(5 235 235 275 5 270) 


i.e., Required number of posts in all the offices taken 
[], mn | together are 5 office Suprintendents, 235 Head Clerks, 


Let A=|l, m,n 235 Cashiers, 275 Clerks, 5 Typists and 270 Peons. 


l,m ny. (ii) The total basic monthly salary bill of each kind of office 
4, lL, l, | — i 
Ate . [500] 0 
os [Oo H C Cl T P| |200]/H 
Lm M2 Ms Lt 2 3 4 2 larsiec 
[, mnl lf, & & 1: 11 2 0 2| {150/cl 
Now, AAT =|, m, m,|X|m om, mm, 0 1 1 1 01] {150/T 
i, mn, mh Mm n. 100| P 
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[500 + 200 + 175 +3 X150+1X150+2x100| 
=|0+1x200+1X175+2X150+0+2x 100 
/0+1%x200+1X175+1%150+ 0+1% 100 
[1675] 
875 
625 | 


i.e., The total basic monthly salary bil! of each divisional, 
district and taluka offices are € 1675, % 875 and % 625, 


respectively. 
(iii) The total basic monthly salary bill of all the offices taken 
together 
= ABC = A(BC) 
[1675 | 
=[5 30 200] x| 875 
625 
= [5 x 1675 + 30 X 875 + 200 x 625} 
= [159625] 


Hence, total basic monthly salary bill of all the offices 
taken together is % 159625. 


92. The total load of stone and sand supplied by A can be 
represented by row matrix X, and cost of one truck load of 
stone and sand can be represented by column matrix ¥,. 


1200 | 
X, =[40 101% | | 
500 | 
Total amount paid by contractor to A = X,Y, 
1200 | 
=[40 10] [ | 
[ 500 | 
= [48000 + 5000] 
= [53000] 
.. Amount paid by contractor to A is % 53000, 
[1200 | 
Similarly for B, X, =[35 5], Y,= 
y 2=[ ),¥, [ 500 | 
Total amount paid a actor to B= X,Y, 
=(35 5] ison | is [42000 + 2500] 
= [44500] 
..Amount paid by contractor to B is = 44500. 
Similarly for C, 
X,=(25 8],Y,= [eal 
_ “31 500 | 
Total amount paid by contractor to C = X,Y, 
[1200 | 
=[25 8] | | 
500 


= [30000 + 4000} = [34000] 
.. Amount paid by contractor to C is ¥ 34000. 
1aaqa ac | 
93. Wehave,A=|1 b B 5p 
»pey oY. 
R, and R, - R; - 


Applying R, > R, - R,, we get 


f1 a a aa 
0 b-a B-a bB-aa 
0 c-a ¥-Q cy-—an_ 


A= 


Applying C, > C, -aC,,C, 4 C, — ac, and 
C, 2 C, — aac, we get 
f1 0 0 7 
A=|0 b-a B-a bp- 
0 c-a y-o cy — an 
Applying C, > C, - aC, — bC,, we get 


f1 0 0 0 | 
ae b-a B-a 0 
0 c-a y-a (c-—b)(y-a@) 
For p(A) =3 


c-a#0,¥-A#0,c-b#0,b-a¥0,p-a#0 
ie,a#b,b#ce,c#aanda+B,Pp¥y,y4o 
f1 1 a lfx ul f9 2] 
94. Wehave,|2 5 7 ||y vl=[52 15 
21 =—1]/2 ww 0 =1 


or AX=B 
or X=A™'B i) 
fi 1 1] [x wu rg 2 
Where, A=|2 5 7 |,X=|y wiandB=/52 15 
2. Say Zz o Oo = 


| Aj = 1(-5 — 7) — 1(— 2 — 14) + 1(2 - 10) 
=-12+16-8=-4#0 
Let C be the matrix of cofactors of elements of | Al. 
[Gy Ce Gs] 
C -| Co Cop Coy 
LCs, Coo Caz 


[5 7 2 7 25 
j =p "|S 4) 12 4 
A la a 1 1 11 
a lab ‘| 2 4) 12 4 
1 4 fal a2 i 
5 7 27| 12 5 
[-12 16 -8 
=| 2 -3 1 
2 =§ 3 
[-12 2 2] 
adj A=C =| 16 -3 -5 
-§ 1 3 
-12 2 2] 
-_adjA_ 1 16-3 <5 
|Al Tig 1 3 
-12 2 2|f[9 2 
Now, A’B=--| 16 -3 —5/x/52 15 
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ae 4] fi -1 
=--|~12 -8|=|3 2 
4 
Es -4 : L 
From Eq. (i) X=A"'B 
Tx ul fi -1] 
=> y vj=|3 2 


zw 5 am 


On equating the corresponding elements, we have 


x=lu=-1 
y=3,v=2 
z=5w=l1 
95. Since, x, =3y, + 2y2 —y3 
[y, | 
=  [y]=B 2 al 
baw 
Putting the values of y,, y2, y3, we get 
Z,—Z, +23 | 
[xJ=[3 2 -1]|0+2z, +32, 
2z, +z, + 0 
[1 -1 1][z,| 
=6 2 -1)|}® 1 Sila 
2,1 #0 23. 
[z, | 
=[(3+0-2 -3+2-1 346+ 0]j}z, 
ae, 
[ 2, 
=(1 -2 "| 
25. 
[x,] =[z, —22, + 925] 
‘. X, = 2, — 22, + 92, 
Further, x,=—y, + 4y2 + 5y; 
[y, | 
> [x,]=[-1 4 5]]¥. 
Dew 
Putting the values of y,, y2, y3, we get 
Z,—2_ + 2; | 
[x,J)=[-1 4 5]/0+z,+3z, 
2z, + 2, + 0. 
fr -1 11[z,] 
=(-1 4 5j]o 1 3ifz, 
2 1 Ojf25 
=[-14+0+10 14+4+5 -—1+12+0] 
a 
=(9 10 11]}z, |=[9z, + 10z, + 1125] 
AS. 
Hence, x, =92, + 10z, + 11z, 
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Further, x3; = y; — yz + 3y3. 
yn 
[x,J=[1 -1 3]]y, 
ys 
Putting the values of y,, y, y3 we get 
Z,— 22 +2; | 
= [x,J=(1 -1 3]}0+z, +32, 
2z, + Z2+ 0 
(1 -1 1]fz,] 
=[1 -1 3]/0 1 3]/z, 
2 1 Offz,_ 
[z, 
=(1-0+6 -1-1+3 1-34 0]]z, 
as 
[z, 
=(7 1 -2)]/z,|=([72z, + z, —22z,] 
= 


<e X,=72z, + 2, —22, 
Hence, from Eqs. (i), (ii) and (iii), we get 
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.»(iii) 


X, = Z, — 22, + 9Z3, Xz =9zZ, + 10z, + 1125, x,=7z, + Z, — 22, 


96. Given equations can be written as, 
2x —3y + 6z =5t+3 
y-4z=1-t 
4x—-Sy + 8z=9t+k 
which is of the form AX = B. 


Let C be the augmented matrix, then 


[2 -3 6:5¢+3) 
ssi 1 -4:1-t 
4-5 8:9t+k 
Applying R, > R, —2R,, then 
' 2-3 6 : 5t+3 
me i : 
C=|0 1 --4 :1-? 
O 1 -4i-ttk-6 
Applying R, > R, — R,, then 
[2 -3 6 :5t+3 | 
C=|0 1-4 :1-t 
0 0 0 :k-7 
(i) For no solution 
R,#R 
: k#7 
(ii) For infinite number of solutions 
R,=R 
| Fy k=7 
97. AX =U has infinite many solutions 
=e | A] = 0 =|A,| =|A,| =] As| 
Now, | A] =0 
al 0 
=> 1 b d|/=0 = (ab-1)(c-d)=0 
1b ¢ 
--{ii) => ab=1orc=d 


.. (i) 
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and |A,| =0 
f 1 0 
=> g b dj=0 
h be 
=> fle -d) - gc+ hd =0 
=> fle -d) = ge —hd a 
= |A,|=0 
a f 0 
=> 1 g d|=0 
1 hee 
=> a(gc — dh) — f(c -d) =0 
=> a(gce — dh) = f(c -—d) 
|A,|=0 
al f 
=> 1 b gi=0 
1 boA 
= (h — g)(ab -1)=0 
= h=gorab=1 


Taking c = d =>h = g and ab #1 (from Eqs. (i), (ii) and (iv)) 
Now, taking BX = V, 


ali 
iBij=|0 d cl=0 


(ii) 


.. (iii) 


wiv) 


[fe o oO] 
cA = c éld= 
0 -—2c 4c 


“ By A" == [A? + cA + dl] 


= 6=l+ct+d 
.(— 6, 11) satisfy the relation. 
99. If Q = PAP 
then P'Q= AP? 
= P™Q? p _ AP™Q7% p 
= A2pTQ 3p — 
= A204 pt (PA) 
= 42005 
4205 = [1 2005] 
0 1 
100. A’= 
{1 1 | 1 


[¢ 0 o| 
0d 
0 0 
[By equality of matrices} 
[- PP’ =H] 
A3pTg?%2p 


[Q = PAP! => QP = PAl 


[4 i f1 o] fa of 


le 2 


fi olfi o] fi 


“le all 4 


“13 4 


I=A-A? > I=A(I-A) 


Then, 
f gh 
[‘.. In view of c = d and g =h, c, and c, are identical] 
=> BX = V has no unique solution. 
a 1 1 
and |B)|=| 0 d c|=0 [°c =d, g=h) 
0 g hi - 
aa’ 1 
|B,=|0 0 c|=a’fe=a'df [ce =d] 
f 0 |h 
al @ 
and |B,|=|0 d 0 |=—a'df 
f g 0 


If a’df # 0, then|B,| =| B,| 0 


Hence, no solution exist. 


f1 o o| [6 0 o| 
98. Given, A=|0 1 1],A°'=-|0 4 -1 
10 32 4, 02 1 
f1 o olf1 o oj] f1 oO 0 
A’=|0 1 #1]//0 1 | -1 5 
0 -2 4|]|0 -2 4] |0 -10 14 


102. (i) Let U, be 


Similarly, 


Hence, 


A? 1=A7)(AU-A)) 3 AU=I-A 


f 


x 1 00 
y|sothat|2 1 0 
1 
1 


oi 
0 
0, 


x 
y|= 
2 \2) 


N 
x 


|U|=3 
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f-1 -2 0° 
Gi).  AdjU=|-7 -5 3 
\9 -6 3, 
yt p AGU _ AdjU 
|U{ 3 


= sum of the elements of 


a. 
U Sp isd 0-75 3 HO Gs 3) =O 


(iii) The value of 


3) 1 2 2o2\73 
=(320){-2 -1 -1]}2 
0 


‘ 


G20)U 
1 -6 -3)}\0} 
an 
=(-1 4 4)/2 
0 
=(-3+8+0)=5 
103. a-(; ‘}a=(¢ 
3 4 0 b 
a 2b 
=> AB= 
i 3) 


oi oma( NC (6 2) 


Hence, AB = BA only whena = b. 


104. A? -B =(A — B)(A + B) 
=> A’ — B? = A? + AB- BA-B? 
= AB = BA 
5 5a a | 
105.A=|0 a S5a|=>]A-Al=| Al] Al=(25a)? =25 
00 5 
=> a? = 
25 
=> ates 
5 
106.°: A'=A,B'=-B 


Given, (A+ B)(A—B)=(A-B)(A+ B) 
=> A*~AB+BA-B’ =A’? + AB-BA-B’ 


=> AB= BA 
Also, given (AB)' =(-1)* AB 
= BA! =(- i AB 
= — BA =(-1)* AB 
= (-1) =(-1} [ AB = BA] 
k= 1, 3,5... 
2 47 
107. Let A= 
lo 1/2, 
1 
det A= =1 
0 1/2 


108. ae 
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and A'= 


and = 


| 
and let A -| 
| 


ly Oo 


Then, A? =] 


1 
*. det A= ‘ =-1and tr(A)=0 


109. (i) If two zero’s are the entries in the diagonal, then 


1C R76 = 9 
If the entries in the principal diagonal is1, then 
C3 
=> Total matrix =9+3=12 
fo a b] 
(ii)|@ 0 cleitherb=Oorc=0=>|A|#0 
i .€ 4 
=> 2 matrices 
0a bl 
a 1 cjeithera=0orc=0>| A| #0 
be 0 
=> 2 matrices 
fi a 5] 


a 0 cleithera=Oorb=0=>| A|#0 


bc 0 
=> 2 matrices 
a 
ie 
Ifa=b=0>]|A|=0 
Ifa=c=0=>|A|=0 
ifb=c=0=| A|=0 
=> There will be only 6 matrices. 
(iii) The six matrix A for which| A|=0 are 
00 1 
1 | = inconsistent 
1 
0| 
1 


Le) 
_— 


=> inconsistent 


1 
‘ => infinite solutions 


(oo | 
So 


0 
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1 1 0] 

a | 1 => inconsistent 
00 1 

[1 0 1 

0 1 0O]= inconsistent 
ie 1) 

[1 0 o| 

1 1{|= infinite solutions 
01 1. 


110.|adj A|=] A}? '=| AP =| Al 
adj(adj A)=| A]"~?.A 
=|A|?"?A=|A)>A=A 
111. Three planes cannot meet only at two distinct points. 


Hence, number of matrices = 0 
112. If Ais symmetric matrix, then b =c 


b . 
O° | 2a? —b? =(a + b) (a5) 
b a 
a, b,c € {0, 1, 2,3,..., p— 1} 
Number of numbers of type 


*. det (A) = 


np = 
np+1=1 
np+2=1 


np+(p—-1)=1Vnel 
(i) as det (A) is divisible by p => either a + b divisible by p 
corresponding number of ways =(p — 1) [excluding zero] or 
(a — b) is divisible by p corresponding number of ways = p 
Total Number of ways =2p — 1 
(ii) as Tr (A) not divisible by p=>a #0 
det (A) is divisible by p >a” — be divisible by p 
Number of ways of selection of a, b, c 
=(p —1)[(p-1) x1) =(p-1) 
(iii) Total number of A= px pxp=p° 
Number of A such that det (A) divisible by p 
=(p—1)* + number of A in which a = 0 
=(p-1) + p+p-1=p" 
Required number = p” — p” 
113.| A| =(2k —1)(-1 + 4k?) + 2Vk (vk + 4kvk) 
+ 2vk (4kvk + 20k)(2k - 1) (4k? - 1) 
+ 4k + 8k? + 8k? + 4k 
= (2k — 1) (4k? - 1) + 8k + 16k” 
= 8k? — 4k? — 2k + 1 + 8k + 16k? 
= 8k? + 12k? + 6k +1 
| B| =O as B is skew-symmetric matrix of odd order. 
=> (8k° + 12k? + 6k + 1)’ =(10°)? 


(2k + 1)° =10° 
2k+1=10 
k=4.5 
[k]=4 


114. First row with exactly one zero 


Yyuy sy 


. Total number of cases =6 
First row 2 zeroes, we get more cases. 
“. Total we get more than 7. 


115.121 A=( i} ideo 
c d 


aza(? °).(2 & 
“le d e @) 


- apa (@ te ab + bd 
actcd be+d’; 
= a’® + be=1,bc+d’=1 
ab + bd =ac+cd =0 
c#0andb#0 
and a+d=0 
Trace A=at+d=0 
| A| =ad —be =—a? —be=1 
116. MN = NM 


M?2N? (M™N)? (MN71)7 M?2N2N7! (MT)? (N~')7 MT 
= M?N-(M")} (N71)7 mM =—M?-N(M)?! (NT)! M 
=+ M’NM"'N~'M? =— M-NMM"'N™ M 
= —MNN7'M=-M? 

Note 


A skew-symmetric matrix of order 3 cannot be non-singular 
hence the question is wrong. 


117. (i) a+8b+7c=0; 9a+2b+3c=0 
7a+7b+7c=0 
Solving these equations, we get 
b=6a 
=> c=—-7a 
Now, 2x+y+z=0 
= 2a+6a+(-7a)=1 
=> a=1,b=6,c=-7 
7a+b+c=7+6-7=6 
(ii) * @ =2 with b and c satisfying (E) 
* 2+8b+ 7c =0,18 + 2b + 3c =0 
and 2+b+c=0 
b=12andc=-14 
3 1 3 3 1 3 
—} —— + —— 


we get 


=30 +14 307 
=1+ Xo + w’) 
=1+X-1)=-2 
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(iii) «" b =6, with a and c satisfying (E£) 
. @+ 48+7c=0,9a+124+3c=0,a+6+c=0 
we get a=1,c=-7 
Given, , B are the roots of ax”? + bx +c =0 


n=0 n=0 
2 
6 
QQ 
7 
— 1 — 
1-6/7 
118. For the given matrix to be non singular 
1 ab 
@ 1 c|/#0 
wo’ © 1 
=> 1—(a+c)@ + acw’ #0 
=> (1 — aw) (1 — cw) #0 
> a#@’ andc #0” 


‘a,b and c are complex cube roots of unity. 
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=> A (BA) is symmetric 
Now, let Q=(AB)A 
Q’ =((AB) A)’ 
= A’ (ABY = A’ (B’ A’) 


= (AB) Ais symmetric. 

.. Statement-1 is true. 

Statement - 2(AB)’ = B’ A’ = BA 
= AB 

=> AB is symmetric matrix 

..Statement-2 is true. 


687 


[.. A’ = A, B’ = B] 
[By associative law] 


[- A’ = A, B’ = B] 
[.- AB = BA] 


Hence, both Statements are true, Statement-2 is not a correct 


explanation for Statement-1. 

27a, 2°. 2645 
121. We have, |Q|=| 23421 2442 25a, 
24Q5, 2°32 26a 

Gq 8%. Ay 

=2"-2"-2"| 2a;, 2a 2a, 

7 a a 
A, 2 ay 

22? 22" | ay, aj, ay |=2°| P| 


@5, 432 4s, 


a ee 
.a and c can take only one value i.e., @ while b can take two |Ql=2° x2=2 
values i.e., and w’, 122.°.: P’ =2P +I «. (i) 
“. Total a of distinct = 2 (P™)' =(2P + ai 
figienne|s | = Bree 2 a 
phi From Egs. (i) and (ii), we get 
: a‘ P=2(2P+I)+I1 
0] f-1] - P=-I 
M\1 se =>b=-1le=2h=3 PX =-IX =-X 
o} [3 144 
cr) Taq 123. Given, adj P=|2 1 7 
M|-1 5 asian 11 3 
.O|} [-1 1 4 4 
fi] [ol => |adjP|=|2 1 7 
s) =}0] > gtht+i=12 >i=7 1 1 3 
1} 12, =1(-4)-4(-1) + 4(1)=4 
*. Sum of diagonal elements =a +e+i=0+2+7=9 => [Pp t=4 
120. Since, A and B are symmetric matrices = | PJ=+2 
A’ = Aand B’ =B x\ 
Statement-1 Let P = A(BA) 124. Let u, + u, =| y 
P’ =(A(BA)) =(BAY A’ * 
=(A’ B’) A’ : x 
=(AB) A [. A’ = A, B’ = B] 
= A (BA) [By associative law] ie a lc al by 
=P 0, 
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f ‘ 


=> 


1 0 0 
2 1 0 
3.2 (dy 


7 
a 
\z J 


\ 


ce ax+y 
\ 


axtZy+z) \0) 


ve x=1,2x+y=1 
and 3x+2y+z=0 
=> x=1,y=-1z=-1 
fy 

uy tu =| —- 

oJ, 


Hence, 


125. Given, P? =Q° (i) 
and P’°Q=Q’P .-» (ii) 


Subtracting Eq. (i) and (ii), we get 
Pp? -P790=Q° _ QP 
P’ (P-Q)=-Q" (P-Q) 
2 (P? + Q’)(P-Q)=0 
|(P? + Q°)(P -Q)|=|0| 
= | P? + Q°|| P-Q|=0 
| P? + Q*|=0 
126. Given, adj A = P 


y 


[- P#Q] 


| adj A| =| P| 


[ @? © w! oe 
‘95 oe of oo ..0'% 
i+ 
128.P =[Pylaxn =[0""Iaxn =| gt 9 oo ..0** 
gtt! tt? ott? o” 
00 0..0] 
, {9 0 0..0 
Bn ee eit Le 
00 0..0 


If n is multiple of 3, so for P? #0, nshould not be a multiple of 
3, i.e. n can take values 55, 56 and 58. 
129.B=Aq' A’ 
B’=(A" A’Y = A(A™’)’ 
Now, BB’=(A~'A’) A(A7!)’= A! (A! A)(A™')’ 
= Aq! (AA’)(A7")’ (<A A= AA 
=(A7'A) A’ (A™')’ 


=(IA’)(A7!)’= A’ (A7')/=(A7! A)/= I= 1 


: 
130. Let M -|5 ( where a, b,c € I 
c 


a b 
M is invertible if #0=>ac—b’?#0 


[a 
(a) lo 
Option (a) is incorrect 


(b) (b c]=[a b] >a =b=c=ac—b’=0 


ol (b) is incorrect 


b 
=|(| > exb=< => ac—b’=0 
c 


Yoyo 


[AP '=| P| 


[-] A|=4] 


16 =| P| 


() M=I, 


a , then| M|=ac #0 


1a 3 
= 16=|1 3 3 
24 4 
16 = 1(0) — a (4-6) + 4 -6) 
16 = 20. —6 


*, Mis invertible 
*. Option (c) is correct. 
(d) As ac # (Integer ? => ac #b? 
*, Option (d) is correct. 
131. Given, MN = NM, M # N’ and M’ = N‘ 


127. 


(a) (N™MN)" 


“yuu 


= NUM(N™ y 


2a, = 22 
a=11 


= N'’M'N = N'MN 


or — N’MN According as M is symmetric or 
skew-symmetric. 
Correct. 
(b) (MN — NM)’ =(MN)! ~(NM)’ = N™M! - MNT 
= NM —- MN 


[.. M, N are symmetric] 


=~—(MN — NM) 


.. correct 


Then, M? =N‘ 

=> (M + N”)(M~—-N’*)=0 

o M+N?=0 [ M#N* 
=> |M+N*|=0 


(a) | M? + MN*|=| Mi] M+ N?|=0 
*, Option (a) is correct. 
(b) (M? + MN”) U=M(M+N*)U=0 


*, Option (b) is correct. 


(c) (MN)’ 


=N'™M! = 


NM # MN 


[.: M, N are symmetric] 


(c) 


| M? + MN? | =0 from option (a) 


*. Incorrect. 
(d) (adj M) (adj) = adj (NM) # adj (MN) 
.. Incorrect. 


| M? + MN?|21 
“. Option (c) is incorrect. 
(d) If AX =0and| A|=0, then X can be non-zero. 
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(c) - | M? + MN @ | = 0 from option (a) 
| M? + MN?| 21 
.. Option (c) is incorrect. 
(d) If AX =0 and| A| = 0, then X can be non-zero. 
132..: AA’ =91 


[i 2 lee 1 0 0 


21 -2);2 #1 =9/0 1 0 
a2 b|j2 -2 b| |0 01 
f 9 0 a+4+2b| [9 0 0 
=> 0 9 2a+2-2b/=|0 9 0 
at+4+2b 2a+2-2b a®+4+b"| [0 0 9 
On comparing, we get 
a+2b+4=0 we (i) 
2a ~2b+2=0 + (ii) 
From Eggs. (i) and (ii), we get 
a=-2, 
b=-1 


‘. Ordered pair is (~ 2, — 1). 
133... X'=-X,Y' =-Y,Z' =Z 
(a) (¥? 24 — zy 3yTacy?z')? -(z4 ¥3)? 
=(2*) (vy -(y (Z*F 
=(Z7)! (v7) —(¥7)3 (27) 
=~Zty>+y* 2° 
-y3z4 _ zty3 
Option (a) is incorrect. 
(b) X* + Y“ is symmetric matrix. Option b is incorrect. 
Cit! Pare axes y ae xy 
= (2°) (x*)f -(xt) (2°) 
=(ZT)3 (xT) — (xT) (27) 
= Z*x' - x*z? 
=—(X‘Z> -Z°X‘) 
*. Option (c) is correct. 


(d) X73 + Y”3 is skew-symmetric matrix. Option (d) is 


correct. 
134.-: A adj A= AA™ 
=> A“'(A adj A) = A7'(AA’) 
= (A"'A) adj A =(A'A)A™ 
= I(adj A) = IA™ 
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or adj A= A’ 
2 [Sa 3 
_ -3 sa] |-b 2 
=> 5a =2 and b =3 
5Sa+b=5 
P.Q a _@ 
 PQO=kKI => —=I1=>P° == sf 
PQ => k => , (i) 
Also |P| = 120 + 20 ...{ii) 
and given q,, = = 
o 
Comparing a third element of ‘a row on both sides, 
-k 
t ——(-(3a+4 =ox= 
we ge (20+ ae ( )) P 
=> 240 + 32 = 12a +20 
a=-1 --(iii) 
From (ii), |Pj=8 ...(iv) 
Also PQ=kI 
ad [PO = |k!| 
= Pil=k 
K k? 
=> 8x—=k -- Pj =3,/0/=— 
[--ail=£ 
k=4 ..{v) 
Ghiaee= —~k+8=-4-4+8=0 
(c) det (P adj(Q)) =| P| | adj Q|=|P||Q|’ =8 x8? =2” 
(d) det (Qadj(P)) =|Q| | adj P|=| Q|| P|’ =8 x8? =2° 
oZalttt oe Ai) 
2 
=> w =1andi+@+7 =0 
f r 2s 
Now, =|) A 
wo w 
; (a) wo! | (-w)’ wo?! | 
f= 2s r 2s r 
| @ a || o a” 
_| a7 +o w (wy +0") 
}a*((-w) +0") of +0” 
Sf wo” +0’ w?((-w)'+ 0") | eaten 
|o?(-0)+ 0") w! +0” | ; 
-1 0 
Pp? =-I -| | ...(ii) 
0 -1| 
Form Eqs. (i) and (ii), we get 
wo” +@° =-1 


and w7"((-)’ + @") = 0 

=>r is odd and s =r but not a multiple of 3. Which is possible 
whenr =s =1 

.. Only one pair is there. 
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1 0 0 [o 0 0] 
137.P=|4 1 O]=I+/4 0 O|=I4A4A 
16 4 1 * 4 0 
[0 0 0 
Let A=/]4 0 0 
B 4 0 
fo 0 Oo fo o o| 
=> A°=10 0 OlandA*=10 0 0 
sa Bee 
=> A” is a null matrix Vn >3 
a+ ay =1 4504+ 20 a? 
= ee 
or Q=50A+25x49A? 
fo o ol f 0 


0 o| 
=|200 OO O]+ 0 O 
800 200 01 19600 0 O 


la, Ge asl [ 0 0 0 


Gar 922 Yo3|=| 200 0 0 
931 932 933} [20400 200 0 


On comparing, we get 
9a = 932 = 200, q3, = 20400 


93) +452 _ 20400 + 200 
921 200 


=102+1=103 


-3|[2 ~-3] [16 -9] 


1 |[-4 1 ]>[-12 13] 


3A7 412A =3 ha a 
| -12 13 | eg 
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Session 1 


Some Basic Definitions, Mathematical or Priori or 
Classical Definition of Probability, Odds in Favour 


and Odds Against the Event 


Some Basic Definitions 


1. Random Experiment 


An experiment whose outcome cannot be predicted with 
certainty, is called a random experiment. 


Or 


If in each trial of an experiment, which when repeated 
under identical conditions, the outcome is not unique but 
the outcome in a trial is one of the several possible 
outcomes, then such an experiment is known as a random 
experiment. 

For example, 


(i) “Throwing an unbiased die” is a random experiment 
because when a die is thrown, we cannot say with 
certainty which one of the numbers 1, 2, 3, 4, 5 and 6 
will come up. 

(ii) “Tossing of a fair coin” is a random experiment 
because when a coin is tossed, we cannot say with 


certainty whether either a head or a tail will come up. 


(iii) “Drawing a card from a well-shuffled pack of cards” 
is a random experiment. 


Remark 
1. Adie is a solid cube which has six faces and numbers 1, 2, 3, 
4,5 and 6 marked on the faces, respectively. In throwing or 
rolling a die, then any one number can be on the uppermost 
face. 
2. (i) Apack of cards consists of 52 cards in 4 suits, i.e (a) 
Spades (#) (b) Clubs (#) (c) Hearts (¥) (d) Diamonds 
(#). Each suit consists of 13 cards. Out of these, spades 
and clubs are black faced cards, while hearts and 
diamonds are red faced cards. The King, Queen, Jack (or 
Knave) are called face cards or honour cards. 
(ii) Game of bridge It is played by 4 players, each player is 
given 13 cards. 
(iii) Game of whist It is played by two pairs of persons. 


2. Sample Space 


The set of all possible results of a random experiment is 
called the sample space of that experiment and it is 
generally denoted by S. 


Each element of a sample space is called a sample point. 
For example, 
(i) If we toss a coin, there are two possible results, 
namely a head (H) or a tail (T). 
So, the sample space in this experiment is given by 
S=(.H,7)}, 
(ii) When two coins are tossed, the sample space 
S = {HH, HT,TH,TT}o 
where, HH denotes the head on the first coin and 
head on the second coin. Similarly, HT denotes the 
head on the first coin and tail on the second coin. 


(iii) When we throw a die, then any one of the numbers I, 
2, 3, 4, 5 and 6 will come up. So, the sample space 


S ={1, 2,3, 4,5, 6}. 


3. Elementary Event 
An event having only a single sample point is called an 
elementary or simple event. 


For example, When two coins are tossed, the sample space, 
S ={HH, HT, TH, TT}, then the event, E, = {HH} of getting 
both the heads is a simple event. 


4. Mixed Event or Compound Event or 
Composite Event 

An event other than elementary or simple event is called 

mixed event. 

For example, 

(i) When two coins are tossed, the sample space 
S = (HH, HT,TH,TT} 

Then, the event E = {HH, HT, TH} of getting atleast 
one head, is a mixed event. 


(ii) When a die is thrown, the sample space 
S ={1,2,3, 4,5, 6} 
Let A = {2, 4,6} =the event of occurrence of an even 
number 
and B = {3,6} = the event of occurrence of a number 
divisible by 3. 


Here Aand Rare mived eve 
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9. Equally likely Events 


The given events are said to be equally likely, if none of 
them is expected to occur in preference to the other. 
For example, 

(i) When an unbiased coin is tossed, then occurrence of 
head or tail are equally likely cases and there is no 
reason to expect a ‘head’ or a ‘tail’ in preference to 
the other. 

(ii) When an unbiased die is thrown, all the six faces 1, 2, 
3, 4, 5 and 6 are equally likely to come up. There is no 
reason to expect 1 or 2 or 3 or 4 or 5 or 6 in 
preference to the other. 


6. Independent Events 


Two events are said to be independent, if the occurrence 
of one does not depend on the occurrence of the other. 

For example, When an unbiased die is thrown, then the 
sample space S = {1, 2, 3, 4,5, 6} 

Let E, = {1,3,5} =the event of occurrence of an odd 
number and E, = {2, 4,6} =the event of occurrence of an 
even number. Clearly, the occurrence of odd number does 
not depend on the occurrence of even number. So, E, and 
E, are independent events. 


7. Complementary Event 


Let E be an event and S be the sample space for a random 
experiment, then complement of E is denoted by E’ or E° 
or E. Clearly, E’ means E does not occur. 

Thus, E’ occurs <> E does not occur. 

For example, When an unbiased die is thrown, then the 
sample space S = {1, 2, 3, 4, 5, 6}. 

If E = (1, 4,6}, then E’ = {2,3, 5} 


8. Mutually Exclusive Events 


A set of events is said to be mutually exclusive, if 
occurrence of one of them precludes the occurrence of any 
of the remaining events. If a set of events Ey, Eo,..., Ep 
for mutually exclusive events. 

Then, E,NE,N..O£, =O 

For example, If we thrown an unbiased die, then the 
sample space S = {1, 2, 3, 4,5, 6} in which 

E, ={1,2,3} =the event of occurrence of a number less 
than 4 and E, = {5,6} =the event of occurrence of a 
number greater than 4. Clearly, E,; A E, =9 

So, E, and E, are mutually exclusive. 


9. Exhaustive Events 


A set of events is said to be exhaustive, if the performance 
of the experiment results in the occurrence of atleast one of 
them. Ifa set of events E,, E>, ..., E, for exhaustive events. 
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Then, 
For example, If we thrown an unbiased die, then sample 

space S = {1, 2, 3, 4,5, 6} in which 

E, = {1,2,3, 4} =the event of occurrence of a number less 
than 5 and E, = {3, 4,5,6} =the event of occurrence of a 
number greater than 2. 

Then, E, U E, = {1,2,3, 4,5,6} and E, 0 E, = {3, 4} 

So, E, VUE, =Sand E, NE, #o 

Hence, E, and E, are exhaustive events. 
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10. Mutually Exclusive 
and Exhaustive Events 


A set of events is said to be mutually exclusive and 
exhaustive, if above two conditions are satisfied. If a set of 
events E,,E,,...,E, for mutually exclusive and exhaustive 
events. 
Then, E, U E,U...U E,=Sand E,;QNE,N...NE, => 
For example, If we thrown an unbiased die, then sample 
space 

S = {1,2,3, 4,5,6} in which 
E, ={1,3,5} =the event of occurrence of an odd number 
and E, = {2,4,6} =the event of occurrence of an even number. 
Then, E, U E, = {1,2,3,4,5,6} and EF; NE, =o 
So, E, U E, =Sand E, N E, =9. 
Hence, E, and E, are mutually exclusive and exhaustive 
events. 


Mathematical or Priori 
or Classical Definition of Probability 


The probability of an event E to occur is the ratio of the 
number of cases in its favour to the total number of cases 
(equally likely). 
P(E) = n(E) _ Number of cases favourable to event E 
n(S) Total number of cases 


Range of Value of P(E) 


Probability of occurrence of an event is a number lying 
between 0 and 1. 


Proof Let S be the sample space and E be an event. Then, 


ECGS ..{i) 
Also, ocS ...{ii) 
where @ is a null set. From Eqs. (i) and (ii), we get 
oCSDE=> n(o)<n(E) Sn(S) 
n(E) — - 
=> = Gy [-.. n(o) =0] 
=> 0< P(E) S1 
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Remark 
1. For impossible event ; P() =0 
2. For sure event S, P(S) = 1 
Relationship between P(E) and P(E’) 
If £ is any event and E’ be the complement of event £, then 
P(E) + P(E’) =1 
Proof Let S be the sample space, then 


Bas =6 
= AE’) = n(S) - n(E) 
e nte") _y_ 46) 
nS) nS) 
=> P(E’) =1- P(E) 
i.e. P(E) + P(E’) =1 


Odds in Favour and 
Odds Against the Event 


Let S be the sample space. If a is the number of cases 
favourable to the event E, b is the number of cases 
favourable to the event E’, the odds in favour of E are 
defined by a: b and odds against of E are b: a. 


i.e. odds in favour of event E is 
n(E) 


Z 
a 


b n(E’) n(E’) P(E’) P(E) 
n(S) 
P(E’) + P(E) _bta 
P(E) a 
1 bt+a 
=> — = 
P(E) a 
= P= and PE ie 
a+b a+b 
Remark 


We use the sign ‘+' for the operation ‘or’ and ‘x' for the operation 
‘and’ in order to solve the problems on definition of probability. 


| Example 1. If three coins are tossed, represent the 
sample space and the event of getting atleast two 
heads, then find the number of elements in them. 
Sof. Let S be the sample space and E be the event of 
occurrence of atleast two heads and let H denote the 
occurrence of head and T denote the occurrence of tail, 
when one coin is tossed. 
Then, S={H,T}x {H, T} x {H, T} 
S=4{(8, A.A) (8A, 7), GH TdT, BA), 


(T,T,H),(T, H,T),(H, T,T)(T, T, T)} 


and E = {(H, H, H),(H, H, T), (H, T, H),(T, H, H)} 
Also, n(S) = 8 and n(E) = 4 


| Example 2. One ticket is drawn at random from a 
bag containing 24 tickets numbered 1 to 24. Represent 
the sample space and the event of drawing a ticket 
containing number which is a prime. Also, find the 
number of elements in them. 

Sol. Let S be the sample space and E be the event of 

occurrence a prime number. 

Then, S = {1,2,3, 4,5, «+, 24} 

and E = {2,3,5,7, 11, 13, 17, 19,23} 
Also, n(S)=24 andn(E£)=9 


| Example 3. Two dice are thrown simultaneously. 
What is the probability obtaining a total score less 
than 11? 
Sol. Let S be the sample space and E be the event of obtaining 
a total less than 11. 
Then,S = {1, 2, 3, 4, 5, 6} x {1, 2,3, 4,5, 6} = n(S) =6 x6=36 
Let E’ be the event of obtaining a total score greater than or 
equal to 11. 
Also, E’ = {(5, 6), (6,5), (6,6) ©. n(E’)=3 
Then, probability of obtaining a total score greater than or 
equal to 11, 


1 11 
P(E)=1- P(E’)=1-—=— 
(E) (E’) ar 


Hence, required probability is — 


| Example 4. If a leap-leap year is selected at random, 

then what is the chance it will contain 53 Sunday? 

Sol. A leap-leap year has 367 days i.e., 52 complete, week and 
three days more. These three days will be three 
consecutive days of a week. A leap-leap year will have 53 
Sundays, if out of the three consecutive days of a week 
selected at random one is a Sunday. 

Let be the sample space and E be the event that out of the 
three consecutive days of a week one is Sunday, then 

S= {(Sunday, Monday, Tuesday), (Monday, Tuesday. 
Wednesday), (Tuesday, Wednesday, Thursday), (Wednesday. 
Thursday, Friday), (Thursday, Friday, Saturday), (Friday 
Saturday, Sunday), (Saturday, Sunday, Monday); n(S) =7 
and E={(Sunday, Monday, Tuesday), (Friday, Saturday, 
Sunday), (Saturday, Sunday, Monday)} 

° n(£)=3 


Now, required probability, P(E) = —— = — 
; nis). 7 


| Example 5. From a pack of 52 playing cards, three 
cards are drawn at random. Find the probability of 


’ drawing a King, a Queen and a Knave.. 
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Sol. Let S be the sample space and E be the event that out of 
the three cards drawn one is a King, one is a Queen and 
one is a Knave. 


. n(S) = Total number of selecting 3 cards out of 52 cards 
= 2c, 
and n(E£) = Number of selecting 3 cards out of one is King, 
one is Queen and one is Knave = ‘C,-*C,- *C, = 64 
64 
n(E)_ 64 _ 52-51-50 _ 16 


.Required probability, P(£)=—— =—_—- = ———_- = ——_ 
: . ee n(S) *C, 1:2:3 5525 


| Example 6. A bag contains 8 red and 5 white balls. 
Fae balls are drawn at random. Find the probability 
that 
(i) all the three balls are white. 
(ii) all the three balls are red. 
(ii) one ball is red and two balls are white. 
Sol. Let S be the sample space, E, be the event of getting 3 


white balls, E, be the event of getting 3 red balls and E, 
be the event of getting one red ball and two white balls. 
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*, n(S) = Number of ways of selecting 3 balls out of 
13(8+5)= °C, = te ie 


(i) n(E,) =Number of ways of selecting 3 white balls out of 5 


5 5 5:4 
— C = GC =—=-—10 
3 = 
.. P (getting 3 white bee ee eae 5 


n(S) 286 143 
(ii) n(E,) =Number of ways of selecting 3 red balls out of 8 


="Cy= eee 56 
1.2.3 
. P (getting 3 red balls) = "¢2) 
n(S) 
= 56 _ 28 
286 143 


(iii) n(E,) = Number of ways of selecting 1 red ball out of 
8 and 2 black balls out of 5 = °C, -°C, = 8-10=80 


. P (getting 1 red and 2 black balls) 


Exercise for Session I 


1. A problem in mathematics is given to three students and their respective probabilities of solving the problem 


are _ Z and The probability that the problem is solved, is 


(2 (a). 
3 J3 


2. Adice is thrown 3 times and the sum of the 3 numbers thrown is 15. The probability that the first throw was a 


2s 
(a) = (0) 
four, is 
(a) : (o) 


1 2 
(c) é (d) 5 


3. Three faces of a fair dice are yellow, two faces red and one blue. The dice is tossed three times. The 
probability that the colours yellow, red and blue appear in the first, second and third toss respectively, is 


1 1 
(a) b (b) 72 


1 1 
Os ar. 


4. Aspeaks truth in 75% of cases and B in 80% of cases. The percentage of cases they are likely to contradict 


each other in stating the same fact, is 
(a) 30% (b) 35% 


(c) 45% (d) 25% 


5. An unbiased dice with faces marked 1, 2, 3, 4, 5, 6 is rolled four times. Out of four face values obtained the 
probability that the minimum face value is not less than 2 and the maximum face value is not greater than 5, is 


4 
ao (b) o 


65 
(c) = Ol 


6. Three numbers are chosen at random without replacement from {1, 2, 3, ..., 10}. The probability that the 
minimum of the chosen number is 3 or their maximum is 7, is 


11 7 
Dien Ch 


11 7 
Le or 


7, Seven white balls and three black balls are randomly placed in a row. The probability that no two black balls are 


placed adjacently, is 

1 7 
a)— b) — 
( Ms (b) 16 


2 1 
(c) 75 (d) 3 
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8. 


10. 


rae 


12. 


13. 


14. 


15. 


16. 


1h. 


18. 


19. 


20. 


Two numbers are selected randomly from the set S = {1, 2, 3, 4, 5, 6} without replacement. The probability that 
minimum of the two numbers is less than 4, is 


1 14 1 4 
a) — b) — c)— d)— 
(a) 7 (b) a ( )e ( s 
1+3p 1-p 1-2p sige : 
If ee a and oy are the probabilities of the three mutually exclusive events, then p € 
(a) (0, 1] (b) jo. (c)| 4, ] (2) E 3] 
2 LS 3 2 


Three identical dice are rolled once. The probability that the same number will appear on each of them, is 
1 1 1 3 

a) — b) — c) — d) — 

ale ee las isa 

If the letters of the word ASSASSIN are written down in a row, the probability that no two S's occur together, is 
1 1 1 , 

a) — b) — a d)— 

@) 35 0) 5; OT O53 


A box contains 2 black, 4 white and 3 red balls. One ball is drawn at random from the box and kept aside. From 
the remaining balls in the box another ball is drawn and kept beside the first. This process is repeated till all the 
balls are drawn from the box. The probability that the balls drawn from the box are in the sequence 2 black, 4 
white and 3 red, is 
1 1 1 1 

a) — 5) —— ( a —— 
( 126 ©) 630 (c) 1260 2520 
If three distinct numbers are chosen randomly from the first 100 natural numbers, then the probability that all 
three of them are divisible by both 2 and 3, is 

4 4 4 4 
a) — bh —— ro | a in 
@) 55 0) 35 3 0) 56 
There are 2 vans each having numbered seats, 3 in the front and 4 at the back. There are 3 girls and 9 boys to 
be seated in the vans. The probability of 3 girls sitting together in a back row on adjacent seats, is 


1 1 1 1 
So Oy 35 es Ore 


(d) 


Aand B stand in a ring along with 10 other persons. If the arrangement is at random, then the probability that 
there are exactly 3 persons between A and B, is 


1 2 3 4 
(a) 1 (b) rr | (c) " (d) 44 


The first 12 letters of English alphabet are written down at random in a row. The probability that there are 
exactly 4 letters between A and B, is 


7 7 Fé 5° 
a) — b) — | ae Ay. 
a) = (b) (c) (a) = | 
Six boys and six girls sit in a row randomly. The probability that the six girls sit together or the boys and girls sit 
alternately, is 


3 1 2 4 
(a) 308 (b) 700 (c) 205 (d) 407 


If from each of three boxes containing 3 white and 1 black, 2 white and 2 black, 1 white and 3 black balls, one 
ball is drawn, the probability of drawing 2 white and 1 black ball, is 


13 1 1 3 
a) — b)— o— d) — 
a sor Ml a Cor 
The probability that a year chosen at random has 53 Sundays, is 

5 3 5 3 
a) — b)— ¢) = ieee 
( i ( (c) oF ( Ler 


If the letters of the word MATHEMATICS are arranged arbitrarily, the probability that C comes before E, E 
before H, H before | and | before S, is 


3 . om mt 
(a) vi (b) os (c) 
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session 2 


POSS cree Set ota POE RS ORS Te ELS 


some Important Symbols, Conditional Probability 


some Important Symbols => P(AU B)= P(A) +P(B) - P(AN B) 


If A, Band C are any three events, then Remark 
If Aand B are mutually exclusive events, then AN B= 


Hence, P(A n 8) =0. 
“. P(AU B) = P(A) + P(B) 


(i) AM B or AB denotes the event of simultaneous 
occurrence of both the events A and B. 
(ii) AU Bor A+B denotes the event of occurrence of 


atleast one of the events A or B. _ (b) P (exactly one of A, B occurs) 
(iii) A — B denotes the occurrence of event A but not B. = P(AN B)+P(AN B) 
(iv) A denotes the not occurrence of event A. = P(A) —- P(AN B) + P(B) - P(AN B) 
v) AN B denotes the occurrence of event A but not B. = P(A) + P(B) -2P(AN B) 
(vi) pes (AU B) denotes the occurrence of neither = P(AU B)- P(AA B) 
(vii) AU BU C denotes the occurrence of atleast one (c) P (neither eran 8) a 
event A, BorC. =P(AN B)=P(AU B)=1-P(AvU B) 


(viii) (AM B)U (AQ B) denotes the occurrence of 
exactly one of A and B. 
(ix) AM BO C denotes the occurrence of all three 


Remark 
P(AUB) =1-P(ANB) 


2. If A, Band C are three events, then 


A, BandC. 
(x) (AN BAC)U(ANBNC)U(ANBOC)denotes (a) P(AU BUC) = P(A) + P(B) + P(C) - P(AN B) 
the occurrence of exactly two of A, B and C. -P(BNC)-P(CN A) +P(AN BNC) 
sabachs | : Remark 
emember with the help of figures lf A Band Care mutually exclusive events, then 


ANB=6,BNC=6 CNA=% ANBNC=9 
= P(AN B) =0.P(BNC) =0,P(C NA) =0,.P(AN BNC) =0 
PAUBUC =PA) + AB) + AC 
General form of Addition Theorem of Probability 
n 
P(A,U A2U...U Aq) = 9) P(Aj) — 9) (Ai Aj) 
i=l i<j 


+ Yi P(A; AsO Ay) - 
i<j<k 


wet (-1)"" P(ALN ALN... A, 
Important Results #(-1)"! P(A, Ag A... Ag) 


; Remark 
1 If A and B are arbitrary events, then If A, Ao, «... Ap are Mutually exclusive events, then 
(a) P(AU B) = P(A) + P(B) - P(AN B) VPA NA) =0, FPA NA A) =0 
Proof Let S be the sample space. Since, we know that i<} 1€) <A 
and P(ANAN..AA) =0 


n(AU B) =n(A) +n(B) —n(AZ B) 
n(AU B) — (A) , n(B) _ n(AN B) 


n(S) n(S)_ n(S) n(S) 


PLA UA UU A) = SALA) 


ia) 
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(b) P (atleast two of A, B, C occur) Remark 


= P(AN B)+ P(BONC)+P(CN A) Het poe a a events, 
1 2 see n 


~2P(AN BNC) vs, ' 
=1- P(E, UE, UU... U En)’ = 1- P(E NEN. ED 
(c) P (exactly two of A, B, C occur) , ‘ , 
= 1— P(E) + P(Es) ... P(En) 
=P(AN B)+P(BNC)+P(CN A) 
~3P(AN BOC) | Example 7. For a post, three persons A, B and C 
(d) P (exactly one of A, B, C occur) appear in the interiew. The probability of A being 


= P(A) + P(B)+ P(C)- 2P(AN B)-2P(BOC) selected is twice that-of B and the probability of B 
—2P(CA A)+3P(AN BNC) _ being selected is thrice that of C. What are the 


9B) A, Anes the anetidevedenwevents, then individual probabilities of A, B and C being selected? 
. ’ peeeg n ’ 


P(A, AA, A... A,) = P(A;) P(A2) ««- P(A,) Sol. Let E,, E and E, be the events of selection of A, B andC 
respectively. 


Let P(E,)=x. 
Then, P(E,) =3P(E;) =3x and P(E,) = 2P(E2) = 6x 
Since, E,, E, and E; are mutually exclusive and exhaustive 


(b) If Ay, Az,..., A, are mutually exclusive events, then 
P(A,UA,U...U A,) 
= P(A,)+P(A2)+...+ P(A,) 


(c) If A,, Ag, .... A, are exhaustive events, then events. 
P(A,UVA2U...U A,)=1 & P(E, U Ep U E3) = P(E,) + P(E,) + PEs) =1 
(d) If A,, A2,..., A, are mutually exclusive and kA P(E,) + P(E,)+ P(E3) =1 
exhaustive events, then = 6x +3x+x=1 
P(A,;U A22...0 Ap) x Sa De 
= P(A,)+ P(Az) +...+ P(An) =1 Ye a 
4. If A,, A2,..., A, are n events, then Hence, P(E,) =.6x = 0 5 


(a) P(A, U A2U...U A,) S P(A;) + P(A2) +... + P(A,) 
(b) P(AYN AN... NA,)21-P(A\)— P(Ag)— | 
NEG) [| Example 8. |f A and B are independent events, the 
Important Result probability that both A and B occur is ; and the 


If E, and E, are independent events, then 


3 1 
= 3x = —and P(E,;)=x=— 
P(E,) = 3x on (Es) i 


3 
= ili is —. Find the 
(ii iandl be ale ii depenidedievents: probability that none of them occurs is 3 


(b) E, and E, are independent events. probability of the occurrence of A. 


(c) Ey and E, are independent events. Sol. We have, 


Proof Given, E,; and E, are independent events, then P(A MB)= : => P(A) P(B) = - = 


P(E, Cr E;) = P(E, ) : P(E) Fs A and Bare independent} 


(a) P(E, 0 Ez)= P(E,)~ P(E, 9 E2) = 3 ape? 
= P(E,)-P(E,)- P(E) and PANES = anne 

= P(E, )[1— P(Ez)]= P(E,)- P(E2) = (1- P(A))(1- P(B)) => 

So, E, and E, are independent events. ; : 

(b) Same as in part (i). => 1 P(A)— P(B) += = [from Eq. (a! 
(c) PE, ON E2)=P(E, UV E2) - PLA) + PCB = Gi 
=1- P(E, U E,)=1-[P(E,)+ P(E,)— P(E, 9 E;)] \ =a ‘ 
=1 — P(E, )- P(E,) + P(E, )+ P(E2) The quadratic equation whose roots are P(A) and P(B)is 

= P(E,)—P(E,)[1— P(E,)] x? —[P(A)+ P(B)]x + P(A)-P(B) =0 
= P(E,)— P(E2)- P(E,)= P(E, )[1- P(E2)] = gt eg ag [from Eqs. {i) and (ii 
= P(E,) P(E2) = % 
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or 8x? —-6x+1=0 or x= 


1 


Hence, P(A)=+ or — 
2 4 


| Example 9. A and B are two candidates seeking 
admission in IIT. The probability that A is selected is 
0.5 and the probability that both A and B are selected 
is atmost 0.3. Is it possible that the probability of B 
getting selected is 0.9? 
Sol, Let E, and E, are the events of A and B selected, respectively. 
Given, P(E, © E,) $03 and P(E,) = 05 
Since, P(E, U E,) = P(E,) + P(E,)— P(E, 0 Ep) 


P(E, VE,)S1 
P(E,) + P(E,)— P(E, N E,) $1 
> P(E,) + P(E,) S$ 14+P(E, OE) 
> 05+ P(E,)$1+03=> P(E,) $08 
Hence, P(E,) #09 


[Example 10. Let A, B and C be three events. If the 
probability of occurring exactly one event out of A and 
Bis1-a, out of B and C is 1— 2a, out of C and Ais: 
ee and that of occurring three events simultaneously 
isa’, then prove that the probability that atleast one 


1 
out of A, B and C will occur is greater than > 


Sol. Given, 
P(A) + P(B)-2P(A  B)=1-a ..(i) 
P(B)+ P(C)-2P(BAC)=1-2a ...(ii) 
and P(C)+P(A)-2P(CNA)=1-a .. (iii) 
P(ANBNC)=@ ...{iv) 
*. P(A UBUC)= P(A) + P(B) + P(C)- P(A OB) 
- P(BNC)-P(CNA)+ P(ANBNC) 


= “{P(A) + P(B)-—2P(A 4 B) + P(B) + P(C) -2P(BNC) 


+ P(C)+ P(A)-2P(C NA)} + P(ANBAC) 


= “ti —a+1-2a+1—a}+a’ [from Eqs. (i), (ii), (iii) and (iv)] 


=5~atah=(a-1)' +2>- [#1] 
[Example 11. if A, B and C are three events, such that 
P(A) =0.3, P(B)=04, P(C) =08, P(AB) = 0.08, 

P(AC) = 028, P(ABC) = 009. If P(AUBUC) 2075, then 
show that P(BC) lies in the interval 023 < x < 0.48. 


Sol. Let P(BC) = x 


P(A UBUC)= P(A) + P(B) + P(C) — P(AB) 
- P(BC) - P(CA)+ P(ABC) 


Since, 


Chap 09 Probability 699 


= 0.3+0.4 +0.8-0.08- x — 0.28+0.09 = 123-—x 
But given that, P(A U BUC)2075and P(A UBUC)S1 
0.75 $123-x<S1 => -075 2-123+x2-1 
or 123-075 2 x 2123-1 or 023S x $0.48 


Conditional Probability 


The probability of occurrence of an event E,, given that 
E, has already occurred is called the conditional 


probability of occurrence of E, on the condition that E, 
\ 


has already occurred, it is denoted by P (£ 


ek 
n(E, (VE) 
Th (= _ P(E, 1 E2) E, #o= n(S) 
\E2) P(E,) ; n(E,) 
n(S) 
= — R(E, O Ep) 
n(E2) 
Remark 


1. If E, and E, are independent events. then iG |: P{ E>) 
{ 


2. IfE, a E> are two events such that £, #4 
then pf £. 


i: pl =) 
Es) Le 
3. If E,, E>. E3, .... Ey are independent events. then 
PE, UV Ep UEgU...UE,) = 1— P(E,) P(E 2) P(E)... (En) 
4, If E,, &, and E, are three events such tnat £, # 9. £,£, # 9, then 


E E. 
E, Ep VE) = CE) P| £2 \..p{ £3. 
PIE; NEN E,)= PE) Ee (EE, 


Generalised form 


If E,, Eo, E3,....E, are nevents such that &, # 9. & Ep # 9.6, EE; #4, 
wer Ey Ey E53... Ener # 0, then P(E, NE NES A.. NE ) 


‘ Ae-#{ £2} an és 


E, E> nl &, es Ent, 
| Example 12. Two dice are thrown. Find the 
probability that the sum of the numbers coming up on 
them is 9, if it is known that the number 5 always 
occurs on the first dice. 
Sol. Let S be the sample space 
S = {1,2,3, 4,5, 6} x {1, 2,3, 4, 5, 6} 
* . n(S)=36 
and let E, = The event that the sum of the numbers coming 
up is 9. 


and = E, = The event of occurrence of 5 on the first dice. 
E, = {(3, 6), (6, 3), (4,5), (5, 4)} 


n(E,)=4 
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and E, = {(5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6)} Sol. Let S be the sample space. 
n(E,)=6 If n(S)= 100, then 
E, NE, = {(5, 4)} E, = The event that the student chosen fail in English 
n(E, VE) =1 n(E,) = 30 
Now P(E, 7 E,)= al Ss and E, = The event that the student chosen fail in Hindi 
n(S) 36 “ n(E,)=20and n(E, 7 E,)=10 
n(E,) 6 1 n(E2) 
d P(E,) = ——24 = — =- mh 
.. Required probability, eee 
(Z:) P(E, 0 Ep) 1 ee 
1 1 2 36 
al le = SB oe _n(E, QE) _ 10 _ 1 
\ Ey P(Ep) : 6 and P(E, VE,)= He toe 0 
(A) (EOE) _ 1 . ary pl £1) P(E O Fs) _ 10 -! 
Alit p( £1) _ (Ei OF) 1 -\_ Big di," 
iter LE, J n(Ep) . Required probability, zi Ey P(E) 12 
5 
| Example 13. In a class, 30% students fail in English; . E,) _‘n(E, AE) 
20% students fail in Hindi and 10% students fail in Aliter A oa 
: aie : E, n(E2) 
English and Hindi both. A student is chosen at random, 
then what is the probability that he will fail in English, ee 
if he has failed in Hindi? 20 2 


Exercise for Session 2 


1 


2 


If P(A) =0-8, P(B) =0-5, then P(AMB) lies in the interval 
(a) [0-2 0-5) (b) [0-2 0-3) (c) [0- 3, 0- 5] (d) [0- 1 0-5} 
If P(A) = > P(B)= = and P(ANB) = s , then the value of P(AMB), is 


3 5 7 9 
a) — b) — = d)— 
aie 35 O53 55 
lf A and B are independent events such that P(A AB )= = and P(ANB )= , then P(B) is 

1 1 4 5 
a) — b) — — d)- 
( iF ( Me ( s ( Me 


If A and B are two events such that P(A UB) = 2 P(A) = 8 P(B)= - then A and B are 


(a) mutually exclusive (b) dependent (c) independent (d) None of these 

If A,B and C are mutually exclusive and exhaustive events associated with a random experiment. If 
1 

P(B) = =P(A) and P(C) =; P(B), then P(A) is equal to 


2 4 6 8 
aa Baa Ore (a) 


If A and B are two events, then P(A)+ P(B)=2P(A MB) if and only if 
(a) P(A) + P(B) = 1 (b) P(A) = P(B) (c) P(A) + P(B) > 1 (d) None of these 


—_ - 4 
If A and B are two events such that P(ANB) = > P(ANB)= ; and P(A) = P(B) = p, then p is equal to 


17 19 21 23 
(a) 40 (b) 40 (c) 40 (d) 40 
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11 


12 


13 


14 


15 
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If Aand B are two events such that P(A UB) = : P(ATB) = : P(A) = = Then (A ™B) is equal to 


5 3 5 1 
Rus b) — ay fae d)- 
(a) 43 (b) 4 ( 1 (d) 
If P(B) = P(AAB no)=; and P(ANBNC)= " then P(BC)is equal to 
1 1 1 1 
—= b)- — d) — 
aos as Me )- 
lf A and B are two events such that P(A) > 0 and P(B) # 1, thenP Z is equal to 
A (A 1-P(AUB) P(A) 
1-P\ — b) 1-Pl = —_—— d) —— 
(3) 6 ©) [5] (c) P(B) ( BB) 
IfP(A) ==, P(B) = 2 and P(AUB) ==, then P : is equal to 
1 1 2 3 
a) — b) — ey= d)= 
(a) | (b= Ca (4) = 


B 
UB 


If two events A and B are such that P(A) =0-3, P(B) =0-4 and P(A NB) =0-5, thenP (- is equal to 


1 2 3 
(a) (b) 5 (c) 5 (d) 5 


f>l ua 
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Two dice are thrown. The probability that the number appeared have a sum of 8. If it is known that the second 


die always exhibits 4, is 

5 1 2 1 
a)— b) — c) — d) — 
( S ( FF ( ie ( M5 


WIR 
Nia 


Ais targetting to B, B and C are targetting to A. The probability of hitting the target by A, B and C are 
respectively. If Ais hit, the probability that B hits the target and C does not, is 


1 1 2 3 
a b)— c)— d) - 
(a) z (b) 5 (c) 5 (d) ri 
A B 
If Aand B are two events such that ANB +9,P B =P A . Then, 
(a) A=B (b) P(A) = P(B) 
(c) Aand B are independent (d) All of these 


wlio 
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] a \ 
Then, P(E)= 6 Clearly, 3] is the event he knew the answer to the 
é ; 


— 1 
P(E)=1- P(E)=1- - 6 question, given that he correctly answered it. 


( =) = P (man speaking the truth) = 2 P(E;)- of =.) 
E 4 ; p( 2). - \E;) 
E 3 1 VE) (E \ ( E) E 
and P| — |= P(man not speaking the truth) = 1 - — = — , P(E,)- P| — | + P(E2)- P| — |+ P(E2)-P| — 
(2) coors 4 4 NB : \E, Ey 
(Bi. ae eis . 1 
Clearly,; — | is the event that it is actually a six, when it is -X1 94 
\£,) ee ee — 
known that the man reports a six. ; cg titel ec ate Gi 29 
3 4 6 


F, \ 
Pe) »( 2 
(Z| = ee. | Example 20. A and B are two independent witnesses 
A pte)-( 2] + P(E): Pi 2) (i.e., there is no collusion between them) in a case. The 

E \E probability that A will speak the truth is x and the 


ie ® probability that B will speak the truth is y. A and B 
6 A agree in a certain statements. Show that the 
Ieee 8 probability that the statements is true, is 
6 4 6 4 xy 
| Example 19. In a test, an examinee either guesses or Inx—ytaxy ; 
copies or knows the answer to a multiple choice Sol. Let E, be the event that both A and B speak the truth, E, 
question with four choices. The probability that he be the event that both A and B tell a lie and E be the 


event that A and B agree in a certain statements. 


And also, let C be the event that A speak the truth and Dlx 
the event that B speaks the truth. 


makes a guess is ; and the probability that he copies 


the answer is The probability that his answer is 


EB = C ‘-) D 
( L ey independent events 
correct given that he copied it is —. Find the probability ___[+ Cand D are indepencent even 
8 and E,=CAD 
that he knew the answer to the question given that he fete P(E.) =(C A D)= P(C)-P(D) = xy 


correctly answered it. ~ P(E,) = P(C AD) = P(C) P(D) 
Sol. Lest E, be the event that the answer is guessed, E, be the = 
event that the answer is copied, E; be the event that the = {1— P(C)} {1- P(D)}=(1- x)(I-y 


examinee knows the answer and E be the event that the =l-x-y-—xy 
examinee answers correctly. E) 

1 1 Now, P @ | = Probability that A and B will agree, when 
Given, P(E,)=—, P(E.) =- Fi) 

3 6 both of them speak the truth =1 


Assume that events E,, E, and E, are exhaustive E ) _— 
—Il= ili will , when 
P(E,) + P(E>) + P(E3) =1 and Pl ) Probability that A and B will agree, w 
. P(E) =1~ P(E) ~ P(E)= 1-5-2 => of them tell a lie = 1 
( : 
N Pi E Clearly, t 4 be the event that the statement is true 
ow, P| — ; 
LE, ; 
= Probability of getting correct answer by guessing : , P(E,): of =| 
oe {since 4 alternatives] = 2 & J = a 
: 4 PUE,)- Pl — |+ P(E): P| 
Z | E E 
( = = Probability of answering correctly by copying = — AA, 2 
22 8 = xy-l1 i xy 


\ 
; ae — 
; -x- ; —~x-yt2y 
and r( =) = Probability of answering correctly by xy:1+(l1-x-—ytxy):1 1-x-ytey 
. 


3 
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Exercise for Session 3 


1. 


10. 


A bag A contains 3 white and 2 black balls and another bag B contains 2 white and 4 black balls. A bag and a 


_ ball out of it are picked at random. The probability that the ball is white, is 


2 7 4 7 
(a) . (b) 5 (c) Fe (d) aE 


There are two bags, one of which contains 3 black and 4 white balls, while the other contains 4 black and 3 
white balls. A die is cast. If the face 1 or 3 tums up a ball is taken out from the first bag and if any other face 
turns up, a ball is taken from the second bag. The probability of choosing a black ball, is 


7 8 11 
(a) 15 (b) 45 (c) — (d) 24 


There are two groups of subjects, one of which consists of 5 Science subjects and 3 Engineering subjects and 
the other consists of 3 Science and 5 Engineering subjects. An unbiased die is cast. If number 3 or 5 turns up, 
a subject from group | is selected, otherwise a subject is selected from group Il. The probability that an 
Engineering subject is selected ultimately, is 


7 9 13 11 
a) — b) — ¢). == d) — 
Ser: OG O73 50 
Urn Acontains 6 red and 4 white balls and um B contains 4 red and 6 white balls. One ball is drawn at random 


from urn Aand placed in um 8. Then a ball is drawn from urn B and placed in urn A Now, if one ball is drawn 
from urn A, the probability that it is red, is 


(a) = (b) 54 @ (a) 2 

A box contains N coins, of which m are fair and the rest are biased. The probability of getting head when a fair 
coin is tossed is ; , while it . when a biased coin is tossed. A coin is drawn from the box at random and is 
tossed twice. The first time it shows head and the second time it shows tail. The probability that the coin drawn 
is fair, is 

aj all qj— (oi 


b eal 
m+ 8N (0) aN m+ 8N m+ ON 


A pack of playing cards was found to contain only 51 cards. If the first 13 cards which are examined are all red, 
then the probability that the missing card is black, is 


1 2 15 16 
a)— b)— C) as d) —— 
(a) : (b) - (c) 5G (d) = 
A purse contains n coins of unknown values. A coin is drawn from it at random and is found to be a rupee. 
Then the chance that it is the only rupee coin in the purse, is 


1 2 1 2 
al (0) n+1 ' Og a) (0) n(n+ 9 


A card is lost from a pack of 52 playing cards. From the remainder of the pack, one card is drawn and is found 
to be a spade. The probability that the missing card is a spade, is 


2 3 4 5 
a) — b) — c) — d) — 
a i) oo ioe 
A person is known to speak the truth 4 times out of 5. He throws a die and reports that it is an ace. The 
probability that it is actually an ace, is 
(a) (b) 2 (c)2 (a)2 

3 9 9 9 
Each of the n urns contains 4 white and 6 black balls, the (n + 1) th urn contains 5 white and 5 black balls. Out of 
(n + 1)urns an um is chosen at random and two balls are drawn from it without replacement. Both the balls are 
found to be black. If the probability that the (n + 1)th um was chosen to drawn the balls is 2: , the value 


of n, is 


(a) 10 _ (b) 11 (c) 12 (d) 13 
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Session 4 — 


Binomial Theorem c on 1 Probability, Poisson Distribution, 
Expectation, Multinomial Theorem, Uncountable Uniform 
Spaces (Geometrical Problems) 


Binomial Theorem a wail 
one . ue Pace 10 
0 n Proba bility Let X be the random variable, showing the number of ships 
Suppose, a binomial experiment has probability of success reaching safely. 
p and that of failure q (i.e., p + g =1). If E be an event and Then, P (atleast 4 reaching safely) = P(X = 4 or X =5) 


let X =number of successes i.e., number of times event E PIX = 4) + P(X =5) 
occurs in n trials. Then, the probability of occurrence of SES - 


event E exactly r times in n trials is denoted by 5 ( 9 } ( i ) -4 aie é } ( , y 
4 = ae I ers 


P(X =r) or P(r) and is given by P(X =r) 10) \10 10) \10 
or: Pr) ="C.p gq” _5x9! 9 _9* x14 
=(r +1) th terms in the expansion of (g + p)" 10° 10° 10° 


where, r =0, 1, 2, 3, ...,7 
: Example 22. Numbers are selected at random one at 


Remark a time, from the numbers 00, 01, 02, ..., 99 with 
1. The probability of getting aileast k success is : replacement. An event E occurs, if and only if the 
Pir >k)= > Cp'o™. product of the two digits of a selected number is 18. If 
four numbers are selected, then find the probability that 
2. The probability of getting atmost k success is E occurs atleast 3 times. 
POsrsk)= 0 Gp'qr”. Sol. Out of the numbers 00, 01, 02, ..., 99, those numbers the 
cay product of = — is 18 are 29, 36, 63, 92 ie, only £ 
3. The probability distribution of the random variable X is as p = P(E)=—=— =e = P(E) = =1- La e 


given below 25 25 


Let X be the an ae showing the number of times 
E occurs in 4 selections. 


Then, P(E occurs atleast 3 times) = P(X =3 or X =4) 


4. The mean, the variance and the standard deviation of = P(X =3)+ P(X =4)= ‘Cp "¢ fs ‘Cee 
binomial distribution are np, npg, PI. ’ ; 
5. Mode of binomial distribution Mode of Binomial iba = BY oe 24 tS, 
ein pqt+p'=4x x— + 
distribution is the value of r when P(X = r) is maximum. eI 25 \25 
(n+1)p-lsrs(n+1)p _ 97 
. 390625 
f Example 21. If on an average, out of 10 ships, one is 
drowned, then what is the probability that out of 5 | Example 23. A man takes a step forward with 
ships, atleast 4 reach safely? probability 0.4 and backward with probability 0.6. 
Sol. Let p be the probability that a ship reaches safely. Then, find the probability that at the end of eleven 
9 steps he is one step away from the starting point. 
a ao 10 Sol. Since, the man is one step away from starting point mean 


: fe 9 that either 
‘ @qz lity that a ship is drowned =1—- p=1- — 
al a P P 10 (i) man has taken 6 steps forward and 5 steps backward. 
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(ii) man has taken 5 steps forward and 6 steps backward. 


Taking, movement 1 step forward as success and 1 step 
backward as failure. 


p = Probability of success = 0.4 
and g = Probability of failure = 0.6 
. Required probability = P(X =6or X =5) 
= P(X =6)+ P(X =5)= "Cy pq? + "Cs p°q° 


ms Oi s(p°q° + pq’) 


_ 11-10-9-8-7 

————_" =~ (9 4)°(0-6)° + (0-4)°(0-6 
als {(0-4)°(0-6)° + (0-4)°(0-6)°} 
11-10-9-8- 
= ee geae = 0-37 

1:2-3-4°5 


- Hence, the required probability is 0-37. 


[ Example 24. Find the minimum number of tosses of 
a pair of dice, so that the probability of getting the 
sum of the digits on the dice equal to 7 on atleast one 
toss, is greater than 0.95. (Given, log ip 2= 0- 3010, 
logig 3= 0-477)) 

Sol. The sample space, 

S = {1,2,3, 4,5, 6} x {1, 2, 3, 4,5, 6} 
“ n(S) = 36 and let E be the event getting the sum of 
digits on the dice equal to 7, then 
E = {(1,6), (6, 1), (2,5), (5, 2), (3, 4), (4,3)} 
n(E) =6 
p = Probability of getting the sum 7 
T..5 


61 
=—=- « g=l-p=1--=- 
aa ae v 6 6 


‘. Probability of not throwing the sum 7 in first m trials = q™ 


.. P (atleast one 7 in m throws) =1-q™ =1- =) 


m 
According to the question, 1- | >0-95 


5\" 5)" 
- (2) 21095 = | < 005 

6) 6) 

as 

=> sl a= 

6 20 
Taking logarithm, 
=> m {logy 5 — logy 6} < logy 1 — logy) 20 
> m{l has logo 2 — logio 2 = logio 3} < 0 = logio 2 a logio 10 
=> m{l =a 2logio 2 cas login 3} < =o logig 2 a 1 
= m{1 — 0.6020 — 0.4771} < — 03010 -1 
=> — 0.079 m < -— 13010 
- 1.3010 ie te 

m > 16.44 


Hence, the least number of trials is 17. 
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| Example 25. Write probability distribution, when 
three coins are tossed. 
Sol. Let X be a random variable denoting the number of heads 
occurred, then P(X =0) = Probability of occurrence of 
zero head 


P(X = 1) = Probability of occurrence of one head 
= P(HTT)+ P(THT) + P(TTH) 
Z 1ii i 


"@22 222 322 8 
P(X = 2) = Probability of occurrence of two heads 
= P( HHT) + P( HTH) + P(THH) 
ali liiijiii3 


222 222 222 8 
P(X = 3) = Probability of occurrence of three heads 


Thus, the probability distribution when three coins are 
tossed is as given below 


another form, 


P(X) : 


3 
8 


LU 
3 
| Example 26. The mean and variance of a binomial 


variable X are 2 and 1, respectively. Find the 
probability that X takes values greater than 1. 


Sol. Given, mean, np = 2 ...(i) 
and variance, npg = 1 ...(iii) 


On dividing Eq. (ii) by Eq. (i), we get q = - 


p=i-q= 


ie ne 


From Eq. (i), 7 yea ~. n=4 
* fy 1\" 
The binomial distribution is| — + - 
(2 2 


een a ene 


of “Qty 


_6+44+1 
16 16 
Aliter P(X >1)=1- {P(X =0)+ W(X =1)} 


(OGG 
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Poisson Distribution 


It is the limiting case of binomial distribution under the 
following conditions : 
(i) Number of trails are very large i.e. n — 00 
(i) p30 
(iii) ng — A, a finite quantity (A is called parameter) 
(a) Probability of r success for poisson distribution is 


Ayr 
givenby P(X=r)= 2 PHO, Ly Devens 
r! 
(b) Recurrence formula for poisson distribution is 
A 
iven b r+1)=——_ A(r 
g y P(r +1) Pa P(r) 
Remark 


1. For poisson distribution, mean = variance = A = np 


2. If X and Y are independent poisson variates with parameters 
A, and A,, then X + Y has poisson distribution with parameter 
Ay + Ao. 


Expectation 


If p be the probability of success of a person in any 
venture and m be the sum of money which he will receive 
in case of success, the sum of money denoted by pm is 
called his expectation. 


| Example 27. A random variable X has Poisson's 
distribution with mean 3. Then find the value of 
P(X >2.5) 
Sol. P(X > 2.5)=1- P(X =0)- P(X =1)- P(X =2) 
z* 
P(X =k)=e% -— 


k! 

ae ae ae 
persesai2 2 ee 

0! 1! 2! 


| Example 28. A and B throw with one die for a stake 
of % 11 which is to be won by the player who first 
throw 6. If A has the first throw, then what are their 
respective expectations? 

Sof. Since, A can win the game at the Ist, 3rd, 5th...., trials. 


If p be the probability of success and q be the probability of 
fail, then 


P(A wins at the first trial) = 


Ui | 


P(A wins at the 3rd trials) = —--—-- 


UI ON 
Lae.) 


P(A wins at the 5th trials) = —--—------ and so on. 


On 
On 
On 


+ 


_ 
Nm 
ail = 
+ 
aN 


Therefore, P(A wins) = 


fo 
aAlwn 


ON | AN 


heme 
| 


6 5 
Hence, expectations of A and Bare % rr] xX 1land? ‘a X11, 


respectively. ie. Expectations of A and Bare % 6 and¢5, 
respectively. 


Multinomial Theorem 


If a dice has m faces marked 1, 2, 3,..., m and if such n dice 
are thrown, then the probability that the sum of the 
numbers of the upper faces is equal to r is given by the 

2 myn 
coefficient of x” in ci a a 


m" 


| Example 29. A person throws two dice, one the 
common cube and the other a regular tetrahedron, the 
number on the lowest face being taken in the case of 
the tetrahedron, then find the probability that the sum 
of the numbers appearing on the dice is 6. 
Sol. Let S be the sample space, then 
S = {1,2,3, 4} x {1, 2,3, 4,5, 6} 
n(S) = 24 
If E be the event that the sum of the numbers on dice is 6. 
Then, n(E) = Coefficient of x° in 
(xt x? t xP txt) x(xl tx? xP txt exh tx’) 
=1+1+1+1=4 


| Example 30. Five ordinary dice are rolled at random 
and the sum of the numbers shown on them is 16. 
What is the probability that the numbers shown on 
each is any one from 2, 3, 4 or 5? 
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Sol. If the integers x,, x2, x3, x, and x, are shown on the 
dice, then x) + X2 + x3 +x4+x5 =16 
where, 1< x; $6 (i = 1, 2, 3, 4, 5) 
The number of total solutions of this equation. 
= Coefficient of x’? in(x! + x? + x3 + x4 + x°4+x°)? 
= Coefficient of x" in x3 (1+ x4+x7+x° +x'4+x°) 
= Coefficient of x" in(it+ x+ x7 4x2 +x44x°) 


; E 
= 

| 1-x 
\ 4 


= Coefficient of x! in | 


= Coefficient of x" in (1 — x°)°(1 — x)? 


= Coefficient of x!! in 
(1-5x° +...)(1+ °C\x + °Cy x? +... 


+ Cox? t..t PCyx! +...) 


7 "Cy —5°Cs 
Ki, oy a OF xs 15-14-13-12 = 5.2876 _ age 
1:2-3-4 1-2-3-4 
If S be the sample space 
n(S) = 735 


Let E be the occurrence event, then 
n(E) = The number of integral solutions of 
X, + Xp +X + xX, +X5 = 16, : 
where2< x; $5 (i = 1, 2, 3, 4, 5) 
= Coefficient of x! in(x? + x2 + x4 4+x°) 
= Coefficient of x'® in x°(1+ x +x? +x) 
= Coefficient of x° in(1 + x + x? +x’)? 


= Coefficient of x° = 17x 
| 1-x 


= Coefficient of x° in(1 - x*)® (1- x)” 
= Coefficient of x® in 

(1—Sx4 +...)(1+ °C,x + °Cyx? +...4 MG xe +...) 
="c,-5°C,="c,-5°C, 


= WO 87 _ 5.89 = 210-75 = 135 
1-2-3-4 1-2 
2 
.. The required probability, P(E) = n(E) _135_ 9 
n(S) 735 49 


Uncountable Uniform Spaces 
(Geometrical Problems) 


| Example 31. Two persons A and B agree to meet at a 
place between 11 to 12 noon. The first one to arrive 
waits for 20 min and then leave. If the time of their 
arrival be independent and at random, then what is 
the probability that A and B meet? 
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Sol. Let A and B arrive at the place of their meeting x minutes 


and y minutes after 11 noon. 


The given condition = their meeting is possible only if 
Ix-y|<20 ...(i) 

OABC is a square, where A = (60,0) and C = (0, 60) 
Considering the equality part of Eq. (i) 
i.e., [x —y|=20 
.. The area representing the favourable cases 

= Area OPQBRSO 

= Area of square OABC — Area of 
APAQ -— Area of ASRC 


= (60)(60) - =(40)(40) : -(40)(40) 


= 3600 — 1600 = 2000 sq units 
Total way = Area of square OABC = (60)(60) = 3600 sq units 
2000 5 


Required probability = —— = — 
: . 3600 9 


| Example 32. Consider the cartesian plane R? and let 


X denote the subset of points for which both 
; 1, 
coordinates are integers. A coin of diameter is tossed 


randomly onto the plane. Find the probability p that 
the coin covers a point of X. 


Sol. Let S denote the set of points inside a square with corners 


(a, b), (a,b + 1),(a + 1,6), (a+1,b+1)EX 


(a, D+1) (a+1, b+1) 


(a. b) (a+1, b) 


Let P denotes the set of points in S with distance less than . 


from any corner point. (observe that the area of P is equal 
to the area inside a circle of 
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1 ; : : 
radius — ). Thus a coin, whose centre falls in S, will cover a 
4 


point of X if and only if its centre falls in a point of P. 


1) 
Tt — 
_ area of P _ (=| _ 1 


| Example 33. Three points P,Q and R are selected at 
random from the circumference of a circle. Find the 
probability p that the points lie on a semi-circle. 


Sol. Let the length of the circumference is 2s. Let x denote the 
clockwise arc length of PQ and let y denote the clockwise 
arc length of PR. 


Thus, 0 < x < 2s and0< y < 2s 
Let A denotes the subset of S$ for which any of the following 
conditions holds: 
(i)x,y<s 
(iii) x,y >s 


(ii) x<sandy-—x>s 
(iv) y<sandx—y>s 


Then, A consists of those points for which P, Q and R lie on 
a semi-circle. Thus, 


| Example 34. A wire of length / is cut into three 
pieces. Find the probability that the three pieces form 
a triangle. , 
Sol. Let the lengths of three parts of the wire be x, y and 
|-(x + y). Then, x >0, y>0 


and I-(x+y)>0 


ies xt+y<lory<Il-<x 


Since, in a triangle, the sum of any two sides is greater than 
third side, so 


l 
eR OL Na ay oe 


and x+I-(x4y)> yy <- 

and y+In(xty)>xax<e 

> Boe <y<candd <x <= 
Die a 


So, required probability = —~—_——— 
j f dy dx 


0 


SS —— a 


Aliter 
The elementary event w is characterised by two parameters 
x and y [since z = | —(x + y)]. We depict the event by a 
point on x, y plane. The conditions x >0,y>0,x+y<l 
are imposed on the quantities x and y, the sample space is 
the interior of a right angled triangle with unit legs 

1 

5 

Y, Y 


i.e. So = 


The condition A requiring that a triangle could be formed 
from the segments x, y, | — (x + y) reduces to the following 
two conditions: (1) The sum of any two sides is larger than 
the third side, (2) The difference between any two sides is 
smaller than the third side. This condition is associated 
with the triangular domain A with area. 


-(2)(1)21 . ayo Seed 
=(](Qep 2 Sa 5) 4 
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Exercise for Session 4 


1 


13. 


14. 


15. 


A coin is tossed three times. The probability of getting exactly 2 heads is 


1 1 3 5 
a) — b) -— reo peed d)= 
als ©); i i) 
A coin is tossed 4 times. The probability that atleast one head tums up is 
1 | 7 15 
a) — b)— c) ~ d) — 
as (0) (c). ls 
The following is the probability distribution of a random variable X. 
x. 4 | 2 a 4 4 f 5 
P(X) | 01 0.2 k 0.3 | 2k 
The value of k is 
4 1 1 2 
a) — b) — c)— d) — 
lee oe (C); iS) oe 
A random variable X has the distribution 
x | 2 3 4 
a aes, —— 
PX =x)} 03 | 04 | 03 
Then, variance of the distribution, is 
(a) 06 (b) 0-7 (c) 0:77 (d) +55 
In a box containing 100 bulbs, 10 bulbs are defective. Probability that out of a sample of 5 bulbs, none is defective, is 
(a) 10°5 (b) 2° (c) (0-9)° (d) 0-9 
A pair of dice is rolled together till a sum of either 5 or 7 is obtained. The probability that 5 comes before 7, is 
2 2 3 
a)- a= c)= d) None of these 
(a) (>) - er (d) 
If X follows the binomial distribution with parameters n = 6 and p and 9P (X =4)=P(X =2), then pis 
1 1 1 Ps 
a)-— b) — Gh d) = 
(a) 4 (b) 3 (c) 5 (d) A 
If probability of a defective bolt is 0.1, then mean and standard deviation of distribution of bolts in a total of 400, are 


(a) 30, 3 (b) 40,5 (c) 30, 4 (d) 40,6 

The mean and variance of a binomial distribution are : and ie respectively, then value of p, is 
1 15 1 3 

a) — b) — c) — d) = 

(a) 5 (b) 16 (c) j (d) : 


The mean and variance of a binomial distribution are 6 and 4, thenn is 
(a) 9 (b) 12 (c) 18 (d) 10 


. Adie is thrown 100 times. Getting an even number is considered a success. Variance of number of successes, is 


(a) 10 (b) 20 (c) 25 (d) 50 


10% of tools produced by a certain manufacturing process turn out to be defective. Assuming binomial 
distribution, the probability of 2 defective in sample of 10 tools chosen at random, is 


(a) 0.368 (b) 0.194 (c) 0271 (d) None of these 

If X follows a binomial distribution with parameters n = 100 and p = ; then P (X =r)is maximum, when r equals 
(a) 16 (b) 32 (c) 33 (d) None of these 

The expected value of the number of points, obtained in a single throw of die, is 


3 5 7 9 
(a) 2 (b) 2 (c) 3 (d) 3 


Two points P and Q are taken at random on a line segment OA of length a. The probability that PQ > b, where 
0<b <a,is 


2 ss 
(ayo (b) 2 ()(2=2) (2) 
a a a } 


‘WWW.JEEBOOKS.IN 


Shortcuts and Important Results to Remember 


1 Ifn letters corresponding ton envelopes are placed in the 
envelopes at random, then 


(i) probability that all letters are in right envelopes = ag 
n! 


(ii) probability that all letters are not in right envelopes 


. 
n! 


(ili) probability that no letter is in right envelopes 
1 
mera at al 
(iv) probability that exactly r letters are in right envelopes 
= ey Le ep 
=— +3 ar Yi sal (-1)" 


(n-r)!] 
2 When two dice are thrown, the probability of getting a 
total r (sum of numbers on upper faces), is 


F="I) (13-1) 
ae ar 


,if2<r7 (ii) ,if8Sr<512 


3 When three dice are thrown, the probability of getting a 
total r (sum of numbers on upper faces), is 


f-i 
‘i nett 9 


til r= 10 11 iv ,ifr=12 
( ) 5 216 ( ) = 216 
(20-1) 
wy ——°2. if 13<7<18 
4 If Aand B are two finite sets (Let n (A) = n and n(B)=m) and 


if a mapping is selected at random from the set of all 
mappings from A to B, the probability that the mapping is 


mp 
(i) a one-one function is —. 
m 
- atte 
(ii) a one-one onto function is —. 
m 


m 


5 Ifr squares are selected from a chess board of size 8 x 8, 
then the probability that they lie on eg diagonal line, is 
4('C, + C, + °C, +...4'C) +20 
BC 
6 Ifn objects are distributed among n persons, then the 
probability that atleast one of them will not get anything, is 
n-n! 
ne 
7 Points about coin, dice and playing cards: 

(a) Coin If ‘one’ coin is tossed n times ‘n’ coins are 
tossed once, then number of simple events (or simple 
points) in the space of the experiment is 2”. All these 
events are equally likely. 


CH torter <7. 


10 


17 


12 


13 


(b) Dice If ‘one’ die is thrown 'n' times or 'n’ dice are 
thrown once, then number of simple events (or simple 
points) in the space of the experiment is 6” (here dice 
is cubical). All events are equally likely. 

(c) Playing Cards A pack of playing cards has 52 cards. 
There are four suits Spade (# black face), Heart (¥ 
red face), Diamond (@ red face) and Club (# black 
face) each having 13 cards. In 13 cards of each sult, 
there are 3 face (or court) cards namely King, Queen 
and Jack (or knave), so there are in all 12 face cards 4 
King, 4 Queen and 4 Jacks (or knaves). 4 of each suit 
namely Ace (or Ekka), King, Queen and Jack (or 
knave). 

(i) Game of bridge It is played by 4 players, each 
player is given 13 cards. 
(ii) Game of whist It is played by two pairs of persons. 
(iii) If two cards (one after the other) can be drawn out 
of a well-shuffled pack of 52 cards, then number of 
ways; (x) With replacement is 
52 x 52 = (52)* =2704(B) Without replacement is 
52 x 51= 2652. 
(iv) Two cards (simultaneously) can be drawn out of a 
well-shuffled pack of 52 cards, then number of 
ways is OF = we = 1326 

Out of (2n + 1) tickets consecutively numbered, three are 

drawn at random, then the probability that the numbers 


on them are in AP, is 


4n2 


Out of 3n consecutive integers, three are selected at 
random, then the probability that their sum is divided by 3, 
~ 8 n? ~3n +2) 
(3n -1)(8n -2) 
Two numbers a and b are chosen at random from the set 
{1,2,3,..., 5}, the probability that a* — b* is divisible by 5, 
17n-5 
is : 
A5n — 1) 


Two numbers a and b are chosen at random from the set 


{1,2,3,..., 3n} the probability that a? — b? is divisible by 3, 
(5n - 3) 
33n - 1) 


Two numbers a and b are chosen at random from the set 
{1,2,3...,3n}, the probability that a? + b is divisible by 

ot 
3, IS —. 

3 

There are rn stations between two cities A and B. 4 trainis 
to stop at three of these n stations. The probability that 
no two of these three stations are consecutive, is 
(n - 3)(n - 4) 

n(n - 1) 
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JEE Type Solved Examples: 


Single Option Correct Type Questions 


eee 


"This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


Ex. 1 The probability that in a year of 22nd century 
chosen at random, there will be 53 Sundays, is ‘ 


3 2 5 
(a) — b= Aye 
28 ( ) 28 (¢) 28 
Sol. (d) In the 22nd century, there are 25 leap years viz. 2100, 


2104, 2108,..., 2196 and 75 non-leap years. 
Consider the following events: 


7 
(c) 78 


E, = Selecting a leap year from 22nd century 
E, = Selecting a non-leap year from 22nd century 
E = There are 53 Sundays in a year of 22nd century 
We have, 
25 75 | E\ 2 (E\ 1 
P(E,) = —., P(E,) = —,, P| — |= —and P} — |=-— 
A) = 997 Ee = sg le l } 7 
Required probability = P(E) = P(EM E,) U(EN E,)) 
= P(EQ E,)+ P(EN Ep) 


ree. = + P(E; pa = 


1) 


52 28 7 1 


100 7 28 


100 7 


@ Ex. 2 Ina convex hexagon two diagonals are drawn at 
random. The probability that the diagonals intersect at an 
interior point of the hexagon, is 
(@)= ! : 
12 12 
Sol. (a) We have, 
Number of diagonals of a hexagon = °C, -6=9 


3 
(d) ; 


n(s) = Total number of selections of two diagonals 
= °C, =36 
and n(E) = The number of selections of two diagonals 
which intersect at an interior point 
= The number of selections of four vertices = °C, = 15 


Hence, required probability = mE) 15 _ 5 
n 


© Ex. 3 If three integers are chosen at random from the set 
of first 20 natural numbers, the chance that their product is 
a multiple of 3, is 


1 13 
(a) - (b) 10 

2 194 
ear 385 


RN es = ee ree 


Sol. (d) n (S) = Total number of ways of selecting 3 integers 
from 20 natural numbers = 7°C, = 1140. 
Their product is multiple of 3 means atleast one number is 
divisible by 3. The number which are divisible by 3 are 3, 6, 
9, 12, 15 and 16. 
. n(E) = The number of ways of selecting atleast one of 
them multiple of 3 


= "Ge x6, °C, x MO, eC, = 776 


.. Required probability = 1 
n(S) 

_ 776 _ 194 

1140 9285 


© Ex. 4 If three numbers are selected from the set of the 


first 20 natural numbers, the probability that they are in 


GP, is 
1 4 
soaks oe 
(a) 285 ©) 285 
11 1 
ee a 
() 1140 (¢) 71 


Sol. (c) n(S) = Total number of ways of selecting 3 numbers 
from first 20 natural numbers = “°C, = 1140 
Three numbers are in GP, the favourable cases are 1, 2, 4; 1, 
3, 9; 1, 4, 16; 2, 4, 8; 2, 6, 18; 3, 6, 12; 4, 8, 16; 5, 10, 20; 4, 6, 9; 
8, 12, 18; 9, 12, 16 
. n(E) = The number of favourable cases = 11 
n(E)_ 11 


.. Required probability = —— = —— 
? : Y n(S) 1140 


@ Ex. 5 Two numbers b andc are chosen at random with 
replacement from the numbers 1, 2, 3, 4, 5, 6, 7, 8 and 9. The 
probability that x? + bx +c >0 for all x € R, is 


17 32 

a) — b) — 
03 Oa 

82 45 
c) — d) — 
err OB 
Sol. (b) Here, x? +bx +c >OVxER 

D<0 
=> b? < 4c 


xX 
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Value of b Possible values ofc 


1 1<4c mero allel 
eis 
3 9K de seo kay 2: 45,6,7,8,9} 

4 

4 6 <4e =>c>4=—> {5, 6, 7, 8, 9} 

5 25 <4c =¢ > 6.25 = {7, 8, 9} 

6 36 < 4c =c>9= impossible 

7 Impossible 
——e ce 
9 ‘Impossible a 


n(E)= Number of favourable cases = 9 + 8+7+5+3=32 
n(S) = Total ways =9 X 9 =81 
n(E) 32 


.. Required probability = —— = — 
: : n(S) 81 


@ Ex. 6 Three dice are thrown. The probability of getting 
a sum which is a perfect square, is 


2 9 
(a) : (b) a 
(c) : (d) None of these 


Sol. (d) n(S) = Total number of ways = 6 x 6 X 6 = 216 


The sum of the numbers on three dice varies from 3 to 18 
and among these 4, 9 and 16 are perfect squares. 


. n(E) = Number of favourable ways 
= Coefficient of x* in 
(x+x7 +...4 x°)? + Coefficient of x’ in 


(x +x? +...+ x°)? + Coefficient of x’® 


(x +x? +...4 x°)? 


= Coefficient of x in(1+ x +...+x°)? + Coefficient of x° 


in (l1txt+x? +...+x°)* + Coefficient of x” 
inglt+xtxet..t¢x°p 


= Coefficient of xin(1 — x°)°(1— x) * +Coefficient of x° in 


x)? +Coefficient of x!? in(1 — x°)§(1-— x)? 


(1-x°)(1- 


= Coefficient of x in(1)(1+ ?C,x +...) + Coefficient of x° 


in(1—3x°)(1+ "Cx +...) + Coefficient of x’* 
(1—3x° +3x!? +...) (1 + 2Cyx +...) 

= 3C, + (°C, — 3) +(°C,3 -3 x °C, +9) 

= 3, +(8C, -3)+(2C, -3x °C, +9) 


=3+25+6 
= 34 
(E 34 17 
. Required probability = 2 ee 
n(S) 216 108 


© Ex. 7 A quadratic equation is chosen from the set of all 
quadratic equations which are unchanged by squaring their 
roots. The chance that the chosen equation has equal roots, is 


1 1 
(a) 5 (b) Fi 


(c) : (d) None of these 


Sol. (a) Let a and B be the roots of the quadratic equation. 
According to question, 
a+B =a? +8? andaB =a? B? 
= ob =1 or of =0 
=> a=1PR=L0a=af=0° 
a =1,8 =0,0 =0,8 =0 


.n(S) = Number of quadratic equations which are 
unchanged by squaring their roots = 4 


= af(ap -1)=0 


[cube roots and unity] 


and n(E£) = Number of quadratic equations have equal roots 
=2 


@ Ex. 8 Three-digit numbers are formed using the digits 0, 
1, 2, 3, 4, 5 without repetition of digits. If a number is chosen 
at random, then the probability that the digits either increase 
or decrease, is 
] 2 3 4 
(a) 0 OF (c) 10 (d) 7 
Sol. (c) n(S) = Total number of three digit numbers 
= °P, ~ *P, = 120—20= 100 
n(E) = Number of numbers with digits either increase or 
decrease 
= Number of numbers with increasing digits + Number of 
numbers with decreasing digits 
= °C, + °C, =10+20=30 
n(E) 3 


*, Required probability = —— = ——- = — 
. a n(S) 100 10 


© Ex. 9 If X follows a binomial distribution with 


parameters n=8 and p= > then p(|x — 4| $2) is equal to 


121 119 117 115 
= b) — — i— 
ne Cee oor 8 
Sol. (b) Here, p = ; n=8 
1 1 
=l]- ajl~--=- 
q P 22 
The binomial distribution is ; + :) 


ni |x - 4] <2 
—-283x-482 >285xS86 
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p(|x — 4| $2) = p(x =2) + p(x =3) + p(x = 4) The probability of having a rash for a child sick with the 
+ p(x =5) + p(x =6) measles is 0.95. However, occasionally children with the flue 
an FIVO® . okt TTY also develop a rash with conditional probability 0.08. Upon 
~ c,(5) E } re y (5) + 1 *c,(2) ry ie ) examination the child, the doctor finds a rash, then the 
fii é _ hi 6742 probability that the child has the oo is 0s 
ae Ds Shih 89 9 
olf} 3) +) ie te ges 
_ Crt *Cy + °C, + *Cs + °C, Sol. (d) «- P(F) = 0-90, P(M) = 0-10, 
Zz R R 
_ 238 119 (2}=0-08 [© }=0:9 
256 128 (R 
P(M)- PI <) 
® Ex. 10 A doctor is called to see a sick child. The doctor . (=) = i 


; { R\ ({R 

knows (prior to the visit) that 90% of the sick children in that P(M)-P baa} + P(F)-P (?] 
neighbourhood are sick with the flue, denoted by F, while , 

10% are sick with the measles, denoted by M. A well-known gp COONS Or 


symptom of measles is a rash, denoted by R. 0-:10x 0-95+ 0-90 0-08 0-167 167 


JEE Type Solved Examples: 
More than One Correct Option Type Questions 


ee ee a 


ee ee + ee ee 


wre wee 


« This section contains 5 multiple choice examples. Each @ Ex 12 A random variable X follows binomial distribution 
example has four choices (a), (b), (c) and (d) out of which = with meana and variance b. Then, 
more than one may be correct. 


(a) a>b>0 (b) >I 
@ Ex. 11 Let p, denote the probability of getting n heads, ; 
when a fair coin is tossed m times. If p4, Ps, Pg are in AP, (c) 7 is an integer (4) —* is an integer 
then values of mcan be -b a+b 
(a) 5 (b)7 ) 10 (d) 14 Sol. (a, b, c) Suppose, X ~ Bin, p) i.e.(q + p)” 
m- m 
Sol. (b, d) - p, = "es ) ay ="e((5 ) Here, np = aand npq = b 
° =*,then p=1~q afin! 
" i 5 mn 1 m a 
nef F=f) , 
2) \2) 2 Now, 0<q<1 = 0<—<1 = a>b>0 [alternate (a)] 
m-6 m a 
and pPo="C (i ) (| ="c,(3) and = 1 [alternate (b)] 
2 2 
aii to the question, p,, ps, Pp, are in AP Also, = sip = = Pons Integer 
= np-n = : 
2ps = pat Po ° ae and [alternate (c)] 
me{ 1)" = mc(2)" 4me,{ 1) 
wi 2x Cs “i i C4 3] + Ce ; @ Ex. 13 If A,, Az... A, aren independent events, such 
or an %C, = EC, # "CO: that P(A;) or i=1, 2,...,n, then the probability that 
ha 
m m _ 
or gnc 4 © => 2= 2 a Aor) none lle occur, 1S 
mG. m-5+1 6 
) ee 
=> ge uke => (m? -2)m+98=0 : n+} a 
m-4 6 1 ‘ 
= (m = 14)(m = 7) =0 (c) less than é (d) greater than a 
= m=7or 14 
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Sol. (b, c, d) * Aj, Az, A3,..., A, are n independent, then 
Required probability = P(AJ M Az MA; 0... A,;) 
= P(Aj).P(A2).P(A3)... P(An) 
=(1— P(A,))(1 — P(A2))(1 ~ P(A3))...(1 — P(An)) 


/ \ 
Cle iteo 1- : 
. +1, 


1 
n+i 


mM... X 
ai n+l 


1 1 
<— 
n+1 on 


“ont2>nt+1>n; 


< 


n+2 


@ Ex. 14 A and B are two events, such that P(AU B) 2 2 
4 
1 3 
ant S$P(ANT B)<s F then 


(a) P(A) + P(B)< - (b) P(A): P(B) <2 


(c) P(A) + P(B)> . a) Woneiok these 


Sol. (a, c)~- 7s P(A UB)S1 
i 


2s = S P(A) + P(B)~ P(A 7 B)S<1 
As the minimum value of P(A © B)= ; we get 


P(A) + P(B) - : > = P(A) + P(B) > : [alternate (c)] 


JEE Type Solved Examples : 
Passage Based Questions 


® This section contains 3 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 
Each coefficient in the equation ax” + bx +c =Ois 
determined by throwing an ordinary die. 
16. The probability that roots of quadratic are real and 
a is 
173 
— —— Cc ———_ —== 
@> 216 ( bs 108 () 216 M i 108 
Sol. (b) For roots of ax? + bx +c =0 to be real and distinct, 
b? - 4ac >0 


Value of 6 Possible values of a and c 


12 No values of a andc 


As the maximum value of P(A AM B) = ; we get 


P(A) + P(B) - : <1=> P(A) + P(B)s - [alternate (a)] 


@ Ex. 15 A, B,C and D cut a pack of 52 cards successively in 
the order given. If the person who cuts a spade first receives 
% 350, then the expectations of 

(a) Bis % 96 (b) Dis % 54 

(c)(A + C)is F 200 (d) (B-— D)is % 56 


Sol. (a, b, c) Let E be the event of any one cutting a spade in 
one cut and let S be the sample space, then 


n(E) = °C, = 13 and n(S) = *C, =52 
n(E) _ 3 
p=P(E)= 7(5) = Zand q = p(E)=1- p= 


The probability of A winning (when A starts i sand 


eptq'ptqpt...c= 


E(A) = % 350 x -* = 2 128 
175 

B(B) = 7128 x q = U128 x = =% 96 

E(C) = 896 q = 896 x == 872 


and B(D) = 72x q= T72x— = B54 
+. E(A + C) =% 200 and E(B — D) =% 42. 


ns ee ee 


Value of 6 Possible values of a and c 
3 (1, 1), (1, 2), (2, 1) 
4 (1, 1), (1, 2), (2, 1), (1, 3), (3, 1) 
5 (1, 1), (1, 2), (2, 1), (1, 3), (3, 1), (2, 2), (1, 4), 


(4, 1), (1, 5), (5, 1), (2, 3), (3, 2), (1, 6), (6, 1) 
6 (1, 1), (1, 2), (2, 1), (1, 3), (3, 1), (2, 2), (1, 4), 
(4, 1), (1,5), (5, 1), 
(2, 3), (3, 2), (1, 6), (6, 1), (2, 4), (4, 2) 
If E be the event of favourable cases, then n(E£) = 38 
Total ways, n(S)=6 x6 xX 6=216 
Hence, the required probability, p, = —— =-—— = — 
n 


17. The probability that roots of eae are equal, is 


5 
Sears ag (— ae 


Sol.(a) For roots of ax” + bx +c =0 to be equal b = 4ac 
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abe. Poreble values ctiaiande 
2 (1, 1) 
4 (2, 2), (1, 4), (4, 1) 
6 (3, 3) 


If E be the event of favourable cases, then n(E) =5 
Total ways, n(S) =6X6X6=216 


Hence, the required probability, p. = st 


18. The probability that roots of quadratic are imaginary, is 


103 4. 133 157 173 
(a) — b) — c)— d) — 

216 (0) 216 (c) 216 (d) 216 

Sol. (d) Let p, = Probability that roots of ax’? + bx +c =Oare 
imaginary 
=1~ (Probability that roots of ax? + bx + c = Oare real) 
=1-(p, + po) {from above] 
=l- 43 = 173 
216 216 
Passage Il 


(Ex. Nos. 19 to 21) 


A box contains n coins. Let P(E; ) be the probability that 
exactly i out of n coins are biased. If P (E; ) is directly 
proportional to i(i+1);1Sisn 
19. Proportionality constant k is equal to 
| 
n(n? +1) (n? + 1)(n + 2) 
3 
o— (4) ——__—_____ 
n(n + 1)(n + 2) (n + 1)(n + 2)(n + 3) 

Sol. (c) ‘: P(E;) « i(i +1) 

= P(E;)=ki(i +1), where k is proportionality constant. 

We have, P(E,) + P(E.) + P(E;)+...+ P(E,)=1 


(: E,, Ez,..., £, are mutually exclusive 
and exhaustive events) 


(a) 


= 3 P(e) =1 
i=l 
= bY? 4+i)=1 
i=1 
> k (Dn? + Ynl=1 
=p] Mtn +1) n(n +)]_, 
: 6 2 |) 


eek ee 
n(n +1)(n +2) 


20. If P be the probability that a coin selected at random 
is biased, then lim P is 
1 . 
(a) — 
4 


3 7 
(b) 5 (c) 5 (d) 3 


i) 
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Sol. (b) «: P = P(E) = > -P(E,) f=) (ii) 
i=l 


\ E, 
= > kien 


i 
izl n 


=* 3 2 4iy= = (Dn + En?) 


n f=1 


m3 n(n +1)? ¥ n(n + 1)(2n + 1) 
n 2 6 


_ k(n + 1)(n + 2)(3n + 1) 


12 
= 3 s(n +1) (0 #2) (Gn +1) [from Eq. (i)] 
n(n+1)(n + 2) 12 
3n+1 3 1 
= =—+— 
4n 4° 4n 


21. If a coin is selected at random is found to be biased, the 
probability that it is the only biased coin the box, is 
1 12 
0) oO 
(n+1)(n + 2)(n + 3)(n + 4) nmn+1)(n + 2)(3n + 1) 
24 24 
nmn+1)(n+ 2)(2n + 1) An+1)(n+ 2)(3n +1) 


(c) 


'E 
P(E,): | pee 


i. + - - 
Sol. (d) | = E ney £) P(E) [from Eq. (ii)] 

i=1 , 

2k 
_ nn ___& 
~ (3n+1)  (3n+1) 
\ 4n 
24 


= Ea. (i 
n(n +1)(n +2)(3n + 1) PromEa (0) 


Passage III 
(Ex. Nos. 22 to 24) 


Let S be the set of the first 21 natural numbers, then the 
probability of 
22. Choosing {x,y} CS. such that x* + y° is divisible by 
3, is 
1 1 1 
= b) - c)— 
(a) P (b) ei (c) F 
Sol. (d) $= {1, 2, 3, 4, 5,.., 21} 
Total number of ways choosing x and y is 


-20 
i = 21:20 _ 510 
1-2 
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Now, arrange the given numbers as below: 


1 4 ? 10 13 16 19 


2 3 8 11 14 17 20 
3 6 9 12 15 18 ra 


We see that, x° + y> =(x + y)(x? — xy + y”) will be 
divisible by 3 in the following cases: 


One of two numbers belongs to the first row and one of the 


two numbers belongs to the second row or both numbers 
occurs in third row. 


.. Number of favourable cases = (7C,) ( 7C,) + 7C, =70 
70~=1 
.. Required probability = — = — 
equired pr ity = a 
23. Choosing {x,y,z} S, such ie. y, z are in AP, is 
a —— —_—— — o_o 
@) = 0) Or @ = 
Sol. (b) Given, x, y,z are in AP 
; 2y=x+z 
It is clear that sum of x and z is even. 
.. x and z both are even or odd out of set S. 


i.e., 11 numbers (1, 3, 5,..., 21) are odd and 10 numbers (2, 4, 


6,..., 20) are even. 


JEE Type Solved Examples: 


Single Integer Answer Type Questions 


ere wot ewer ee > 


eee ee mens oe 


® This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 


(both inclusive). 


@ Ex. 25 The altitude through A of AABC meets BC at D 
and the circumscribed circle at E. If D =(2,3), E =(5,5), the 
ordinate of the orthocentre being a natural number. If the 
probability that the orthocentre lies on the lines 


y= y=2; y=3...... y=10is—, where m and n are 
n 


relative primes, the value of m+n is 

Sol. (8) Let the orthocentre be O(x, y). 
It is clear from the OE is perpendicular bisector of line BC. 
; OD = DE 


Fs 2) +(y-3)° = (5-2)? + (5-3) 
=> (x - 2) +(y 3) = (5-2) +(5- 3)" 


=> x? +y*-4x-6y=0 => x=2t y13-(y-3) 


=> y can take the values as 1, 2, 3, 4, 5, 6 


3m 
Required probability = — = F a 


[given] 


. Number of favourable cases 


11-10 10-9 


= "1c, + °C, = —— + —— = 100 
1:2 


and total number of ways choosing x, y and z is 


.. Required probability = 00 


1330 86133 
24. Choosing {x,y,z} CS, such that x, y, z are not consecu- 


tive, is 


17 34 
a) — b) — c) — d) — 
( Ler ( ‘ ; (c) (d) 
Sol. (c) Given, x, yand z are not consecutive. 
Number of favourable ways = 7’~?*'C, 


1-:2:3 


and total number of ways = 7'C; = = 1330 


21-20-19 
1 


Required probability = oO god 


1330 70 


© Ex. 26 The digits 1, 2, 3, 4,5, 6, 7, 8 and 9 are written in 

random order to form a nine digit number. Let p be the 

probability that this number is divisible by 36, the value 

of 9p is 

Sol. (2) °° 14+24+34+445+6+7+8+9 = 45, a number 
consisting all these digits will be divisible by 9. Thus, the 
number will be divisible by 36, if and only if it is 
divisible by 4. The number formed by its last two digits 
must be divisible by 4. The possible values of the last pair 
to the following: 


12, 16, 24, 28, 32, 36, 48, 52, 56, 64, 68, 72, 76, 84, 92, 96. 
ie., There are 16 ways of choosing last two digits. 

The remaining digits can be arranged in ’ P, = 7! ways. 
Therefore, number of favourable ways = 16 x 7! 

and number of total ways = 9! 


a Required probability, p = ——— = —— =- 
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JEE Type Solved Examples: 
Matching Type Questions 


ee a ee ee ee 


ee ee en oe 
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* This section contains 2 examples. Examples 27 and 28 have four statements (A, B,C and D) given in Column I and four 
statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 


statement(s) given in Column II. 


* Ex. 27 ifn positive integers taken at random are 
multiplied together. 


Column I Column II 


The probability that the last digit is 1, 3, 7 | (p) 
or 9 is P(n), then 100 P(2) is divisible by 


(B) | The probability that the last digit is 2, 4, 6 
or 8 is An), then 100 (2) is divisible by 


(A) 


(C) | The probability that the last digit is 5 is 
R(n), then 100 R(2) is divisible by 


The probability that the last digit is zero 
is S(n), then 100 S(2) is divisible by 


Sol. A + (q); B > (p, q, r); C > (p, s); D> (p, s) 
Let n ae integers be x1, X2, X40 Xp 


(D) 


Let G= Hi XG ees Xe 


Since, the last digit in each of the numbers x, X2,....X, can 
be any one of the digits 


0, 1, 2,.., 9 (total 10) 

n(S) = 10" 
Let E,, E,, E, and E, are the events given in A, B, C and D, 
respectively. 


(A) n(B)=4" = ne) =(4] = P(n) [given} 


100 P(2) = 16 
(B) n(E,) =n (last digit is 1 or 2 or 3 or 4 or 6 or7 or 8 
or 9) — n(E,)=8" - 4” 


8" — 4" 


= P(Ep) = [given] 


= Q(n) 


100 0(2) = 64 - 16 = 48 
(C) n(E,) =n (last digit is 1 or 3 or 5 or 7 or 9) — n(E,) 
= 5" = 4" 


= P(E;)= ae: = R(n) [given] 


“100 R(2) = 25-16 =9 
(D) n(E,) = n(S) — n (last digit is 1 or 2 or 3 or 4 or 6 or 7 or 


8 or 9)— n(E;)= 10" — 8" —(5" — 4") 
RE,)= io’ -8 = ts. = S(n) [given] 
100 S(2) = 27 


@ Ex. 28 If A and B are two independent events, such that 
1 1 
P(A) =— and P(B) =-. 
(A) 3 (B) ; 


Column I Column II 


' (p) | a prime number 


(A) rp (4)- A, then 12A, is 


| 
_ 
a: Seneca rere eee 
A ; | (q) | a composite 
(B) | If P (47) =A,, then 9A, is | | aimber 
| | 
| 


(C) | If P[(A 0B) U(A NB)] =Ay | (2) | a natural number 
then 12A, is | 
| 


(D) If P(A U B) =A,, then 12A, is | (s) ; a perfect number 


Sol. A > (q, 1); B (q, 1, s); C > (p, 1); D > (q, 1) 
‘: A and Bare independent events. 


P(A 7 B)= P(A): P(B) = = 


B eee ee 
P(A OB)= P(A) PCB) = > (1 4 7 
ry #5 1) 1 1 
pA nay= PA) mB)=(1- 5) 
A P(AMB)_ 12 _1_ fy 
i (4)- p(B) 1 3 ‘. even 
4 


12A, = 4 [natural number and composite number} 


f A )_ P(AN(AYVB)) 
®) (=45]- 


P(A U B) ; 
ec) ee) ey ee 
P(AUB) P(A)+ P(B) 
1 
a. ee ,; 
== 1173 A» [given] 
3 4 12 


9A, = 6 
[natural number, composite number and perfect number] 


(C) P(ANB)U(ANB))= P(A NB) + (ANB) 
ee [given] 
4 6 12 
12A, =5 [prime number and natural number] 
(D) P(AUB)=P{A)+ P(B)- (ANB) 


es Oe ee ee 
2|\f=-))—=-e-<) iven 
[ ) 464° sa 


12A,=9 [natural number and composite number] 
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JEE Type Solved Examples: 
Statement | and Il Type Questions 


« Directions Example numbers 29 and 30 are Assertion- Statement-2 Let quadratic equation 
Reason type examples. Each of these examples contains 


ax’? + bx +c =0, wherea,b,ceER 
two statements: 


2 
Statement-1 (Assertion) and Statement-2 (Reason) If bY — 4ac <0 
Each of these examples also has four alternative choices, then, roots are imaginary. 
only one of which is the correct answer. You have to select |. .:. Statement-2 is false. 


the correct choice as given below. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 @ Ex. 30 A fair die thrown twice. Let (a, b) denote the 
is a correct explanation for Statement-1 


(ii) ‘Statementl indieue: Statementeode tric: Statement outcome in which the first throw shows a and the second 


is not a correct explanation for Statement-1 shows b. Let A and B be the following two events: 
(c) Statement-1 is true, Statement-2 is false A = {(a, b)| a is even}, B= {(a, b)|b is even} 
(d) Statement-1 is false, Statement-2 is true Statement-1 If C = {(a, b)|a + b is odd}, then 
1 
@ Ex. 29. A manP speaks truth with probability p and P(ANBNC)= 8 


another man Q speaks truth with probability 2p. 


Statement-2 If D = {(a, b)|a+ b is even}, then 
Statement-1 /f P and Q contradict each other with 


, P[(ANBOD)|(A UB)] =~ 
probability —, then there are two values of p. ° 3 
2 Sol. (c) If a and b are both even, then a + b is even, therefore 


Statement-2 A quadratic equation with real coefficients P(A NBOAC)=0 

has two real roots. .. Statement-1 is false. 

Sol. (c) Let E, be the event that P speaks the truth, Also, P(A) #4, p(B) =4, PAN B)=txtet 
then P(E,) = p and let E, be the event that Q speaks the é 22 4 
truth, then P(E,) = 2p. ; P(A U B)= P(A) + P(B)- P(A MB) 
Statement-1 If P and Q contradict each other with ae + Bo 


1 ' 1 
ili pa ni “ i 
probability = then P(E,)- P(E.) + P(E,)- P(E, 5 :. P(A ABAD)|(A UB)) = P(A MN BOAD)N(A VB) 


1 P(A UB) 
= p-(1— 2p) +(1- p)-2p => => 8p? -6p+1=0 1 
1 1 -PANB)_ 4! [PAnBE DI 
=> pr alap= 1) SOs pa, andes P(AUB) 3 3 
4 
“. Statement-1 is true. : . Statement-2 is true. 
Subjective Type Examples 
= In this section, there are 24 subjective solved examples. sud PCE) = 3.3 
@ Ex. 31 Three critics review a book. Odds in favour of the wee: @ 
book are 5: 2,4:3 and3: 4 respectively for the three critics. Clearly, the event of majority being in favour = the event of 
Find the probability that majority are in favour of the book. atleast two critics being in favour 
Sol. Let the critics be E,, E, and Es. Let P(E,), P(E,) and P(E) .. The required probability 
denotes the probabilities of the critics E,, E, and E; to be = P(E,E,E3) + P(E,E>E,) + P(EyE2E3) + P(E\E:Es) 
in favour of the book. Since, the odds in favour of the _ = 
book for the critics E,, E, and E, are 5: 2,4:3 and3: 4, = P(E): P(E,)- P(E3) + P(E,) -P(E,) -P(E3) 
peeESS _— + P(E;): P(Ep): P(E) + P(E;): PCE:): AB) 
5 5 
P(E,) = ae = 7 P(E,) = ree = 7 [-. E,, E> and E, are independent] 
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5 XN f 

AA Ce Od re Oe eC 
Pah a! 7107 7% B22 279 
1 

= — [80+24 + 45+ 60]= 
7 343 


® Ex. 32 A has 3 shares is a lottery containing 3 prizes and 


9 blanks; B has 2 shares in a lottery containing 2 prizes and 6 | 


blanks. Compare their chances of success. 

Sol. Let E, and E, be the events of success of A and B, 
respectively. Therefore, E’;and E’, are the events of 
unsuccess of A and B, respectively. 


Since, A has 3 shares in a lottery containing 3 prizes and 9 
blanks, therefore A will draw 3 tickets out of 12 tickets (3 
prizes + 9 blanks). Then, A will get success if he draws 
atleast one prize out of 3 draws. Similarly, B will get success 
if he draws atleast one prize out of 2 draws. . 


9-8-7 
9 oe 
Cc 2. 21 
P(E) = = 123 2 = 
C, 12-11-10 55 
1:2-3 


21 34 
P(E,)=1- P(E) =1-—-=— 
1) (E’) me ce 
‘ 6:5 
C. 34.9 _ 15 
Again, E’ oat A es 
8 P(E’) ic, 87 28 
1-2 
15 °13 
hp =i— He ete ee 
34 
Hence, PCE) _ 55 _ 952 
P(E,) 13 715 
28 


P(E,): P(E,) = 952:715 


@ Ex, 33 A bag contains a white and b black balls. Two 
players A and B alternately draw a ball from the bag, 
replacing the ball each time after the draw till one of them 
draws a white ball and wins the game. If A begins the game 
and the probability of A winning the game is three times that 
of B, show thata:b=2:1. 

Sol. Let E, denote the event of drawing a white ball at any 


draw and E, that for a black ball and let E be the event 
for A winning the game 


-P(E,) = —*— and P(E,) = —— 


atb a+b 
.. (E)= P(E, or E,E,E, or E,E,E,E>E, or ...) 
= P(E,) + P(E,EE,) + P(E>E,E,EpE)) + .-- 
= P(E\) + P(E2) P(E2) P(E,) 


+ P(E,) P(E,) P(E2) P(E2) P(E;) +... 
[.. E, and E, are independent] 
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- aoe {sum of infinite GP] 
1 — {P(E,)} - 
en 
= 048 8 SO) ME) =a 
; b a’ +2ab a+2b 
\a+b) 


Then, P(E’) is the probability for B winning the game 


a+b b 
-. P(E’)=1- P(E)=1-——= 
a a a+2b at2b 
According to the problem, P(E) = 3P(E’) 
a+b 3b 


>at+B=3p pa=2 
at+2b a+t+2b p38 B 


>a:p=2:1 


@ Ex. 34 Five persons entered the lift cabin on the ground 
floor of an 8 floors house. Suppose that each of them, 
independently and with equal probability can leave the cabin 
at any floor beginning with the first. Find out the probability 
of all five persons leaving at different floors. 


Sol. Let S be the sample space and E be the event that the five 
persons get down at different floors. 


Total number of floors excluding the ground floor = 7 


Since, each of the 5 persons can get down at any one of the 
7 floors in 7 ways. 


. n(S) = Total number of ways in which the 5 persons can 
get down = 7° 

and n(E) = number of ways in which the 5 persons can get 
down at 5 different floors out of 7 floors = ’ Ps 


; si n(E) _ "Ps 
. R d probability, P(E) = —— = —— 
equired probability, P(E) (5) 7 


@ Ex. 35 Let X be a set containing n elements. Two subsets 
A and B of X are chosen at random. Find the probability that 
AU B=xX. 
Sol. Let X = {x,, X2,.-4. Xn} 
For each x; € X (1S i Sn), we have the following four 
choices 


(i) x; € A and x; € B (ii) x,;€ Aand x, € B 
(iii) x, € A and x; € B (iv) x, € Aand x; ¢ B 


Let S be the sample space and E be the event favourable for 
the occurrence of AU B= X. 


n(S) = 4" 
and n(E)=3" [-- case (iv) € X]} 
Hence, the required probability, 


wWWW.JEEBOOKS.IN 


722 Textbook of Algebra 


© Ex. 36 Two persons each makes a single throw with a 
pair of dice. Find the probability that the throws are 
unequal. 


Sol. Let E be the event that the throws of the two persons are 
unequal. Then, E’ be the event that the throws of the two 
persons are equal. 


. The total number of cases for E’ is (36)? 
ie, n(S)=(36) [‘.. Sbe the sample space] 


We now proceed to find out the number of favourable cases 
for E’. Suppose 


(xt xr exo tit xo) =anx? t+ agx? t...tayx” 
The number of favourable ways of E’ = a3 +a; +...+ay, 


.. n(E’) = coefficient of constant term in 


/ 
a, a a 
(a,x? + agx* +... 4 ayx)x| 2 +S 4+..4 | 
Leo 5 ae) 
1)’ 
oe (1-4 
a2) ae 


= coefficient of constant term in are A 
(= x) ( 1 
De 
KX, 
= coefficient of x’° in(1 -— x°)* (1-— x)? 
= coefficient of x’® in(1 — 4x° +...) 


(1+ 4Cyx + °Cax? +... BCigx"? +...) 


= Cy - 4-7 Cy 
= 5G. = ry eg ae 
1-2-3 1223 
me ME 146 73 
(E ) = n(E") =e =— 
n(S) (36)° 648 
Hence, required probability, 
MEyei= CE a4 ee 
648 648 


@ Ex. 37 If X and Y are independent binomial variates 
B(5,1/ 2) and B(7,1/ 2), find the value of P(X +Y =3). 
Sol. We have, 
P(X +Y =3)= P(X =0,Y =3)+ P(X =1,Y =2) 
+ P(X =2,Y =1)+ P(X =3,Y =0) 
= P(X =0) P(Y =3)+ P(X =1) P(Y =2) 
+ P(X =2) PY =1)+ P(X =3) PY =0) 
{.. X and Y are independent] 


5 \? 5 7 
=*es(3) Pealg) +" (3) “ty 
2 2) 2 2 


5 ee, \5 7 
+ °C, (| 1C, 8 + 5C; qi "Cy (=| 
p sat 2 2) 2) 2 


={3) [(1) (35) + (5) (21) + (10) (7) + (10) (1)] 
22055 
~ 92 1024 


© Ex. 38 ifae[-20,0], find the probability that the graph 
of the function y =16x? +8(a+5) x —7a—5 is strictly 
above the X-axis. 
Sol. Since, the graph y = 16x* + {a +5) x —7a— Sis strictly 
above the X-axis, therefore y > 0 for all x 
=> 16x? +8a+5)x-7a-5>0,vx 


.. Discriminant <0 


- + 
-15 oO 


=> 64(a+5)° — 4-16(-7a — 5) <0 


=a’ +17a+30<0 =(a+15)(a+2)<0 


> ~15<a<-2 
i dx 13 
“. Required probability = —"—— = — 


dx 20 
200 
© Ex. 39 3 distinct integers are selected at random from 
1, 2, 3,..., 20. Find out the probability that the sum is divisible 
by 5. 
Sol. The number of wayds choosing 3 distinct integers from 1, 
2; Seay 20) 18 
200, - 20:19:18 
1-2*3 


Now, arrange the given numbers as below: 


= 20 x 57 = 1140 


1 6 11 1 
2 7 12 17 
3 8 13 18 
4 9 14 19 
5 10 15 20 


We see that the sum of three digits divisible by 5 in the 
following cases : 
Two number from Ist row and one number from 3rd row or 
one number from 2nd row and two numbers from 4th row 
or three numbers from 5th row or one number from each 
(1st row, 4th row, 5th row) or one number from each (2nd 
row, 3rd row, 5th row). 
Then, the number of favourable ways 
= or x “e + "é, x *C, + "C; 
#*6 xt «Os "C&G, x C 
=24+24+4+64+64=180 
Hence, the required probability = Be 
1140 19 
Note 


If divisible by 4, then take four rows and if divisible by 3, then take 
three rows, etc. 
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® Ex. 405 girls and 10 boys sit at random in a row having 
15 chairs numbered as 1 to 15. Find the probability that end 
Seats are occupied by the girls and between any two girls odd 
number of boys sit. 


Sol. There are four gaps in between the girls where the boys 
can sit. Let the number of boys in these gaps be 2a + 1, 
2b +1, 2c +1, 2d +1, then 


Za+1+2b+1+2c+1+2d+1=10 
or at+tb+c+d=3 
The number of solutions of above equation 
= coefficient of x? in(1— x)* = °C, = 20 
Thus, boys and girls can sit in 20 x 10! x 5! ways. Total 
ways = 15! 


! t 
Hence, the required probability = 20 x 10! x 5! 


15! 


® Ex. 41 A four digit number (numbered from 0000 to 


| 9999) is said to be lucky if sum of its first two digits is equal 


fo the sum of its last two digits. If a four-digit number is 
picked up at random, find the probability that it is lucky 
number. 


Sol. The total number of ways of choosing a four digit number 
is 10' = 10000. Let a, denote the number of distinct 
non-negative integral solutions of the equation x + y=k 
(0Sk $18) 


.. The number of favourable cases = ag + a; +...+ a, 
Suppose, (1+ x + x? +...+x°)? 
=A) + ax + a,x” tek Bax 
9 
Thus, ap + af +...+ a4 = coefficient of constant term in 


a a 
(a, ee res +S. + 
\ x x 


= coefficient of constant term in 

1 1 i\ 
(ltxtx?+...4x°)? x(iete Set 5) 

x P x? 
= coefficient of x? in(1+ x +x? +...+x°)* 
= coefficient of x’? in(1 — x!°)* (1 - x)“ 
= coefficient of x’? in(1 — 4x!°) (1+ 4Cyx + °Cpx? +...) 
= "C1, —4-'C, = 1330 — 660 = 670 

70 


6 
Hence, the required probability = ——— = 0.067 
1 P 'y 10000 


© Ex. 42 
(i) If four squares are chosen at random on a chess board, 
find the probability that they lie on a diagonal line. 
(ii) [f two squares are chosen at random on a chess board, 
what is the probability that they have exactly one 
corner in common? 
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(iii) If nine squares are chosen at random on a chess board, 


what is the probability that they form a square of size 
3x3? 


Sol. (i) Total number of ways = “C, 


The chess board can be divided into two parts by a 
diagonal line BD. Now, if we begin to select four 
squares from the diagonal AQ,, P, Q2,..., BD, then we 
can find number of squares selected 


= °C, 4 °C, 4°, 4 "E,)= 2 


Similarly, number of squares for the diagonals chosen 
parallel to AC =112 

. Total favourable ways = 364 

. Required probability = - ; 


64 
4 


(ii) Total ways = 64 x 63 
Now, if first square is in one of the four corners, then the 
second square can be chosen in just one way = (4) (1) =4 
If the first square is one of the 24 non-corner squares 
along the sides of the chess board, the second square 
can be chosen in two ways = (24) (2) = 48 
Now, if the first square is any of the 36 remaining 
squares, the second square can be chosen in four ways 
= (36) (4) = 144 
.. Favourable ways = 4 + 48 + 144 =196 
196 a 


.. Required probability = 
" , 3 64x63 1 
(iii) Total ways = “Cy 


A chess board has 9 horizontal and 9 vertical lines. We 
see that a square of size 3 x 3 can be formed by 
choosing four consecutive horizontal and vertical 
lines. 


Hence, favourable ways = (°C,)(°C;) = 36 


. Required probability = 


is 


WWW.JEEBOOKS.IN 


124 Textbook of Algebra 


@ Ex. 43 Out of (2n +1) tickets consecutively numbered, 
three are drawn at random. Find the chance that the 
numbers on them are in AP. 


Sol. Let us consider first (2n + 1) natural numbers as (2n + 1) 
consecutive numbers. 


Let S be the sample space and E be the event of favourable 
cases. 


n(S) = an + Cy 
_ (2n +1) 2n(2n -1)_ n(4n? - 1) 
1-2-3 3 
Let the three numbers drawn be a, b, c where a < b <c. 


Common Triplets (a, b, ©) Number of 
difference d Triplets 
1 (1, 2, 3), (2, 3, 4), ..., 2n-1 
(2n — 1, 2n, 2n + 1) 
2 (1, 3, 5), (2, 4, 6), «++, Qn -3 
(2n —3, 2n — 1, 2n + 1) , 
3 (1, 4, 7), (2, 5,8), 2n—5 
(2n — 5, 2n — 2, 2n + 1) 
/ 
/ 
n-1 (1, n, 2n —1),(2,n + 1, 2n), 3 
(3,n + 2,2n + 1) 
n (1,n + 1,2n + 1) 1 


* n(E)=14+34...+(2n —5) +(2n — 3) + (2n -1) 


= 5 {tan — tsa? 


.. Required probability, P(E) = me) 
n(S) 
= n? _  3n 
n(4n?-1)  4n?-1 
3 


Aliter Let Sbe the sample space and E be the event of 
favourable cases. 


_ (an +1) 2n(2n - 1) _ n(4n? - 1) 
1-:2°3 3 
Let the three numbers a, b, care drawn wherea<b<c 


n(S) es an+ 1. 


and given a, b, care in AP. 
pat 


or2b=atec ...(i) 


It is clear from Eq. (i), a and care both odd or both even. 


Out of (2n + 1) tickets consecutively numbers either(n + 1) 
of them will be odd and n of them will be even (if the 
numbers begin with an odd number) or (n + 1) of them will 
be even and n of them will be odd (if the number begin with 
an even number). 


n(E)="*'C, + "Cp 


_(nti)n  n(n-1)_ 2 


2 2 
.. Required probability, 
2 
P(E) = n(E) _ —_ = — 
(S) n(4n°-1) 4n‘°-1 
3 


© Ex. 44 Out of 3n consecutive integers, three are selected 
at random. Find the chance that their sum is divisible by 3. 
Sol. Let 3n consecutive integers (start with the integer m) are 
mm, HEE 1, Fda + ON — 1 
Now, we write these 3n numbers in 3 rows as follows : 
m,m + 3,m +6,...,. + 3n —3 
m+1,m+4,m+7,...,.m+3n-2 
m+2,m+5,m+8,...,m+3n—-1 
The total number of ways of choosing 3 integers out of 3n is 
_ 3n(3n — 1) (3n — 2) 
7 1-2-3 
ss n(3n — 1)(3n — 2) 
2 


The sum of the three numbers shall be divisible by 3 if and 
only if either all the three numbers are from the same row 
or all the three numbers are from different rows. 
Therefore, the number of favourable ways are 


H"C3) + ("C,)("Cy)("C,) 


p= 2) age 


3n C; 


_ 3n? —3n? +2n 
, 1-2-3 7 2 
. The required probability 
_ Favourable ways 
Total ways 


3n3 ~ 3n? + 2n 


a 
n(3n — 1)(3n — 2) 
2 
_ 3n?-3n+2 
~ (3n = 1) (3n — 2) 
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® Ex. 45 If6n tickets numbered 0, 1, 2, ...,6n —1 are placed 


ina bag and three are drawn out, show that the chance that 


_ the sum of the numbers on them is equal to6n 
| 3n 


$—_—__—_—__, 
(6n -1) (6n — 2) 


_ Sol. Total number of ways to selecting 3 tickets from 6n 
tickets 


For the sum of these tickets of be 6n, we have the 
following pattern : 


Lowest number N umbers Ways 

0 (0, 1, 6n — 1), (0, 2, 6n — 2)... (3n - 1) 
(0, 3n — 1, 3n + 1) 

1 (1, 2, 6n — 3), (1, 3, 6n ~ 4)... (3n ~ 2) 
(1, 3n — 1, 3n) 

2 (2, 3, 6n —5), (2, 4,6n —6)... (3n — 4) 
(2, 3n — 2, 3n) 

3 (3, 4,6n —7), (3,5,6n —8)... (3n —5) 
(3, 3n — 2, 3n -1) 

4 


= "C, = n(6n — 1)(6n — 2) ik). 
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Lowest number Numbers Ways 
5 
(2n - 2) (2n — 2, 2n — 1, 2n + 3), 2 


(2n — 2, 2n, 2n + 2) 


(2n - 1) (2n - 1, 2n, 2n + 1) 1 


Lowest number cannot be greater than (2n — 1) as their sum 
will become > 6n. 


“. Favourable ways =1+2+...+(3n —5) 
+ (3n — 4) + (3n — 2) + (3n — 1) 


Adding Ist with last, 2nd with last one, respectively 
= (1+ 3n —1]+ [2+ 3n —-2] 
+... upto n terms 
=3n +3n+...n terms 
= 3n(n) = 3n? 
3n? 
n(6n — 1)(6n — 2) 
- 3n 
~ (6n — 1)(6n - 2) 


Hence, probability = 
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Probability Exercise 1: 


~ Single Option Correct Type Questions 


s This section contains 30 multiple choice questions. 


Each question has four choices (a), (b), (c) and (d) out of 


which ONLY ONE is correct 


1. 


> 


™ 


There are two vans each having numbered seats, 3 in the 
front and 4 at the back. There are 3 girls and 9 boys to be 
seated in the vans. The probability of 3 girls sitting 
together in a back row on adjacent seats, is 


1 1 1 1 
(a) ‘ie (b) 55 (c) a (d) a 


. The probability that a year chosen at random has 


53 Sundays, is 


1 2 3 5 
(a) = (b) A (c) a6 (d) ce 


. The probability that a leap year selected at random 


contains either 53 Sundays or 53 Mondays, is 
1 2 3 4: 
- = = d) — 
(a) = (b) ; (c) ; (d) 3 


A positive integer N is selected so as to be 

100< N <200. Then, the probability that it is divisible 
by 4 or 7, is 

34 


(d) 7 


7 17 32 
3 bald cfs 
(a) a ( an (c) op 
Two numbers a and bare selected at random from 
1, 2,3,..., 100 and are multiplied. Then, the probability 
that the product ab is divisible by 3, is 


67 67 
(a) — (c) 75 


8 
a) =. 
150 ( 55 
Three different numbers are selected at random from the 
set A = {1, 2,3,.., 10}. The probability that the product of 
two of the numbers is equal to third, is 
3 1 1 - 39 
Zz iat = aN ee 
Sp (b) an ie ( vr 
The numbers 1, 2,3,.., are arranged in a random order. 
Then, the probability that the digits 1, 2,3,...,k(k <n) 
appears as neighbours in that order, is 
(n -k)! (n-k+1)! 
n! 


n! 


k! 
(a) ()~ (c) (a) 
ne n: 
The numbers 1, 2,3,..,” are arranged in a random order. 


Then, the probability that the digits 1, 2, 3,...,.k(k <n) 
appears as neighbours, is 


(n —k)! (n-—k +1) 
js 
(a) a o— G, 
(n -k) 4 Kk! 
= G, (d) - 
. Four identical dice are rolled once. The probability that 


atleast three different numbers appear on them, is 


10. 


11. 


12. 


13. 


14, 


15. 


16. 


13 17 23 25 

= j= « bal d= 
(a) 42 ) 42 (9) 42 ) 42 
Three of the six vertices of a regular hexagon are chosen 


at random. The probability that the triangle formed by 
these vertices is equilateral, is 


1 1 1 1 

. . kad d) — 
(a) rn (b) r (c) a ( Ler 
Two small squares on a chess board are chosen at 


random. Then, the probability that they have a common 
side, is 
1 1 1 5 
2 b= » ee 
Se o) 58 id=: 
A letter is known to have come from CHENNAI, 
JAIPUR, NAINITAL, DUBAI and MUMBAI. On the post 
mark only two consecutive letters Al are legible. Then 


the probability that it come from MUMBAI, is 


42 84 a9 42 

oe b oes d) —— 
@) 319 ) 403 «) 331 ( 31 
Let a die is loaded in such a way that prime number 


faces are twice as likely to occur as a non-prime number 
faces. Then, the probability that an odd number will be 
show up when the die is tossed, is 
1 2 4 5 
hd b) = eZ d)- 
(a) - (b) ; (c) 5 (d) R 
One ticket is selected at random from 100 tickets 
numbered 00, 01, 02,..,99. 
Suppose, X and Y are the sum and product of the digit 
found on the ticket P(X =7/Y =0) is given by 


2 2 1 
a)= b) — — d) None of these 
(a) ; (b) re (c) rs (d) 
All the spades are taken out from a pack of cards. From 
these cards, cards are drawn one by one without 
replacement till the ace of spades comes. The probability 
that the ace comes in the 4th draw, is 


1 12 
(a) ‘e (b) 
(c) - (d) None of these 
Anumberis selected at random from the first twenty-five 


natural numbers. If it is a composite number, then itis 
divided by 5. But if it is not a composite number, then itis 
divided by 2. The probability that there will be no 
remainder in the division, is 


11 
(a) an (b) 0.4 


(c) 0.2 


wWWW.JEEBOOKS.IN 


(d) None of these 


17, If a bag contains 50 tickets, numbered 1, 2, 3,....50 of 
which five are drawn at random and arranged in 
ascending order of magnitude (x, < x2 <x3 <x4 <X5). 
The probability that x, = 30, is 


. 20 29 20 
C2 x “°C. 
(EX OP 
Cs Cs 
29 
C, 
(c) C. (d) None of these 
5 


18. India play two matches each with West Indies and 
Australia. In any match the probabilities of India getting 
points 0, 1 and 2 are 0.45, 0.05 and 0.50, respectively. 
Assuming that the outcomes are independent, then the 
probability of India getting atleast 7 points, is 
(a) 08750 (b) 0.0875 (c) 0.0625 (d) 0.0250 


19, Three six faced dice are tossed together, then the 
probability that exactly two of the three numbers are 


equal, is 
165 177 51 90 
(a) — — — 4) — 
216 xP 216 ©) 216 (¢) 216 


. 20. Three six-faced fair dice are thrown together. The 


probability that the sum of the numbers appearing on 
the dice is k(3 < k $8), is 


(k ~ 1) (k -2) Kk -1) 
) 432 (>) 432 
k? 
(c) 7 (d) None of these 


21. A book contains 1000 pages. A page is chosen at 
random. The probability that the sum of the digits of the 
marked number on the page is equal to 9, is 


23 11 
a) — be 
@) 500 ©) 200 
7 
(c)— (d) None of these 
100 


22. A bag contains four tickets numbered 00, 01, 10 and 11. 
Four tickets are chosen at random with replacement, 
then the probability that sum of the numbers on the 
tickets is 23, is 


3 1 5 7 
(a) — b) — _- dj 
Pr) ©) 64 (*) 256 ) 256 
23. Fifteen coupons are numbered 1 to 15. Seven coupons 


are selected at random, one at a time with replacement. 
Then, the probability that the largest number appearing 
ona selected coupon be 9, is 
7 
8 
(b) ( ; -| 


(d) None of these 


24. A box contains tickets numbered 1 to 20.3 tickets are 


drawn from the box with replacement. The probability 
that the largest number on the tickets is 7, is 


25. 


26. 


27. 


28. 


29. 


30. 
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7 3 
wi-(Z) 


(d) None of these 


7 
(a) a 

2 . 
(c) 9 
An unbiased die with faces marked 1, 2, 3, 4, 5 and 6 is 
rolled four times. Out of four face values obtained, then 


the probability that the minimum face value is not less than 
2 and the maximum face value is not greater than 5, is 


16 1 80 65 
ial a = ies 
(a) a (b) a (c) i ( Ve 
A bag contains four tickets marked with numbers 112, 


121, 211 and 222. One ticket is drawn at random from 
the bag. Let E; (i = 1, 2,3) denote the event that ith digit on 
the ticket is 2. Then, which of the following is not true? 
(a) E, and E, are independent 

(b) E, and E; are independent 

(c) E; and E, are independent 

(d) E,, E, and E; are not independent 

Two non-negative integers are chosen at random. The 
probability that the sum of the square is divisible by 10, is 


9 7 9 
(b) [7 (c) a (d) Te 


Two positive real numbers x and y satisfying x < 1 and 


y S1are chosen at random. The probability that 
x+y, given that x? +y’ <1/4, is 


8-T 4-T 

a b 

ee = 

(c) ia (d) None of these 
8-T 


If the sides of a triangle are decided by the throw of a 
single dice thrice, the probability that triangle is of 
maximum area given that it is an isosceles triangle, is 


1 1 
a — — 
(a) = (b) = 
(c) = (d) None of these 
Aand Bare persons standing in corner square as shown in 


the figure. They start to move on same time with equal 
speed, if Acan move only in East or South direction and B 
can move only in North or West direction. Ifin each step 
they reach in next square and their choice of direction are 
equality. If it is given that A and Bmeet in shaded region, 
then the probability that they have met in the top most 
shaded square, is 


1 
(a) 6 
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Probability Exercise 2: 


7a < es — -— ee ee a ee rr remem 


# This section contains 15 multiple choice questions. 


39. A student appears for tests I, II and IJ. The student is 
Each question has four choices (a), (b), (c) and (d) out of 


successful if he passes either in tests I and I or tests I 


which MORE THAN ONE may be correct. 


and III. The probabilities of the student passing in tests |, 


31. For two given events A and B, P(A 7 B)is II and Ill are p, g and 1/2, respectively. If the probability 
(a) not less than P(A) + P(B) -1 that the student is successful is 1/2, then 
(b) not greater than P(A) + P(B) (a) p=1,q=0 (b) P = zh 3,q=1/2 
(c) equal to P(A) + P(B) — P(A UB) (c) p=3/5,q =2/3 (d) infinitely values of p and q 
(d) equal to P(A) + P(B) + P(A VU B) 40. Let X be a set containing n elements. If two subsets A 
32. If Eand F are independent events such that and B of X are picked at random, then the probability 
0 < P(E) <1and0< P(F)<1, then that A and B have same number of elements, is 
’ 2n 2. z= by 
(a) E and F are mutually exclusive (a) = (b) = (c) 135 n=) (d) cm 
(b) E and F (complement of the event F) are independent 2 Cr 2° -(n!) 
(c) E and F are independent 41. Suppose m boys and m girls take their seats randomly 
(d) P(E/ F)+ P(E/ F)=1 around a circle. The probability of their sitting is 
2m-1 ~1 
33. For any two events A and Bin a sample space: (Cm) s when 
A)\. P(A)+ P(B)-1 ; (a) no two boys sit together (b) no two girls sit together 
(a) 4) . P(B) pane 0, isalways inne (c) boys and girls sit alternatively 
(b) P(A 0B) = P(A) - P(A 7B), does not hold (d) all the boys sit together 
(c) P(A UB) =1— P(A) P(B), if A and B are independent 42. The probabilities that a student passes in Mathematics, 
(d) P(A UB) =1— P(A) P(B), if A and B are disjoint Physics and Chemistry are m, p and c, respectively. In 
these subjects, the student has a 75% chance of passing 
34, Let E and F be two independent events. Then, the in atleast one, a 50% chance of passing in atleast two and 
probability that both E and F happens is DB petition a 40% chance of passing in exactly two. Which of the 
12 following relations are true? 
it ; i] (a) p+ m+c=19/20 (b) p+ m+c=27/20 
probability that neither E nor F happens is ; Then, (c)'pme= 1/10 fA) picid 
(a) P(E) =1/3, P(F)=1/4 (b) P(E) =1/2, P(F) =1/6 43. (n 25) persons are sitting in a row. Three of these are 
(c) P(E) =1/6, P(F)=1/2 (d) P(E) =1/4, P(F)=1/3 selected at random, the probability that no two of the 
35. If E and F are the complementary events of events E and selected persons are sit together, is 
F, respectively and if0 < P(F) <1, then . (a) ies (b) aig () (n -—3)(n— 4) (a) aie ©" 
(a) P(E/ F)+ P(E/ F)=1 (b) P(E/ F)+ P(E/ F)=1 "Pp, aC, n(n — 1) "Dp, 
(c) P(E / F) + P(E F)=1 (d) PE/F) + P(E/ F)=1 44, Given that x €[0,1]and y€ [0, 1]. Let A be the event of 
36. Let0 < P(A) <1,0< P(B) <1and (x, y) satisfying y” < x and Bbe the event of (x, y) 
P(A U B)= P(A) + P(B) — P(A) P(B). Then, satisfying x? < y, then not true, is 
(a) P(B — A) = P(B) - P(A) (b) P(A’ UB’) = P(A’) + P(B) 1 
(c) P(A U BY’) = P(A’) P(B’) (A) P(A/ B) = P(A) a Ee 
37. If A and Bare two events, then the probability that (b) Aand Bare exhaustive = 
exactly one of them occurs is given by (c) A and B are mutually exclusive 
(a) P(A) + P(B) -2P(A 7B) (d) A and B are independent 
(b) P(A AB’) + P(A’ NB) 45. If the probability of chosing an integer ‘k’ out of 2n 
(c) P(A UB) - P(AMB) integers 1, 2,3,...,2n is inversely proportional to 
(d) P(A’) + P(B)-2P(A‘ NB) k4(1<k <n) Ifa is the probability that chosen number 
38. If A and Bare two independent events such that is odd and f is the probability that chosen number is 


P(A) =1/2and P(B) =1/5. Then, 
(a) P(A UB) =3/5 (b) P(A/ B)=1/2 
(c) (A/ AUB)=5/6 — (d) (ANB) /(A’UB) =0 


even, then 


(a) a> (b) a >= (B<- (dB <= 
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Probability Exercise 3: 
~ Passage Based Questions 


ween ee 
ee ee ee ee 


* This section contains 9 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 46 to 48) 


If pand q are chosen randomly from the set 
{l, 2,3, 4, 5, 6, 7, 8, 9, 10} with replacement. 


46. The probability that roots of x? + px + q =Oare real and 


distinct, is 
(a) 0.38 (b) 0.03 (c) 0.59 (d) 0.89 

47. The probability that roots of x? + px + q =Oare equal, is 
(a) 0.58 (b) 0.55 (c) 0.38 (d) 0.03 

48. The probability that roots of x” + px + q =Oare 
imaginary, is 
(a) 0.62 (b) 0.38 (c) 0.59 (d) 0.89 

Passage II 


(Q. Nos. 49 to 51) 


A chess game between two grandmasters X and Y is won by 
whoever first wins a total of two games. X ’s chances of 
winning, drawing or loosing any particular game are a, b and 
c, respectively. The games are independent anda+b+c=1 


49. The probability that X wins the match after (n + 1) th 
game (n > 1), is 
(a) na? p"-} 


(c) na? bc" ~! 


(b) na? b"~ *(b + (n -1)c) 
(d) na b"~' (b + nc) 


90. The probability that Y wins the match after the 4th game, is 
(a) abc(2a + 3b) (b) bc*(a + 3b) 


(c) 2ac*(b + c) (d) 3bc?(2a + b) 
51. The probability that X wins the match, is 
a*(a + 2c) a° a’(a + 3c) c3 
(a +c)? (a+c)° ) (a+c)? “) (a+c) 
Passage III 


(Q. Nos. 52 to 54) 


There are n students in a class. Let P(E) be the 
probability that exactly i out of n pass the examination. If 
P(E, ) is directly proportional to” (0S Sn). 


52. Proportionality constant k is equal to 


1 1 1 1 
a) — b) = ae saan 
Os = = (a) 
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a rn ET 


53. If P(A) be the probability that a student selected at 
random has passed the examination, then lim P(A), is 
xe 
(a) 0.25 (b) 0.50 
(c) 0.75 (d) 0.35 
. If a selected student has been found to pass the 


examination, then the probability that he is the only 
student to have passed the examination, is 


1 1 
OFn Osa 
1 1 
OSA Osa 
Passage IV 


(Q. Nos. 55 to 57) 
A cube having all of its sides painted is cut to be two 
horizontal, two vertical and other two planes, so as to form 
27 cubes all having the same dimensions of these cubes, a 
cube is selected at random. 
55. If P, be the probability that the cube selected having 
atleast one of its sides painted, then the value of 27F,, is 
(a) 14 (b) 18 (c) 22 (d) 26 
56. If P, be the probability that the cube selected has two 
sides painted, then the value of 27P, , is 
(a) 3 (b) 8 (c) 12 (d) 17 
57. If P, be the probability that the cube selected has none 


of its sides painted, then the value of 27P;, is 
(a) 1 (b) 2 
(c) 3 (d) 5 


Passage V 
(Q. Nos. 58 to 60) 
A JEE aspirant estimates that she will be successful with an 80% 
chance, if she studies 10 h per day with a 60% chance, if she 
studies 7 h per day and with a 40% chance if she studies 4 h per 
day. She further believes that she will study 10 h, 7 h and 4 h per 
day with probabilities 0 1,02, and 0.7, respectively. 


58. The probability that she will be successful, is 


(a) 0.28 (b) 0.38 (c) 0.48 (d) 0.58 
59. Given that she is successful, the chances that she studied 
for 4h, is 
1 5 
(a) IR (b) ie 
7 11 
22 noe 
(c) . (d) i 
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60. Given that she does not achieve success, the chance that 


she studied for 4 h, is 
19 21 
hi ai oe 
(c) 26 ( ) 26 


Passage VI 
(Q. Nos. 61 to 63) 


Suppose E,, E, and E; be three mutually exclusive events 
such that P(E ;) = p; for i=, 2, 3. 
61. If p,, p2 and pare the roots of 


27x > -27x* +ax-1 = 0, the value of a is 


(a) 3 (b) 6 (c) 9 * (d) 12 
62. P(none of E,, E, , E;) equals 
(a) 0 


(b) Py + po + ps 
(c) (1 — py) (1 — pe) (1 — ps) 
(d) None of the above 


63. POE, QE.) + PE, NE3)+ P(E; OE,) equals 


(a) p,1 — po) + poll — ps) + ps(l — p,) 
(b) Pip2 + Po P3 + Par 
(c) Pp + pe + ps 

(d) None of the above 


Passage VII 
(Q. Nos. 64 to 66) 
Let A = {l, 2,3} and B = {—2, —1, 0, 1, 2, 3}. 
64, The probability of increasing functions from A to B, is 
1 7 
b) — d) — 
(b) i (d) =F 


1 5 
(a) 7 (c) Ey 


65. The probability of non-decreasing functions from A to B, 
is 


5 
(a) 27 


1 
(c) 3 


7 
Jas 


11 
oe 


=| Probability Exercise 4: 


Single Integer Answer Type Questions 


a em ee a ied 


66. The probability of onto functions from B to B, such that 
f@)4i,i=-2-1,0,1,2,3 is 


53 35 29 25 

a a eid Fy ene 

Ogg e 144 .) 72 0 
Passage VIII 


(Q. Nos. 67 to 69) 
A random variable X takes values 0,1, 2, 3, ... with 


x 
probability proportional to (x +1) (=) ‘ 


67. P(X =0) equals 


2 4 9 16 
= = z Aa 
(a) 25 () 25 (c) 25 (¢) 25 
68. P(X 2 2) equals 
11 13 1] 13 
ca caked oe a). 
(a) 25 0) 25 (©) 125 (¢) 125 
69. The expectation of X i.e., E(X) is equal to 
1 1 
= - d) 4 
(a) j (b) 2 (c) ; (d) 
Passage IX 


(Q. Nos. 70 to 72) 


Letn=10A +47, whered, re N,OSrs9. A number ais 
chosen at random from the set {I, 2, 3, ...,n}and let p, 
denote the probability that (a” —1) is divisible by 10. 


70. If r =0, then np, equals 


(a) 2A (b) (A + 1) 
(c) (2A + 1) (d) A 

71. Ifr =9, then np, equals 
(a) 2A (b) 2(A + 1) 
(c) (2A + 1) (d) A 

72, If1<r <8 then np, equals 
(a) (2A —1) (b) 2A 
(c) (2A +1) (d) A 


a Te em Ra Os a es TE POL IEE LICE IIS 


® This section contains 10 questions. The answer to each question is a single digit integer, ranging from 


0 to 9 (both inclusive). 
73. A bag contains (n + 1) coins. It is known that one of these 


coins shows heads on both sides, whereas the other coins 
are fair. One coin is selected at random and tossed. If the 


probability that the toss result in heads is = , then the 


value of n is 


74, A determinant of the second order is made with the 


elements 0 and 1. If” be the probability that the 
n 


determinant made is non-negative, where m and nare 
relative primes, then the value of n — mis 
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1S, Three students appear in an examination of 


79. A sum of money is rounded off to the nearest rupee, if 


Mathematics. The probabilities of their success are . Ls (m 2 

1 3 4 *) be the probability that the round off error is atleast 
and -, respectively. If the probability of success of atleast \n 

5 ten paise, where mand n are positive relative primes, 
two is oa then the value of A is then the value of (n — m) is 


80. A special die is so constructed that the probabilities of 


76. os . . “4° 
A die is rolled three times, if p be the probability of throwing 1, 2,3, 4,5and 6 are (1— k)/6,(1 + 2k)/6, 


getting a large number than the previous number, then (1-k)/6,(1+k)/6,(1—2k)/6and (1 + k)/6, respectively. 
the value of 54p is If two such dice are thrown and the probability of 

77. Ina multiple choice question, there are five alternative getting a sum equal to lies between 1 and Z then the 
answers of which one or more than one are correct. A 
candidate will get marks on the question, if he ticks all integral value of k is 
the correct answers. If he decides to tick answers at 81. Seven digits from the numbers 1,2,3,4,5,6,7,8 and 9 are 
random, then the least number of choices should he be written in random order. If the probability that this seven-digit 
allowed, so that the probability of his getting marks on number divisible by 9 is p, then the value of 18p is 
the question exceeds . is 82. 8 players P,, P2, P;,... Ps play a knock out tournament. 


It is known that all the players are of equal strength. The 


| 78. Th i j istri 
, ere are n different objects 1, 2,3,..., distributed at tournament is held invthree unde whereithe players 


| random in n places marked 1, 2,3,..., n. Ifp be the are paired at random in‘each round. If it is given that P, 
probability that atleast three of the objects occupy places wins in the third round. If p be the probability that P, 
corresponding to their number, then the value of 6p is loses in the second round, then the value of 7p is 


Probability Exercise 5: 
Healing Type tunetions 


a ee ae ~~ nn | 8 Re re te ee me en te Oe te een we ne ee ee ——— 


« This section contains 6 questions. Questions 83 to 88 have four statements (A, BC and D) given in Column [ and 
four statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one 
or more statement(s) given in Column II. 


83, . Column I Column II 


(p) a prime number 


(A) |t¢ P(A) = 03, P(B) = 0.4 and P(AB) =0.5 and P[B/(A UB)] =A, then — - 
1 


(B) | The coefficient of a quadratic equation ax? + bx +c =10(a#b#c)arechosen | (q) |A composite number 
from first three prime numbers, then the probability that roots of the equation are 


real is A,, then Le is 
A2 


(C) | A fair coin is tossed repeatedly. If tail appears on first four tosses, then the (r) |A natural number 


probability of head appearing on the fifth toss is A3, then - is 
3 


(D) | Three persons A, B and C are to speak at a function along with 6 other persons. | (s) |A perfect number 


If the persons speak in random order, then the probability that A speaks before 


B and B speaks before C is A,, then 7 is 
4 
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84, A and Bare two events, such that P(A) = : and P(B) =: 


Column I Column II 


85. Three players A, Band C alternatively throw a die in 
that order, the first player to throw a 6 being deemed the 
winner. A’s die is fair whereas Band C throw dice with 
probabilities p, and p. respectively, of throwing a 6. 


Column I Column II 


(A) If p, = = P2= 7 and probability that A 


: ae. oe 
wins the game is —, then A, is divisor 
A 


of 

1 1 ais 
If p, = z p2= r and probability that C 
wins the game is _ then A, is divisor 


2 


of 


If P(A wins) = P(B wins) and ie Aa, 
P 


then A, is divisor of 


If game is equiprobable to all the three 


players and fs A,, then A, is divisor 
Pi 


of 


86. Two numbers aand bare chosen at random from the set 


{1, 2,3, 4,..,. 9} with replacement. The probability that the 
equation x? + 2 (a—b)x + b=Ohas 


Column II 


(A) | Real and distinct roots is p,, then the 
value of [9 p,], where [-] denotes the 
greatest integer function, is 


Column II 


Imaginary roots is p2, then the value of 
[9 p2], where [-] denotes the greatest 
integer function, is 


Equal roots is p3, then the value of 
[81 p,], where [-] denotes the greatest 
integer function, is 


Real roots is p,, then the value of [9 p,4], 
where [-] denotes the greatest integer 
function, is 


87. Three numbers are chosen at random without 
replacement from the set {| x|1< x $10,xeN} 


Let p, be the probability that the 
minimum of the chosen numbers is 3 and 


maximum is 7, then the value of = , is 
A 


Let pz be the probability that the 
minimum of the chosen numbers is 4 or 
their maximum is 8, then the value of 

80 po , is 

Let p; be the probability that their 
minimum is 3, given that their maximum 
is 7, then the value of oe , is 
P3 
Let p, be the probability that their 
minimum is 4, given that their maximum 


(C) 


is 8, then the value of 2. is 
Pa 


Column I 


If the integers m and n are chosen at 
random between 1 and 100, then the 
probability that a number of the form 
7” +7" is divisible by 5, is 


A second order determinant is written 
down at random using the numbers 1, -1 
as elements. The probability that the 

value of the determinant is non-zero, is 


(B) 


The probability of a number n showing 
in a throw of a die marked 1 to 6 is 

proportional to n. Then, the probability 
of the number 3 showing in a throw, is 


A pair of dice is rolled together till a 
sum of either 5 or 7 is obtained. Then, 
the probability that 5 comes before 7, is 
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Statement | and Il Type Questions 


eters ne a ne ee eee we eee 


" Directions (Q. Nos. 89 to 100) are Assertion- 
Reason type questions. Each of these questions 
contains two statements: 

Statement-1 (Assertion) and 

Statement-2 (Reason) Each of these questions 

also has four alternative choices, only one of which 

is the correct answer. You have to select the 
correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; 
Statement-2 is a correct explanation for 
Statement-1 

(b) Statement-1 is true, Statement-2 is true; 
Statement-2 is not a correct explanation for 
Statement-1 

(c) Statement1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 

89. Statement-1 If 10 coins are thrown 
simultaneously, then the probability of appearing 
exactly four heads is equal to probability of — 

. appearing exactly six heads. 


Statement-2 "C, = "C, >eitherr =s or 
r+s=n and P(H)= P(T)ina single trial. 

. Statement-1 If A is any event and P(B) =1, then 
A and Bare independent. 


Statement-2 P(A B)= P(A)-P(B), if A and B 
are independent. 


9 


SS 


9 


—_ 


. Statement-1 If A and Bbe the events in a sample 
space, such that P(A) =0.3 and P(B) = 0.2, then 
P(A OB) cannot be found. 
Statement-2 P(A © B)= P(A)- RAB) 
92, Statement-1 Let A and B be two events, such that 
P(A UB)= P(A B), then 
P(A OB’)= P(A’ 1 B)=0 
Statement-2 Let A and Bbe two events, such that 
P(A U B)= P(A B), then P(A) + P(B)=1 
93. A fair die is rolled once. 
Statement-1 The probability of getting a 


composite number is -, is 
3 


Statement-2 There are three possibilities for the 
obtained number. 
(i) The number is prime number. 
(ii) The number is a composite number and 
(iii) The number is 1. 


Hence, probabilities of getting a prime number is ~ 


94. 


95. 


96. 


97. 


98. 


99. 
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me eee =. me ee = 


From a well shuffled pack of 52 playing cards, a card is drawn 
at random. Two events A and Bare defined as 

A: Red card is drawn 

B: Card drawn is either a Diamond or Heart 

Statement-1 P(A + B)= P(AB) 

Statement-2 AC Band BCA 

Statement-1 The probability that A and Bcan solve a 


problem is ; and > respectively, then the probability that 
problem will be solved is - 


Statement-2 Above mentioned events are independent 
events. 


Statement-1 Out of 21 tickets with numbers 1 to 21, 3 tickets 
are drawn at random, the chance that the numbers on them 


; . 10 
are in AP is —. 
133 


Statement-2 Out of (2n + 1) tickets consecutively numbered 
three are drawn at random, the chance that the numbers on 
them are in AP is (4n — 10)/(4n* -1). 


Statement-1 If A and Bare two events, such that 0 < P(A), 


P(B) <1, then (2 +(4)-3 
BJ \B; 2 
Statement-2 If A and Bare two events, such that 0 < P(A), 


P(B) <1, then 
_ P(ANB) 


and P(B) = P(A MB) + P(A OB) 


In a T-20 tournament, there are five teams. Each team plays 
one match against every other team. 


Each team has 50% chance of winning any game it plays. No 
match ends in a tie. 


Statement-1 The probability that there is an undefeated 


Z 2 5 
team in the tournament is F 


Statement-2 The probability that there is a winless team in 


a? 
the tournament is —. 
16 


Statement-1 If p is chosen at random in the closed interval 
[0,5] then the probability that the equation 


+ px +—(p+2)=Ohas real is 


Statement-2 If discriminant 20, then roots of the quadratic 
equation are always real. 
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100. Let a sample space S contains n elements. Two events A and Bare defined on S and B # 9. 
Statement-1 The conditional probability of the event A given B, is the ratio of the number of elements in AB divided by 


the number of elements in B. 


Statement-2 The conditional probability model given B, is equally likely model on B. 


a| Probability Exercise 7 : 
Subjective Type Questions — 


ee — - - — —_— 


# In this section, there are 24 subjective questions. 


101. A five digit number is formed by the digits 1, 2, 3, 4 
and 5 without repetition. Find the probability that 
the number formed is divisible by 4. 


102. A dice is rolled three times, then find the probability 


of getting a large number than the previous number. 


103. 


A car is parked among N cars standing in a row but 
not at either end. On his return, the owner finds that 
exactly r of the N places are still occupied. What is 
the probability that both the places neighbouring his 
car are empty? 


104. Two teams A and B play a tournament. The first one 

to win (n + 1) games win the series. The probability 

that A wins a game is p and that B wins a game is q 

(no ties). Find the probability that A wins the series. 
n 

Hence or otherwise prove that be i ome _— i 


n+r 
2 


r=0 


105. An artillery target may be either at point I with 


probability ; or at point I with probability 7 We 


have 21 shells each of which can be fired either at 
point I or Il. Each shell may hit the target 


independently of the other shell with probability 4 
2 


How-many shells must be fired at point I to hit the 
target with maximum probability? 

106. There are 6 red and 8 green balls in a bag. 5 balls are 
drawn at random and placed in a red box. The 
remaining balls are placed in a green box. What is 
the probability that the number of red balls in the 
green box plus the number of green balls in the red 
box is not a prime number? 


107. An urn contains ‘a’ green and ‘b’ pink balls k (< a, b) 


balls are drawn and laid a side, their colour being 
ignored. Then, one more ball is drawn. Find the 
probability that it is green. 


108. A fair coin is tossed 12 times. Find the probability 


that two heads do not occur consecutively. 


ant rn ere ee eee - ent ee a oso ae oe 


109. 


110. 


1117. 


ee OD 


Given that x + y = 2a, where ais constant and that all values 
of x between 0 and 2a are equally likely, then show that the 


chance that xy > ; a’, is - 


A chess game between Kamsky and Anand is won by whoever 
first wins a out of 2 games. Kamsky’s chance of winning, 
drawing or loosing a particular game are 2. The games are 
independent and p + g +r = 1. Prove that the probability that 


p’(p +3r) 


Kamsky wins the match is ——~——. 

(ptr) 
Of three independent events, the chance that only the first 
occurs is a, the other that only the second occurs is b and the 
chance of only third occurs is c. Show that the cases of three 
events are respectively a/(a+ x), b/(b + x), c/(c + x), where 
xis a root of the equation(a+x)(b+x)(c+x)=x". 


112. A is a set containing n elements. A subset P of A is chosen at 


113. 


114. 


115, 


random and the set A is reconstructed by replacing the 
elements of P. Another subset Q of A is now chosen at 
random. Find the probability that P U Q contains exactly r 
elements, withi <r <n. 


An electric component manufactured by ‘RASU electronics’ 
is tested for its defectiveness by a sophisticated testing 
device. Let A denote the even “the device is defective” and B 
the event “the testing device reveals the component to be 
defective.” Suppose, P(A) = and 

P(B/ A)= P(BA’)=1-a, where 0 <a <1. Show that the 
probability that the component is not defective, given that 
the testing device reveals it to be defective is independent of 
a. 


A bag contains n white and n red balls. Pairs of balls are 
drawn without replacement until the bag is empty. Show 
that the probability that each pair consists of one white and 
one red ball is 2" /(2"C, ). 


If m things are distributed among ‘a’ men and ‘b’ women, 
then show that the probability that the number of things 


m _ »\n 
received by men is odd, is ; at lg oe 8 


(b+a)” 
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- Questions Asked in Previous 13 Year's Exam 


PO OR AI A ON 


"This section contains questions asked in JIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 
to year 2017. 

116. A person goes to office either by car, scooter, bus or 
train. The probability of which being 7 -. 5 and 7 
respectively. Probability that he reaches office late, if he 
takes car, scooter, bus or train is —, —, = and Lf 

99 9 9 
respectively. Given that he reached office in time, then 
what is the probability that he travelled by a car. 

[lIT-JEE 2005, 2M] 


1 


=~ 


A six faced fair die is thrown until 1 comes. Then, the 
probability that 1 comes in even number of trials, is 
[IITJEE 2005, 3M] 
5 


5 6 1 

‘a Ee =. 4) — 

we oF © os 
118, Let A and Bbe two events such that PAU B)= - 


PAM B)= : and P(A) = - where A stands for 


complement of event A. Then, events A and Bare 
[IIT-JEE 2005, 3M] 

(a) independent but not equally likely 

(b) mutually exclusive and independent 

(c) equally likely and mutually exclusive 

(d) equally likely but not independent 


119. Three houses are available in a locality. Three persons 
apply for the houses. Each applies for one house without 
consulting others. The probability that all the three 
apply for the same house, is [AIEEE 2005, 3M] 


8 7 2 1 
a) b) - - d) - 
( iP (b) ; (c) - (d) ; 
120. A random variable X has Poisson’s distribution with 
mean 2. Then, P(X >1.5)isequalto [AIEEE 2005, 3M] 
3 3 2 
(a)1- 2 (b) a (c) z (d) 0 


121, There are n urns each containing (n + 1) balls such that 
the ith urn contains i white balls and (n + 1— i) red balls. 
Let u; be the event of selecting ith urn, i = 1,2,3,..,n and 
w denotes the event of getting a white ball. ° 
[IIT-JEE 2006, 5+5+5M] 
(i) If P(u,) <i, where i =1, 2, 3,...,n, then lim _P(w), is 


2 3 1 
(a)1 — (b) : (c) i (d) ; 
(ii) If P(u,) =c, where c is a constant, then {| is 
w 


2 
n+1 


(a) 


1 n 1 
b= =e d) - 
are eel > 


122. 


123. 


124, 


125. 


126. 


127. 


ee erm mn ee 2 me es = Oe et et mr we ee ee 


(iii) If n is even and E denotes the event of choosing even 


numbered urn ( P(u,) = z \ then the value of pf tis \ is 
\ n) \E) 


n+2 (b) n+2 (c) n (4) 


(a) 
2n+1 an + 1) n+1 n+1 


At a telephone enquiry system, the number of phone calls 
regarding relevant enquiry follow Poisson's distribution 
with an average of 5 phone calls during 10 min time 
interval. The probability that there is atmost one phone 
call during a 10 min time period, is [AIEEE 2006, 4, 5M) 


6 5 6 6 
bal e =. iors 
(a) 5 Oe (c) aE ( 3 
One Indian and four American men and their wives are 


to be seated randomly around a circular table. Then, the 
conditional probability that the Indian man is seated 
adjacent to his wife given that each American man is 


seated adjacent to his wife, is [lIT-JEE 2007, 3M] 
1 1 2 1 
b) - = dj= 

(a) > ( P (c) ; (d) ; 

Let H,, H2,...,H, be mutually exclusive events with 


P(H;)>0,i=1,2,...,. Let E be any other event with 

0< P(E) <1. 

Statement-1 P(H, /E)> P.E/H,) P(H;), fori=1,2...,n. 

n 
Statement-2 Y¥. P(H;)=1 
at (!IIT-JEE 2007, 3M] 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


Let E° denote the complement of an event E. Let E, F 
and G be pairwise independent events with A(G) > 0 and 


P(EQF OG)=6, then RESO F*/G), is [it-JEE 2007, 3M} 


(a) P(E‘) + P(F*) (b) P(E*) — P(F*) 
(c) P(E*) — P(F) (d) P(E) = PP") 
A pair of fair dice is thrown independently three times. 


Then, the probability of getting a score of exactly 9 


twice, is [AIEEE 2007, 3M] 
1 8 8 8 

a) — b) - c) — d) — 

( ) 509 9 ( 799 eye 

Two aeroplanes | and I bomb a target in successions. 


The probabilities of I and I scoring a hit correctly are 0.3 
and 0.2, respectively. The second plane will bomb only if 
the first misses the target. The probability that the target 
is hit by the second plane, is [AIEEE 2007, 3M] 
(a) 0.06 (b) 0.14 (c) 0.2 (d) 0.7 
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128. 


129. 


130. 


131. 


Textbook of Algebra 


An experiment has 10 equally likely outcomes. Let A 
and B be two non-empty events of the experiment. If A 
consists of 4 outcomes, then the number of outcomes 
that B must have, so that A and Bare independent, is 


(IITJEE 2008, 3M] 


(a)2,40r8 (b)3,60r9 (c)4or8 (d) 5 or 10 


Consider the system of equations ax + by = 0 and 
cx + dy =0, where a, b,c, dé {0, 1}. 


Statement-1 The probability that the system of 
equations has a unique solution is 3/8 and 
[IT-JEE 2008, 3M] 


Statement-2 The probability that the system of 
equations has a solution is 1. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1. 


(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1. 


(c) Statement-1 is true, Statement-2 is false. 
(d) Statement-1 is false, Statement-2 is true. 


A die is thrown. Let A be the event that the number 


obtained is greater than 3. Let B be the event that the 


number obtained is less than 5. Then P(A U B) is 
[AIEEE 2008, 3M] 
3 
(a) 0 (d) - 
5 


(b)1 (2 
5 


It is given that the events A and Bare such that 
i 
P(A) = es (4) = and P| - = a Then P(B) is 
4 \B) 2 (A) 3 [AIEEE 2008, 3M] 


1 2 1 1 
(a) 3 (b) ; le (d) , 


=" Passage for Question Nos. 132 to 134 


A fair die is tossed repeatedly until a six is obtained. Let X 
denote the number of tosses required. 


132. 


133. 


134, 


135. 


The probability that X =3is 


25 25 3 125 

= by ae d) 
(3) 216 w 36 tc) 36 aid 216 
The probability that X 23 is 

125 25 3 25 

al bh = eee 
(0) O16 ( 6 ic) 36 ( ) 716 


The conditional probability that X 26 given X >3, is 
125 25 
qd) <2 
(d) a 


@ = Cres 
{IIT-JEE 2009, 4+4+4M] 


5 
(c) — 
216 36 


216 


Es is 
In a binomial distribution af p= i if the probability 


9 
of atleast one success is greater than or equal to re then 


nis greater than {AIEEE 2009, 4M] 


136. 


137. 


138. 


139. 


4 1 
(a) —————____ hb) ——-_--— 
log io 4- log193 logo 4- logo3 

1 9 


Cc) -————_—_—_—_—_—_ eS 
( ) logio 4 + logy93 logio 4 = logy93 


One ticket is selected at random from 50 tickets 
numbered 00, 01, 02, ..., 49. Then, the probability that the 
sum of the digits on the selected ticket is 8, given that 
the product of these digits is zero, is [AIEEE 2009, 4M] 


1 1 
(a) 50 (b) 14 


(c) = 


5 
| eT’ 
Let wbe a complex cube root of unity with w# 1. A fair 
die is thrown three times. If r,, r2 andr; are the numbers 
obtained on the die, then the probability that 
wt + 0? +a” =0, is [IIT-JEE 2010, 3M] 

1 1 

(b) - (d) ae 


2 
9 5 


1 
(a) 18 
4 
A signal which can be green or red with propabuity 


and : respectively, is received by station A and then 


transmitted to station B. The probability of each station 


receiving the signal correctly is - If the signal received 


at station Bis green, then the probability that the 

original signal was green, is [IIT-JEE 2010, 5M) 
3 6 9 

a) - = d) — 

(a) 5 ©) 7 23 id) 20 

Four numbers are chosen at random (without 

replacement) from the set {1, 2, 3,..., 20}. 


Statement-1 The probability that the chosen numbers, 


2: 
when arranged in some order will form an AP is 5 


Statement-2 If the four chosen number form an AP, 

then the set of all possible values of common difference 

is {+1,+2, 43, +4, +5}. [AIEEE 2010, 8M} 

(a) Statement-1 is true, Statement-2 is true; Statement-2 isa 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is false 

(c) Statement-1 is false, Statement-2 is true 

(d) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 


140. An urn contains nine balls of which three are red, four 


are blue and two are green. Three balls are drawn at 
random without replacement from the urn. The 
probability that the three balls have different colour, is 
[AIEEE 2010, 4M) 
1 
d) - 
(d) ; 


2 1 
(a) - ole 
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(c) = 


« Passage for Question Nos. 141 and 142 

LetU, andU , be two urns such thatU, contains 3 white 
balls and 2 red balls and Uy contains only 1 white ball. A 
fair coin is tossed. If head appears, then 1 ball is drawn at 
random from U, and put into U,. However, if tail appears, 
then 2 balls are drawn at random from U, and put intoU 2. 
Now, | ball is drawn at random from U}. 


141. The probability of the drawn ball from U, being white, 


1S 
13 
(a) — 
30 


142. Given that the drawn ball from U, is white, then the 


probability that head appeared on the coin, is 
[IIT-JEE 2011, 3+3M] 


23 19 11 
(b) om (c) a (d) =r 


17 11 15 

=. hie 22 
«) 23 ) 23 () 23 
143, Let E and F be two independent events. The probability 

that exactly one of them occurs is F and the probability 


of none of them occurring is = If P(T) denotes the 
probability of occurrence of the event T, then 
(IIT-JEE 2011, 4M] 
1 2 
(b) P(E) = = P(F) ==- 


5 


(@) P(E) = <, PEF) = 


() PE) ==, PCF) = 


nim wmjiw 


(d) P(E) = ~ P(E) =< 


144. Consider 5 independent Bernoulli’s trials each with 
probability of success P. If the probability of atleast one 


failure is greater than or equal to > then P lies in the 


wi: ; [AIEEE 2011, 4M] 
{3 11 1 rig. 7 13 
Sie ot (b) fo ;| (c) & | (d) (: ;| 


145. If C and D are two events, such that CC Dand P(D) #0, 


then the correct statement among the following, is 
[AIEEE 2011, 4M] 


(a) °(£) 2 P(C) (b) <) < P(C) 
C) . Pt) Cc). 
. (5) P(C) (5) mena 


146. Let A, Band C are pairwise independent events with 


(pace c 
P(C)>Oand P(A npnci=a then, A 07) 


is 
(a) P(A‘) - P(B) 
(c) P(AS) + P(B‘) 


(b) P(A) — P(B*) 
(d) P(A‘) - P(B*) 


147. A ship is fitted with three engines E,, E, and Ey. The 
engines function independently of each other with 


148. 


149. 


150. 


151. 


152. 


Chap 09 Probability 737 


P a 1 1 , 
respective probabilities 7 5; and Pi respectively. For the 


ship to be operational atleast two of its engines must 
function. Let X denote the event that the ship is 
operational and let X,, X. and X, denote respectively 
the events that the engines E,, E, and E, are 
functioning. Which of the following is (are) true? 
[IIT-JEE 2012, 4M] 


3 
(a) P[Xy / X]=— 
16 

(b) P [exactly two engines of the ship are functioning /X] = : 
5 
P[X / X,}=— 
(c) Pf 2] 16 
7 
d) P[X / X,J=— 
(d) P[X/ X,] - 


Four fair dice D,, D2, D3; and D, each having six faces 


numbered 1, 2, 3, 4, 5 and 6 are rolled simultaneously. 
The probability that D, shows a number appearing on 


one of D,, D2 and D3, is [IIT-JEE 2012, 3M] 
oi 108 25 127 
Bi baie | le ae 

(@) 216 ©) 216 ( ) 316 (¢) 216 


Let X and Y be two events, such that P(X /Y)= > 


PY /X)= ; and P(X NY)= - Which of the following is 
(are) correct? [IIT-JEE 2012, 4M] 
(a) P(X UY)= ; (b) X and Y are independent 
(c) X and Y are not independent 


(d) P(X’ AY) = : 


Three numbers are chosen at random without 
replacement from {1, 2, 3,...8}. The probability that their 
minimum is 3, given that their maximum is 6, is 


{AIEEE 2012, 4M] 
1 2 3 1 
= = EZ d)= 
(a) ; (b) = (c) : (d) F 
A multiple choice examination has 5 questions. Each 


question has three alternative answers of which exactly 
one is correct. The probability that a student will get 4 
or more correct answers just by guessing, is 

{[JEE Main 2013, 4M] 


10 17 
(c) 7s (d) A 


Four persons independently solve a certain problem 
correctly with probabilities ~ -. Z and z, Then, the 
4 8 


probability that the problem is solved correctly by 
atleast one of them, is [JEE Advanced 2013, 2M] 


235 
a —— 
@) 256 


253 
d) — 
( ) 256 
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3 
(c) 256 


21 
ee 


138 


153. 


Textbook of Algebra 


Of the three independent events E,, E, and E;, the 
probability that only E, occurs @, only E, occurs is B and 
only E; occurs is y. Let the probability p that none of 
events E,, E, or E3 occurs satisfy the equation 
(x — 28)p = a8 and(B — 3y)p = 2By. All the given 
probabilities are assumed to lie in the interval (0, 1). 
Probability of occurrence of E, 
’ Probability of occurrence of E; 
[JEE Advanced 2013, 4M] 


« Passage for Question Nos. 154 and 155 


A box B, contains I white ball, 3 red balls and 2 black 
balls. Another box Bz contains 2 white balls, 3 red balls 
and 4 black balls. A third box B contains 3 white balls, 4 
red balls and 5 black balls. 


154. 


158. 


156. 


157. 


If 2 balls are drawn (without replacement) from a 
randomly selected box and one of the balls is white and 
the other ball is red, then the probability that these 2 


balls are drawn from box B,j , is 

116 126 65 55 
(a) jai (b) — 
If 1 ball is drawn from each of the boxes B,, B, and B,, 


then the probability that all 3 drawn balls are of the 
— colour, is [JEE Advanced 2013, 3+3M] 


558 566 
(a) — 0) ope “e 
Let A and Bbe two events, such that P(A UB)=" = 
P(A) B)= and P(A) =— ~ where A stands for the 


eaenen of the event A Then, the events A and Bare 
(a) independent but not equally likely [JEE Main 2014, 4M] 
(b) independent and equally likely 

(c) mutually exclusive and independent 

(d) equally likely but not independent 


Three boys and two girls stand in a queue. The 
probability that the number of boys ahead of every girl 
is atleast one more than the number of girls ahead of 
her, is [JEE Advanced 2014, 3M] 


1 1 z 3 
ee (b) 5 he So 


= Passage for Question Nos. 158 and 159 


Box 1 contains three cards bearing numbers I, 2, 3, box 2 
contains five cards bearing numbers I, 2, 3, 4, 5 and box 3 
contains seven cards bearing numbers 1, 2, 3, 4, 5, 6, 7. A 
card is drawn from each of the boxes. Let x; be the number 
on the card drawn from the ith box, i=1, 2, 3. 


158. 


The probability that x; + x2 + 2 is odd, is 


29 oF 
a) ae (b) = (c) 2 


1 
(d) - 
105 105 2 


159. The probability that x,, x. and x; are in arithmetic 
{[JEE Advanced ae 3+3M] 
9 
(a) ape () a 
160. If 12 identical balls are to be placed in 3 identical boxes, 
then the probability that one of the boxes contains 
exactly 3 balls,is = EE Main 2015, 4M) 


12 ta\¥ 
(a) zao{) (b) 21) (c (2) (asst) 


161, The minimum number of times a fair coin needs to be 
tossed, so that the probability of getting atleast two 
heads is atleast 0.96, is [JEE Advanced 2015, 4M] 


progression, is 


= Passage for Question Nos. 162 and 163 


Let n, and n, be the number of red and black balls 
respectively, in box I. Let nyand ng be the number of red 
and black balls respectively, in box II. 


162. One of the two boxes, box I and box II, was selected at 
random anda ball was drawn randomly out of this box. 
The ball was found to be red. If the probability that this red 
ball was drawn from box [is 1 /3, then the correct option(s) 
with the possible values ofn,,n2,n3 andn, is (are) 
(a) nm, =3,n2 =3,n, =5,ng =15  (b) n, =3,ny =6,n3 = 10,ny =50 
(c) n, =8,n, =6,n3 =5,n, =20 (dd) nm, =6,n, =12,ny =5,n, =20 

163. 


A ball is drawn at random from box I and transferred to 
box II. If the probability of drawing a red ball from box], 


after this transfer is ; , then correct option(s) with possible 


values ofn, andn, is(are) | [JEE Advanced 2015, 4+4M] 
(a) n, = 4 and n, = (b) n, =2 and n, =3 
(c) nm, =10 and n, = 20 (d) n, =3 and nz =6 

164. Let two fair six-faced dice Aand Bbe thrown 
simultaneously. If E, is the event that die A shows up four, 
E, is the event that die Bshows up two and E; isthe event 
that the sum of numbers on both dice is odd, then which of 
the following statements is NOT true? [JEE Main 2046, 4M] 
(a) E,and E,areindependent _(b) E, and E; are independent 
(c) E,, E, and E; are independent (d) E, and E, are independent 


165. A computer producing factory has only two plants 7, 


and T,. Plant T, produces 20% and plant T, produces 
80% of the total computers produced 7% of computers 
produced in the factory turn out to be defective. It is 
known that P (computer terms out to be defective given 
that it is produced in plant T,) = 10P (computer terms 
out to be defective given that it is produced in plant 7,), 
when P(E) denotes the probability of an event E.A 
computer produced in the factory is randomly selected 
and it does not turn out to be defective. Then, the 
probability that it is produced in plant T, is 

[JEE Advanced ie 3M] 


(@ = ae o) = (c (@ = 
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« Passage for Question Nos. 166 and 167 


Football teams T, and Ty have to play two games against 
each other. It is assumed that the outcomes of the two 
games are independent. The probabilities of T, winning, 


drawing and losing a game against T, are ; : and 


respectively. Each team gets 3 points for a win, | point for 
adraw and 0 point for a loss in a game. Let X and Y 

denote the total points scored by teams T, and T> 

respectively, after two games. (JEE Advanced 2016, 3+3M] 


1 5 1 7 
(a) 7 Oe (©) = (a) — 
167. A(X =Y) is 
fay 1} i be LU 
(a) 36 (b) 3 (c) 36 (d) 2 


168. A box contains 15 green and 10 yellow balls. If 10 balls 
are randomly drawn, one-by-one with replacement, 


then the variance of the number of green balls drawn is 
(JEE Main 2017, 4M] 
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6 12 
(a) or (b) = (c) 6 (d) 4 


169. If two different numbers are taken from the set 
{0, 1, 2,3,...., 10}, then the probability that their sum as 


well as absolute difference are both multiple of 4, is 
[JEE Main 2017, 4M] 
7 6 
(a) 55 (b) 55 


170. For three events A, Band C. 
P(Exactly one of A or Bor C occurs) 
= P(Exactly one of B or C occurs) 


= P(Exactly one of C or A occurs) = . 


and P (All the three events occur simultaneously) = = 


Then the probability that atleast one of the events 
i (JEE Main 2017, 4M] 
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Solutions 
* SEAS Aa 


14! 
nS) = Number of total ways = "PR, = a =7 X13! 


The girls can be seated together in the back seats leaving a 


corner seat in 4 x 3!=24 ways and the boys 
can be seated in the remaining 11 seats in 
ip eS x11! ways 

a a 


“. n(E) = Number of favourable ways = 24 x ; 11! = 12! 
The required probability = 7S) = Fae = mi 

. For non-leap year 

The probability of 53 Sundays = . 

For leap year 

The probability of 53 Sundays = = 


3 1 #1 5 
.. Required probability = — x —- + —x-=— 
q E ty 47 4 7 2 


co 


. Let us consider two events: 
A: The leap year contains 53 Sundays. 
B: The leap year contains 53 Mondays. We have, 


2 2 1 
P(A) = ? P(B) = : and P(A 7B) = 


“. Required probability = P(A UB) 
= P(A) + P(B) - P(AMB) 


. Let us consider two events: 
A: Numbers divisible by 4. 
B: Numbers divisible by 7. 
We have, A = {104, 108, ..., 196} 
=> n(A) =24 
B = {105, 112,..., 196} 

n(B) =14 and ANB = {112, 140, 168, 196} 

=> mMANB)=4 
n(E) = Number of favourable ways n(A U B) 
= n(A) + n(B) ~ nh ANB) = 34 
n(S) = Total number of ways = 99 


34 
Required probability = > 3s 


. n(S) = Total number of ways = '°C, = ai 


§. n(S) = Total number of ways = '°C, =50 x 99 


The product is divisible by 3, if atleast one of the two numbers is 
divisible by 3. 

Let n(E) = Number of ways, if atleast one of the two numbers is 
divisible by 3. 

and n(E) = Number of ways, if none of the two numbers chosen 
is divisible by 3. 


mE) fs n(S) -— n(E) 
n(S) n(S) 
ia 67 X33 a 83 
50x99 150 
10°9-8 


*. Required probability = 


= 120 


The product of two numbers is equal to third number, the 
favourable cases are 2, 3, 6; 2, 4, 8; 2, 5, 10 


.. n(E) = The number of favourable cases =3 
“. Required probability = ME) aes 
n(S) 120 40 


. n(S) = Total number of ways = "P, =n! 


Considering digits 1, 2, 3, 4,..., k as one digit, we have 
(n — k + 1) digits which can be arranged =(n — k + 1)! 
“. n(E) = Number of favourable ways =(n — k + 1)! 


Hence, required probability = 
n(S) n! 


. n(S) = Total number of ways = "P, =n! 


The number of ways in which the digits 1, 2, 3, 4,.... k (k <1) 
occur together = k!(n — k + 1)! 


Hence, required probability = ——- = —~——_—_———- = 
aii caer n! 7G 


. Leta, b,c and d are four different numbers out of {1, 2, 3, 4, 5, 6}. 


=> (a, a, a, a) can appear in°C, = 6 ways 

=> (a,a,a, b) can appear in2 x °C, = 30 ways 
=> (a, a, b, b) can appear in °C, = 15 ways 

=> (a, a, b,c) can appear in3 x °C, =60 ways 
=> (a, b, c,d) can appear in °C. = 15 ways 


75 25 
Required probability = wen A py 


Number of total triangles = °C = 20 ways 


For the favourable event, the vertices should be either A,C, E 
or B, D, F 
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11. 


12. 


1) 


14, 


15. 


16. 


Favourable ways_ 2 _ 1 


”. The required probability = Total 20 10 
otal ways 


Total number of ways to choose two squares 


64: 
= tc, = 64:63 
2 


= 32-63 
For favourable ways we must chosen two consecutive small 
squares for any row or any columns. 
. Number of favourable ways =7-8 + 8-7 =2:8-7 
2°8:7 1 

.. Required probability = ——— = — 

my 32:63 18 
In the word MUMBAI, there are 5 adjacent pairs of letters of 
which only one gives AI. 


1 
. Required probability = ——— = 
—-+—-+-+-+- ae 


6 5 7 4 #5 
Numbers on die are 1, 2, 3, 4, 5, 6. 


Prime numbers are 2, 3, 5 and non-prime numbers are 1, 4, 6. 


Now, let weight assigned to non-prime numbers is A, then 
weight assigned to prime number is 2A. 


SAF2A42A4A42A4+A=1 


=> 43 
9 


“. Probability that an odd number will be show up when the 
die is tossed 1 or 3 or 5. 


h+ 2h 2h=5h=> 


We have, 
(X =7) = {07, 16, 25, 34, 43, 52, 61, 70} 
and  (Y = 0) = {00, 01, 02, ..., 10, 20, 30, ..., 90} 
Thus, (X =7)(Y = 0) = {07, 70} 
(<=) _ PX =7) OY = 0)} _ 2 
Y =0 P(Y =0) 19 
The probability of not drawing the ace in the first draw, in the 


second draw and in the third draw are (here all spades i.e., 13 


,,12 11 10 : 
cards) —, —, —, respectively. 
13 12 11 


Probability of drawing ace of spades in the 4th draw 
1 
= 10 (only one ace and remaining cards = 10) 


é va 12 1 1 
.. Required probability = — x ue x au x ei 
13.612 #=211 «210 «13 


nS) = Total number of ways = ee =25 


Set of composite numbers = {4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20, 
21, 22, 24, 25} and set of non-composite numbers = {1, 2, 3, 5, 7, 
11, 13, 17, 19, 23} 


Now, set of composite numbers of the form 5k (k € N) 
= {10, 15, 20, 25} 
and set of non-composite numbers of the form 2k (k € N) = {2} 


4 
. Required prabability = —-——— = — = 0.2 


17. 


18. 


20. 


21. 


22. 


23. 


Chap 09 Probability 741 


n(S) = Total number of ways = *C, 


Now, x; is fixed to be 30 and x,, x2 (two numbers) are to be 
chosen from first 29 numbers and x,, x, (two numbers) from 
last 20 numbers are to be chosen. 
. mE) =Number of favourable ways = C, x “C, 
Hence, required probability = mE) = aS a 
nS) Cs 

The points are 2, 2, 2, 2 or 2, 2, 2, 1 
. Required probability 

=(0.5)* + *C, x (0.5)? x (0.05)! = 0.0875 
n(S) = Total number of ways = 6° =216 
n{E) = Number of favourable ways = 2 x °C, x - =90 
n(E)_ 90 
nS) 216 
nS) =Total number of ways =6 x 6 X6 =216 


n(E) = Number of favourable cases 
= Coefficient of x* in(x + x7 + x°+ x4 + x° + x°)’ 


.. Required probability = 


= Coefficient of x*~3in(1 + x4 x2 + x° 4 x' +x) 

= Coefficient of x*~? in(@t — x°)(1- x)? 

= Coefficient of x*~? in(1 - x)? [ 0<Sk-3S5] 
= Coefficient of x*~? in(1 + °C,x +...) 


= = k-1)(k-2 
—* IC._5= i= RUE 
.. Required probability = rE) = (k - 1)(k ~ 2) 
n(S) 432 


n(S) = Total number of ways = 1000 


The favourable cases that the sum of the digits of the marked 
number on the page is equal to 9 are one digit number or two 
digits numbers or three digits numbers, if three digit number is 
abc. Then,at+b+c=9,0Sa,),c $9 


mE) = Number of favourable ways 
= Number of solutions of the equation 
me 9+ ao = a or =55 
.. Required probability = IR a ee 
nS) 1000 200 
n(S) = The total number of ways of choosing the tickets 
=4x4xX4x4=256 
nE) = The number of ways in which the sum can be 23 
= Coefficient of x” in(1 + x + x'° + x'')* 
= Coefficient of x™ in(1 + x*) + (1 + x'°)* 
= Coefficient of x” in(1 + 4x + 6x? + 4x° + x) 
x (1+ 4x!° + 6x") 
=4x6=24 
The probability of required event = BE ae 
n{S) 
Total coupons =15 
1 Sselected coupon number $9 i.e., 1, 2. 3, 4, 5, 6, 7, 8, 9 
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742 


24. 


25. 


26. 


27. 


28. 


Textbook of Algebra 


9 3 
“. Probability of one selected coupon = a = r 


Hence, the required probability 


7 
-(2) x (2) Xx... X7 times -(2] 
5 5 3) 
Let X denote the largest number on the 3 tickets drawn. 


7v 6) 
We have, P(X $7) = (=) and P(X <6) = (=) 
20 20 


7\3 6) 
Thus, PX =7)= PX <7) - UX <6) =() -( 
Total number = 6 (i.e., 1, 2, 3, 4, 5, 6) 
Favourable number = 2, 3, 4,5 = 4 

Probability of favourable number in one draw = o= : 


\' _ 16 


Ma 
Required probability = 6 — 
) 


2 1 
We have, sa amie =1,23 


Also, for i # j, P(E, OE,) = : = P(E,) P(E,) 
Therefore, E; and E, are independent for i # j. 
Also, P(E © E2 ™Es) = — # P(E) PEs) PES) 


”. E,, E, and E, are not independent. 

Let x and y are two non-negative integers are chosen such that 
x’ + y’ is divisible by 10. 

By the division algorithm, there exist integers x,, y,, a, and b, 
such that x = 10x, + a, and y =10y, + & withOsa,b, $9. 
Thus, we can write 

x? + y? =100xt + yz) + 20(a,x, + by,) + (ay + by’) 

We see that x” + y? will be divisible by 10 if and only if 

a’ + b? is divisible by 10. Now, there are 10 choices each for a, 
and ,, so that there are 10 x 10 = 100 ways of choosing them. 
The pairs (a,, b,) for which af + ? is divisible by 10 are 
follows: 


(0, 0), (1, 3), (1, 7), (2, 4), (2, 6), (3, 1), (3, 9), (4, 2), (4, 8), (5, 5), (6, 


2), (6, 8), (7, 1), (7, 9), (8, 4), (8, 6), (9, 3), (9, 7) 
Therefore, 18 distinct ways. 


18 9 
*R d bability = — = — 
equired pro ty= oO 50 
f st: i 
Required probability = Area of strips region 


Area of dotted region 


(1, 1) 


(1/2, 0) 


1 1 (2) 
-x1x1--xXT7 - 


ay 16-8 


1 
PR es 


29. When the two equal sides are 1 each, then third side could be 
only 1. 


When the two equal sides are 2 each, then third side can take 
values 1, 2, 3. 


When two equal sides are 3 each, then third side can take 
values 1, 2,3, 4,5. When the two equal sides are 4 each, then 
third side can take values 1, 2, 3, 4, 5, 6 same in the case when 
two equal sides are 5 and 6. 


.. Total number of triangles =1+3+5+6+6+6=27 


Required probability = — 


30, Required probability 


je toa ieee ee 


(Sc(()"} [35] 


31. P(A UB) = P(A) + P(B) - P(ANMB) 
P(AMB) = P(A) + P(B) - P(A UB) 
“0S P(AUB) $1-1 $—-P(AUB) $0 
P(A) + P(B) -1$ P(A) + P(B) — P(AUB) P(A) + P(B) 
32. E and F are independent events. Then, 
P(E C\F) = P(E): P(F) di) 


Option (a) is obviously not true. So, check for options (b), (c) 
and (d) 


Pan 


P(E AF) = P(E) - (EOF) 
= P(E) — P(E): P(F) 
= P(E)[1 — P(F)] 
= P(E): P(F) 


.. E and F are independent events. 


[from Eq. (i)] 


Now, P(E AF) = P(E UF) 
=1- P(EUF) 
=1—-[P(E) + P(F) - PENF)] 
= [1 - P(E)] — P(F) + P(E): P(F) 
= P(E) ~ P(F)[1 — P(E)] 
= P(E) [1 - P(F)] 
= P(E): P(F) 
. E and F are indepenitent events. 
iecatiy P(E) +P aa £)- P(EAF) , PEOF) 
\F P(F) P(F) 
_ P(E): P(F) P(E): P(F) 
PF) P(F) 
= P(E) + P(E) =1 
33. We know that, P(A OB) 2 P(A) + P(B)-1 (i) 
A)_P(AMB) 
(Sea 
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=> (4) 2 ne) eS [from Eq. (i)] 


B P(B) 
Option (a) is true. 
P(ANB) = P(A) - PAB) 
Option (b) is not true. 
P(A UB) = P(A) + P(B) — P(PAMB) 
If A and B are independent events, then P(A MB) = P(A): P(B). 
Then, P(A UB) = P(A) + P(B) — P(A): P(B) 
= P(A) + P(B) [1 - P(A)}+1-1 
=1+ P(B) P(A)- P(A)  [‘: P(A)=1- P(A)] 
=1+ P(A)[P(B)-1]=1- P(A): P(B) 
Option (c) is true. 
If A and B are disjoint, then P(A 7B) = 0. 
Then, P(A UB) =1 — P(A) P(B) does not hold. 
. Eand F are two independent events 


P(E AF) = P(E): P(F) i) 
- P(EAF)= = iy 
“oe 
= 1 - P(EUF) = ; 
=> P(E)+ P(F)—- P(EQF) =. 
1 1 
= P(E) + POF) - = == 
= P(E) + PF) =o + = 
= P(E) + P(F) =< iii) 


From Eqs. (i) and (ii), we get, 
1 
P(E): P(F) = Z 


1 


P(E) = 
12P(F) 
Put this value in Eq. (iii) we get 
Re ee 
12P(F) 12 
Let P(F) =x 
Then, Beg, 
12x 12 
2 
= dee Eh 5 fos ae 0 
12x 12 
12x? —4x-3x+1=0 
> 4x(3x —1)-1(3x-1) =0 
1 1 
3x-1)(4x-1)=0 => x=- or- 
( )( ) a 
1 1 
P(E) =-—, P(F) =- 
(E) F (F) 3 
1 1 
or P(E) =-, P(F)=— 
(E) 3 (F) i 


35. 


36. 


37. 


38. 


Chap 09 Probability 743 


r=) « p( £)\_ PUEQF) | PEF) 

F lF)  P(F) P(F) 

_ P(EQF)+ PEF) P(EQF)+ P(F)- (EOF) 
7 P(F) - P(F) 

o AF) 

P(E) 


(E\, 
and (=) Fr 


) 


(=)- P(ENF) : P(E OF) 
(Fj  P(F) P(F) 


_ [P(E) — P(E NF)) + (1 - PPEVUF)] 
- P(F) 
= [P(E U F) — P(F)]+ {1- P(EU F)} 
P(F) 
PF) P(E) 
P(B - A) = P(BOA) = P(B) — (ANB) 
Option (a) is not correct. 
P(A’ U B’)=1—-— P(ANB) =1 — P(A): P(B) 
[by given condition] 
P(A’) + P(B’) =1— P(A)+1— P(B) =2-[P(A) + P(B)} 
Option (b) is not correct P[(A U B)’] =1- P(AUB) 
=1-(P(A) + P(B) - P(A): P(B)] 
[by given condition} 
= 1 — P(A) - P(B) (1 - P(A)] 
= P(A) — P(B)-P(A) = P(A): P(B) 
Option (c) is correct. 
(4) P(A OB) _ P(A)- P(B) = P(A) 
B P(B) P(B) 
Required probability = P(A — B) + P(B — A) 
= P(AMB)+ P(BOA) 
= P(A) — P(AMB) + P(B) — PQPAMB) 
= P(A) + P(B) -2P(AMB) 
So, options (a) and (b) are true. 
P(A — B) + P(B-— A) = (AUB) - PQPAMB) 
[by venn diagram] 
So, option (c) is also true. 
P(A’) + P(B’) -2P(A’NB’) =1 - P(A) + 1 — P(B) 
—-2+2P(AUB) 
= 2P(A UB) — P(A) — P(B) 
=2P(A) + 2P(B) -2P(A OB) — P(A) — P(B) 
= P(A) + P(B) -2P(AMB) 
.. Option (d) is also true. 
A and B are independent events, then P(A 7B) = P(A): P(B) 


1 1 
i a age 
P(ANB) = + 
10 
P(AUB) = P(A) + P(B) - PAB) 
1.4 
=-+ 


2 5 10 10 
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2 
(4) = P(A) = ; mp{l —c) + mc(1 — p) + pe(l — m) a 
i or mp + mc + pe —3mpc «2 wii) 
(A) = ena} - PA) 25 5 
AUB P(A UB) P(A UB) : 6 Also, mp + pe + me — 2mpe 5 ...{iti) 
P AQB \_ p AB ) From Egg. (ii) and (iii), we get 
A’UB’ any) iim ne 
P[((ANB)MA(ANB)’] 2 5 10 
s 7 a = 0 2 3 7 
P(A MB) es np ES POY aa ag 
39. Let A, B and C be the event that the student is successful in 3 87 «21 «27 
tests I, II and II], respectively. m+ptce=—-+—-—=— 
: . 4 10 10 20 
P (the student is successful) 43. F bl ber of _ 
= P(ANBAC’) + P(ANB’AC) + PANBOC) eC ee a agree Te 
n 
= P(A): P(B)- P(C’) + P(A)- P(B’): P(C) + P(A): P(B)- P(C) Total number of cases = "P, 
igs 5 dent ’ n-3 n-3 ! 130 
ms : aed oe a ‘te — . Required probability = —— 2 i C2 2 =—+t é 
PRS) PAP a) 7 eae P, C, x2! C, 
\ 2 2 Y (n —3)(n - 4) 

1 1 = = 
=<[pq + pll—q) + pq] =~ pll + 9) a2) _. geen’ 
2 2 n(n — 1) n(n-1) 

==> +q) = pit q)=1 iain 


44, A=The event of (x, y) belonging to the area OEBAO 
which is satisfied for all pairs of values in (a), (b) and (c). Also, 


it is satisfied for infinitely many values as p and gq. For B = The event of (x, y) belonging to the area ODBCO 
instance, when p = a and q = = where nis any positive xe=y 

n+ n 
integer. 


40. Total number of subset of set contain n elements = 2” 
Number of ways choosing A and B = 2"-2" = 27". 
The number of subset of x which contains exactly r elements 
= ‘e 
.. The number of ways of choosing A and B, so that they have 
the same number of elements 
=("Cy)* + ('C,)? +... + (°C,)? = C, 
_1:2-3...(@n—1)(2n) _ 2°(1-3-5....(2n - 1) 
7 nin! 7 n! 
41. The number of ways in which m boys and m girls can take 
their seats around a circle is (2m — 1)! 


(a) We make the girls sit first around the circle. This can be 
done in(m — 1)! ways, after this boys can take their seats in 


(m!) ways. 1 1 
-! x*dx 
. Favourable number of ways = m!(m ~ 1)! and P(AMB) = 222 of ODBEO _ [ve dx Ji - 
lm —1)! — Se eee 
Required probability = mi(m — 1)! — ; = aréa of OABCO 1x1 3 
oa “Cm *, P(A) + P(B) g + Z #1 
(b) Similarly as (a) . i a 
(c) Similarly as (a) So, A and B are not exhaustive, 
mm! 1 a a | 


(d) Required probability = 


@m-yi* 1c. = as 


42. According to the question, So, A and B are not independent 
and P(A UB) =1, P(A) + P(B) # P(A UB). 
So, A and B are not mutually exclusive. 
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3 ; 
lat pre) mp ime per pe Se éoili) 


45, Let Pk) = ptky= 
k k 


where A is proportionality constant 


A | 
| Then , = Fl =>AY = 
kai ® gev® 
adele” —— 
n n 1 
and P(2k) =’ AS, —— 
= gr i fia (2k -1)' 
=> B<aanda+BP=1 


Then, 1-a<aandB<1-6 


1 
ds mipe 
2 2 


Value of p_ Possible values of q 


1 No value 

2 No value 

3 1,2 

4 1, 2,3 

5 1, 2, 3, 4, 5, 6 

6 1, 2, 3,..., 8 

7 1, 2, 3,..., 10 
1, 2, 3y..4 10 

9 1.25.3 )x00, 10 

10 1, 2, 3,..., 10 


. Number of favourable ways 
=2+3+64+8+10+10+ 10+ 10 =59 
and total ways = 10 x 10 = 100 


Hence, the required probability = = = 0.59 


47. Roots of x” + px + q = Oare equal, if p” = 4q 


i.e., p” must be even. 


Value of p Possible values of q 


2 1 

4 4 

6 9 

8 No value 
10 No value - 


.. Number of favourable ways = 1+1+1=3 
and total ways = 10 x 10 = 100 


Hence, the required probability = — = 0.03 


46. Roots of x? + px + q = Oare real and distinct, if p? > 4g. 
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48. Roots of x? + px + q =O are imaginary, if p’ < 4q 
Hence, the required probability = 1 —(Probability that roots of 
x’ + px + q=Oare real) = 1 — (0.59 - 0.03) =1- 062 
= 0.38 
49. X can win after the (n + 1) th game in the following two 
mutually exclusive ways. 


(i) X wins exactly one of the first n games draws (n — 1) 
games and wins the(n + 1)th game. 


.. Probability, PR. =("P.ab"~")a =na’b""! 
(ii) X losses exactly one of the first n games, wins exactly one 


of the first n games and draws (n — 2) games and wins the 
(n + 1) th game. 


.. Probability, P, =("P,(ac)b" ~ *)a = n(n ~ 1)a"b"~ *c 
Hence, the probability that X wins two match after 
(n + 1)th game. 
P.=P. + P, =na’b"~*[b + (n—1)c] 
50. Put n =3 in solution of question 4 and interchange a and c, 
then required probability = 3c’ -b'(b + 2a) = 3bc"(2a + b) 
51. The probability that X wins the match 


= > Pas F naib" as Tln- 1)a*b"~%¢ 


nel n=l na} 
a Sab > n(n -1)b 
=— hgee n—1)b" 
2b ae 2b 
b(i-b Bb (1-5)? 
{sum of infinite AGS] 


a*(1 — b + 2c) a*(a + 3c) “atb+c=1 
~ (1-6)? : (a+c) Pt eae| 
52. +: P(E,) <A? 

=> P(E,) = kA’, where k is proportionality constant. 

*: Eo, E,, Ez... E, are mutually exclusive and exhaustive events. 

We have, P(E,) + P(E,) + P(E,) + ...+ P(E,) =1 

0+ K(1)! + K{2)? +... + Kn)? =1 
= Kun?) =1 
Pneee (i) 


yn? 


C—O oO 


nent W(@n+1) 2 \an+i) 4 


‘(+5) 
6 2n 
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(61) 
3 ([2+4).3 way 


746 


54. 


55. 


56. 


57. 
58. 


59. 


60. 


67. 


Textbook of Algebra 
1+ 
lim P(A) == lim n|=> (2*2) 2 = 075 
neo ara 1 4\1+0 4 
an 
(A ee 
P(E,)- P| — P(E,): P| — 
(2). (B) (4) (E) (4) 
P(A 
. Srev-r(A) “) 
A=0 
a 
_ n(n + 1)(2n + 1) n 4 - 1 
3n{n + 1) [n(n + 1)]} yy 
2(2n + 1) 


The number of cubes having atleast one side painted is 


9+9+3+3+41+1=26 and total cubes = 27 


26 
. Required probability, A = - =>27PR = 


The number of cubes having two sides painted is 
4+4+41+1+41+1=12and total cubes =27 


.. Required probability, P, = = => 27P, =12 


2 
Required probability, P;} =1— p,=1- = = = = 27R=1 


A: She gets a success 

E, :She studies 10h 
P(E,) = 0.1 

E, :She studies 7 h 
P(E,) = 0.2 

and E;: She studies 4h 
P(E,) = 0.7 

af A 


and P{ 4 0.80, le) 


}=060 and r( 4) = 0.40 
Es, 


{A \ 
P(A) = i + P(E,)-P| om + pte)-?( 4 
1 2 3, 


= 0.1 x 0.80 + 0.2 x 0.60 + 0.7 x 0.40 = 0.48 


ree) ( “| 
; (Es): LE, 


p{ #)- AoA. _ 0.7% 0.40 _ 7 
A) P(A) P(A) 0.48 12 
(2)- _ PEs A) _ P(E3) ~ P(E3 VA) 
A P(A) 1 - P(A) 
07~-0.28 042 21 
~ 7-048 052 26 


‘ ~,, Pz and p; are mutually exclusive events. 


Pit pot ps =1 


Also, p,, P2 and py are the roots of 


27x° —27x* + ax-1=0 
fi + pot ps =1 wi) 

a 

PiP2 + P2 Ps + PsP = 7 


62. 


63. 


64. 


65. 


66. 


1 
and PiP2 Ps = = 
ai 
Now, AM of py pa. py = =P * Ps =” 
V3 4 
and GM of p,, Pa ps =(Pip2p3)"” -(2 a 2 
27 3 
Here, AM =GM 
1 
P= P2= Ps = 2 
From Eq. (ii), we get 
11 #141 =+#2141 a 
+ ---4¢—---=— => a=9 
33 33 33 27 


P (none of E,, E2, E3) =1 — P(E, U E, U E3) 
=1—-[P(E,) + P(E2) + P(Es)] 
=1-(p + pe +'ps)=0 
[-. E,, E> and E, are mutually exclusive] 
P(E, U Ep) + P(Ep 1. E3) + P(Ex 1 £;) 
= P(E) — P(E, 1 E,) + P(E2) — P(E, 7 Es) 
+ P(E3) — P(E; N&) 
= P(E,) -—0+ P(E,)-—0+ P(E,) -—0 
=p, + pot p3 [- E,, E, and E, are mutually exclusive] 
The number of increasing functions = °C, = 20 


and the number of total functions = 6° = 216 


Required probability = 


6+ ae = §C, =56 


The number of non-decreasing functions = 
the number of total functions = 6° = 216 
56 7 
. Required probability = — = — 
q P i 216 27 
The number of onto functions such that f(i) # i is 
(uted Aydt 8) sae 
1! 2! 3! 4! 5! 6! 


and number of total functions =6! = 720 
265 53 
Required probability = — = — 
. ny 720 144 
1% AX =x) «(x +1)(2) 
1 x 
Ak =2)=H+1)(2) 
\ fit 
wera tf {3} 9 2) dpa o, bea 
oo \5 
=> k : 7{=1 > ee 
( 25 
PS 
5 
1\° 16 
Now, P(X = 0)=kK1)| - =k=— 
X= =H 5) == 
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68. P(X 22)=1-[P(X =0) + P(X =1)] 


=1-H142|=1-%- jens See 
ors 5 5 25 125 
69. E(X) = Six A(X =x)= k ¥ xexs if ty 
x=0 x=0 
ty (1 : 1) : 
=H aya(4} + ee :) +(3 (2) +... 00 
CQ) < A BNA) & 
ee boo »-(i) 
(5 25 125 : 
and = E(X) = Hats ang ato .- (ii) 
25. 125 625 
On stein Eq. (ii) from Eq. (i), we get 
4 6 
= E(X kj) -+—+—+...+ «(iii 
w= E 25 125 +e] cit) 
On multiplying both sides by : in Eq. (i), we get 
4 6 
mats k — + — +... woul 
= Ee 125 625 | tw) 
On spe Eq. (iv) from Eq. (iii), we get 
exe Het et tte 
25 5 25 125 
2 . 
=k 5 gh leet E -<) 
wel 2 22 25 
5 
1 
E(x) =- 
(x) ; 


10. 


71. 


72. 


73. 


74. 


(a? - 1) is divisible by 10, if and only if last digit of ais 1 or 9. 
Ifr = 0, then there are 2A ways to choose a. 


py = => np, =2 
n 


Ifr ="9, then there are 2(A + 1) ways to choose a. 
_ AA+1) 
on 

=> np, =2(A + 1) 


If1 <r $8, then there are 2(A + 1) ways to choose a. 
_ AA +1) 
= 
=> X Py = 2(A + 1) 
7 1 n 1 
= ——- -] + — 
12 (n+1) (n+1) 2 
7_(+2) 
6 (n+1) 


=> n=5 ‘ 


Let S be the sample space, then 


n(S) = Total number of determinants that can be made with 0 
and 1=2x2x2x2=16 


each element can be replaced by two types 


b 
d 
Le, 0 and 1 


75. 


76. 


77. 


Chap 09 Probability 747 


and let E be the event that the determinant made is 


non-negative. 


Also, E’ be the event that the determinant is negative. 


,_fli affo ajjo 4 

“tit offa atta o 
P(E’) =3 
then peje tes 2 
nS) 16 


Hence, the required probability, 


P(E) =1 — P(E’) 


1 2 ieee) 
16 16 nm 6 
=> m=13andn=16, thenn-m=3 


Let E,, E, and E, be the events that first, second and third 
student get success. Then, 


P(E,) = =, P(E,) = ~ and P(E3) = = 
Given, probability of success of atleast two = 7 
=> P(E, VE, VE;) + P(E; AE, OE) 
+ P(E, NE, VE;)+ P(E, NE; NB) == 


=> P(E,)-P(E2)- P(E3) + P(E,): P(Ez)- P(Es) 
+ P(E,)-P(Ez)- P(E) + PLE,): PE): P(E) = = 


ie a oe a ee ee me ee 

= arate Seat S + Secs SoS ee na 

345 345 345 345 12 
10 A 
=> —_=— 
60 12 
A=2 

Let S be the sample space and E be the event of getting a large 


number than the previous number. 
n(S) =6 X6 X6 =216 
Now, we count the number of favourable ways. Obviously, the 
second number has to be greater than 1. If the second number 
is i(i > 1), then the number of favourable ways = (i — 1) x (6 - i) 
n(E) = Total number of favourable ways 
6 
= (i -1) x-i) 
i=l 
=0+1X%44+2xX34+3xX24+4X1+5x0 
=4+6+6+4=20 


mE) _ 20 
Therefore, th uired probability, P(E) = 
erefore, the req p ty, P(E) = 7S) an 
oe p [given] 
54 


54p =5 
The number of ways to answer a question = 2° - 1 =31. 


ie., In 31 ways only one correct. 
Let number of choices = n 


Now, according to the question = > ; 
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=> ee 


Least value of n = 
78. Let E, denote the event that the ‘é object goes to the ith place, 
we have 


P(E, NE; A E;) eer: 


fori<j<k 


Since, we can choose 3 places out of nis "C, ways, the 
probability of the required event is 


6p =1 
79. The sample space is 
S = {— 0.50, — 0.49, — 0.48, ..., — 0.01, 0.00, 0.01, ..., 0.49} 
Let E be the event that the round off error is atleast 10 paise, 


then E’ is the event that the round off error is atmost 
a paise. 
E’ = {— 0.09, — 0.08, ..., — 0.01, 0.00, 0.01, ..., 0.09} 
n(E’) = 19 and n(S) = 100 
E’ 19 
pe) = 8B 
n(S) 100 
Required probability, P(E) =1 — P(E’)=1—- 


wily (2) 
100 n/} 
m=9andn=10 
=> n-m=1 
80. Let E,, E,, E;, E,, E; and E, be the events of occurrence of 1, 2, 
3, 4, 5 and 6 on the dice respectively and let E be the event of 
getting a sum of numbers equal to 9. 


P(E) == mE) = ste phe —, 


a l+k 
ho) ara ney =! P(E.) =——— 


and leKey<* 
9 9 


Then, E = {(3,6), 6,3), (4, 5), (5, 4)} 
Hence, P(E) = P(EsE,) + P(EgE3) + P(EyEs) + P(EsE,) 
= P(E3)P(E,) + P(E.) P(E) + P(E,)P(Es) + P(Es)P(E,) 
= 2P(E3)P(E,) + 2P(E,)P(Es) 
[since E,, Eo, E3, Ey, E, and E, are independent] 


ALIA) 


1 2 
= —[2-—k-3k 
a ] 


2 
Since, 1s pe) <2 
9 9 
2 
= le (p= hoar 1S 
9° 18 9 
= 2<2-k—-3k’? <4 


87. 


82. 


=> 252-—k-—3k? and2—-k-3k’ $4 


1) 
=> ak (k++) soand3k? +k +220 
= - 7 SkSOandk eR 


epg 
3 


Hence, integral value of k is 0. 
Let @), @2, 43, @4, 25,4, and a, be the seven digits and the 
remaining two be ag and dy. 
Let a, + a2 + a3 + a, + a5 + a, +a, =9k, kel ww(i) 
Also, a, +a, +4, +4, +...¢@=1+2+34+44...49 
_ 9x10 
“9 
On subtracting Eq. (i) from Eq. (ii), we get 
Q, + ay = 45 —9k --{iti) 
Since, a, + a, + a3 + a, +... +a, anda, + a, +... +a7 are 
divisible by 9, if and only if ag + ao is divisible by 9. Let 5 be 
the sample space and E be the event that the sum of the digits 
ag and ag is divisible by 9. 
ag + dy = 45 —9k 
Maximum value of ag + dy 


= 45 ..{ii) 


= 17 and minimum value of 
ag + ay =3 
3545-9k<17 


28 
=> ~42$-9k $-28 => ~sk2= 


or a Sk2 = 
9 9 
Hence, k=4 [‘ k is positive integer] 


. From Eq. (iii), we get 
Qg +a,=45-9X4 
ag + a, =9 
Now, possible pair of (ag, a,) can be{(1, 8), (2, 7), (3, 6), (4, 5)} 
E= {(1, 8), (2, 7), (3, 6), (4, 5)} 


n(E) = 4 and n(S) = °C, =36 
.. Required probability, P(E) = y = = = " =) [given] 
18p =2 


Let A be the event of PF, winning in third round and B be the 
event of P, winning in first round but loosing in second round. 


We have, P(A) = — oe 
Cc, 8 


P(B 7 A) = Probability of both P, and P, winning in first 


round x Probability | of A winning and P, loosing in second 
round x Probability of , winning in third round 
ig alll me ac 
a, “a ae 
C, Cy GQ 
_ Cr, G ye £20 1 
~tG. 7, * ‘CG 28 
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1 
Hence, (3) = Co = t = : “=? [given] 
8 
7p =2 
83. (A) -(q,r); (B) > (p,1);(C) > (p,n); (D) > (4,18) 
(A) P(A) = 0.3 = P(A) = 1 — P(A) = 07, P(B) = 0.4, 
=> 0.5 = 0.7 — P(AB) 
P(AB) = 0.2 
| 2 | eae e P(ANB) 
| (A UB) P(A UB) P(A) + P(B) — P(AB) 
= =< A [given] 


“OT +06=05 4 


1 
ra = 4 [composite number and natural number] 
1 


(B) First three prime numbers are 2, 3 and 5. 


For roots to be real D 2 0 
Thus, real roots are obtained by b =5,a =2,c =3 
and b=5,a=3,c=2 


i.e., two ways. 
Total ways of choosing a, b,c =3 X2x1=6 


.. Required probability = = = ; mAs [given] 


[ prime number and natural number] 


(C) Here, tossing of the coin is an independent event. Thus, the 
result of 5th trial is independent of outcome of previous 
trials, 

As = > => cs =2 
2 A 
[prime number and natural number] 
(D) Clearly, n(S) = °P, =9! 


Now, 3 positions out of 9 positions can be chosen in 7G; 


ways and at these positions A, B and C can speak in 
required order, further remaining 6 persons can speak in 6! 


ways. 
’ 1 
. Required probability = aa 
9! x 6! 1 
=———_—_ =-=} iven 
3Ix6lx9! 6 oes 
Axi 


[a composite number, a natural number and a perfect number} 


84. (A) > (s); (B) > (p);(C) > (r); (D) > (q) 
4 


3 3.2 
A)-2 Nn + =le=+=-1=— 
Aye PLA. B)& P(A) + P(B)—1 -— 1 rT 


33 AK B)2 + 
5 15 


=> P(A 1B) € <. | 
15 5] 
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(B)-« P(A UB) = P(A) + P(B) — P(A OB) 
3 
5 


19 
+2 - P(ANB)=— - (ANB) 
3 15 


=> =< P(AUB) SI [yrange 


es 2 
155! 


P(AUB)eE E | 


(C) p{ 4) = A?) =F mana) 
B PB) 2 
- 2 <°(4\s2 1. pansye| *.2) | 
5 \B) 10 15°5 |. 


(D) (=| = IBAA) NA) Pris OB) 
A P(A) 3 
=> tA S)s1 [sma nare| 4.2] 
9° \A i 15°5 |. 
(2) |S 
(A) |9 
85. (A) > (p,r,s); (B) — (p.r,s);(C) > (s);(D) — (q,r) 
Let q, =1— p and qz =1— py 
(A). A can win the game at the Ist, 4th, 7th.... trials. 
1 5 1) (5) 
. P(A =-+- »y-|+l- 
sida sanae\ 5) (2) 
° 1 
(a*cae¥(] ee 
1 
6 I ] 2 ie 
= —_9—_ = ——____ = —_______ = — [given] 
5 6-59.92 ce =] 
1-= 1 6-5 - 
me i 4 
i= 
ae: 5\ 
(B) P(C wins) = =.q,.p2 +| = | 9-922 + + 
6 6) 
sxixt 
9 . Sie 5S 
1-299 6— Sige eee 3 
oe isiven} 
a 2 
A, =3 
(C):: P(A wins) = P (B wins) 
1 _ oP 
6-5qq2 §-5hq2 
=e [given] 
A, =5 
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(D) P(A wins) = P (B wins) = P (C wins) 87. (A) > (r); B= (s);(C) > (p);D > (q) 
a ge (A) n(S) = °C, = 120 and n(E) = °C, =3, because-on selection 
6-5q9q2 6-592 6-5 4q2 3 and 7, we have 
- 1=5p, =5q,p2 to select one from 4, 5 and 6. 
eal iA i 4 P(E ME) 3 de [given] 
= paht=5qa5(1-2) 422, ( ) n(S) 120 40 Pi g! 
[given] B96 
ee Ay =4 5p 
86. (A) > (q);(B) - (2); (C) > (p); (D) > (s) (B) The probability of 4 being the minimum number 
6 
(A), b € {1, 2,3...» 9} = a = [because after selecting 4 any two can 
For real and distinct roots D > 0 C; 8 


ie., 2a — b)? > 4b >(a — b)* > 2b 


The possible pairs are 


b a Total pairs of 
aand b 

1 3, 4, 55 scy 9 7 
2 SiGe 2 5 
3 6, 7, 8,9 4 
4 1,7,8,9 4 
5 1,9 2 
6 1,2 2 
7 1,2,3 3 
8 12,3 3 
9 1, 2, 3, 4 4 

34 


n(S) =9 X9 =81 and n(E) =34 


= 34 9p, => 
as 81 si 9 
34 
9p,}=| — | =3 
(on)-|* 
(B) For imaginary roots, 


[9p.J=4 
(C) For equal roots, there are only 2 possible pairs are 
b=2,a=4andb=8a=4 
n(S) = 81, n(E) =2 
fate 
~ 81 
= [81p;]=2 
(D) For real roots, 


. 34. 2 
aa a{-1— 4. = 
Pa (p, + ps) 2 2) 


P3 
88 


be selected from 5, 6, 7, 8, 9, 10} 
and the probability of being the maximum number 


[because after selecting 8 any two can 


be selected from 1, 2, 3, 4, 5, 6, 7] 


and the probability of 4 being the minimum number and 8 
being the maximum number 


3 
= ae = = [because on selecting 4, 8 and we have to 
3 
select one from 5, 6, 7] 
. Required probability 
= P(A U B) = P(A) + P(B) - P(A OB) 
i ie ie at aie, [given] 
8 40 40 40 
. 80p, = 22 


(C) Let A = {maximum of three numbers is 7} 
A={i, 2,3, 4, 5, 6,7} 
and B ={minimum of three numbers is 3} 
B= {3, 4,5, 6, 7, 8, 9, 10} 
and A OB = (3, 4,5, 6, 7} 


B\ P(IBNA) 7G 1 
P|) —| = ————- = — =- = 
(4) P(A) Jan 5 P3 [given] 
4 210 
Ps 


(D) Let A = { maximum of three numbers is 8 } 
A={1, 2, 3, 4,5, 6, 7, 8} 
and B ={ minimum of three numbers is 4 } 
B= {4,5, 6,7, 8, 9, 10}and ANB ={4, 5, 6,7, 8} 


B\ P(BONA) *G 1 ; 
(5 = RBA) ) = = =-=% (given] 
A} PA) 7G, 7 
SoziGa 
Ps 


(A) — (q); (B) > (8);C > (p); (D) > (r) 
(A) We know that ?, dX € Nhas J, 3, 7, 9 at the unit’s place for 
A = 4k, 4k ~ 1, 4k — 2, 4k - 3 respectively, 
when k = 1, 2,3, ... 
Clearly, 7” + 7” will be divisible by 5, if7” has 3 or 7 in the 


unit’s place and 7” has 7 or 3 in the unit’s place or 7” has | 
or 9 in the unit’s place and 7” has 9 or 1 in the unit's place. 
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.. For any choice of m,n the digit in the unit’s place of 
7” +7" is 2, 4, 6, 8, 0 
It is divisible by 5 only when this digit is 0. 


. Required probability = ; 


(B) n(S) =2x2x2x2=16 
[because each of the four places in determinant 


can be filled in 2 ways] 
The zero determinants are 
1 1/]-1 -1 1 1jj/-1 -1 1-1 
1 We i | 4 1 ts 1] 
1 -1)};-1 1)]-1 1 
1 in| i 1-1 


Number of zero determinants = 8, number of non-zero 


determinants 
= 16-8 =8 =n(E) [say] 
. Required probability = Mer. mi 
nS) 16 2 


(C)- P(E,) en 
= P(E,) = kn, where k is proportionality constant. 
Clearly, 
P(E,) + P(E,) + P(E;) + P(E,) + P(Es) + P(E.) =1 


1 
=> K1+24+34+4+5+6)=1 Se oe 


. Required probability = P(E,) =3k =3 x a = : 


(D) 5 can be thrown in 4 ways and 7 can be thrown in 6 ways in 
a single throw of two dice. 


Number of ways of throwing neither 5 nor 7 
= 36 —(4 +6) =26 


Probability of throwing a sum of 5 in a throw = = 


and probability of throwing neither 5 nor 7 = =, = ie 
. Required probability | 


1 (2) (2)(2) 2 
=-+—j-|+}/—]||-]+... = =- 
9 18\9 18) \9 _13° 5 
10 
69, n(24 +) 
(2 2, 
Probability of appearing exactly four heads 
474\6 \674\4 
JE OY 
2) 2) 2} \2 
"el )G) 
2) \2 


= Probability of appearing exactly six heads. Both 
statements are true, 


Statement-2 is a correct explanation for Statement-1. 


90. 


91.2 


92. 


93. 


94. 


95. 
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If A and B are independent, then 
P(A 1 B) = P(A): P(B)= P(A) 
P(A U B) = P(A) + P(B) — P(A B) 
= P(A) + P(B) — P(A) 
= P(B)=1 which is true. 
Hence, both statements are true and Statement-2 is a correct 
explanation for Statement-1. 
P(A 1B) = P(A) - QAO B) 
= P(ANB)=03-P(ANB) 
. P(A 7 B) cannot be found. Hence, both statements are true 
and Statement-2 is a correct explanation for Statement-1. 
*' P(A UB) = P(A B) 
=> P(A) + P(B)- PQPAMB)= P(ANB) 
=>(P(A) — P(A 4 B)) + (P(B) — P(A 4 B)) = 0 


[° P(B) = 1] ...(i) 
and 


[from Eq. (i)] 


= P(A 7 B’) + P(A’ 1 B)=0 ...(i) 
4 ANBGCAandANBCB 

=> P(A 1B) ¥ P(A) and P(A NB) Ss P(B) 

=> P(A) - P(A © B) 2 Oand P(B) — P(A MB) 20 

= P(A MB’)20 w-(ii) 
and P(A’ 1 B)20 ...(iii) 


From Eqs. (i), (ii) and (iii), we get 
P(A 7B’) =Oand P(A’ MB) =0 
or P(A 1 B’)= P(A’ VB) =0 
=> Statement-1 is true and Statement-2 is false. 


Statement-1 There are six equally likely possibilities of which 
only 2 are favourable (4 and 6) 


.. Probability that the obtained number is composite = 


ain 
wl 


.. Statement-1 is true. 

Statement-2 As the given 3 possibilities are not equally likely. 
. Statement-2 is false. 

Total cards = 52 = 26 Red + 25 Black 


13 Diamond 13 Heart 
Given A: Red card is drawn 
B: Card drawn is either a diamond or heart 
It is clear that AG BandBCA 
.. Statement-2 is true. 
and P(A + B) = P(A UB) = P(A U A) = P(A) 
{. AG Band B¢ A] 
and P(AB) = P(AMB) = P(sA A A) = P(A) 
[(- AC Band BC A) 
P(A + B) = P(AB) 
Statement-1 is true. 


Hence, both statements are true: and Statement-2. is a correct 
explanation for Statement-1. 
Required probability = 1 — Problem will not be salved 
=1-P(A VB)=1- P(A) P(B) =1—(1 — P(A))(1 — P(B)) 
\ 

x1=(i2 fibrin iat 

\ 2, 3 2 3 3 3 
.. Statement-1 is false and Staternent-2 is true. 
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(2n + 1).2n.(2n - 1) _ n(4n? —1) 
1-2-3 “~ % 

Let the three numbers a, b, c are drawn, where a < b <c and 

given a, b andc are in AP. 

; 2b=a+c...(i) 

Iti is clear from Eq. (i) that a and c both are odd or both are 

even. 


96. Total ways = "*'C, = 


. Favourable ways = "* C; + "C, 
+1 ht | 
(n+1)n . n(n—-1) “a 


1-2 1:2 
Re ibed joesbabiityae a ee 
aca aa n(4n? - 1) . (4n? —1) 
3 
= Statement-2 is false. 
In Statement-1, 2n + 1 =2] 
=> n=10 


x1 
Required probability = ee be 
410)? -1 399 133 


.. Statement-i is true. 


97. In Statement-2 P| (4). BGs IN) 
\B)  P(B) 


P(B) = P(A VA) OB) = P(A NB) U(A OB)) 
= P(AMWB)+ P(A MB) 
.. Statement-2 is true. 
In ay (3 1 
(A)+. (A\_ P(A QB) | PAB) 
“BJ” PB) P(B) 
_ P(A VB) + P(A OB) _ P(B) 
PIB) CGB) 
. Statement-1 is false. 
98. The total nurnber of matches played in the tournament 
= 5C, =10 
The probability that a — team (say A) wins all its 4 
matches = (3) oe 
16 


. Probability that team is undefeated in the tournament 


4 
1 5 
= *c(2) s— 
2 16 
=> Statement-1 is true. 


Similarly, the probability that there is an winless team = ~ 


=> Statement-2 is false. 
99. For real roots, D2 0 


= ph—41-=(p+2)20 
=> p’--p-220 
=> (p-2)(p+1)20 
> pS--lorp22 
But. p€(0, 5] 


[by definition] 


=1 [From Eq. (i)] 


So, E =(2,5] 
n(E) = length of the interval,[2, 5] =3 
and n(S) = length of the interval (0, 5] =5 
mE) _3 
nS) 5 
Hence, both statements are true and Statement-2 is a correct 
explanation for Statement-1 


Required probability = 


n(A 7B) 
A\_P(ANB)___n(S)___ (AB) _ nf AB) 
100. SRB) BY) 
n(S) 


Hence, both statements are true and Statement-2 is a correct 
explanation for Statement-1. 


101. Let Sbe the sample space, then 
n(S) = Total number of numbers of five digits formed with the 
digits 1, 2,3, 4 and 5 without repetition = *P, = 5!=120 


We know that, a number is divisible by 4 if the last two digits 
of the number is divisible by 4. 
Then, for divisible by 4, last two digits 12 or 24 or 32 or 52. 


Bet E be the event that the number formed is divisible by 4. 
n(E) =3!x 4=24 
*, Required probability, P(E) = —— = —=- 
quired p ty, P(E) = aa ia 
102. Let S be the sample space and E be the event of getting a large 
number than the previous number. 
: n(S) =6 X6 X6 =216 
Now, we count the number of favourable ways. Obviously, the 


second number has to be greater than 1. If the second number 
is i(i > 1), then the number of favourable ways = (i — 1) x(6-i) 


*. n(E) = Total nuns of favourable ways 
> -1)x(-i) 


=0+1X44+2x3+3xX2+4x1+5x0 
=4+6+6+ 4=20 
Therefore, the required probability, 
_ mE) 20 _ 5 
n(S) 216 54 
103. Finding r cars in N places, there are (r — 1) cars other than his 
own in (N — 1) places. 
(n -1)! 
(7 -—1)!(N -r)! 
Now, the (r — 1) cars must be parked in N —3 places (because 
neighbouring slots are empty). 


Total number of ways = NG 


.. Number of favourable ways = y “AG a 


‘i (N -3)! 
Regi pei. ee 
Total ways 
(r=1)(N=r-2)! (N-I} 
gl oe) 
~ (N=1)(N—2) 
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104. A wins the series in (n + r + 1) games (say). He wins the 
(n+ r + 1) th game and 
nout of the first (n + r) games. 
fn 
P(A) = Cc” "ey q'p"* 1 


r=0 


[where p+ q=1] 


n 


P(B) = a Cg 


r=0 


Now, P(A) + P(B) =1 


Ylq'p"*? ugh tp! |=. =] 


r=0 


Similarly, 


Now, put p=4q=— 


. 1 1 
nt+r 
> See =] 
= gnertl 2 +r+] 
= 1 
n+r 
= x Ci) a7 =1 
r=0 é 


105. Let A denotes the event that the target is hit when x shells are 
fired at point /. 


Let E,(E,) denote the event. 
We have, P(E,) = : P(E,) = 
(A iy" (A) iv 
> P 4) -1-(2} ap( 4 -1-(3 
ay a) | 
m= x 21-x 
Now, nay=£is-(2) feaf-Q) | 
| 2 : 9 2 
Fe 1" 1 1 21-x 
(3) wea] -(2) 7 | 


2 
dP(A) =0 => x =12, also Z = <0 


So I 


dP(A) _ 8 
dx 9 


Now, we must have 


Ix 
Hence, P(A) is maximum where x = 12. 


106. The composition of the balls in the red box and in the green 
box; and the sum suggested in the problem may be one of the 
following: 


Red box 


Red Green | Green Red | 

ieee 9 
a ee 7 
i 3 


Of these the 2nd and the last correspond to the sum being NOT 
a prime number. Hence, the required probability 


SS CU 


gl os 2002 ~=—:1001 


Green box Sum of Green in Red 
andRedinGreen 
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107. Let E, denote the event that out of the first k balls drawn, i 
balls are green. Let A denote the event that (k + 1)th ball drawn 


; re ag « e 
is also green. We have, now P(E;) = aa 
. k 

Here,0 <i skand ?( 4] gage ee 

4 at+b-k 

ECs Cin “Gey 

Now, PA] % a 

a = abe a+b-k 


Also,(1+ x) +x)" 7 


=P a Ck tie ak] 
x(°Cy + Cx +... + Gx? ] 
=> ¥C7'C,) (°C, - ,) =coefficient of + 


j=0 
a 


ar 


Hence, 


108. Total number of outcomes = 2 x2 x2... 12 times = 4096 
Let a, denote the number of outcomes in which two consecutive 
heads do not occur when the fair coin is tossed n times. 
=> a, =2, a, =3 
For n 2 3, if the last outcome is T, then we cannot have two 
consecutive heads in the first (n — 1) tosses. This can happen in 
a, ., ways. If the last outcome is H, we must have T the 
(n - 1)th toss and we cannot have two consecutive heads in the 
first (n — 2) tosses. This can happen in a, _ , ways. 
=> a, =G,_, + 4,2 forn23 
=> Aig = 144, ay, = 233 
=> a2 = 377 
377 


Hence, the required probability is ——. 
q P 'Y 4096 


109. Let PQ be a diameter of a circle with centre O and radius a. 
Take a point A at random in PQ. 


Let, AP = x, AQ =y, then x + y =2a and all values of x 
between 0 and 2a are equally likely. 


Draw the ordinate AB, then AB’ = AP, AQ = xy 
If P’, Q’ are the mid-points of OP, OQ, the ordinates at these 


points are equal to a ft 


Hence, AB >a ‘A if and only if, A lies in P’Q”. 
A‘B’. 1 
ie., -. 

2 


110. (i) Kamsky wins one of the first n games and draws the 
remaining [(n — 1) or 


3 9. 
Hence, the chance that xy > a a” is 


(ii) Kamsky wins exactly one of the first n games and draws 
the remaining} n —2. We have, 


P{i) ae "P pq" -I 
and P(ii) = "P, pq" ~?r 
=> The probability that Kamsky wins this match is 
> png?! + rn — 1) rq" *] 


n=] ~ oo 
=p’ Sing’! + p’r Yrn-1) q"~? 


aal n=} 
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112. Let A= {a;, Q2,.- 
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Differentiating both sides w.r.t. g, we get 
oo om 2 
n-1 n-2 
nq. = and nin -1)q" "= 
2 (a-qy’ 2 (1 -)° 
Thus, the probability that Kamsky wins the match is 
p° tt p*(p + 3r) 
(1-4) (ptr)? 


(1 -q)° 
because p+ q+r=1. 


111. Let A, Band C be three independent events having 


probabilities p, q and r, respectively. 
Then, according to the question, we have 
P (only the first occurs) = P(A A BAC) 
[.- A, B, C are independent] 
= P(A): P(B)- P(C) 
= pl-—q)(l-r)=a (i) 
P (only the second occurs) = P(A NBC) 
= P(A)- P(B)- P(C) 
=(1-p) ql -r)=b 
and P (only the third occurs) = P(A MB MC) 
= P(A)- P(B)- P(C) 
=(1-p)(l-q)r=c ~»{iti) 
Multiplying Eqs. (i), (ii) and (iii), then 
pqr {(1 - p)(1- 4) —r)}? = abe 


(ii) 


o ta pya—g)a-nP=x? [say] ..(iv) 
pqr 
(= p)(1-q)-r)=x wv) 
Dividing Eq. (i) by Eq. (v), then 
2 a or px=a-ap 
l=-p <x 
__ 4 
P (a + x) 
_ b c 
Similarly, q =——— andr = 
b+x ctx 


Replacing the values of p, q and r in Eq. (iv), then 


{- a 
[| atx) 


oe 2 
1- b 1- E = x? 
b+x c+x)| 


=> YP = x? 
(a+ x)*(b+ x)’ (¢ + x)? 
Pe) 
=> = x 
(a+ x)(b + x)(c + x) 
or (a+ x)(b+ x)(c+ x) =x’? 


Hence, x is a root of the equation (a + x)(b + x)(c + x) =x’ 


Gey 
For each a; € A (1 Si Sn), we have the following choices. 
(i) a € Panda, EQ (ii) a, € Panda, €Q 
(iii) a; € P anda, EQ (iv) a, € Panda, €Q 
Therefore, for one element a, of A, total number of cases is 4. 
Let S be the sample space 
‘ nS) = 4" 


and number of cases in which a, € P U Q is 3, since case 
4 ¢ P UQand let E be the event of favourable cases, then 


n(E) = number of ways in which exactly r elements of A will 
belong to P UQ 


= "CG 1" ="C3" 
. Required probability, P(E) = 


mE) "Gal 
n(S) 4" 
113. Given that P(A) = o, P(B/ A) = P(B’/A’)=1-4 


Thus, P(A’)=1-P(A)=1-a 
and P(B/ A’)=1- P(B/A’)=1-(1-a)=a i) 
CT ee 
P(B) 
_ P(B)— P(A MB) _ P(B) - P(A): P(B/ A) 
PB) P(B) 
E °(4] _ ANB) 
\A P(A) 
— P(B)- a(1- a) Ai) 
P(B) 


But P(B)=P(A)-P(B/ A) + P(A’): P(B/ A’) 
=a(1-a)+(1-—a)-o {from Eq. (i)] 
=20(1 — a) (3) 
Putting the value of P(B) from Eq. (iii) in Eq. (ii), then 
(4) = 220—a-o0-2) 4 
B. 2a (1 — @) 2a(1-a) 2 
which is independent of « 


114, Let S be the sample space and E be the event that each of the a 
pairs of balls drawn consists of one white and one red ball. 


*. n(S) = (C2) (7 “eG (7 ~*C2) vee ( C2) (?C2) 


_ {(2n) (2n - | { (2n - 2) (2n = {@* — 4) (2n = 
[ 1-2 1-2 1-2 


| a.a) [12 
2" Qn 
and n(E) =("C,"G)(""'C, 2") ("77 "-?G) 
ve (6, 2Cy(C"d) 
=n? -(n—1)?-(n —2)? .., 22-1? = (1-2-3... (n-1) a} =(n!)’ 


”. Required probability, 


_ ME) __(niyh 
) nS) (2n)'/2" _2nt 
(n!)? 


115. Let p be the probability that any one thing is received by a 
men and q be the probability that any one thing is received by 


a women. 
a 
= andg = 
P a+b : a+b 
Clearly, ptq=l1 ie, gq=1-p 
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Out of m things, if r are received by a men, then the rest 
(m —r) will be received by women. 


The probability for this to happen is given by 
P(r) ="C,p'q”" [r =0,1,.. 
The probability P that odd number of things are received by 
men is given by 
P=P(1) + P(3) + P(5) +. 


mM] 


= "Cpq™~' + "Csp'q™~> + "Csp’q™ > +... ..(i) 
We know that, 
(q+ p)"=q" + "Cq™"'p+ "Coq “p?+...+ p™ — ...{ii) 
and (q- p)"=q™ — "C\q™~'p + "C2q™~*p’ -... + (-1)™ p™ 


Subtracting Eq-(iii) from Eq. (ii), then 
(q+ p)" -(q~ p)"=2{"Cyq™"'p + “Cag” *p? + ...} 
=2P {from Eq. (i)] 


P=— {q+ p)"-(q-p)"} 


\"|_1f@+a" ~(b -a)"| 


|, _[b-a | 
| 2\ 


“a \b+a) 


116, - P(C) = > P(S) = P(B) = P(T) = . 


(b +a)" | 


Let E be the event that person reaches late 


SOeeU neato 


9 \ T ) 9 
{Cc 
To find PE] [ reaches in time = not late] 


Using Baye’s Theorem 


—_— 


ro).A 2) }+ P60. (2) s ni). =) + ere =] 


1 
7+3xX8+2x5+8 49 7 
117, Probability of getting 1 is ; and probability of not getting 1 is - 


Then, getting 1 in even number of chances = getting 1 in 2nd 
chance or in 4th chance or in 6th chance and so on. 


. Required probability 


=e mck 


(5) 1 
Phe Peo? 
6 6 \6/ 6. 6) 6 


Chap 09 Probability 


118. P(A U B)=- Zi PlA AO B)= 


3 ml 


P(A) === P(A) ==, 


pEOB =1-PAausy 


=1- P(A) - P(B) + P(A 2 B) 
11 1 
Pe Ph) a= 

i iat Ween’ 


=> P(B) = 


Since, P(A \ B) = P(A)- P(B) and P(A) # F'(B) 
.. Aand B are independent but not equally likely. 
119. For a particular house being selected, probubility = - 


Probability (all the persons apply for the sane house) 
Be = 1 
i 8 ay. 9 

120. P(X > 15) =1— P(X =0)- 


4k 
k! 


P(X =1) 


P(X =k) =e 
Puss) ae eS [A =np 
e 


121. (i) P(u) =ki, LP(u) =1 =k = 


rn + 1) 
oo Py 4 
7 ¥ ai ; 
ht 1) 
2nn + 1)(2n + )) 


n(n + 1)°6 


im 1 P(w) = 


ae 
3 


Uy | _ Ply Aw) _ 
1S) 


ss i ane n+1 
izt(n + 1) 

(iii) E=u,uyUuyVU...Uu, 
P(E) = P(uz) + P(u,) + ...+ P(tq) 


(=) = P(w OE) 
E P(E) 


_ PWwou,)+ Pwo) + ... 


E 2 1 4 lon. 
=2| =. +=: ee 
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122. P(X = r) = em 
r: 

= P(X $1) = P(X =0)+ P(X =1) 

* 

5 


=e°+5Xe°= [m= mean=5] 
e 


123. Let E be the event when each American man is seated adjacent 
to his wife and .A be the event when Indian man is seated 
adjacent to his wife. 


Now, n(AM E) =(4!) x(2!)° and n(E) = (5!) x (2!)4 
ee of 4)= 74 ME) _ (ANE) _ (4) x(a!) _ 2 
E P(E) mE) (5!) x(2!)*_ 5 
124. Statement-1 ‘If P(H, © E) = 0 for some i, then 
H)\_fE\._ 
Az) i 7 
If P(H; \ E) #: 0, V i =1,2,3,..., 2, then 


 #) _ PUA) _ PH E) PU) 
= P(E) P(H;) P(E) 


},. Pu, pf £) 

" at Hi) P(E) a] ae 
Hence, Stat:2ment-1 may not always be true. 
Statement -2 Clearly, H; U H, U... UH, =S (Sample space) 
=> P(H,)- F P(H2) +... + P(H,) =1 

125. {=F EOF’ |- P(E’ 1 F* AG) 
P(G) 
_ WG) = PLE WG) =P(F eve) 
7 P(G) 
_ P(G) — P(E)- P(G) — P(F)- P(G) 
- P(G) 
= 1 - P(E) — P(F)= P(E‘) — P(F) 


[as 0 < P(E) <1] 


126. Probability of getting sum of nine in a single thrown = ; 


. Prob ability of getting sum nine exactly two times out of 
three ¢iraws = ‘a 2) (?)- nS 
9) 243 
127. P(I) = 03, P(H) = 0.2 
.. Rec juired probability 
= P(I )P(1)=(1 — P(I))P() =(1 — 03) x 0.2= 0.7 x 0.2=0.14 


128. Sinci», P(A) = - 
For independent events, 


P(A MB) = P(A)P(B) => P(AMB) S - 


2 3 4a 
=> P(AN BS 
10'10'10° 10 


[maximum 4 outcomes may be in A A B] 


@ New, P(A B) = — 
- P(A). P(B) = — 


=> P(B) = 4A x ; = > not possible 


a 
129. For unique solution 


2 2 2 

ii) Now, P(A AB) =— => — x P(B)=— 

2 ( ) 10 5 (B) 10 

=> P(B) = —-, outcomes of B=5 
(iii) Now, P(A A B) = — 

3 2 3 

> P(A)P(B)=— => -xP(B)=— 

(A)P(B) nD : (B) 7 

P(B) = > not possible 


4 
(iv) Now, P(A AB)=—~ => P(A): P(B)=— 
10 10 

=>  P(B)=1, outcomes of B = 10. 


b 
# 0, 
d 


where a, b, c,d € {0, 1}. Total cases = 16 
Favourable cases = 6 (Either ad =1, bc = 0 or ad = 0, bc =1) 


Probability that system of equations has unique solution is 


6 3 
ie = 5 and system of equations has either unique solution or 


infinite solutions, so that probability for system to have a 
solution is 1. 


130. A ={4,5, 6}, B={1, 2, 3, 4} 


AUB ={I, 2, 3, 4,5, 6} 
= mAVUB)=6and total ways =6 


PAUB)=2=1 
131.-- (4)-! ai} 5 PACE) 4 i 
B) 2 P(B) 2 
i olee oy SEO 2 Ai) 
“lad 3 P(A) 3 


On dividing Eq. (i) by Eq. (ii), we get 


Beg = 
PB) 4 => P(B) ia 


132. P(X =3) = 2\3)2 = = 


6/6 216 
11 25 
199, Ux 23)=1- POX sa) =1-{2 +3 xt} =1- 228 
6 6 6 36 36 
5° 
5 6 oe ( 5 
134. P(X 26)=22 + 2 +...008 ) -(2) 
6° 6 1-2 \6 
6 53 
3 4 --5 7 sv 
and P(X >3)= 2 + 2+ 4... ~=&-(2) 
66 6k 6S 1-2 6 
6 
(s\* 
ea 
Hence, the conditional probability = (sy = — ae 
\6) 
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iy 
4) 


1 


155. a ae eo => ( 
10 10 10 


1 


engl 3-1] 4)s0-1 => 22>——_ 
(logio OB 10 ) (logo 4 — logy93) 


136. 5 = {00, 01, 02,..., 49} 
Let A be the event that sum of the digits on the selected ticket 
is 8, thenA = {08, 17, 26, 26, 35, 44} 


and let B be the event that the product of the digits is zero, 
then 
B = {00, 01, 02, ..., 09, 10, 20, 30, 40} 


AO B= {08} 
. ] 
Required probability = = = —_ = ia = = 
50 
137. Required probability = eee = = 


138. Let E, denote original signal is green, E, denote original signal 
is red and E denote signal received at station B is green. 


(E\ 
(2) = PEL) PL) 
E 


e: Ee 
PE) = + PE =| 


4 
: 4o_20 
(2) (+) 3 iA S| 46 23 
-||—=| +|-] |+-|-x-+4-x- 
51\4 4 514.4 4. 4. 
139. Total ways = AG = 20 G18 AB aM = 4845 
1:2,3.4 


Statement-1 


Common difference (d) | Number of cases 


1 17 
2 14 
3 11 
4 8 
3 5 
6 2 


.. Number of favourable cases =17 + 14411+8+5+2 
=57 
57 1 
“. Required probability = —— = — 
sil y 4845 | 85 
Statement-1 is true and Statement-2 is false. 
9-8-7 


140. Total ways, °C, = ——— =84 
1-23 


Favourable ways = °C, x ‘C, x °C, =24 
24 2 

“Required probability = — = — 
q Pp ty 47 


141. 


142. 


143. 


144. 


145. 


146. 


Chap 09 Probability 757 


H — 1 ball from U, to U, 
T — 2 balls from U, to Uz 


E :1 ball drawn from U, 


<a aA 
.. P(W from U2) == 301 }tx(2 x | 
2°5 J 2S @ 


1473.1). 0.1 '6"C .2)\. 3 
+=X| ySX= | F— —, x-|=— 
2 1°G: oy 2 ey B80 


1/3 2. 1 
rex | (3 x142x2) 
H _2 2 5 2 


H 
(2) ae ef 23 
P(H) x P “) + P(T) x (=) A 


Let P(E) = e and P(F) = f 
= P(E UF) ~ ENF) == 
= P(E) + P(F)-2P(E NF) = - 


11 : 
= : e+ f -—2ef = = ...(i) 
REAP) <_ SPE Hr) =—S0-d0-f=— 
25 25 25 
23 es 
=> e+ f-ef= = ---(ii) 
: _ 12 7 
From Eqs. (i) and (ii), we get ef = rr ande + f= ; 
4 


4 3 3 
0 lving, we gete =—, f =-ore=-, f =- 
n solving g ; - : sf 2 


31 
Given probability of atleast one failure 2 = 


31 
=> 1-P(X =0)2— 
32 


31 
= 7-"6.0 -P s— 
0-Q nA 


[.(P + Q)’] 


=> Pig — 
32 


P<-and P20 = pel o2| 


We have, C CD =>CND=C 
C\ PICAD) PC) _ 
= {DADO [- 0< P(D) <1] 
> 408"). Ra og nc) 
P(C) 
P(C) - RPA NC) - P(BAC)+ PANBNC) 

° P(C) 
_ HC) = P(A)- P(C) - P(B)- P(C) + 0 
- P(C) 


[. A, B, C are pairwise independent] 
=1— P(A) — P(B)= P(A‘) — P(B) 
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147, P(X) = P(X, AX> VX3) + P(X1 AX_ 0X3) 
+ P(X; X2 0X4) + P(X, OX, 0X3) 


elf Sa dot tol te 
244 244 244 244 «4 
ee ‘uel 
bjo2 442) 
ole tts; 
4 
(b) P (exactly two engines of the ship are functioning / X) 
1 il 1 3 1 #11 3 
244 2344 344.7 
1/4 8 


\ 
(c) P| x = Probability that X occurs given that engine 
X27 
P(X, Xo \ X3) + P(X, VX, ™ X3) 
P(X, NX2 ™X3)+ P(X, MX, ™ X3) 


E, has started 


+P(X,; 1X2 0X3) + P(X, AX290X3) 8 


fag % 
(d) Ae | = Probability that X occurs given that engine E, has 
1 


P(X, NX2 0X3) 
P(X, AX_0X5) + P(X, AX20Xy) | 
+ P(X; VX2X3) + P(X AX, Xs) _ 7 
+P(X, AX 0X3) + P(X; VX20X3) 16 


started 


148. Case1 When D,, Dz, D, all show different number and one of 
°Cs x3! 3 _ 60 


216 616 
Case II When D,, D,, D, all show same number and that 


the number is shown by D,, P(E,) = 


number is shown byD,, P(E yeeeltl _—s 
| ee \6) 216 


Case III When two numbers shown by D,, D,, D, are same and 
one is different and one of the number is shown by D,, 
ewe. Si. 2 30 
——— x—x 
216 2! 
91 
.”. Required probability = P(E,) + P(E) + P(E;) = iG 


P(E;) = 


149. (~) EON) oF ay Piet 
y PY) 2 
Xx P(X) 3 2 


(a) P(X UY) = P(X) + P(Y) - P(X AY) =: 
(b) « P(X AY) = P(X)- P(Y), they are independent. Also, X° 
and Y will be independent 
Now, P(X* AY) = ; x 
150.°8S = {1,2, 3, 0:8} 


Let A: Maximum of three numbers is 6 


“ A={l,2,3, 4,5, 6} 
and B: Maximum of three numbers is 3 
.. B= {3, 4,5,6,7, 8} and A OB = 3, 4,5, 6} 


n(A 7B) 
(=) P(AMB)_ nS) _ (ANB) _*G__1 
LA) P(A) n(B) n(B) °C, 5 
n(S) 
1 1 2 
151. Here, p= Sand g= 1-2. 


. Required probability = P(X = 4) + P(X =5) 


: 
|: @ 
3 
4 F 5 
1 Z 1 11 
IQ 
"kas Os MS 
152. Probability of solving the problem correctly by atleast one of 


wee DO Jods 


153. Let x, y and z be the probability of occurrence of £,, E, and E;, 


respectively. 
Then, & = {1-y)(1-z)= > [- p=(1- x)(1-y)(1-2)] 
(1-x) 
Siviwdy Ae py __ pz 
EG gy ea) 
Now, (a - 28) p=a8 
=> bd - 2p =] 
Bp «a 
(I-y) _21~ x) _, 
y x 
=> x= 2y .-(i) 
and (B - 3y) p =28 
=> pa - 3p =2 
y 8B 
ww  @= 2) 3-9) W5 
z y 
= y=3z (il) 
From Egg. (i) and (ii), we get x =6z .. z= 6 
z 


154. Let E = Event that one ball is white and the other ball is red. 


gO a © 
B, \ We _ 55 
Then, P (58) = 7 - ; 5 rt 
E} tax *gx%G  3GxtG 
°C, C, 2, 


3 3 3 
155. Required probability = |] P(w,) + [] P(R) + [[ (8) 


f=1 i=1 i=l 


a a oe 
=—-X=-X—+F-XK=X—+-X-X— 

6 9 12 6 9 12 6 9 2 
_ 82 

48 
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156.:: P(A UB) =1~ PAU B) =1-~ == 


P(A) =1~ P(A) =1-2 == 
and P(B)= P(A UB) - P(A) + (ANB) 
5 3 1 1 


see---—+¢-=>K- 


6 4 4 3 

= Aand B are not equally likely. 
1 
4 

“. Aand B are independent. 

Hence, A and B are independent but not equally likely. 
157. n(S) = 5! = 120 and possible favourable cases are 

(B, G, G, B, B), (G, G, B, B, B),(G, B, G, B, B), 

(G, B, B, G, B), (B, G, B, G, B) 

.. Number of favourable cases = n(E) =5 x 12 =60 

.. Required probability, 


Also, P(AMB) = == x1 = P(A). P(B) 


1 
3 


158. n(S) =3 x5 x7 =105; x, + x, + x3 = odd 
Case! All three odd =2 x3 x 4=24 
Case II Two even and one odd 
=1X2X441X3X34+2X2X3=29... n(E) =24 + 29 =53 
n{E) 53 


P(E) = = 


Required probability, S) * 105 
n 


159, x,, x., x, are in AP. 
AP with common difference = 1, (1, 2, 3) (2, 3, 4) (3, 4, 5) 
AP with common difference = 2, (1, 3, 5), (2, 4, 6), (3, 5, 7) 


AP with common difference = 3, (1, 4, 7) 
AP with common difference = 0, (1, 1, 1), (2, 2, 2) (3, 3, 3) 


n(E)=10 
.. Required probability, P(E) = =o = — 
n 


160. We have mentioned that boxes are different and one particular 
box has 3 balls. 


TT 
Then number of ways = —— =— (?) 


161. Using Binomial distribution 
P(X 22) =1 — P(X =0) — P(X =1) 


J” 
=1-—-|-; -/|"C-|-|-]- 
(3) | (2) la 
wi -"¢-4 21-224) 
Given, P (X 22) > 0.96 
pe tye 
Z 25 
2 25 
> n=8 
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162. 
ny Red 
Ng Black 
Box | Box Il 
Let A =Drawing red ball 


P(A) = P(B,)-P(A/ B,) + P(Bz)-P(A/ Bz) 
-1(_s 4/ "| 
2\ mtn} 2 nytn, | 

P(B,)- P(B, QA) i 
P(A) 3 

1f__ns 

2\ nyt, a 
~ 1_m )+3(=) 3 
2\ mtn) 2\ny+n4) 


Given, P(B,/ A) = ; —— 


ia n;(m + nz) _! 
n(n; + Ng ) + ny(7 + Nn) 3 
Now, check options, then clearly options (a) and (b) satisfy. 


163. 1 Black 


(n,-1) Red 


n, ‘Red 


(Ag+ 1) Black 
Box Il 


Ng Black 
Box | Box II Box t 


.. P (drawing red ball from B) = 


/ n,—1 ny + ny ( ny 4 
Lm+nz-1)\ mtn) \mtm)latm-1) 3 


ny +mn2—n 
(n, +n2)(m +2 —1) 


1 
=> =- 
3 


Clearly, options (c) and (d) satisfy. 
i 1 
164..-. P(E,) = zi P(E) = 


2+4+64+4+2 1 
P(E3) = = = = 
36 2 


1 
Also, P(E, VE2)= “ 


"y 
1 1 
P(E, NE3) = —, P(Ey Ny) = 
dé la 


and P(E, VE, 1 E;) = 0 # P(E,). P(E). P(Es) 


Hence, E,, E2, E; are not independent 


0 4 
: T,) =— =-,Ah)=—=- 
165 P(T,) a5 (T2) : 
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{Be (2)-m 


P(D) = P(T,)x of 2) + P(T>) x (2) 


\ I 


(D 
2) _ P{T)) <A 2 
\D) ( 


” penx = + PCT) x P( = 
d 


1 \42/ 


166. P(x > y) = P(T, wins 2 games or T, wins either of the matches 
and other is draw) 


(1 ) (: 4.4 ) 
=!-x-|+|-x-+-x-= 
\2 2) \2 6 6 2 


167. P(x = y)= P(T, and T, win alternately) 
+P (Both matches are draws) 


(66a Oa1-P ete 
Za «(8 5.5 


and n=10 
.. Variance = nPQ =10 ve ye = 12 
5 5 5 
169. Cases: (0, 4), (0, 8), (2, 6), (2, 10), (4, 8), (6, 10) 


.. Required probability = in me 


55 
170.:- P(A) + P(B)-2P(A OB) = ; mt) 
P(B) + P(C)-2P(B AC) = Ail) 
P(C) + P(A)-2P(C. A) = : i 
and P(AAB wey - _Aiv) 


Now, adding Eqs. (i), (ii) and (iii), then 
P(A) + P(B) + P(C)- P(AMB)-P(BAC)-P(CAA) = ; AY) 
On adding Eqs. (iv) and (v), we get 
P(A) + P(B)+ P(C)- P(AMB)— P(BAC)- PCNA) 
+ PANBNC) ate 
8 16 


or P(AUBUC) all 
16 
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Introduction 


There are two basic processes of reasoning which are 
commonly used to draw mathematical or scientific 
conclusions. Reasoning or drawing conclusions can be 
classified in two categories: 


(i) Inductive reasoning 
(ii) Deductive reasoning 


(i) Inductive reasoning This is the process of reasoning 
from particular to general. 
The numbers 324, 576, 603, 732 are all divisible by 3. 
From these particular results, we can hope to have a 
general result that all numbers of 3-digits are divisible 
by 3. But this is not true, because 692 is not divisible 
by 3. 
If at all this conjuctive were true, we would have to 
establish its validity either by verifying the conjuctive 
for all possible 3-digit numbers or by using some 
mathematical process. The process of reasoning a 
valid general result from particular results is called 
inductive reasoning. 


/ (ii) Deductive reasoning This is the process of 
reasoning from general to particular. 


n -l- 1 
The sum of first n natural numbers is mn 4 ) This is 
2 


a general result. From this, we can deduce that the 
sum of first 100 natural numbers is 


4 \ 
5050] = UY) . This process of reasoning a 


\ 2 4 
valid particular result from general result is called 
deductive reasoning. 
The principle of mathematical induction is a 
mathematical process which is used to establish the 
validity of a general result involving natural 
numbers. 


Statement 


A sentence or description which is either definitely true or 
definitely false is called a statement. For example, 


1. Mumbai is the capital of Maharashtra is a true 
statement. 


2. There are 30 days in February is a false statement. 


3. Umang is a good boy is not a statement (as it is not a 
definite sentence. One day whose name is Umang 
may be a good boy while the other boy whose name 
is also Umang may not be a good boy. Also, the word 
‘good’ is not well-defined). 


Mathematical Statement 


A statement involving mathematical relation or relations 
is called mathematical statement. 


A statement concerning the natural number ‘n’ is 
generally denoted by P(n). 


For example, If P(n) denotes the statement “n(n + 1) is 
divisible by 2”, . 
then P(3):“3(3 +1) =12 is divisible by 2” 

and P(8) :“8(8 +1) =72 is divisible by 2”, etc. 

Here, P(3) and P(8) are both true. 


First Principle of Mathematical 
Induction 


To prove that P(n) is true for all natural numbers n 2 i, we 
proceed as follows: 
Step I (Verification Step) : Verify P(n) for n =i. 


StepII_ (Assumption Step) : Assume P(n)is true for 
n=k>i. 


Step III (Induction Step) : Using results in Step I and Step I, 
prove that P(k + 1) is true. 


Remark 
If P(n) is true forn = 1(i.e., for/ =). 


Second Principle of 
Mathematical Induction 


Sometimes the above procedure will not work. Then, we 
consider the alternative principle called the second 
principle of mathematical induction, which consists of the 
following steps: 


Step 1 (Verification Step) : Verify P(n) for n =i. 
Step II (Assumption Step): Assume P(n) is true fori <n Sk. 
Step III (Induction Step) : Prove P(n)forn =k +1. 
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Remark 


The second principle of mathematical induction is useful to prove 
recurrence relations which involve three successive terms, 


For example, statements of the type 
Pln41 = Qn + Ty 1 


Different Types of Problems 
of Mathematical Induction 


Type | These problems are of the Identity Type. 
Examples of this type are as follows: 


[ Example 1. Prove by mathematical induction that 
“2 
P+254334.4n3 “— 


number n. 


for every natural 


- 2 
Sol. Let P(n): 7 +243? +..¢n° = es J (i) 


Step! Forn =1, LHS of Eq. (i) =1° =1 


and RHS of Eq. (i) = ea] i" =a 


LHS = RHS 
Therefore, P(1) is true. 
Step1I_ Assume P(k) is true, then 
- 2 
Pk): +2° +3? +..4+k? -|ed 
Step II Forn =k +1, 
Pk+1):2P +243 4..¢k) +(k +1) 


-[eeneray 
2 


LHS = 1? +27 43° +..+k? +(k +1) 
(ey 
2 


+(k +1) 


[by assumption step] 


= EAN Oe 5 ace +a) 


_(k +1)'(k? + 4k + 4) 
4 
_ (k +1)'(k +2)’ 


4 


2 
a + we 2) “nis 


Therefore, P(k +1) is true. Hence, by the principle 
of mathematical induction, P(n) is true for all ne N. 
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| Example 2. Prove by mathematical induction that 
n(n + 1)(n+ 2)(n+ 3) 
1-2-34+2-3-44+ ...+ (n+ 1)(n+ 2) = an aa 
for every natural number. 


Sol. Let P(n):1-2:3+2-3-4 +... + n(n + 1)(n + 2) 
. n(n + 1)(n + 2)(n + 3) 
4 
For n = 1, LHS of Eq. (i) = 1-2-3 =6 
1-(1 + 1)(1 + 2)(1 + 3) 
4 


...(i) 
Step I 


and RHS of Eq. (i) = =6 


LHS = RHS 
Therefore, P(1) is true. 
StepII Assume that P(k) is true, then 
P(k):1-:2-3+2-3-4 +...+ k(k + 1)(k + 2) 
_ k(k + 1)(k + 2)(k +3) 
ae 
Step I Forn=k+1 
P(k +1):1-2-3+2-3-4 +...+ k(k + 1)(k + 2) 
+(k +1)(k + 2)(k +3) 
_(k + 1(k +2)(k + 3)(k +4) 
a 
* LHS =1-2-34+2-3-4 +... + k(k + 1)(k + 2) 
+(k + 1)(k + 2)(k +3) 
2 AE IRS TANS TS a 2K +3) ok + Nk + 2k +3) 
{by assumption step] 
= (k + eae +3) (k +4) 
- (k + 1)(k + 2)(k + 3)(k + 4) = RHS 
4 
Therefore, P(k + 1) is true. Hence, by the principle of 
mathematical induction P(n) is true for alln € N. 


| Example 3. Prove by mathematical induction that 


1 7 1 1 7 n(n+ 3) 
1:2:3 2.3.4. A(n+1)(n+2) 4(n+1)(n+ 2) 
VneN. 
Sol. Let P(n): eae eee ee 
1-2-3 +734 n(n + 1)(n + 2) 
> n(n +3) Ai) 
4(n + 1)(n + 2) 
StepI Forn=1, 
1 1 
LHS of Eq. (i) = —— = - 
el 1:2-3. 6 
1-(1 + 3) 1 


ARES Pegs 
anaRES CLES) 4(1+1)(l+2) 6 


Therefore, P(1) is true. 
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Step II Assume that P(k) is true, then 


ee a 
1:2:3 2-3-4 k(k + 1)(k +2) 
___ K(k +3) 
4(k + 1)(k + 2) 
Step III Forn =k +1, 
1 1 1 
P(k + 1): —— + —— +... 4 ——___—_ 
1:2:3 2-3-4 k(k + 1)(k + 2) 
Senge ei EE SD 
(kK +1)(k +2)(kK +3) 4(k +2)(k +3) 
1 1 1 
= —— + —_ +... + —______ 
1:2:3 2-3-4 k(k + 1)(k + 2) 
- 1 
(k + 1)(k + 2)(k + 3) 
oe 
4(k+1)(k +2) (k+1)(k + 2)(k +3) 
{by assumption step] 
_ k(k +3)? +4 
4(k + 1)(k + 2)(k +3) 


_ k3 + 6k° +9k +4 
4(k + 1)(k + 2)(k +3) 
(k + 1)°(k + 4) 
4(k + 1)(k + 2)(k +3) 
_ (kK +1(k +4) _ 
~ 4(k + 2)(k +3) _ 


Therefore, P(k + 1) is true. Hence, by the principle of 
mathematical induction P(n) is true for alln € N. 


| Example 4. Prove by mathematical induction that 
n 


SiC, =n-2""', WEN. 
r=0 
Sol. Let P(n): pases =n-2"7! 
r=0 


StepI Forn=1, 


! 
LHS of Eq. (i) = Sir-"C, =041-°C, =1 
r=0 
and RHS of Eq. (i) =1-2'~' =2° =1 
Therefore, P(1) is true. 
Step1II_ Assume that P(k) is true, then P(k) 
k 
: yr Cy =k-27! 
r=0 


Step II Forn=k +1 
k+1 


P(k +1): Yir-**1C, =(k +1)-2 


r=0 


k+1 k+1 

LHS= remot Yee, 
r=0 r=] 
k+1 


k 
r*tic = Yer Ftc, +k +I) Cea 


r=! 


x 
u 
_ 


r(kc.+*c,_,)+(k +1) 


Il 
M- 


7 
i] 
= 


--C._, +(k+1) 


ll 
M>- 
Be 
oS 
) 
+ 
M- 
~ 


_ 
iH} 
_ 
a 
il 
_ 


r--C._. +(k +1) 


™ 
QQ 
+ 
i 


Il 
har aban Did 


1 
~ 
+ lt 
— 2 


be | 


ré C, + ye Ca 
j r=0 
k 


r-¥C. + E (r+1)"C, 
r= 


“ 
U 


0 


k k 
réc,+ ¥r-*c,+ HEC, 
r=0 


r=0 


M- 


x 
it] 
i] 


= Pk) + P(k) +2 
= RiP) 4 bots Peo ka 
=k-2 +2 =(k +1)-2 = RHS 


Therefore, P(k + 1) is true. Hence, by the principle of 
mathematical induction P(n) is true for alln € N. 


Type Il These problems are of the Divisibility Type. 
Examples of this type are as follows: 


[by assumption step] 


| Example 5. Use the principle of mathematical 
induction to show that 52"*! + 3°*2.2°"" divisible by 
19 for all natural numbers n. 
Sol. Let P(n) =52"*'43"*?.2"7! 
Step1  Forn=1, P(1)=57*! 4 3!t?.2'7! 
= 125 + 27 = 152, which is divisible by 19. 
Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n = k, i.e, 
P(k) = 5244) 4 3+? .ok-| ig divisible by 19. 
=> P(k)=19r, where r is an integer. 
Step I Forn=k +1, 
P(k + 1) gers ig gee pe 
eae de a 
= 25.57k +} re 3.3* +2 Qo! 
— 25.52k +1 re 6-3* +2 ok -1 
Now, 52* +! 4 3& +2 .ok 71 25-52k*! 4 6.3k*? gk! (25 


~ 19.3 +2 gk -1 
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. 25.52* +! + 6-3" +2 ok 
= 25-(57* +} re am ale) a 
ie., P(k + 1) = 25 P(k) ~ 19-3 *?-2 =! 
But we know that P(k) is divisible by 19. Also, 
19-3 *?.2*~1 is clearly divisible by 19. 
Therefore, P(k + 1) is divisible by 19. This shows that 
the result is true forn =k +1. 


Hence, by the principle of mathematical induction, the 


result is true for alln € N. 


| Example 6. Use the principle of mathematical 
induction to show that a” —b” is divisible by a—b for 


all natural numbers n. 
Sol. Let P(n) =a" — b” 
StepI Forn=1, 
P(1) = a — b, which is divisible by a — b. 
Therefore, the result is true for n = 1. 
StepII Assume that the result is true for n = k, 
ie, P(k) =a* — BF is divisible by a — b. 
=>  P(k)=(a-—b)r, where r is an integer. 
Step WI Forn =k +1, 
P(k +1) = ak) — pk 
Now, aé — of att? 7 BF *{a 
—_a* +1 + ab* 
abk — pK +! = pa — b) 
ak +} _ pk + = agt — oF) 4 bK(a— b) 
i.e., P(k +1)=a P(k) + D (a—b) 
But we know that P(k) is divisible by a — b. Also, bf (a —b) 
is clearly divisible by a — b. 
Therefore, P(k + 1) is divisible by a — b. 
This shows that the result is true for n = k + 1. 


Hence, by the principle of mathematical induction, the 
result is true for alln € N. 


Type fll These problems are of the Inequality Type. 
Examples of this type are as follows: 


| Example 7. Using mathematical induction, show that 
Tt 
VneN and 


4(n—1)' 


tanna >ntana, whereO0<a < 


n>1. 
Sol. Let P(n): tann a >ntana 


For n = 2, tan 2a > 2tana 


2tana 
=> ——7— ~ @tana >0 
1—- tan°a 


Step I 
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/ 


1-(i- tan?) | 


>0 
1-tan’a 


= 2tana 


4 


Tt 
=> tan*a-tan2a >0 [voca<% forn=2] 


Tt 
=> tan2a >0 [vo<m <% 


which is true (-. in first quadrant, tan 2 is positive) 
Therefore, P(2) is true. 


Assume that P(k) is true, then P(k): 
tanka > ktana 


Step II 


Step III For n =k + 1, we shall prove that 
tan(k + Ia >(k + 1)tana 
tanka + tana 


tan(k + 1)a = —————_—__ (i 
( 1 -— tanka tana @ 


Tl 1 
when0<a <— or 0<ka <— 
4k 4 


ie. O<tanka <1, also0< tana <1 

tanka tana <1 
1-tankatana >0 and 1- tanko tana <1...(ii) 
From Eqs. (i) and (ii), we get 


tanka + tana 
tan(k + 1) > ———_—_—— 


> tanka + tana > ktana@ + tana 
{by assumption step] 
tan(k + 1)a >(k + 1)tana 


Therefore, P(k + 1) is true. Hence by the principle 
of mathematical induction P(n) is true for all ne N. 


| Example 8. Show using mathematical induction that 


n+1)\" 
at<( <4] , where ne N and n>1. 


\ 4 


Sol. Let P(n):n! <(224) 


s 


Step I Forn=22! <{ = "1 


1) =>2< id 
2, 4 
=> 2< 2-25, which is true. 
Therefore, P(2) is true. 

Assume that P(k) is true, then 


k+1¥ 


Step Il 


Step III For n = k + 1, we shall prove that 
\k +1 
A+ n(k+pt<( £52] 


From assumption step k! < hoy 
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(paar 
=> k + 1)k! < ———— 
( ) FF 
k+1 
= Cee ..{i) 
j- k+1 
(k+1%*! (24) - 
Let us me, ——————- < | ——_- sai 
e assu oF 3 (ii) 
f \k +1 \k +1 
- a+? 56 fie 
K+ 1, et 1. 


2 
1 1 
=> 14+(k+1): reais 4...>2 
+ k+1 


2 


which is true, hence Eq. (ii) is true. 


=> iis: * AS; 


From Eqs. (i) and (ii), we get 
(k+ it! fk sa)" 
ok ~ ° 


k+1)l< 
(k +1) 5 


k+1 
- (ka pt <( #22) 


Therefore, P(k + 1) is true. Hence, by the principle of mathematical 
induction P(n) is true for alln € N. 


Type IV These problems are of the Second principle of 
induction. Examples of this type are as follows: 


[ Example 9. ifa+b=c+d anda’? +b? =c?+d?, 
then show by mathematical induction 


Sol. P(n):a" 


Step I 


Step Il 


Step Ill 


a" +b" =c"+d" 

+b" =c" +d" 
Forn=landn=2, 
P(1):a+b=ct+d and P(2):a° +b? =c? +d? 
which are true (from given conditions). 
Therefore, P(1) and P(2) are true. 
Assume P(k — 1) and P(k) to be true 

eo 47 aca ...(i) 
and ak +bk =c* +d* (ii) 
Forn =k +1, 
P(k +1):a**? + ptt a ok tly ght 

LHS = a * + b+} 
=(at b)(aé + b*) - abk - bat 
= (a+ b)(a* + OF) — abat-! + oF -1) 


[givena+b=c+d and 
a’ +b’ =c* +d’, then ab = cd] 


=(c+d)(ck + d*)-cd(ck~1 + d*~") 
[from Eas. (i) and (ii)} 
= ck a RHS 


Therefore, P(k + 1) is true. Hence, by the principle of mathematical 
induction P(n) is true for allne N. 


7(1 
| Example 10. Let /,, (= ax use 


mathematical induction to prove that |, = mn, 
m=0,1,2,... 


n bs} 
StepI Form=1,], -{(3 os lx 
p\i— cosx , 


*. I, = and form=2, 


nell Pie a eeett i 


1-—cosx 


2 f 2sin’ x(1 + cos x) 
5 (1 — cos x)(1 + cos x) 


: fees x8 = 2f (1 + cos) 


0 
= 2x + sin x]p = 2[(n + 0) -—(0+0)]=2n 


sin xX 


which are true, therefore J, and J, are true. 
StepII_ Assume I; _, and J; to be true 
; I, =(k-1)n .-(i) 
and I, =kn (ii) 
Step III For m=k +1, 
His af? — cos(k + 1)x 4 


A 1—cosx 


tcoskx — cos(k + 1)x 


lai -k= dx 
sia ' 1—cosx 
( 
2 2sin| : i 2) 
= dx 
0 asin’ = 
2 
aa aS ‘s 
nT 
0 sin! =) 
2 ) 
sind = ‘hs 
Similarly, I, - Ig, = {j22@ liv) 
0 div x) 
\2] 
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On subtracting Eq. (iv) from Eq. (iii), we get 
2k + 


( ‘ St) 
x — sin A x 
2 fF 2 ey 


sin 
Tpa1 — 2g +Ik-1= 
0 


\ 
( 
n2cos(kx)sin| — 2 2 nk 
= |——-—_— t= af cos kd = of Se 
0 ( *) k Jo 
sin| 
\2, 


[by assumption step] 
=kn+m=(k+1)n 
This shows that the result is true for m = k + 1. Hence, by the 
principle of mathematical induction the result is true for all me N. 


Type V These problems are of the Recursion Type. 
Examples of this type are as follows: 


[Example 11. Given u,,, = 3u, — 2U,-, and Ug =2, 
= 3. Prove that u, =2" +1, VEN. 
Sol. u, 4) =3u, — 2U,-, (i) 


StepI Given, u, =3=2+1= 2' + 1 which is true for n = 1. 
Putting n = 1 in Eq. (i), we get 

Uy 41 = 3u, — 2u,-| 
=> = uy = Buy, — ug =3-3—-2-2=5=2' +1 
which is true for n = 2. 
Therefore, the result is true forn =landn=2 
Step II Assume it is true for n = k, then it is also true for 
n=k-1, 
Then, 


and 


uy, = +1 ...(ii) 
uaa 41 ...(iii) 
Step III Putting n = k in Eq. (i), we get 
Up) = 3Uy — Quy -; 
= 3(2* +1) - 22°71 41) 
{from Eqs. (ii) and (iii)] 
=3-2 43- 2.2 1_9=3-2% 43-2 ~2 
= (3-1) +1=2-2 41224! 41 


This shows that the result is true for n = k + 1. Hence, by the 
principle of mathematical induction the result is true for all n € N. 


7 
| Example 12. Let u, =1, v2 =2,u; = and 


Un+1 — Un. Use the principle of 


a 
Un+3 = 5Un42 -(3 


mathematical induction to show that 


1 jae) A 1=as y 
Un == [28 (ES) Vn21. 
\ 2 4 2 
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othe (448). 0-8y 
Sol. -. nfo ; ) + ; y (i) 


eal (8) 


2 


Step I For n=1, u, = iC + 


1 
=-[2+1J=1 
gee 


which is true for n = 1 and forn = 2, 


which is true forn =2 
Therefore, the result is true forn = 1landn =2. 


Step II Assume it is true for n = k, then it is also true for 
n=k-1,k-2 


pets 


: ; (ii) 


(3 
Step III Given that, u, 43 = 3u,+2 =| 2 +1— Up 
\ 


Replace n by k — 2 


3 
Then egy ue ha 
k yk | 
1- v3 
= 5.0F + 1+v3 re I-vs 
3 2 2 


BY 3(,-y3\7' 
af _3 ei 3(1t+v3) _3 
31 2 2 2 2 2 


3 =A)" MS ~¥ it 
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axe eo ve} = fe (Ay [eset 


(4) (148 ] [ellos] 


“ah 2) 


at J9-] eT 


3 2 ¢ \k +1 
bo ; 2B ape ig — a+ y)-4 ae fees) ft | 
=— 8 | = 
3 3 2 5 2 
v3 . *T 31 - a)= x1 - di 4 This shows that the result is true for n = k + 1. Hence, by the 
‘ 2 4 principle of mathematical induction the result is true for all 
: “ neéN. ' 
Va FOE ag ae ee ee © TRE Oe ee IES oe aT NE ONE Se EOE Ne N 
Shortcuts and Important Results to Remember 
1 Principle of mathematical induction is widely used in 3 If f(k)is divisible by a number p and it is to be proved that 
proving identities, theorems, divisibility of an expression f(k + 1)is divisible by p, sometimes it is easier to show 
_ by anumber or by another expression, inequalities, etc. that f(k + 1)-f(k)is divisible by p. 
2 Principle of mathematical induction can only help in 4 aaaaa...a=a(l+10+10? + 10° +...4+1077') 
verifying an established result. lt cannot discover a new m times a(10” -1) ; 
formula. oa bY eee rand: 
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JEE Type Solved Examples : 
Single Option Correct Type Questions 


CO ee te rn renee ce ne ene ee 


« This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d), out of which 
ONLY ONE is correct. 


@ Ex. 1 When P is a natural number, then 
P’*!4(P+1)"""" js divisible by 

(a) P (b)P?+P (c)P?>+P+1 
Sol. (c) For n = 1, we get 

Poth (P41)y"~1= p? +(P +1) =P? +P +1, 


(d) P? -1 


which is divisible by P? + P + 1, so result is true for n = 1. 
Let us assume that the given result is true forn = me N. 
ie, P™*!+(P+1)?™~' is divisible by P? +P +1. 
| ie, P™*14(P +1)" '=k(P? + P+1),VkKEN __....(i) 
Now, pim*)+1 +(P +1) (m+1)=1 
= pm+2 +(P +17 "*! 
=P™t2 4 (p41)? (P+1)°""! 
= P™*2 (p41)? [k(P? +P +1)-P™*!] 
[by using Eq. (i) 
=P™*? 4(P41)?-k(P? + P+1)—-(P +1) (P)"*" 
=P™*'(p_(p+1)?7]+(P4+1)°-k(P? + P+1) 
=p™tipp— p?_29p_-4}4+(P+1)-k(P? +P +1) 
=—-p™tlyp? + P41]4+(P +1)? -k(P* + P+1) 
=(P? + P+1)(k-(P +1)? —P™*') 
which is divisible by P? + P +1, so the result is true for 


n=m +1. Therefore, the given result is true for alln € N 
by induction. 


® Ex. 2 Let P(n) denote the statement that n? +n is odd. It 
is seen that P(n) = P(n +1), P(n) is true for all 

(ajn >1 (b) n 

(c)n >2 (d) None of these 
Sol. (d) P(n) =n? +n. It is always odd (statement) but square 


of any odd number is always odd and also, sum of two 
odd numbers is always even. So, for no any ‘n’ for which 
this statement is true. 


@ Ex. 3 For a positive integer n, 


1 T 


fceath) <1 el eee . Then 
2 3 4 a7 =} 


(a) a(100) > 100 
(b) a(100) < 200 
(c) a(200) < 100 
(d) a(200) > 100 


Sol. (d) It can be proved with the help of mathematical 
induction that 


“ a(n)Sn 
2 
0 
=> ot < a(200) 
2 
= a(200) > 100 


@ Ex. 4 Let S(k) =14+34+5 +... +(2k—-1)=3+k?. Which 


of the following is true? 


(a) Principle of mathematical induction can be used to 
prove the formula 


(b) S(k) => S(k + 1) 
(c) S(k) 4 S(k +1) 
(d) S(1) is correct 
Sol. (c) We have, S(k) =1434+5+...+ (2k -1)=3 +k’, 
S(1) => 1= 4, which is not true 
and S(2) = 4 =7, which is not true. 
Hence, induction cannot be applied and Xk) # Xk + 1) 


@ Ex. 510" +3(4"*7) +5 is divisible by (n€ N) 


(a) 7 (b) 5 
(c)9 (d) 17 
Sol. (c) 10" + 3(4"*?) +5 
Taking n = 2, 


107 +3 x 44 +5= 100 + 768 + 5 =873 
Therefore, this is divisible by 9. 
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JEE Type Solved Examples : 
Statement | and Il Type Questions 


# Directions Example numbers 6 and 7 are 
Assertion-Reason type Examples. Each of these Examples 
contains two statements : 

Statement-1 (Assertion) and 

Statement-2 (Reason) 

Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below: 


(a) Statement-1 is true, Statement-2 is true Statement-2 is 
correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true, Statement-2 
is not the correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


@ Ex. 6 Statement-1 For all natural number n, 
14+24+...¢0<(2n +1)? 


Statement-2 For all natural numbers, (2n +3)? <7(n +1) 
Sol. (b) Let P(n):14+24+3+..+¢0<(2n +1) 
Step1 Forn=1, , 
P(1):1<(2+1)? =1<9 
which is true. 
StepII Assume P(n) is true for n = k, then 
P(k):1424+...4k <(2k +1) 
Step II] Forn =k + 1, we shall prove that 
P(e +1):14+2434...¢k +(k +1) <(2k +3)’ 
From assumption step 
1+24¢34¢...¢k +(k +1) <(2k 41)? +k 41 
= 4k? + 5k +2 . 
= (2k +3)*—7(k +1)<(2k +3)? [0 2(k +1) >0] 
*, P(k + 1) is true. 


Here, both Statements are true but Statement-2 is not 
correct explanation of Statement-1. 


® Ex. 7 Statement-1 For all natural numbers n, 


7 
74774777 +...777...7=—(10"*' —9n—10) 
——— 81 
n digits 
Statement-2 For all natural numbers, 
777... 7=7+7X10 +7 X107 +...+7 X10" 


—— 


n digits 


re ne 


ern rm i en 


Sol. (c)*" 777...7 =7(111...1) 
——"” ae ea 
n digits n digits 
=7(1+10+ 10? +...+10"~') 
=7+7X104+7X10? +..4+7X10"~! 
#74¢7X1047X107 +...+7 X10" 


.. Statement-2 is false. 


7 
Now, let P(n):7 +77 +777 +..+777...7=— 
a digits 


(10"*' — 9n — 10) 
StepI Forn=1, 
LHS =7 and RHS = —(10" ~9-10)=7 


LHS = RHS 
which is true for n = 1. 
‘ StepTI Assume P(n) is true for n =k, then 
P(k):7 +77 +777 +...+777...7 
a 


= = (aot! — 9k ~10) 


Step Til Forn =k +1, 
P(k +1):7 4774777 +...4777...7 + 777 1 
——" ~~” 
k digits  (k +1) digits 
== [not*? - 9(k + 1) ~ 10] 


LHS =7 +77 +777 +...4777...7 + 777...7 


k digits +p digits 
7 
= (it — 9k — 10) +7(1 + 10+ 107 +...+ 10) 
[from assumption step] 


= 7 ik) — ok — 10) + ZOE =D 
81 10 ~ 


== (10! *!— 9k - 10+ 9-108 *¥ 9) 
= = [ot *4(1 +9) ~9(k +1) — 10] 

= = [ot*? ~9(k +1) ~ 10) 

= RHS 


Therefore, P(k + 1) is true. Hence, by mathematical 
induction P(n) is true for all natural numbers. 


Hence, Statement-1 is true and Statement-2 is false. 
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Subjective Type Examples 


Uf Le we om ew te 


" In this section, there are 8 subjective solved examples. 


®@ Ex. 8 Prove by induction that the integer next greater 
than (3 + V5)" is divisible by 2” for allne N. 
Sol. Let a =3+ V5 andB =3- 5 
0<B" <1,VnEN 
=> a+B=6,08 =4 (i) 
Then, & and B are the roots of 
x* -6x+4=0 
a? =60 -4 25 
=> ...{ii) 
B’ =68 -4 
a? +B? =6(a +P) —8 =28 
0." +B" =(3 + V5)" +(3 — v5)" 
= 2(3" + °C, 3"~ 2-54 "C,3"~ 4-5? +...] 


...(iii) 


= Even integer. 


As,0 < B” < 1,0" + B” is the even integer next greater than 


a”, 
StepI For n=1, 
a+B=6 {from Eq. (i)] 
divisible by 2’ 
and for n=2,a7 +f? =28 [from Eq. (iii)] 
divisible by 2? 
which is true for n=1,2. 
Step1I Assume it is true for n =k. 


ie., a* + BK is divisible by 2°. 
Step III Forn =k +1, 
the integer next greater than a‘ *! is 
= 0.2 k= 4B? .pk-! 
+ (6B — 4)-B*-! [from Eq. (ii)] 
= 6(at* + BS) - 4(a-! + BE") 
= 3 (divisible by 2° *!) — Givisible by 2° *') 
= Divisible by i 


This shows that the result is true for n = k + 1. Hence, the 
integer next greater than a* *? is divisible by 2* *?. 


k+1 + pet! 


= (6a - 4)-0*7 


® Ex. 9 Using mathematical induction, show that 


¢ 1 1 9 1 ‘ 
ia | fae | 
=) =) l y f an 


N 


= VneEN. 
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es ne ce rn + ee eee ee es ee re ee eee 


1\(. 1 1 ) Re 
Sol. Let P(n):|1-—|{1-—|[1-— 
—— im alt alt ey" (- (n +1) } 


\ 
. eZ 


2(n + 1) sa 
StepI For n=1, 
PHS. chky:Gsi= 3 . : and RHS of Eq. (i) 
gee? 
22 4 
Therefore, P(1) is true. 
Step1I_ Assume it is true for n = k, then 
.. «4 1 \ i 
Pk):( -3}(1-3) (1-4 — 
ly 3? ) | (k +1) 
ee 
2(k + 1) 
StepIII Forn =k +1, 


f N 
matealtealt-ah 
[1 - 1 )__k+3 
ar ~ (k +2) 2(k +2) 
ae 1 1 
veces lect) 
- 1 Wier 
al ee 


[by assumption step] 


= k+2 De 
2(k + 1) (k +2)" 
_ (k+2) [(k +2)? -1)] _ 


k?+4k4+3 


k+1)  (k+2)? 2(k + 1)(k +2) 
_ (k+I(k +3) _ (kK +3) _ pase 
2(k +1)(k +2) 2(k +2) 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for alln EN. 


® Ex. 10 Using the principle of mathematical induction to 
show that 


{ ‘ \ 
a stan{ —* + 
T4125 x?, L1+2-3+x? 
tan! { 
1+n(n+1) x? | 
"SV XEN. 


=tan™'(n +1) x—tan™ 
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Sol. Let P(n):tan™! (—*_,] | ae @ Ex. 11 Use the principle of mathematical induction to 
L141-2+x? | \1+2-3:x? prove that for allneé N. 


Se ge tan-*(__* _] 2 +2 +2 $a 2. = 2c0s( 2) 


\L+n(n+1)x?, 


=tan™'(n +1)x — tan™' x ..(i) | when the LHS contains n radical sign. 
otept. Bor “nimi ; . Sol. Let P(n)= 24 y2+y2tu to + V2 
LHS of Eq. (i) = tan7? | ——~—— | : n ) . 
. L1+1-2-x? = 2cos pt | wwi) 
‘ ax-x 
= tan™! | a) = tan ‘2x - tan x StepI Forn=1, ee 
1+ ax-x LHS of Eq. (i) = V2 and RHS Eq. (i) = 2 cos (4) 
= RHS of Eq. (i) 
Therefore, P(1) is true. 29 eee (= - = 2 
StepII Assume it is true for n = k. 4 z 
P(k): tan! ; an [5] — Therefore, P(1) is true. 
LPTs? x 1+2-3x StepII_ Assume it is true for n =k, 


am \ferconral P(k) _ ; 2+ fot fit tm tad J2te tent V2 = 20 2] 


\ [1 + k(k +1) x*] 
= tan”) (k+1)x—tan™'x 
Step M1 Forn =k +1, Step II Forn =k +1, 


f \ 
P(k +1): tan7! a} wn —2 | ce P(k +1) =. 242+ 2tutint v2 
L41-2-x = a 


k radical sign 


lt Beg (k +1) radical sign 
+ ttan"?—_*_] = (@+ PR) 
1+ k(k +1) x?) ‘een ka 
' ¥ =¥ +2cos [a ; * [by assumption step] 
—, 
L1+(k +1) (k +2) x? pps 
=tan™'(k+2)x-—tan™' x = Ja{1-+ cos ( Fa) 
».LHS = tan™? — 
LF 1-20x° | = f(1 +2008 85) 1 [1+ 2008 (s)-3 
-1 x \ amt] x 
+ tan = + an —_ : 1 
ll 2X J (1+ k(k +1)x % = See ial 
-1 
= reniaere +(k + i (k +2) x? | This shows that the result is true for n = k + 1. Hence, by 
exe plies the principle of mathematical induction, the result is true 
= eer Eien for alln € N. 


~] j x 
an a 
1+(k+1)(k+2)x?} © Ex. 12 Prove by mathematical induction that 


[by assumption step] 1 2 4 2 
i i —+ + +..+ 
= tan (k +1) x — tan x , 1+x 1+x? 1+x4 jee 
2 peel (k + 2)x -—(k + 1)x ae 
1+(k +2)x(k+1)x) ae ee 
=tan~'(k +1)x—tan! x +tan7'(k +2) x Wat yey 


-1 
=tan™’ (ks 1) x -negative integer. 


= tan” '(k +2)x —tan™' x =RHS l D 4 
Sol. Let P(n): + + gt isnt - 
This shows that the result is true for n = k + 1. Hence, by l+x 1l+x° 1+x l+x 
the principle of mathematical induction, the result is true , gntl 
for allneé N. : = _ ..(i) 
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Step] Forn=1, 
1 2 
+ 
1+x 14x? 
1 1 1 2 


- - + + - 
l+x 1+x 


x-1 x-1 
1 1 ] 2 
= + + + 
x-1 1-—-x 1l+t+x 1+ x? 
1 2 2 
= + + : 
1+ x. 


LHS of Eq. (i) = 


x-1 1-x’? 


1 2 1 9? 
a wel ga a | © 2 
x-1 (1 - x”) (1+ x?) x-1l 1-x 
= RHS of Eq. (i) 
Assume it is true for n = k, then 


1 2 4 al 
+ —+ — +. + 
1+x dlt+x° 1l+x 


1 okt 


x-1 jaceee 


Step II 


P(k): 


Step] Forn =k +1, ; 
Z 4 

2+ 4 
1+x 1+x 


Picci 
& xt 


k 
1+x? 


eh 
1+x 


+ 


2 4 


figs .¢ so " 
1+x 1+x 


1+x 


2 ee 
2k or 


k 
1+x? 


tl 


gk+1 


Fx 
1 k+l 
1 gk+! 
-x 
[by assumption step] 
= 1] +1 2 
= +2 


k+l k+ 
(l-x? )(l+x? )) 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allne N. 


© Ex. 13 Using the principle of mathematical induction to 


12 sin? 
prove that [" eae a ee 
0 sin x 3 2n- 


2k+ 
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m 33 
Sol. Let P(n):[~ @ ™ de =14s++4..4+—— Ai) 
o  sinx 3 5 2n - 1 
StepI Forn=1, 
: /2sin* x re. 
LHS of Eq. (i) =f" ma f° sin x dx 
=-[cos x J’? =-(0-1)=1 
and RHS of Eq. (i) = 1 
Therefore, P(1) is true. 
StepIi_ Assume it is true for n =k, then 
2 
P(k): [7S a ae : 
0 sin x 3 4 2k -1 
Step WI Forn=k +1, 
4.2 
Pika: (ETO aged oF «... 
0 sin x 3 5 
1 1 
+ + 
-1 2k+1 


72 
LHs = ("72 teat ee 
0 sin x 
_ ig (k +1) x—-sin? kx +sin? kx Ay 
“a sin x 
2 wpe «2 
~ (*/2sin (k +1) x-sin” kx dx + [7 kx Az 
70 sin x o sin x 
dx + P(k) 
[by assumption step] 


prl2 . 
=, sin (2k + 1) x dx + P(k) 


- cos (2k +x). pa, 
2k +1 ‘ 


gp ees eae x 
0 sin x 


+ P(k) 


oe cos| tk +—|-1 
(e+), \ 2). 


1 
a Ce ” k 
a sin 1k — 1] + P(k) 


1 
a 


1 1 1 1 
= 1t+-+-—+..4 
(2k +1) 3 5 (2k - 1) 
(by assumption step] 
ae | 1 1 
=1+-+-+t..+ + 
a 5 (2k-1) (2k +1) 
= RHS 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allne N. 
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@ Ex. 14 Use induction to show that for allné N. 


a+ ya+ a +..+Va <tittes) 


where a’ is fixed positive number and n radical signs are 
taken on LHS. 


Sol. Let P(n):Ja+ at Ja+ tVa < 1+ [etd 


StepI For n=1, then Va <1*¥Ge+9) 


=> ava <1+ (4a +1) 


=> 4a<1+4a+1+2./(4a+1) 


=> 2 (4a +1) +2>0 which is true. 
Therefore, P (1) is true. 

StepTI_ Assume it is true forn =k, 
P(k):4Ja + a+ Jat..+ Va eu ee ed) 


2 


k radical signs 


Step II] Forn =k +1, 


P(k +1): a+ Yor latte +a < wet 


a er +1) wiles. signs 


From assumption step 


1+V4a+1 
at lat ja+..+Va ac 


k radical signs 


k radical signs 


2 eee 1+, + 
= 1at4at at Jat..+ a <ja+ttlier) 
fee ee 2 


(k+1) radical signs 


— feat + (4a) _ [aat2+2 (4a +1) 


y 2 \ 4 
= (J(4a + 1))?+1+2)(4a +1) 
\ 4 


_ frstesroy Naas 
\ 
fat ya+ fat fa+.tVe fa+tva < uae) 


(k + ~—""‘eajateldpe . signs 


which is true forn =k + 1. 


Hence, by the principle of mathematical induction, the 
result is true for all n € N. 


@ Ex. 15 Prove by induction that 


|, 00} = SAW) fal ff ee fab 


i=) 


where dash denotes mae with respect to x. 


Sol. Let P(n): fi I jhe} = = Sfx) fol). Si(x)..ful)} 


i=1 
rm ()) 
StepI For n=1, 


oe 


LHS of Eq. (i) = [fete of = ica = f(x) 


RHS of Eq. (i) = I {fi(x) fol x) x £ @ahiot 


nae ‘. x) 
which is true for n=, 


StepII_ Assume it is true for n = k, then 


P(k): veer} (x)? 


r=1 


k 
DA) fala) » fix)» fel) 


Step Ill For n=k+1, 
k+] a 


[170 


P(k + 1):- 


be 
= py (Fax) fol x) a fx) fila) 


LHS = 


(k+1) ft ¥ | 
Tre} - atte ) fevle) 


k 
= TF (x): Fa) fins st 


k 
7 Is r(x): Peete ial 
SHAl2)-fala) se fx) ou fel 


i=1 


[by assumption step} 


={filx) f(x) Sex) fF eai(2) + fesil2) 
Di fil) fax) fir x) fle 


k+1 


= DAfle) ) fax). fix)» fir} 


= RHS 
This shows that the result is true for n = k + 1. Hence, by 


the principle of mathematical induction, the result is true 
for alln EN. 
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a Mathematical Induction Exercise 1: 
™ Single Option Correct Type Questions 


Ne eo me ee ee eee — ~ Oe geo oe ene n ent i 


® This section contains 3 multiple choice questions. Each 2. If (n)=2+4+6+...+2n,nEN, then 
question has four choices (a), (b), (c) and (d), out of which Pk) =k(k +1) +2 
ONLY ONE is correct. => Pik +1)=(k + 1)(k +2)+2, Vk EN. So, we can 
1. Ifa, = 4/7 +7 + 7 +... having n radical signs. Then, ace = al A ig 
by mathematical induction which one is true? (c)n>2 (d) Nothing can be said 


(aja, >7,Vn21 
(b)a, >3,¥n21 3. The value of the natural number n such that the 


(c)a,<4,Vn21 inequality 2” > 2n + 1is valid, is 
(dja, <3,Vn21 (a) forn2>3 (b)forn <3 (c)foralln (d) for mn 


& Mathematical Induction Exercise 2 : 
Statement | and tl Type Questions — 


ee ee ee ewan 


" Directions Question Number 4 to 6 Assertion-Reason 4, Statement-1 Ifa, =1,a, =5,thena, =3" —2°,VneEN 


type questions. Each of these questions contains two andn21 
| et. 
tatements. 
Ee : a is > 
| Statement-1 (Assertion) and Semen? Sita ema Masih 
Statement-2 (Reason) 5. Statement-1 For all natural numbers 2 , 2-7" +3-5" -—5 
Each of these questions also four alternative choices, only is divisible by 24. 
one of which is the correct answer. You have to select the Statement-2 If f(x) is divisible by x, then 
correct choice as given below: f(x +1)- f(x) is divisible by x + 1,V x€N. 
(a) Statement-1 is true, Statement-2 is true; Statement-2 is 6 all y b 
correct explanation for Statement-1 » Statement-1 For all natural numbers n, 
(b) Statement-1 is true, Statement-2 is true; Statement-2 is 0-5+0-55+0-555 +...upto n terms= 5 | n- {1 = l I 
not correct explanation for Statement-1 9 | 9 10” /, 
(c) Statement-1 is true, Statement-2 is false ' 1 a1- aan | 
o 
(d) Statement-1 is false, Statement-2 is true Statement-2 a+art+ar™ +...+ar = (i-r) » for 
O<r<l : 
e es ® e 
Mathematical Induction Exercise 3: 
Subjective Type Questions 
« In this section, there are 10 subjective questions. 8. Prove by induction that if n is a positive integer not 


cose 2n a ee ape 
7. Prove the following by using induction for all n€ N. divisible by 3, then 3°" +3° + 1is divisible by 13. 


(i) 11"*? +127" +! is divisible by 133. 9. Prove by induction that the product of three consecutive 

(ii) n’ —nis divisible by 42. positive integers is divisible by 6. 

(iii) 3” + 24n — 1 is divisible by 32. 10. Prove by induction that the sum of three successive 
natural numbers is divisible by 9. 


i + 1)(n +5) is divisible by 6. 
a) win : - de _ : ie ; 11. Prove by induction that the even power of every odd 
(v) (25)"" " — 24n +5735 is divisible by (24)°. integer when divided by 8 leaves the remainder 1. 


(vi) x?" — y?" is divisible by x + y. 
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12. Prove the following by using induction for all n € N: 
(i) ir. anal=s 
2__ n(n + 1)(2n +1) 

A= 
(iii) 1-34+3-54+5-7 +... +(2n — 1)(2n + 1) 

e n(4n? + 6n ~1) 
3 

(eee ee ee 
(3n —1)(3n +2) 6n+4 


(ii) 17 +27 +37 +...4n 


— + 
25 5:8 8-11 
(v) 1:4:7+2-5-8+3-6:9 +... upton terms 


= a(n +1)(n + 6)(n +7) 


4 ae: Oe n? n(n + 1) 
@) —— = ee See ee 
1:3 3-5 (2n -1)(2n +1) 2(2n +1) 


13. Let ay =2,a, =5and forn22,a, =5a,_, — 6a, — 2, then 


prove by induction that a, =2" +3",Vn20,nEN. 


14. Ifa, @1,4,4,™ — a,,n 21, then prove by induction 
n 


1 


——,neEN 
(n +1)! 


that a,4, = 


15. If a,b,c,d,e and f are six real numbers such that 
atb+c=dtetf 
a+b’ +c°=d? +e" +f? 
anda* +b> +c* =d* +e° + f°, prove by mathematical 
induction that 
a" +b" +c" =d" +e" +f", VWneN. 


16. Using mathematical induction, prove that 


\ 
ton ( 3 vtan™( 2). +tan™{ 4 A 
3) 7 n° +n+1 
=tan"{} 
n+2 


| Mathematical Induction Exercise 4 : 


™ Questions Asked in Previous 13 Year's Exam 


a oe A a reer Stee ee ee ee ee eae ee a ee ee ene, 


« This section contains questions asked in IIT-JEE, AIEEE, JEE Main & JEE Advanced from year 2005 to year 2017. 


1 


v1 


Shale. 


1 
17. Statement-1 For every natural number n > 2—-+—~+...+— 
V2 n 


Statement-2 For every natural number n > 2,/n(n +1) <n+1 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is correct explanation for Statement-1 
(b) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


[AIEEE 2008, 3M] 


18. Statement-1 For each natural number n,(n +1)’ —n’ —1is divisible by 7. 


Statement-2 For each natural number n,n’ — nis divisible by 7. 


(a) Statement-1 is false, Statement-2 is true 


(b) Statement-1 is true, Statement-2 is true; Statement-2 is correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1 


(d) Statement-1 is true, Statement-2 is false 


[AIEEE 2014, 4M] 


Answers 


Chapter Exercise 
I.(c) 2. (d) 3. (a) 4. (a) 5.(c) 6. (b) 


17.(b) 18. (b) 
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Solutions 


7+ li + 47+... (nradical sign) 


bail For n=1, 

P(l):a, =V7 <4 
Step II Assume that a, < 4 for all natural number, 1 =k 
Step III For n =k +1, 


Pk +1):dp4y =7+y) fll Bex 
[(k + 1) radical sign] 
=jJ7+a, <J7+4 (" a, < 4] 
<4 [by assumption] 
This shows that, a, , , < 4, ie. the result is true forn =k + 1. 
Hence, by the principle of mathematical induction 
a,<4,Vn21 


1. Let P(n):a 


2. It is obvious. 
3. Check through options, the condition 2” > 2n + 1 is valid for 
n23. 
4, Let P(n):a, =3" —2" 
StepI For n=l, 


LHS =a, =1 [given] 
and RHS =3! —2' =1 
LHS = RHS 
- Hence, P(1) is true. 
For n =2, 
LHS= a, =5 [given] 
and RHS = 37-2? =5 
LHS = RHS 


Hence, P(2) is also true. 
Thus, P(1) and P(2) are true. 
Step II Let P(k) and P(k — 1) are true 
a, =3* — 2 anda,_, =3* 1 -2*7! 
Step For n=k+1, 
O41 =9A, — 60, 4 
= 5(3* — 2) — 6(3*-? — 2k!) 
=5.9* —5.2* —2.3* + 3.2 


[from Statement-2] 


which is true for n =k + 1. 


Hence, both statements are true and Statement-2 is a correct 
explanation of Statement-1. 


5. Let P(n):2-77 +3-5" —5 
Step] For n=1, 
P(1):2:7'+3-5'—5 
: 24 is divisible by 24. 
Step II Assume P(k) is divisible by 24, then 


P(k):2:- 7 43-5" —5 =24A, Lis positive integer. 
Step III Forn=k +1, 
P(k + 1)— P(k) = (2-7**'43-5**! -5) 
—(2-7* +3-5* —5) 
=2-7(7 -1) + 3-5*(5 -1) 
=127* +5*) 
= divisible by 24 
=24u,Vy Ee! 
(7* +5* is always divisible by 24] 
P(k + 1) = P(k) + 24 = 24A + 24 
=24A +p) 
Hence, P(k + 1) is divisible by 24. 
Hence, Statement-1 is true and Statement-2 is false. 
LHS = RHS 


-2)h-8(1 -1). Bigs 
10 9 10 10 
which is true for n = 1. 


Step II Assume it is true forn =k, then05+ 055+ 0555+... 
+ upto k terms 


“tse 


Step ITI Forn =k +1, 
LHS = 05 + 055 + 0555+.. 


. Step} Forn=1, 


LHS =0.5 and RHS = 241 —1{1 
9, 9 


. t upto (k + 1) terms 


5{, 1 1 \} 
=-<{k-- 1-2), + (k + 1) th terms 
5} ( 10) { ee 
=2fk-2(1-4e)}+ 055s. 
9| 9\ 10 —— 
(k + 1) times 
sf, 1 1 1 
=-{k--|1-—_|}+ 555...5 
| 1 } fel —— | 
(ke + 1) umes, 
5 1 1 \ 5 
=- K-21 - 4 os 
41 9 «Hf io’ 


(1+ 10+ 107 +... + 10°) 


4 \) “anktt 
Bio Mi nt fig SU =o) 
9} 9K i)” r0¥* "(10 -1) 


-1) 10**1-1] 


OFT | 


5 (10 - 9) 
=F u+-34 8 maa 
1 1 
“2 e+0-3(1-Sa)) RHS 


which is true forn =k + 1. 


Hence, both statements are true but Statement-2 is not a 
correct explanation for Statement-1. 
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7. (i) Let P(n)=11"*? +127"*! 
Step I For n =1, 
Pi) =1'*? + 127%! +! = 129 + 123 
=(11 + 12)(117 —11 X12 + 12?) 
= 23 x 133, which is divisible by 133. 
Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n =k, then 
P(k) =11**? 4 127**! is divisible by 133. 
=> P(k) = 133r, where r is an integer. 
Step Ii Forn =k + 1, 
a Pik +1) srr ktr2 4 127 K++] yg kt3 4 yo2k +3 
= 1 t 41 7 4 9241.42 
=1n-19**? + 144-1274! 


fra"? 44q.499%**) 


qa 
» qe?) eiaago 


=i? 410"") aide"! 
ie. P(k + 1) =11P(k) + 133-122" *} 
But we know that, P(k) is divisible by 133. Also, 133-127**? is 
divisible by 133. 


Hence, P(k + 1) is divisible by 133. This shows that, the result 
is true for n=k4+1. 


Hence, by the principle of mathematical induction, the result is 
true for all néN. 


(ii) Let P(n) =n? —n. 
Step I Forn =1, 
P(1) =1’ —1=0, which is divisible by 42. 
Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n = k. Then, 
P(k) =k’ — kis divisible by 42. 
=  P(k) = 42r, where r is an integer. 
Step III Forn =k +1, 
P(k +1) =(k + 1)’ -(k +1) 
=(1 + k)’ -(k +1) 
=1+ Ck+7C,k' + "Ck + "Ck + "Cok? 
+ "C,ko + 7C,k’ —(k +1) 
=(k’ —k) + ("Ck + "C,k* + 7C,k? + "Ck 
+ Cok’ + 'C,k°) 
But by assumption k’ — k is divisible by 42. 
Also, 7C,k + "C,k? + "Ck? + "Cyk* + "Cok? + 'CgkE 
is divisible by 42. ( ’C,,1S1r°S6 is divisible by 7] 
Hence, P(k + 1) is divisible by 42. This shows that, the 
result is true forn =k + 1. 


.. By the principle of mathematical induction, the result is 
true for alln EN. 


(iii) Let P(n) =32" + 24n-1 
Step I Forn =1, 
P(1) =3?*! + 24x%1—1=37 + 24-1=9+24-1 
= 32, which is divisible by 32. 
Therefore, the result is true for n =1. 
Step II Assume that the result is true for n =k. Then, 
P(k) =37* + 24k —1 is divisible by 32. 
=> P(k) =32r, where r is an integer. 
Step III Forn =k + 1, 
P(k +1) =3?%*") 4 24k +1)-1 
=3 +24 04k + 24-1 
=37.37* 4 24k 423 
=9.37* + 24k + 23 


Now, 3% + 24k—-1)ox37* + 24k + 2319 


9-37* 4 216k —9 
- - + 
-192k + 32 

P(k + 1) =9(3 ** + 24k —1)—32(6k - 1) 

= 9 P(k) —32(6k - 1) 
P(k + 1) =9(32r) —32(6k -1) [by assumption step] 

=32(9r —6k + 1), 

which is divisible by 32, as 9r —- 6k + 1 is an integer. 


Therefore, P(k + 1) is divisible by 32. Hence, by the 
principle of mathematical induction P(n) is divisible by 32, 
VneN. 


(iv) Let P(n)=n(n+1)(n +5) 
Step! Forn=1, 
P(1)=1-(1+ 1)(1 + 5)=1-2:6 
= 12, which is divisible by 6. 

Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n =k. Then, 

P(k) = k({k + 1)(k + 5) is divisible by 6.| 

P(k) =6r, ris an integer. | 


Step II Forn =k + 1, 
P(k+1)=(k+1)(k +14 1)(k +145) 
" =(k + 1)(k + 2)(k + 6) 
Now, P(k + 1) — P(k) =(k + 1)(k + 2)(k + 6) 


— kk + 1)(k +5) 
= (k + 1){k? + 8k + 12—k? —5k} 
=(k + 1)(3k + 12) 
=3(k + 1)(k + 4) 
= P(k + 1) = P(k) + 3(k + 1)(k + 4) 
which is divisible by 6 as P(k) is divisible by 6 
[ by assumption step] 


and clearly 3(k + 1)(k + 4) is divisible by 6, Vk €N. 
Hence, the result is true forn=k+1. ° 


Therefore, by the principle of mathematical induction, the 
result is true for alln € N. 
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(v) Let P(n) =(25)"*' —24n + 5735 
Step 1 Forn =1, 
P(1) = (25)? — 24 + 5735 =625 — 24 + 5735 = 6336 
= 11 x (24)*, which is divisible by (24)?. 
Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n = k. Then, 
P(k) = (25)**! — 24k + 5735 is divisible by (24)”. 
/ =>  P(k) =(24)?r, where ris an integer. 
Step III Forn =k +1, 
P(k + 1) =(25)®*9*! _ 24(k + 1) + 5735 
= (25)**? ~24k +5711 
= (25)(25)**' 24k +5711 

Now, P(k + 1) — P(k) 

= {(25)(25)**' — 24k + 5711} - {(25)**! — 24k + 5735} 

= (24)(25)**! —24 

= 24{(25)*! — 3} 
=> P(k + 1) = P(k) + 244(25)k*! —1} 
But by assumption P(k) is divisible by (24)’. Also, 
24{(25)**! -1}is clearly divisible by (24)*, V k € N. This 
shows that, the result is true forn =k + 1. 


Hence, by the principle of mathematical induction, result is 
true for all n € N. 


(vi) Let P(n) =x?" —y™ 


StepI For n=1, 
P(l)=x*—-y? 
=(x — y)(x + y) which is divisible by (x + y). 
Therefore, the result is true forn=1. . 
Step IT Assume that the result is true for n =k. Then, 
P(k) = x ** — y** is divisible by x + y. 
=> P(k) =(x + y)r, where r is an integer. 
Step I For n =k +1, 
= x2 x2 _ y2. 2k 


Ke xy? 


= x?(x2k — y*) 4 y*(x? ~y?) 
=x"(x+ yr + y"(x—y)(xt y) 
[by assumption step] 
=(x + y){x"r + y*(x-y)} , 
which is divisible by (x + y) as xr + yk(x —y)is an 
integer. 


This shows that the result is true forn =k + 1. Hence, by the 


principle of mathematical induction, the result is true for all 
neéeN, ; 


8. Let P(n) =37" + 3” + 1, V nisa positive integer not divisible by 3. 


sug 3? ie x?y?* — y2y2k 


Step I For n =1, 
P(1) =37+341=94+3+41 
= 13, which is divisible by 13. 


10. 


Chap 10 Mathematical Induction 779 


Therefore, P(1) is true. 


Step II Assume P(n) is true for n =k, k is a positive integer not 
divisible by 3, then 


P(k) =3** + 3* +1, is divisible by 13. 
= P(k) = 13r, where r is an integer. 
Step TM For n=k +1, 

Plk+1)=37**0 43th 4] 
=373%% 43.3% 43 


37.374 4 32.3% 4 3? 


-6-3* -8 
=> P(k+1)=37(3%* +3* +1)-6-3* -8 
=9 P(k) — 23**! + 4) 


Now, 


= 9(13r) — 2(3**! + 4) 
which is divisible by 13 as3*! + 4 is also divisible by 
13, V k € Nand not divisible by 3. This shows that the result is 
true forn =k + 1. Hence, by the principle of mathematical 
induction, the result is true for all natural numbers not 
divisible by 3. 
Let P(n) = n{n + 1)(n + 2), where nis a positive integer. 


[by assumption step] 


Step I Forn =1, 
P(1) = 1{1 + 1)(1 + 2)=1-2:3 
= 6, which is divisible by 6. 

Therefore, the result is true for n = 1. 
Step II Let us assume that the result is true for n = k, where k is 
a positive integer. 
Then, P(k) =k(k + 1)(k + 2) is divisible by 6. 
= P(k) =6r, where r is an integer. 

\eat+ pol [infact positive integer] 
Step Ill For n =k + 1, where k is a positive integer. 

P(k + 1)=(k + 1)(K +14 1)(kK +241) 
=(k + 1)(k + 2)(k + 3) 

Now, P(k + 1) — P(k) =(k + 1)(k + 2)(k + 3) — K(k + 1)(k + 2) 

=(k + 1)(k + 2)(k +3 -k) 

= Xk + 1)(k + 2) 
=> P(k + 1) = P(k) + 3(k + 1)(k + 2) 
But we know that, P(k) is divisible by 6. Also, 3(k + 1)(k + 2) is 
divisible by 6 for all positive integer. This shows that the result 
is true forn =k + 1. Hence, by the principle of mathematical 
induction, the result is true for all positive integer. 


Let P(n) =n? + (n+ 1)? +(n+ 2)°, where n € N. 
Step I Forn =1, 
PQ) =1°+2°4+3° =14+8+4 27 

= 36, which is divisible by 9. 

Step Il Assume that P(n) is true for n =k, then 
P(k) =k° + (k + 1)° + (k + 2), where k EN. 

= P(k) = 9r, where r is a positive integer. 
Step I Forn=k +1, 
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P(k +1) =(k +1) + (k +2)? + (k +3) 
Now, P(k + 1) — P(k) =(k + 1)° + (k + 2)? + (k +3) 
—{k? + (k +1)° + (k + 2)7} 
=(k+3)-k 
=k? + 9k? 427k +27-k 
= 9(k* + 3k + 3) 
=> P(k + 1) = P(k) + 9(k? + 3k + 3) 
=9r + 9(k* + 3k +3) 
=9(r + k* + 3k + 3) 
which is divisible by 9 as (r + k? + 3k + 3) is a positive integer. 


Hence, by the principle mathematical induction, P(n) is 
divisible by 9 for alln € N. 


Let P(n):(2r + 1)?", Vn e Nandrel. 
Step I Forn =1, 
P(1):(2r + 1)? = 4r? + 4r +1 
= 4r(r+1)+1=8p+1; pel 
[‘ r(r + 1) is an even integer] 
Therefore, P(1) is true. 
Step II Assume P(n) is true for n =k, then 
P(k):(2r + 1)** is divisible by 8 leaves remainder 1. 
=> P(k)=8m+1,n€I, where misa positive integer. 
Step WI Forn =k + 1, 
P(k + 1) =(2r + 1)2(k +1) 
=(2r + 1)**(2r + 1)? 
=(8m + 1)(8p + 1) 
= 64 mp + 8 (m+ p)+1 
=8 8mp+ m+ p)+1 


{from Steps I and I} 


which is true forn =k + 1as8mp + m+ p is an integer. Hence, 
by the principle of mathematical induction, when P(n) is 
divided by 8 leaves the remainder 1 for alln € N. 


12. (i) Let Pin): 4243+..4¢n= M20) ...{i) 


Step I For n =1, 
LHS of Eq. (i) =1 


RHS of Eq. p=). 


LHS = RHS 
Therefore, P(1) is true. 
Step II Let us assume that the result is true for n =k. Then, 
k({k + 1) 
2 


Step II For n =k + 1, we have to prove that 
(k + 1)(k + 2) 
2 


P(k):14+24+3+..+k= 


Pik+1)=14+24+3+...¢kK+(kK+1)= 


LHS =14+2+3+...t+k+(k+1) 


_kk+1) 
—  Q 


+k+1 [by assumption step] 


% / 
=(k + vk 1}=(k +1 e+?) 
(20) 4 2 

_ (k + 1)(k + 2) 

i. 2 

= RHS 
This shows that the result is true for n = k + 1. Therefore, 
by the principle of mathematical induction, the result is 
true for alln € N. 
(n + 1) (2n +1) 


6 


(ii) Let P(n):17 +27 +37 4+..4n° = 


.-{i) 
StepI For n=1, 

LHS of Eq. (i) =1? =1 

(1+ 1)(2x1+ 1) 


RHS of Eq. (i) = ; 
a 1-2-3 = 

6 

LHS = RHS 


Therefore, P(1) is true. 
Step II Let us assume that the result is true for n =k. Then, 
+1)(2k+1 
Pk) t+ Pasa ED 
Step III For n =k + 1, we have to prove that 
Pk +1):17 +27 437 +... 4k +(e 41) 
_ (k + 1) (k + 2) 2k + 3) 
6 
LHS =17 +27 4+374+...4k? +(k +1) 


_ Kk +1) 2k + 1) 
6 


+(k +1)? [by assumption step] 


(+ {ACR*D 


_ [ax?+7k+6 | 
Atl 


Aes y Arcee) De snes 


+oe+ a 


= RHS 
This shows that the result is true for n = k + 1. Therefore, 


by the principle of mathematical induction, the result is 
true for all n € N. 


(iii) Let P(n):1-34+3-5+5-7+... + (2n—1)(2n+1) 
7 n(4n? + 6n—1) 
. 3 
Step I For n =1, 
LHS of Eq. (i) =1-3 =3 
RHS of Eq, (i) = AXP + 6x11) _ 446-1, 
3 3 
LHS = RHS 
Therefore, P(1) is true. 
Step II Assume that the result is true for n =k. Then, 
P(k):1-34+3:54+5-7 +... + (2k —1) (2k +1) 
_ k (4k? + 6k -1) 
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Step III For n =k + 1, we have to prove that 
Pk + 1):1-34+3-54+5-7+... + (2k —1) (2k + 1) 
+ (2k + 1) (2k + 3) 
_(k+1) [4k +1)? + 6(kK+1)-1) 
7 3 
_(k +1) (4k? + 14k + 9) 
————— 
LHS =1-3+3:54+5-7+... + (2k —1) (2k +1) 
+ (2k + 1) (2k + 3) 


+ (2k + 1) (2k + 3) 
[by assumption step] 


_ k (4k? + 6k - 1) 
3 


ie Ky (4k? + 8k +3) 

_ 4k? + 18k? + 23k +9 
3 

_(k +1) (4k? + 14k +9) 
3 


This shows that the result is true for n = k + 1. Therefore, by 
the principle of mathematical induction, the result is true for 
allneN., 

1 


(iv) Let P (n): Bett tt 
5-8 8-11 (3n — 1) Gn + 2) 


= RHS 


n 


= oe | 
6n+4 fi 
Step I For n =1, 
1 
LHS of Eq. (i) =—— = — 
q. (i) = i 
- 1 
RHS of Eq. (i) = =— 
eo 6X1+4 10 
LHS = RHS 


Therefore, P(1) is true. 


Step II Let us assume that the result is true for n =k. Then, 
Pr en ye er ee. 2 
2:5 5-8 8-11 (3k-1)(3k+2) 6k+4 
Step III For n = k + 1, we have to prove that 
De ae Se ee a ee 
2:5 5:8 8-11 (3k ~ 1) 3k + 2) 
1 
+ 
(3k + 2) (3k + 5) 
__ (ett) (e+) 
6(k+1)+4 6k+10 
1 1 1 
+ — + — +... + ———___—_ 
2:5 5:8 8-11 (3k — 1) Gk + 2) 


eae 
(3k + 2) (3k + 5) 


ge — [by assumption step] 
6k+4 (3k +2)(@k 45) ae : 
k (3k +5) +2 3k? +5k +2 


~ 2k +2)(Gk4+5) 2(3k + 2)(3K +5) 


(v 


— 
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(k+1)GkK+2) k+1_ 
~ 2 (3k + 2) (3k + 5) 6k + 10 +10 
=RHS 
This shows that the result is true for n = k + 1. Therefore, 


by the principle of mathematical induction, the result is 
true for alln € N. 


Let P (n): 1-4-7 + 2-5:8+ 3-6-9 +... + upto n terms 
=F (n+ Il 6)(n +7) 

ie., P(n):1:4-7+2-5:8+3-6-9+4...+ n(n + 3) (n+ 6) 
=7 (n+ 1) (n + 6)(n + 7) (i) 

StepI Forn=1, 

LHS of Eq. uae 4-7=28 

RHS of Eq. == +1)(1+6)(1 +7)=—S=28 

LHS = RHS 
Therefore, P(1) is true. 


Step Il Let us assume that the result is true for n = k. Then, 
P (k):1-4-7+2-5-8+3-6-9+... + k(k +3) (k + 6) 


=F (e+ 1)(k + 6)K +7) 


Step II For n = k + 1, we have to prove that 
P(k + 1):1-4:74+2-5-84+3-6:9+... + Kk + 3)(k + 6) 
+(k + 1)(k + 4)(k + 7) 


as ae + 2)(k + 7k + 8) 


LHS =1-4-7+2:5-843-6:9 +... + K(k + 3)(k + 6) 
+ (k + 1)(k + 4)(k + 7) 


= “tk + 1)(k + 6)(k + 7) + (k + 1k + 4)(k + 7) 
[by assumption step] 


=(k + 1I)(k + 7)4atk 6) +(k+ | 


=tes ayes nf tees sesh 
4 


kK +10k + 16| 


| 
(k + 2)(k + 2 
4 


=(k + 1)(k + n| 


=(k+1)(k+ a) 


. ant + 2)\(k + 7)(k + 8)= RHS 


This shows that the result is true forn =k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allne N. 


: i" 2? rn? 
(vi) Let P(n): —- + —— +... + ———__—_ 
1:3. 3-5 (2n — 1)(2n + 1) 
— n+ 1) , 
~ 22n + 1) ott 
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Step 1 For n =1, 
LHS of Eq. (i) = v = - 
13 3 

Ws ee 1 

%2x1+1) 23) 3 
LHS = RHS 

Therefore, P(1) is true. 
Step I] Let us assume that the result is true for n =k, 
then 


RHS of Eq. (i) = 


2 2 2 
ee eae a 
1:3 3:5 (2k - 1)(2k + 1) 


_ Kk +1) 
22k + 1) 


Step III For n =k + 1, we have to prove that 
as k? 
P(k + 1):—— + — + ...+$ —————_—— 
1:3. 3-5 (2k ~ 1)(2k + 1) 

(k +1)? 


“(e+ fk +2) (2k + 1)(2k + 3) 


2(2k + 3) 
2 2 2 
ee ack an ae 
1:3 3-5 (2k — 1)(2k + 1) 
(k +1)? 
(2k + 1)(2k + 3) 
(k +1)? 


_ Kk +1) 
(2k + 1)(2k + 3) 


~ 2(2k + 1) 


[by assumption step] 


(2k+1) 2(2k+3) 
= RHS 
This shows that, the result is true for n = k + 1. Therefore, 


by the principle of mathematical induction the result is 
true for alln € N. 


22k + 3) 


13. Let P(n):a, =2"+3",Vn20,nEN 


and a, =2,a,=5and forn 22;a, =5a,_, —6a, —2 
Step I Forn =0, 
ay) =2° +3°=1+ 10=2 


which is true as a) = 2. [given] 
Also, for n = 1, a, =2'4+3'=24+3=5 
which is also true as a, =5. [given] 
Hence, P(0) and P(1) are true. 
Step II Assume that P(k — 1) and P (k) are true. Then, 

a, =2*-'43*"! i) 
where a,_, =50,_» —6a,_, and a, =2*+3* (ii) 
where a =5a,_,—60,_2 


Step III For n =k + 1, 
P(k + 1):a,,, =2°*' +354), VkK20,K EN. 


where Op4, =I, — 60,4, 


Now, Op 4, = 5G, ~6 Gy, 


14. 


=5(2* + 3*) —6 (ako + 3-4) 
[by using Eqs. (i) and (ii)] 
=5-2* + 5.3 6.2"! 6.38"! 
=2*-1(5.2-6) + 3*-"(5-3 -6) 
= 2-1. 44 3Flg = oktt y ght 
= jiu Hoag 


where Qy 4, =50, —6a,_, 
This shows that the result is true for n =k + 1. Hence, by the 
second principle of mathematical induction, the result is true 


forne N,n20. 


1 
Let P(n):a,,, =————,n EN wi) 
Cm) an (n + 1)! 
1 = 
where a, =landa,,, =———a,,n2 (ti) 
+) (n +1) 
Step I For n = 1, from Eq. (i), we get 
a, = J at 
(1+1)! 2! 
1 1 
But from Eq. (ii), we get a, = ———-, a, = -(1)=- 
q. (ii) & 2 ey tg = 
which is true. 
Also, for n =2 from Eq. (i), we get 
netiel 
> 3! 6 
1 
But from Eq. (ii), we get a, =-,a,=---= i 


which is also true. 
Hence, P(1) and P(2) are true. 
Step II Assume that P(k — 1) and P(k) are true. Then, 


1 ee 
P(k -1):a, ii) 
where, a, =~ ay. k21 --fiv) 
1 
and P(k): = ———_ wa ll¥ 
(0) dees = Tay W) 
where O.1™ : ; a,,k21 ~-{vi) 
Step III For n=k +1, 
1 
P(k+1):a@ = ———_ (vii 
where apy y= 4 »{vitl 
k+2 (k + 2) k+1 (viii) 
Now, LHS of Eq. (vii) =a,,, 
1 : a 
Bs aT) Opa: [using Eq. (viii)} 
en. ee a (using Eq. (vi)] 
(k+2) (k+1) * 
l tr A : : 
= oe ‘ z : okt [using Eq. (iv)] 
I 1 11 
a a A i ing Eq. (iti) 
k+2 k+1k k! eae) 
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ve ae 
(k + 2)! 
This shows that the result is true for n = k + 1. Hence, by the 


second principle of mathematical induction, the result is true 
for alln 21,n EN. 


= RHS of Eq. (vii) 


Let P(n):ia" +b" +c" =d" +e" + f?, VWnEN ...(i) 
where atb+c=dt+er+f ...(ii) 
a? +b? +c? =d? +e? + f? ...(iii) 
and ath +rcad tet fe ...(iv) 
Step I For n = 1 from Eq. (i), we get 
Plj:atb+c=dt+ertf [given] 
Hence, the result is true for n = 1. 
Also, for n = 2 from Eq. (i), we get 
P(2):a7 +b? +c? =d’? +e? + f’ [given] 
Hence, the result is true for n = 2. 
Also, for x =3, from Eq. (i), we get 
PB):a +b +c=d +e + f? {given] 


Hence, the result is true for n =3. 
Therefore, P(1) , P(2) and P(3) are true. 
Step II Assume that P(k — 2), P(k — 1) and P(k) are true, then 
Plk—2):a*-2 4 bE? 4 ck Zagko2 4 ek-24 FEO? iy) 
Pk—1):a® "4 BRN ck bade 4 ehh y fio! 
and P(k):a° + b¥ + ck ad* +e* + FF 
Step III For xn =k + 1, we shall to prove that 
Peed? ok! eh gh gee tg 
LHS =gktly petty okt! 
=(a* + bk + c%)(a+b4+c)—(ae-' + be +0874) 
(ab + be + ca) + abc (a*~? + bF-? + c*-?) 
=(d* +e8 + fiy\dtet fy—-(di 4b" + fF) 
(de + ef + fd) + def(d*~? + ek? + f*~?) 


[using Eqs. (ii), (iii), (iv), (v), (vi), (vii)] 
(a+b+c)=(d+e+ fy’ 


=> a+b? +07 4+2(ab + be + ca) 
=d* +e? + f? + Ade + ef + fd) 
=> abt+be+ca=det+ef + fd 
[a2 +b? +c? =d? +e? + f'] 
and a*+b>+c*—3abe 
=(d+e+ f)(d? +e? + f* —de—ef — fd) 
=d?+e>+ f? —3def 
> abc = def [-2 +b +c=d? +e? + f') 
=dkt}4 etl 4 pktl_ pus 


This shows that the result is true forn =k + 1. Hence, by 
second principle of mathematical induction, the result is true 
for alln EN. 
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“i 1 
16. Let P(n): tan'() + tan(2) + ...+ tan (45) 
3 7 ntn+t, 


= an i ) (i) 
n+2 


Step!I Forn=1, 


er ee Mee 
LHS of Eq. (i) = tan (:) tan (5) 


= RHS of Eq. (i) 
Therefore, P(1) is true. ; 
Step 1 Assume that P(k) is true. Then, 


P(k): tan(?) + tan(?) tit unv'( 4] 
. jf ko +k+1 
= an"(*] 
k+2 


\ 


Step TH Forn =k +1, 


P(k + 1) : tan(2) + tan(?) + .+ an'{ 
: 3 7 ki +k+1 


+ an( : 
(k+ 1)  +(k+1)4+1 


= in( E44) (ii) 
k+3 


LHS of Eq. (ii) 


anf t -f1 -1 J 3 
= tan (=) tan [:)+...+tan ac] 
f , \ 
(ken +k+041) 


a oo e 1 ) 
=itan "| = |+ an™| ——__—_____— J 
Lk + 2, i(k + 1)" +(k+1)+1 


(by assumption step] 


=tan™ 2 + tan” — 
= 2 
1+(k +1) k° +3k+3 


= tan” tl : w(t 
1+(k +1) 1 + (k + 1)(k + 2) 


~tann'( &+0-1 | tan (k +2) -(k +1) 
7 L+(k+1)-1, 1+(k+2)(k +1) 


-1 


=tan”'(k + 1) - tan™'1 + tan”'(k + 2) - tan” '(k + 1) 
= tan (k + 2) —tan™'1 
af k+2-1 () . 
= —___————_| = tan | ——- |= RHS of Eq (ii 
= fers k+3 a) 


This shows that the result is true form =k + 1. Hence, by the 
principle of mathematical induction, the result is true for all 
neéN. 


1 
17. Let Pin) = + ett Te 
é PQ) = + Fe =1707 > v2 
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Let us assume om 


P(k) = z+ a a > Vk is true forn =k +1. 
1 1 
fis: ae —— 
v1 cl vk Jk+1 
For. _ vk +1) 41S k+1 


Jk+1 (k+1) yk +1) 
[kk +1)+1>k, Vk20] 
P(k +1) > J(k +1) 
By mathematical induction Statement-1 is true, V n 2 2. 
Now, let a(n) = yn(n +1) 
a(2) = /2(2 + 1)=V6 <3 
Let us assume that 
o(k) = K(k + 1) <(k + 1) is true 
for n=k+1 
LHS = .j(k + 1) (k + 2) <(k +2) 
[". (k + 1) <(k + 2)] 
By mathematical induction Statement-2 is true but Statement-2 
is not a correct explanation for Statement-1. 


18. Let P(n)=n’—-n 
By mathematical induction for n = 1, P(1) = 0, which is divisible 
by 7 
for n=k, P(k) =k’ -k 
Assume P(k) is divisible by 7 
k’-k=7h,XE1 (i) 
Forn=k +1, 
P(k +1) =(k +1)’ —(k +1) 
=(7Cyk’ + 7C,ko + "C,ke + 7CykS + 
weet Cok +7C,)-(k +1) 
=(k’ —k) + 7(k° + 3k? +... +k) 
=7h + 1k*° + 3k° +... + k)= Divisible by 7 
*. Statement-2 is true. 
Also, let F(n) =(n +1)’ —n7-1 
= {(n+ 1)’ -(n + 1)}-(n" -2) 
= Divisible by 7 from Statement-2 


Hence, both statements are true and Statement-2 is correct 
explanation of Statement-1. 
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Session 7 


EES FS NR ee EE ee ES ENS Ta ae a oe 


omen eT) eet ee eee ree 


Definition of Set, Representation of Set, Different 
Types of Sets, Laws and Theorems, Venn Diagram 


(Euler-Venn Diagrams) 


Introduction 


The concept of set is fundamental in modern 
Mathematics. Today this concept is being used in 
different branches of Mathematics and widely used in 
the foundation of relations and functions. The theory of 
sets was developed by German Mathematician Georg 
Cantor (1845-1918). 


Definition of Set 


A set is well-defined collection of distinct objects. Sets 
are usually denoted by capital letters 
A,B, C Xk thy s 
Examples of sets 
(i) The set of all complex numbers. 
(ii) The set of vowels in the alphabets of English 
language. 

(iii) The set of all natural numbers. 

(iv) The set of all triangles in a plane. 

(v) The set of all states in India. 

(vi) The set of all months in year which has 30 days. 
(vii) The set of all stars in space. 


Elements of the Set 


The elements of the set are denoted by small letters in 
the alphabets of English language, i.e. a, b, c, x, y, z, 
If x is an element of a set A, we write x€ A 
(read as ‘x belongs to A’). 
If x is not an element of A, then we write x ¢ A (read as 
‘x does not belong to A’). 
For example, 
If A ={1, 2, 3, 4, 5}, then3€ A,6¢ A. 


Representation of a Set 


There are two methods for representing a set. 


1. Tabulation or Roster or 
Enumeration Method 


Under this method, the elements are enclosed in curly 
brackets or braces { } after separating them by commas. 


Remark 
1. The order of writing the elements of a set is immaterial, so 
{a, b,c}, {b, a,c}, {c, a b} all denote the same set. 
2. An element of a set is not written more than once, i.e. the set {1, 
2,3, 4, 3, 3, 2, 1, 2, 1, 4} is identical with the set {1, 2, 3, 4}. 
For example, 
1. If A is the set of prime numbers less than 10, then 
A={2, 3, 5, 7} 
2. If Ais the set of all even numbers lying between 2 and 


20, then 
A={4, 6, 8, 10, 12, 14, 16, 18} 


2. Set Builder Method 


Under this method, the stating properties which its elements 
are to satisfy, then we write 
A={x P(x)} or A={x:P(x)} 

and read as ‘Ais the set of elements x, such that x has the 
property P’. 
- Remark 

1. “:"or“|" means ‘such that’. 

2. The other names of this method are property method, rule 

method and symbolic method, 

For example, ' 

1. If A = {1, 2,3, 4,5, 6,7, 8}, then we can write 

A={xEN:x $8}. 


2. Ais the set of all odd integers lying between 2 and 51, then 
A={x:2<x <51,x is odd}. 
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Some Standard Sets 


¢ N denotes set of all natural numbers = {1, 2, 3,... }. 

¢ Zor J denotes set of all integers 
Sf 9 8101.2 ack: 

¢ Z, or Ig denotes set of all integers excluding zero 
={...,-3,-2,-11,2,3,...}. 

¢ Z* or I* denotes set of all positive integers 
= {1,2,3,...}=N. 

¢ E denotes set of all even integers 
={...,-6,—4,—2,0,2, 4,6,..-}: 

¢ Odenotes set of all odd integers 
={...,-5,-3,-11,3,5,...}. 

¢ W denotes set of all whole numbers = {0, 1, 2, 3,...}. 


¢Q denotes set of all rational numbers ={x:x=p/q, 
where p and q are integers and g #0}. 


¢ Q, denotes set of all non-zero rational numbers 
{x:x = p/q, where pand qare integers and p #0 and 
q#0}. 
¢ Q* denotes set of all positive rational numbers = {x : x 
= p /q, where pand qarebothpositive ornegative integers} 
¢ R denotes set of all real numbers. 
¢ Ry denotes set of all non-zero real numbers. 
¢ R* denotes set of all positive real numbers. 
¢ R-Q denotes set of all irrational numbers. 
* C denotes set of all complex numbers 
={a+ib:a,be Randi=~-1}. 
¢ Cy denotes set of all non-zero complex numbers 
={a+ib:a,b€ R, andi=~-}}. 
 N, denotes set of all natural numbers which are less than 
or equal to a, where a is positive integer 


= {1,2,3,..., a}. 


Different Types of Sets 
1. Null Set or Empty Set or Void Set 


A set having no element is called a null set or empty set or 
void set. It is denoted by or { }. 


Remark 
1. is called the null set. 
2. dis unique. 
3. dis a subset of every set. 
4. dis never written within braces i.e., {} is not the nuil set. 
5. {0} is not an empty set as it contains the element 0 (zero). 
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For example, 
1. {x:xEN,4<x<5}=6 
2.{x:x€R,x? +1=0}=0 


3. {x: x” =25, x is even number} = 6 


2. Singleton or Unit Set 
A set having one and only one element is called singleton 
or unit set. 
For example, {x : x —3 = 4} is a singleton set. 
x-3=4 >%x=7 
{x:x -3=4}={7} 


3. Subset 


If every element of a set A is also an element of a set B, 
then A is called the subset of B, we write AC B (read as A 
is subset of B or A is contained in B). 


Thus, ACB & [xEA => xe B] 


Since, 


Remark 
1. Every set is a subset of itself 
i.e., ACA. 
2. fACBBcCthenACC. 


For example, 
1. If A= {2, 3, 4} and B= {5, 4, 2, 3, 1}, then AC B. 
2. The sets {a}, {b}, {a,b}, {b,c} are the subsets of the 
set {a, b,c}. 


4. Total Number of Subsets 


If a set A has n elements, then the number of subsets 
of A=2”. 


| Example 1. Write the letters of the word ALLAHABAD 
in set form and find the number of subsets in it and 
write all subsets. 

Sol. There are 5 different letters in the word ALLAHABAD 
i.e., A,L,H,B,D, then set is {A, B, D, H, L}, then number of 
subsets = 2° = 32 and all subsets are 
, {A}. {B}, {D}. {H}. {L}, {A, B}, {A, D}, {A. H}, {A, L}, {B, D}, 

{B, H}, {B, L}, {D, H}, {D, L}, {H, L}, {A, B, D}, {A. B, H}, 
{A, B, L}, {A, D, H}, {A, D, L}, {A. H, L}, {B, D, H}, {B, D. L}. 
{B, H, L}, {D, H, L}, {A. B, D, H}, {A, B, D, L}, {B, D, H, L}, 
{A, D, H, L}, {A, B, H, L}, {A, B. D, H, L}. 


5. Equal Sets 


Two sets A and Bare said to be equal, if every element of 
Ais an element of B, and every element of B is an element 
of A.If A and Bare equal, we write A = B. 
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It is clear that AC BandBC A & A=B. 
For example, 
1. The sets {1, 2, 5} and {5, 2, 1} are equal. 
2. {1, 2, 3}={x:x° —6x? +11x —6 =0} 


6. Power Set 


The set of all the subsets of a given set A is said to be the 
power set A and is denoted by P(A) or 2“. 

Symbolically, P(A) ={x:xc¢ A} 

Thus, x€P(A) @& xCA. 


Remark 
1. gand Aare both elements of P(A). 
2. If A= 9, then P (o) = {o}. a Singleton but ois a null set. 
3. If A= {a}, then P(A) = {6 {a}} 
For example, |f A= {a, b, c}, then 
P(A) or 2* = {6, {a}, {0}, {c}. {a b}, {0. ch, {c, a}. {a B, c}} 
Also, n(P(A)) or n(2*) = 23 =8 


4. Since, P() = {9} 
rc P(P($)) = {0 {0}} 
and P(P(P(O))) = {9 {0}, {{0}}. (6, {0}}} 


5. If Anas nelements, then P(A) has 2” elements. 


7. super Set 


The statement Ac Bcan be rewritten as B > A, then Bis 
called the super set of A and is written as BD A. 


8. Proper Subset 


A set A is said to be proper subset of a set B, if every 
element of A is an element of B and B has atleast one 
element which is not an element of A and is denoted by 
AC B (read as “A is a proper subset of B”). 
For example, 
1. If A = {1,2, 4} and B = {5, 1,2, 4,3}, then AC B 
Since, 3,5¢ A. 
2. If A= {a,b,c} and B = {c, b, a}, then AC B (since, B 
does not contain any element which is not in A). 
5. NCICCVUCREC 


9. Finite and Infinite Sets 


A set in which the process of counting of elements comes 
to an end is called a finite set, otherwise it is called an 
infinite set. 
For example, 
1. Each one of the following sets is a finite set. 
(i) Set of universities in India. 


(ii) Set of Gold Medalist students in Civil Branch, 
sec Ain A.M.LE. (India). 
(iii) Set of natural numbers less than 500. 
2. Each one of the following is an infinite set. 
(i) Set of all integers. 
(ii) Set of all points in a plane. 
(iii) {x:xE€ R,1<x <2} 
(iv) Set of all concentric circles with centre as origin. 


10. Cardinal Number of a Finite Set 


The number of distinct elements in a finite set A is called 
cardinal number and the cardinal number of a set A is 
denoted by n(A). 

For example, 

If A = {-—3, — 1,8, 9, 13, 17}, then n(A) =6. 


11. Comparability of Sets 
Two sets A and B are said to be comparable, if either 
AC Bor BC Aor A=B, otherwise A and B are said to be 
incomparable. 
For example, 
1. The sets A = {1,2,3} and B = {1,2, 4,6} are 
-incomparable (since AZ B or B¢ Aor A#B) 
2. The sets A = {1, 2, 4} and B = {1, 4} are comparable 
(since BC A). 


12. Universal Set 


All the sets under consideration are likely to be subsets of 
a set is called the universal set and is denoted by 2 or 5 
or U. 
For example, 
1. The set of all letters in alphabet of English language 
U ={a, b,c,..., x, y,z} is the universal set of vowels in 
alphabet of English language. 
ie, A={a,e,i,o, u}. 
2. The set of all integers ]={0, + 1, + 2, +3,...}is the 
universal set of all even integers 
hee. {0,222,245 EOsna} 


13. Union of Sets 


The union of two sets A and B is the set of all those 
elements which are either in A or in B or in both. This set 
is denoted by AU Bor A+ B (read as ‘A union B’ or ‘A 
cup B’ or ‘A join B’). 

Symbolically, AU B={x:xe Aorxeé B} 

or AU B={x:xE AV xe B} 


xE AUB & xEA or xEB 
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Clearly, 


| 
| 
| 
| 


| 
| 


For example, 
1. If A = {1, 2, 3, 4} and B = {4,5, 6}, 
then AU B = {1,2,3, 4, 4, 5, 6} = {1, 2, 3, 4, 5, 6} 
2. If A = {1,2, 3}, B = {2, 3, 4,5}, C = {7, 8}, 
then AU BU C= {1,2,3, 4,5, 7,8} 
Remark 
The union of a finite number of sets A, Ap Ay ... 4, is represented 
by AUA,UAQU...U Anor U A, 


ta] 
Symbolically, y A; = {x : x € A; for atleast one /} 


14. Intersection of Sets 


The intersection of two sets A and B is the set of all 
elements which are common in A and B. This set is 
denoted by Ar) B or AB (read as ‘A intersection B’ or ‘A 
cap B’ or ‘A meet B’). 

symbolically, AN B={x:xe€ Aand xe€ B} 


or AN B={x:xEAaxe B} 
Clearly, xe ANB @& xe AandxeB 
For example, 


-1.IfA={1,2,3} and B = {3, 4,5, 6}, then AM B = {3}. 
2. If A = {1,2, 3}, B = {2, 3, 4} and C = {3, 4,5}, then 
AN BN C= {3} 


Remark 


The intersection of a finite number of sets A, Ay, Ay.-4 Ap 
represented by 


ANAAAN...AA, OF aA. 
is 


a 
Symbolically, o A; = {x : x € A; for all /} 
Ie 


15. Disjoint Sets 


If the two sets A and B have no common element. 

Le, AM B=, then the two sets A and Bare called disjoint 
or mutually exclusive events. 

For example, If A = {a, b,c} and B = {1, 2,3}, then AN B= 
Hence, A and B are disjoint sets. 


Remark 
It S = {a, a, a, ...,&)}, SO 


number of ordered pairs of disjoint sets of S is 


341 


(each element in either (A) or (8) or neither 
.. Total ways = 3’ i.e., A= B, iff A= B = (1 case) otherwise A 
and Bare interchangeable. 
.. Number of ordered pairs of disjoint sets of 
S=1+ Cl = P+ 
2 a J 
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16. Difference of Sets 


If A and B be two given sets, then the set of all those 
elements of A which do not belong to B is called difference 
of sets A and B. It is written as A — B. It is also denoted by 
A~ Bor A\Bor C,B (complement of B in A). 
Symbolically, A— B={x:xe Aand x ¢ B} 

Clearly, xe A-—B = xe Aandx¢ B. 


Remark 
1.A-B#B-A 


2. The sets A- 8. B- Aand An Bare disjoint sets. - 
3. A~-BcAandB-AcB 
4. A~o=AandA-A=90 


For example, 
If A= {1, 2,3, 4} and B = {4,5, 6,7}, then A — B = {1, 2, 3}. 


17. Symmetric Difference of Two Sets 


Let A and B be two sets. The symmetric difference of sets 
Aand B is the set (A — B)U(B-— A) or(AvU B) -—(AN B) 
and is denoted by AA B or A® B (A direct sum B). 


A@B orAAB=(A-B)U(B-A) 


i.e., 
and A@®B or AAB=(AvU B)-(AN B) 
Remark 


1. AA B={x:x eAand x €B} 
or AAB={x:xeBandx eA} 
2. AA B=B A A(commutative) 


For example, 

Let A= {1,2,3,4,5} and B= {1,3,5,7}, 

then A- B= {2,4}, B— A= {7} 
AAB=(A-B)U(B-A)= {2,4,7} 


18. Complement Set 


Let U be the universal set and A be a set, such that ACU. 
Then, the complement of A with respect to U is denoted 


by A’ or AS or C(A) or U -A. 
Symbolically, A’ or A° or C(A) ={x:x EU and x¢ A}. 


Clearly, xE A’ & x¢A. 


Remark 
1, U’ = oand 6’ =U 
2,.AUAN=UandAnA=6 


For example, 
LetU = {1,2,3,4,5,6, 7} and A = {1, 3,5, 7}. 
Then, 4’ =U — A= {2,4,6} 
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Laws and Theorems 


1. Idempotent Laws 
For any set A, 
(i) AVA=A (iil) AN A=A 
Proof 
(i) LetxE AUA & xE€AorxEdA 
= xEA 
Hence, AUA=A 
(ii) LetxE ANA & xE€ AandxEA 
= xEA 
Hence, AN A=A 
2. Identity Laws 


For any set A, 

(i) AU O=A (ii) AN O=0 
(iii) AUU =U (iv) ANU=A 
Proof 

(i) LettxEeAVUd & xE€AandxEedo 

= xEA 


Hence, AU =A 
(ii) Let xe AND & xE€ AandxEed 
= xed 
Hence, AN b=6 
(iii) Lett xe AUU & xE€ AorxEU 
@ xEeU 
Hence, AUU =U 
(iv) LetxE€ ANU & xe AandxEU 
= xEA 
Hence, ANU=A 
3. Commutative Laws 
For any two sets A and B, we have 
(ji) AUB=BUA (ii) ANB=BONA 
Proof 
(i) LetxE AUB & xE€AorxeEeB 
= xE€BorxeEeadA 
@ xEBUA 
. xEAUB & xE BUA 
Hence, AU B=BUA 
(ii) LetxE ANB & xe AandxeEB 
= xe BandxeA 
@ xEBNA 
xEANB SOS xXEBNA 
Hence, AN. B=BO A. 
4. Associative Laws 
For any three sets A, B and C, we have 
(i) AU(BUC)=(AU B)UC 
(ii) AN (BNC) =(AN B)NC 


Proof 


(i) LetxE AU(BUC) @& xE€AorxE BUC 
= xe Aor(xe BorxeC) 


= (xe Aorxe B)orxeC 

= xEAUBorxec 

& xE(AUB)UC 
xEAU(BUC) © xE(AUB)UC 


Hence, AU(BUC)=(AU B)UC. 
(ii) LetxE AN(BOC) & xE€AandxE BNC 


~ xe€Aand(xe BandxeC) 
© (xe Aandxe B)andxeC 
= xE Ar) BandxeEC 
© xE(ANB)NC 
Hence, AN (BNC) =(AN B)NC. 
5. Distributive Laws 
For any three sets A, B and C, we have 


(i) AU (BONC)=(AU B)N (AUC) 

(ii) AN (BUC) =(AN B)U (ANC) 

Proof 

(i) LetxE AU(BNC) & xE€AorxE BNC 
@xeAor(xe Band xEC) 
(x é€ Aorxe B)and(x€ AorxeC) 
@xeEAU BandxE AUC 
@xeE[(AU B)N(AUC)] 

. xEAU(BNC)@xE(AU B)N(AUC) 
Hence, AU (BN C)=(AU B)N(AUC). 
(ii) LetxE AN(BUC) @& xe AandxeEBuCl 

xe Aand(xeé BorxeC) 
= (x € Aand x € B) or(x € Aand x€C) 
@xEANBorxE ANC 
@xE(AN B)U(ANC) 
“ XEAN(BUC)SxE(AN B)U(ANC) 
Hence, AN (BU C) =(AN B)U(ANC). 
6. For any two sets A and B, we have 
(i) P(A) P(B) = P(AnN B) 
(ii) P(A)U P(B)C P(AU B) 
where, P(A) is the power set of A. 
Proof 
(i) Let x € P(A) A P(B) <= x € P(A) or x€ P(B) 
@xCcAorxcB 
=xCAnB 
= xe P(AN B) 
Hence, P(A) P(B) = P(AN B) 
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(ii) Let x € P(A) U P(B) = x € P(A) or x € P(B) 
@xcAorxcB 
@xCAVUB 
= xe P(AU B) 
Hence, P(A) U P(B) c P(AU B) 
7. If Ais any set, then(A’)’=A 
Proof Let xE(A’)’@x€é A’ @xEA 
Hence, (A’)’=A 
8. De-Morgan’s Laws 
For any three sets A, B and C, we have 
(i) (AU B/ =A’ B’ 
(ii) (AM BY =A’U B’ 
(iii) A-(BU C)=(A-B)N(A-C) 
(iv) A-(BN C)=(A-B)U (A-C) 
Proof 
(i) LetxE(AU B)’@xE€AUB 
@xéA andx¢B 
@xeA’ andxeB 
exe A’ B’ 
| “ x€(AU BY exEA’nB’ 
Hence, (AU B)’ =A’ B’. 
(ii) Let x E(AM B)’ Sx¢ ANB 
| @xéAorx€eB 
@xeA’orxe B’ 


=xe A’U B’ 
xE(ANBY @xE AUB’ 
Hence, (AM BY = A’U B’. 
(iii) Letxe A-(BUC)@ xe Aandx¢ BUC 
@xeAand(x ¢ Band x ¢ C) 
(x € Aand x ¢ B) and(x € Aand x ¢C) 
x €(A-B)andxe€(A-C) 
@xeéE(A-B)N(A-C) 
Hence, A—(BU C) =(A- B)N(A-C). 
(iv) Let xe A-(BN C) xe Aandx¢(BNC) 
= xe Aand(x ¢ Borx ¢C) 
(xe Aand x ¢ B)or(xe Aandx¢C) — 
@xeE(A-B)orxE(A-C) 
@xéE(A-B)U(A-C) 
Hence, A-—(BM C) =(A- B) U(A-C). 


Aliter 
A-(BNC)=AN(BNC)’ [ss A-B=ANB’] 
=AMN(B’NC)’ 
=(AN B’)U(ANC’) 
=(A-B)U(A-C) 
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More Results on Operations on Sets 


For any two sets A and B, we have 
1.ACAUB,BCAUB,ANBCA,ANBCB 
2.A-B=AN B’ 

Proof 
LetxEA-BerxeAandx€ B 
=xeéAandxe B’ 
= xe ANB’ 
Hence, A- B=Anr B’ 
3.(A-B)UB=AUB 
Proof (A-B)U B=(AN B’)UB 
=(AU B)M(B’U B) [from distributive law] 
=(AU B)NU 
=AUB 
Hence, (A-B)U B=AU B 
4.(A-B)AB=6 
Proof (A-B)A B=(AN B’)NB 
=AMN(B‘N B) [from associative law] 
=AN 0=9 
Hence, (A-B)A B=6 
5. ACB B’CA’ 


._ Proof Only if part Let AC B (i) 
To prove B’c A’ 
Let xe B’'=> x€B 
= xéA [ACB] 
= xe A’ 
Thus, xéB’>xeEA’ [.. BC A] 
Hence, BEA (ii) 
If part Let B’C A’ ...(iii) 
To prove AC B 
Let xEA>xXEA’ 
=> x¢ B’ [from Eq.(iii)] 
= xeB 
Hence, ACB ...{iv) 


From Eqs. (ii) and (iv), we get AC Be B’C¢ A’ 
6. A- B=B’- A’ 


Proof. A-B=(AN B’) 
=B’A A=B’A(A’)’=B’-A’ 
Hence, A-B=B’-A’ 


7.(AU B)N(AU B’)=A 

Proof (AU B)A (AU B’)=AU(BN B’) 

[by distributive law] 
=AUO=A 

Hence, (AU B)N(AU B’)=A 
8 AU B=(A-B)U (B-A)U (AN B) 

Proof (A-B)U(B-A)U(AN B) 

=[(AU B)-(AN B)JU(AN B) 
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=[(AU B)N(AN B)’JU(AN B) 
=[(AU B)U(AN B)JA[(AN BY’ U(AN B)] 
=(AU B)QU =AUB 

Hence, AU B=(A-B)U(B-—A)U(AN B) 


.A-(A-B)=ANB 


Proof A-(A-—B)=A-(AN B’) 
=AN(AN B’)’ 
=AN(A’U B) 
=(AN A’)U(AN B) 
=oU(AN B)=ANB 

Hence, A-(A-B)=ANB 

A-B=B-A # A=B 

Proof Only if part Let A-B=B-—A aaa) 

To prove A=B 

LetxeE A & (xe Aandx¢ B) or(x€ Aand xe B) 

= x€(A-B)orxe(AN B) 


<@xeE(B-A) 

or xE ANB [from Eq. (i)] 
<>(x € Band x ¢ A) or(x € Band x€ A) 
@xeEB 

Hence, A=B 


If part Let A=B 
To prove A~B=B-A 


Now, A-B=A-A=0 B=A] 
and B-A=A-A=0 B=Al] 
Ss A-B=B-A 

Hence, A=B>A-B=B-A 


AUB=ANBOA=B 
Proof Only if part Let AU B=AN B 


Now, xEA>xEAUB 

— xE ANB [AU B=AN B] 
=> xeB 

Thus, ACB (i) 
Again, yEB=>yEeAVUB 

=> ye ANB [© AU B=AnN B] 
=> yeEA 

Thus, BOA ...(ii) 


From Eqs. (i) and (ii), we have A = B 


Thus, AU B=AN B>A=B. 

If part Let A= B ...(iii) 
To prove AU B=ANB 

Now, AUB=AUA=A [:." B=Al]...(iv) 
and AN B=ANA=A [‘ B= A)]...(v) 


From Eqs. (iv) and (v), we have AU B= AN B 
Hence, AUB=ANB@A=B 


Sol. Given, 


| Example 2. Let A, B and C be three sets such that 


AUB=AUC and ANB=ANC. Show that B=C. 


Sol. Given, AUB=AUC .{i) 
and AMNB=ANC .(ii) 
To prove B=C. 


From Eq. (i), (A UB) NC =(A UC) NAC 
=> (ANC)U(BNC)=(ANC)U(C UC) 
=> (ANB)U(BNC)=(ANC)UC 
[- ANC=ANB] 


=> (ANB)U(BNC)=C [PANCeE) 


Thus, C=(ANB)U(BNC) ..{iii) 
Again, from Eq. (i),(A UB) AB=(A UC) OB 
= (A 7 B)U(BOB)=(AOB)U(C OB) 
=> (AN B)UB=(AQNB)U(BNC) 
= , B=(ANB)U(BNC) 

[" AM Bc B] 
Thus, B=(ANB)U(BNC) (iv) 


From Eqs. (iii) and (iv), we have B= C. 


| Example 3. Let A and B be any two sets. If for some 


set X, ANX =BNX =o and AUX =BUX, 
prove that A=B. 


Sol. Given, ANX=BNX=0 wai) 
and AUX=BUX ..(ii) 
From Eq. (ii), AN(A UX)=AN(BUX) 
=> A=(ANB)U(ANX) 

[f“$ACAUX s.AN(AUX)=A] 
=> A=(ANB)U6 [ ANX =9] 
= A=(ANB) 
> A&B ..{iii) 
Again, AUX =BUX 

* Te BO(AUX)= BO(BUX) 


= (BNA)U(BNX)=B 
(. BO BUX «. BA(BUX)= 8] 


= (BAA)UO=B [BAX =9] 
=> BOA=B 
=> BCA »-iv) 


From Eqs. (iii) and (iv), we have A = B. 


[| Example 4. If A and B are any two sets, prove that 


P(A)=P(B) => A=B, 

P(A) = P(B) ..(i) 
To prove A = B 

Let x € A = there exists a subset X of A such that x€ X. 


Now, XGA => XEP(A) 
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=> XCB 
> xeB [xe X] 
Thus, xEA => xEB 


é. ACB ..(ii) 
Let y€ B= there exists a subset Y of B such that ye Y. 


Now, YEB => Ye PB) 

= Y € P(A) [. P(B) = P(A)] 
=> YcA 

=> yeA [yeY] 
Thus, yeB = yeA 

: BCA ...{ili) 


From Eqs. (ii) and (iii), we have A = B 


Use of Sets in Logical Problems 


M = Set of students which have Mathematics. 

P = Set of students which have Physics. 

C = Set of students which have Chemistry. 
Applying the different operations on the above sets, then 
we get following important results. 
M’ =Set of students which have no Mathematics. 
P’ = Set of students which have no Physics. 
C’ =Set of students which have no Chemistry. 
Mv P=Set of students which have atleast one subject 
Mathematics or Physics. 
PUC =Set of students which have atleast one subject 
Physics or Chemistry. 
CU M =Set of students which have atleast one subject 
Chemistry or Mathematics. 
M cq P=Set of students which have both subjects 
Mathematics and Physics. 
PC = Set of students which have both subjects Physics 
and Chemistry. . 
Cc M =Set of students which have both subjects 
Chemistry and Mathematics. ; 
Mr P’=Set of students which have Mathematics but not 
Physics. 
PC’ =Set of students which have Physics but not 
Chemistry. 
Cr M’‘ =Set of students which have Chemistry but not 
Mathematics. . 
(MU P)’ =Set of students which have not both subjects 
Mathematics and Physics. 


(PU C)’ = Set of students which have not both subjects 
Physics and Chemistry. 
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(CU MY =Set of students which have not both subjects 
Chemistry and Mathematics. 

(Ma PAC) =Set of students which have all three 
subjects Mathematics, Physics and Chemistry. 

(MU PUC)=Set of all students which have three 


subjects. 


Cardinal Number of Some Sets 


If A, B and C are finite sets and U be the finite universal 
set, then 
(i) n(A’) =n(U) —n(A) 
(ii) n( AU B) =n(A) +n(B) —n(AN B) 
(iii) n(AU B) =n(A) +n(B), if A and B are disjoint 
non-void sets. 
(iv) n( AT B’) =n(A) —n(AN B) 
(v) n(A’ A B’)=n(Avu BY =n(U) -n(Av B) 
(vi) n(A’U B’) =n(AN B)’ =n(U) -— n(ANn B) 
(vii) n(A — B) =n(A) —n(AN B) 
(viii) n( AA B) =n(AU B)-n(AN B’)-n(A’O B) 
(ix) n(AU BUC) =n(A) +n(B) +n(C) —n(AN B) 
—n(BAC)-n(CA A) +n AN BOC) 
(x) If A,;, Az, A3,...A,, are disjoint sets, then 
n(A, UU A,UA3VU...UA,) 
=n(A,)+n(A2) +n(A3) +... ta(Aq) 


| Example 5. If A and B be two sets containing 6 and 3 
elements respectively, what can be the minimum 
number of elements in AUB ? Also, find the maximum 
number of elements in AUB. 

Sol. We have, n(A UU B)=n(A)+n(B)-—n(A 2 B), 

n(A U B) is minimum or maximum according as n(A A B) 
is maximum or minimum, respectively. 
CaseI Ifn(A 4 B) is minimum ie., n(A A B) = 0 such that 
A = {a, b,c, d,e, f} and B= {g, A, i} 
n(A U B)=n(A) + n(B)=64+3=9 
Case Il If n(A 4 B) is maximum i.e., n(A AM B) =3, such 
that 
A = {a, b,c, d,e, f} and B= {d, a,c} 
“ n(A U B)=n(A)+n(B)-n(A 2 B) =64+3-3=6 


| Example 6. Suppose A, A3,...,A 39 are thirty sets 


each with five elements and B,,B),...,B, aren sets 


each with three elements. 
30 n 


Let UA; = UB 
i=l j= 


Assume that each element of S belongs to exactly ten 
of the A; 's and exactly to nine of the B,’s. Find n. 
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Sol. Given, A’s are thirty sets with five elements each, so 
30 
2X n(A;)=5 x 30 = 150 veil) 
i=l 


If the m distinct elements in S and each element of S belongs 
to exactly 10 of the A;’s, so we have 
30 


2 n(A,) = 10m ...(ii) 
i=1 
.. From Eggs. (i) and (ii), we get 10m = 150 
: m=15 ...(iii) 
a n 


Similarly, 2 n(B,) = 3n and Ds n(B;)=9m 
j=) j 


=1 
3n=9m => naam m 


=3x15= 45 
n= 45 


[from Eq. (iii)] 


Hence, 


| Example 7. In a group of 1000 people, there are 750 
who can speak Hindi and 400 who can speak Bengali. 
How many can speak Hindi only? How many can speak 
Bengali only? How many can speak both Hindi 
and Bengali? 


Sol. Let H and B be the set of those people who can speak 
Hindi and Bengali respectively, then according to the 
problem, we have 


n(H U B) = 1000, 
nH) = 750, n(B) = 400 
We know that, 
n(H vu B)=n(H) + n(B) -— n(H 1B) 
1000 = 750 + 400 — n(H 7B) 


n(H © B) = 150 
.. Number of people speaking Hindi and Bengali both is 
150. 
Also, n(H © B’)=n(H)-n(H 1B) 
= 750 — 150 
= 600 


Thus, number of people speaking Hindi only is 600. 
Again, n(BOH’)=n(B)—n(BO H) = 400 — 150 = 250 
Thus, number of people speaking Bengali only is 250. 


| Example 8. A survey of 500 television watchers 
produced the following information, 285 watch 
football, 195 watch hockey, 115 watch basketball, 
45 watch football and basketball, 70 watch football 
and hockey, 50 watch hockey and basketball, 50 do 
not watch any of the three games. How many watch all 
the three games? How many watch exactly one of the 
three games? 


Sol. 


Let F, H and B be the sets of television watchers who 
watch Football, Hockey and Basketball, respectively. 


Then, according to the problem, we have 
n(U) = 500, n(F) = 285, n(H) = 195, 
n(B) = 115, n(F - B) = 45, 
n(F © H)=70,n(H 2 B)=50 
and n(F’U H’ vu B’)=50, 
where U is the set of all the television watchers. 
Since, n(F’U H’ U B’)=n(U) -n(F UH VB) 


= 50 = 500 -n(F UH U B) 
=> n(F UH vu B)= 450 
We know that, 


n(F UH U B)=n(F) + n(H) + n(B)- n(F OH) 
-n(H AB)-n(BOF)+n(FOH 1B) 
= 450=285+195+115—70—-50- 45+ n(F OH NB) 
n(F (1H © B)=20 


which is the number of those who watch all the three 
games. Also, number of persons who watch football only 


=n(F OH’ OB’) 

= n(F)-n(F VO H)-n(F 0 B)+n(F NHB) 
= 285 — 70 —- 45+ 20 = 190 

The number of persons who watch hockey only 
=n(H OF’ B’) 
=n(H)-n(H 1 F)-n(H 1 B)+n(H OF OB) 
= 195 — 70 —50+ 20 = 95 

and the number of persons who watch basketball only 
=n(BOH’ OF’) 

= n(B)- n(BOH)—-n(BOF)+n(H OF OB) 
=115-50- 45+20 = 40 


Hence, required number of those who watch exactly one of 
the three games 


= 190+ 95 + 40 = 325 


Venn Diagrams 
(Euler-Venn Diagrams) 


The diagram drawn to represent sets are called Venn 
diagrams or Euler Venn diagrams. Here, we represent the 
universal set U by points within rectangle and the subset 
A of the set U is represented by the interior of a circle. Ifa 
set A is a subset of a set B, then the circle representing A is 
drawn inside the circle representing B. If A and Bare not 
equal but they have some common elements, then to 
represent A and B by two intersecting circles. 
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Venn Diagrams in Different Situations = 7. An (Bn. c)and (An B)NC 
1. Subset 


2. Union of sets 


Se 


Aw 8, when AUB, when 
ANB=9$ neither Ac BnorBCA Hence, AN (BM C) =(AN B) NC which is 
associative law for intersection. 


U 8. Distributive law 
(i) AU(BNC)=(AU B)N(AUC) 
() (ii) AN (BUC) =(AN B)U(ANC) 


ANB (ANB)NC 


3. Intersection of sets 


+ 
Cc 


(i) 


AaB, when neither AnB, when 
AcBnaBcA AB = 9 (no shaded one) 


g 


4. Difference of sets 


A-B, when neither ; A-B8, when 
AcBnorBcA A-B=6 


5. Complement 


A’ = shaded one 
6. AU (BU C)and (AU B)UC 


(A vB) AvC) 
It is clear from diagrams that 
AU(BNC)=(AU B)M(AUC) 


NSS 
© 


[AuB)UC (AnB) (ANC) AnB)UANC) 
Hence, AU (BU C) =(AU B) UC which is It is clear from diagrams that 
associative law for union. AN(BUC)=(AN B)U(ANC) 
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9. Symmetric difference 


AAB, when neither AAB, when 
AcBnorBcA ANB=6o 
andAnBeo 


Remark 
Remember with the help of figures. 


| Example 9. A class has 175 students. The following 
table shows the number of students studying one or 
more of the following subjects in this case. 


Subjects Number of students 
Mathematics , 100 
Physics 70 
Chemistry 46 
Mathematics and Physics 30 
Mathematics and Chemistry 28 
Physics and Chemistry 23 
Mathematics, Physics and Chemistry 18 


How many students are enrolled in Mathematics alone, 
Physics alone and Chemistry alone? Are there students 
who have not offered any one of these subjects? 


Sol. Let P, Cand M denotes the sets of students studying 
Physics, Chemistry and Mathematics, respectively. 


Let a, b, c,d, e, f, g denote the elements (students) 
contained in the bounded region as shown in the diagram. 


Then, a+d+e+g=170 
c+d+f+g=100 
b+et+ft+g = 46 
d+g=30 - 
e+ g=23 
f+g=28 
g=18 
After solving, we get g = 18, f = 10,e =5,d = 12.a=35, 
b= 13 and c= 60 
atb+c+dt+etft+g=153 


So, the number of students who have not offered any of 
these three subjects = 175 — 153 = 22 


Number of students studying Mathematics only, c = 60 
Number of students studying Physics only, a = 35 
Number of students studying Chemistry only, b= 13 
Aliter 


Let P, C and M be the sets of students studying Physics, 
Chemistry and Mathematics, respectively. Then, we are 
given that 


n(P) = 70, n(C) =-46, n(M) = 100 
n(M A P)=30,n(M NC) =28 
n(P AC) =23 
and n(M MP MC)=18 
.. The number of students enrolled in Mathematics only 
=n(MaP'NC’)=nMO(PUC)) 
[by De-Morgan’s law] 
=n(M)-n(Ma( PUC)) 
= n(M) - {n[(M A P) U(M OC)]} 
[by distributive law] 
=n(M)-n(MAP)-(MNC)+n(MaPnc) 
= 100 ~ 30 — 28 + 18= 60 
Similarly, the number of students enrolled in Physics only, 
n(PAM’AC’) 
=n(P)-—n(PAM)—-n(PAC)+n(PAMNC) 
= 70 — 30 - 23 + 18=35 
and the number of students enrolled in Chemistry only, 


n(CAM’AP’)=n(C)-n(COM)-n(COP)+n 
(CAMNP) 
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= 46 — 28 - 23+ 18= 13 
and the number of students who have not offered any of 
the three subjects, 
n(M’N P’ AC’)=n(M APOC)’ [by De-Morgan’s law] 
=n(U)-n(MUPUC) 
= n(U) — {n(M) + n(P) + n(C) -— n(M 2 P) 
—n(MNC)-n(PAC)+nPACAM)} 
= 175 — {100 + 70 + 46 — 30 — 28 — 23 + 8} 
= 175 —- 153= 22 


| Example 10. In a pollution study of 1500 Indian rivers 
the following data were reported. 520 were polluted by 
sulphur compounds, 335 were polluted by phosphates, 
425 were polluted by crude oil, 100 were polluted by 
both crude oil and sulphur compounds, 180 were 
polluted by both sulphur compounds and phosphates, 


150 were polluted by both phosphates and crude oil and 


28 were polluted by sulphur compounds, phosphates 

and crude oil. How many of the rivers were polluted by 

atleast one of the three impurities? 

How many of the rivers were polluted by exactly one 

of the three impurities? 

Sol. Let S, P and C denote the sets of rivers polluted by 

sulphur compounds, by phosphates and by crude oil 
respectively, and let a, b,c, d, e, f, g denote the elements 


(impurities) contained in the bounded region as shown in 
the diagram. 


Then, atdte+g=520 
ct+d+f +g = 425 
b+et+tft+g=335 => d+g=100 


s 
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e+g=180 => f+g=150 
& = 28 
After solving, we get 
& = 28, f =122,e = 152, b = 33, d = 72, c = 203 and a = 268 
The number of rivers were polluted by atleast one of the 
three impurities 
=(atb+ct+dt+e+t f +g) =878 


and the number of rivers were polluted by exactly one of 
the three impurities, 


a+b+c=268+33 +203 =504 


Aliter 


Let S, P and C denote the sets of rivers polluted by sulphur 
compounds, by phosphates and by crude oil, respectively. 


Then, we are given that 
n(S) = 520, n( P) = 335, n(C) = 425, n(C AS) = 100, 

n(S CO P) = 180, n(P AC) = 150 and n(S MN P ANC) = 28 
The number of rivers polluted by atleast one of the three 
impurities, 
n(SUPUC) 

= n(S)+ n(P) + n(C)—n(S 2 P) 

~n(PAC)-n(C NS) +n(SAPNC) 
= 520 + 335 + 425 — 180 — 150 — 100 + 28 = 878 


and the number of rivers polluted by exactly one of the 
three impurities, 


nl(SAP’ AC’JU(P NC’ AS) U(C AP’ AS’) 
=n{(SA(PUC)}U{PA(C US)JU{C AP US)’ 
=n(SA(PUC)‘)+n(PA(C VUS)’) +n(C A(P US)’) 
=n(S)-n(SOP)-—n(SAC) 
+n(SAPOC)+n(P)-n(PAC)-n(P OS) 
+n(SAPAC) 
+n(C)—n(C M P)-n(C NS)+ n(SAPAC) 
= n(S) + n(P) + n(C) — 2n(S A P) —2n(S NC) 
— 2n(P AC) +3n(SAP OC) 
= 520 + 335 + 425 — 360 — 200 — 300 + 84 =504 
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Exercise for Session 1 


1. 


2. 


10. 


11. 


If X = {4° -3n -1:n EN} and y = 9(n -1):n EN}, then X UY equals 


(a)X (b) Y (c)N (d) None of these 
If Ng = {an :n EN}, then Ns ON; equals 
(a)N (b) Ns (c) Ny (d) N35 


. If AandB are two sets, then A n(A UB)’ equals 


(a)A (b)B (c) > (d) None of these 
if U be the universal set and AUB UC =U, then [(A - B) U(B - C) U(C — A)’ ] equals 
(a) AUBUC (b) ANBNC (d) AU(BNC) (d) AN (BUC) 


If A and B are two sets, then (A - B) U(B - A) U(A mB) equals 


(a) AUB (bl) ANB (c) A (d) B’ 

If A ={x : x is a multiple of 4} and B = {x : x is a multiple of 6}, then A CB consists of all multiple of 

(a) 4 (b) 8 (c) 12 (d) 16 

A set contains 2n + 1elements. The number of subsets of this set containing more than n elements equals 
(a) 2"-" (b) 2° (c)2"*" (d) 27° 

If A = {0, {o}}, then the power set of Ais 

(a) A (b) {6 {4}. 4 

(C) {4, {0}, {{9}}, A (d) None of these 


Given n(U) = 20, n(A) = 12, n(B) = 9, n(A AB) =4, where U is the universal set, A and 8 are subsets of U, then 
n((A UB)’) equals 

(a) 3 (b) 9 (c) 11 (d) 17 

A survey shows that 63% of the Indians like cheese, whereas 76% like apples. If x % of the Indians like both 
cheese and apples, then x can be 

(a) 40 (b) 65 (c) 39 (d) None of these 

In a class of 55 students, the number of students studying different subjects are 23 in Mathematics, 24 in 


Physics, 19 in Chemistry, 12 in Mathematics and Physics, 9 in Mathematics and Chemistry, 7 in Physics and 
Chemistry and 4 in all the three subjects. The number of students who have taken exactly one subject is 


(a) 6 (b) 7 (c) 9 (d) 22 
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Session 2 
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Ordered Pair, Definition - Relation, Ordered Relation, 
Composition of Two Relations 


Ordered Pair 


If A be a set and a, be A, then the ordered pair of elements 


aand b in A denoted by (a, b), where a is called the first 
coordinate and b is called the second coordinate. 


Remark 
1. Ordered pairs (a b) and (6, a) are different. 
2. Ordered pairs (a 6) and (c, d@) are equal iffa=candb=d. 


Cartesian Product of Two Sets 


The cartesian product to two sets A and B is the set of all 
those ordered pairs whose first coordinate belongs to A 


and second coordinate belongs to B. This set is denoted by 


AX B (read as ‘A cross B’ or ‘product set of A and B’). 
Symbolically, A x B={(a,b):ae€ A andbe B} 

or Ax B={(a,b):a€ ANDE BY 

Thus, (a bhE AXBSacAnbeB 
Similarly, BxA={(b,a):b€ Baae A} 


Remark 
1.AxB#4BxA 
2. If Ahas p elements and B has q elements, then A x B has pq 
elements. 


3. If A=gandB=9, then AxB=6. 
4. Cartesian product of nsets A,, A» A3..., 
ordered mtuples (a, &,....&) 4 €A/=123..., 
n 
denoted by A x A,x...x A, or nu Aj. 


A, is the set of all 
nand is 


| Example 11. If A= {1,2, 3} and B = {4, 5}, find A xB, 

Bx Aand show that A xB #BxA. 

Sol. Ax B= {1,2,3} x {4,5} = {(1, 4), (1, 5), (2, 4), (2, 5), (3, 4), 
(3, 5)} 


andBxA= 
(5, 2), (5, 3)} 
It is clear that Ax B# Bx A. 


{4, 5} x {1, 2, 3} = {(4, 1), (4, 2), (4, 3), (5, 1), 


| Example 12. If A and B be two sets and A xB = {(3, 3), 
(3, 4), (5, 2), (5, 4)}, find A and B. 
Sol. A = First coordinates of all ordered pairs = {3, 5} 
and B = Second coordinates of all ordered pairs = {2, 3, 4} 
Hence, A = {3, 5} and B = {2, 3, 4} 


Important Theorems on Cartesian 
Product 


If A, B and C are three sets, then 
(i) AX(BU C) =(AX B)U(AXC) 
(ii) AX(BN C)=(AX B)N(AXC) 
(iii) A x(B-C)=(Ax B)-(AxC) 
(iv) (A x B)A(S XT) =(ANS) x(BOT), 
where S and T are two sets. 
(v) If AC B, then(AxXC)C(BxC) 
(vi) If AC B, then(A x B) (BX A) =A’ 
(vii) If AC BandC CD, thenAxCC BxD 


| Example 13. If A and B are two sets given in such a 
way that A xB consists of 6 elements and if three 
elements of AxB are (1, 5), (2, 3) and 
(3, 5), what are the remaining elements? 

Sol. Since, (1,5), (2,3), (3,5) € A X B, then clearly 1,2.3e€ A and 

3,56 B. 
A x B= {1, 2, 3} x (3, 5) 
= (1, 3), (1, 5), (2, 3), (2, 5), (3, 3), (3, 5) 
Hence, the remaining elements are (1, 3), (2, 5), (3, 3). 
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Relations 


Introduction of Relation 


We use sentences depending upon the relationship of an 
object to the other object in our daily life such as 


(i) ‘Ram, Laxman, Bharat, Shatrughan’ were the sons of 
Dashrath, 
(ii) ‘Sita’ was the wife of Ram. 
(iii) ‘Laxman’ was the brother of Ram. 
(iv) “Dashrath’ was the father of Ram. 
(v) ‘Kaushaliya’ was the mother of Ram. 


If Ram, Laxman, Bharat, Shatrughan, Sita, Kaushaliya and 
Dashrath are represented by a, b,c, d, e, f and y 
respectively and A represents the set, then 

A={a,b,c,d,e, f,y} 
Here, we see that any two elements of set A are related 
many ways, i.e. a, b, c, d are sons of y. ‘a’ is the son of y is 
represented by aRy. Similarly, b is the son of y, c is the son 
of y and d is also son of y are represented as bRy,cRy 
and d Ry, respectively. 


If we write here y Ra it means that y is the son of a which 
is impossible, since a is the son of y. Hence, y and a 
cannot be related like this. Its generally represented as 
yRa. Hence, we can say that a and y are in definite order. a 
comes before R and y after R. Therefore, aRy may be 
represented as a order pair (a, y). Similarly, bRy, cRy and 
dRy are represented by (b, y), (c, y) and (d, y), respectively. 
If all pairs will represented by a set, then we see that first 
element of each pair is the son of second element. Hence, 
the set of these pairs may be represented by set R, then 


R={(a,y),(b, y),(c, y), (4, y)} 
Symbolically, R ={(x, y): x,y € A, where x is son of y} 
It is clear that Ris subset of AX A 
i.e., RCAXA 
Corollary In above example, if 
A = {a, b,c, d} and B = {e, f, y}, then 
R={(x,z):x € A,ze€ B, where x is son of z} 
It is clear that RC AX B. , 


Definition of Relation 


A relation (or binary relation) R, from a non-empty set A 
to another non-empty set B, is a subset of A x B. 

ie., RC AXB or RC {(a,b):a€ A, be B} 

Now, if (a, b) be an element of the relation R, then we 
write aRb (read as ‘a is related to b’) 

i.e., (a,b) € R = aRb 


and if (a, b) is not an element of the relation R, then we 
write aK b (read as ‘a is not related to b’), 


ie. (a,b)¢ Reva Rb. 


Remark 


1. Any subset of Ax Ais said tobearelationonA . 

2. If Ahas m elements and B has nelements, then Ax Bhas 
m x nelements and total number of different relations from A 
toBis2™’. 

3. If R= Ax B then Domain & = Aand Range R = B. 

4. The domain as well as range of the empty set is 9. 

5. If A=DomR and 8 = Ran, then we write B= R[A]. 

For example, 
Let A = {1, 2,3} and B = {3,5, 7}, then 
AXB=4(, 3), (1.5), 7), (2,3), 25), (2,7); 
G,; 3); 3), (3, DE 
But RCAXB 
i.e., every subset of A x Bis a relation from A to B. If 
we consider the relation, R = {(1,5), (1,7), (3,5),(3,7)} 
Then, 1R5;1R7;3.R5;3 R7 
Also, 1 R3;2 R3;2R5;2 R7;3 R 3; 
Clearly, Domain R = {1,3} and Range R = {5,7} 
For example, 

Let A = {1, 2,3} and B = {4,5}, then number of different 
relations from A to B is 22% =2° =64 because A has 3 


elements and B has 2 elements. 


Types of Relations from One Set to 
Another Set 


1. Empty Relation 


A relation R from A to B is called an empty relation ora 
void relation from A to B if R=. 


For example, 
Let A = {2, 4,6} and B = {7,11} 
Let R = {(a,b):a€ A,be Banda -— bis even} 
As, none of the numbers 2 —7, 2-11, 4-7, 4-11, 
6 —7,6 —11is an even number, R= 0. 
Hence, R is an empty relation. 


2. Universal Relation 


A relation R from A to B is said to be the universal 
relation, if R= A x B. 
For example, Let A = {1,2}, B = {1,3} and 
R ={(1, 1), (1, 3), (2, 1), (2, 3)} 
Here, .R=AXB 
Hence, R is the universal relation from A to B. 
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Types of Relations on a Set Here, dom(R) ={1,3,5}, range (R) = {2, 4,6} 
and dom(R™) ={2, 4,6}, range (R™') = {1,3, 5} 


1. Empty Relation 4 
Clearly, dom (R~ ) = range (R) 


A relation R on a set A is said to be an empty relation or a 
void relation, if R = ¢. | and range(R  )=dom(R). 


For example, : : 
Let A={1,3} and R={(a,b):a,b€ Aanda+bisodd} Various Types of Relations 


Hence, R contains no element, therefore R is an empty 


relation on A. 1. Reflexive Relation 
2. Universal Relation A relation R ona setA is said to be reflexive, if 
A relation R on a set A is said to be universal relati aap si 
je er is said to be universal relation on ie. if(aa)eRVaEA 
For example, For example, 
Let A={1,2} Let A= {I,2,3} 
and R=((1,1),(1,2), (2, 1), (2, 2)] R, = {(1, 1), (2,2), (3, 3)} 
Here, R=AXA R, = {(1,1), (2, 2), (3,3), (1 2), (2, 0), (1, 3)} 
Hence, R is the universal relation on A. and R, ={(1, 1), (2, 2), (2,3), (3, 2)} 
3. Identity Relation Here, R, and R, are reflexive relations on A, R, is nota 


; reflexive relation on A as (3,3) € R3, i.e. 3.R; 3. 
A relation R on a set A is said to be the identity relation on 


A if Remark 
R=[(a,b):a€ Abe A anda=b5] The identity relation is always a reflexive relation but a reflexive 
Thus, identity relation, R =[(a,a):V a€ A] relation may or may not be the identity relation. It is clear in the 
i : : above example given, R, is both reflexive and identity relation on A 
mentity relation on set A is also denoted by Ty. but A, is a reflexive relation on A but not an identity relation on A 
Symbolically, 1, =[(a,a):a€ A] 
For example, 2. Symmetric Relation 
Let A={1,2,3} A relation R ona set A is said to be symmetric relation, if 
Then, I, = {(1,1), (2,2), (3,3)} aRb=>bRaVa,beA 
Remark ie., if (a, bye R= (b,a)ERVabeEA 
In an identity relation on Aevery element of Ashould be relatedto For example, 
itself only. Let A={1,2,3} 
4. Inverse Relation R, ={(1,2),(2, D} 


R, = {(1, Zale. 1), (1, 3); (3, 1)} 


If Ris a relation from a set A to a set B, then inverse 
and Rz ={(2;3),(1,3),6, )} 


telation of R to be denoted by R™’, is a relation from 


BtoA. Here, R, and R, are symmetric relations on A but R; is 
Symbolically, R~' = {(b,a):(a, b) € R} not a symmetric relation on A because (2,3) € R 
Thus, (a,b) Reo (b,a)E R, Wace AbEB. ang See Rae 
3. Anti-symmetric Relation 
Remark . — : , 

1. Dom (R7') = Range (R) and Range (R™) = Dom (A) A relation R on a set A is said to be anti-symmetric, 

2.(R")'=R ifaRb,bRa>a=b,Va,beA 
For example ie.,(a,b)€ Rand(b,ajeR > a=b,Va,beA 

If R ={(1,2), (3, 4), (5, 6)}, then For example, 


R™ ={(2,1),(4,3),(6,5)} Let Rbe the relation in N (natural number) defined by, “x 
ae is divisor of y’’, then R is anti-symmetric because x divides 
“(R™)™ ={(1,2), (3, 4),5,6)} =R y and y divides x > x =y 
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4. Transitive Relation 


A relation R on a set A is said to be a transitive relation, 
ifaRbandbRc=>aRc,Va,b,cEe A 
ie, (a,b)€ Rand(b,c)€ R=(a,c)ER,Vab,cEeaA 
For example, 
Let A='{1, 2,3} 

R, — {(Q1, 2), @, 3), (1, 3), G, 2)} 

R, = {(2, 3), (3, 1)} 

R; = {(1, 3), GB 2), (1, 2)} 
Then, R, is not transitive relation on A because (2,3) € R, 
and (3,2) € R, but (2,2) ¢ R,. Again, R, is not transitive 
relation on A because (2,3) € R, and (3,1) € R, but 
(2,1) € Ro. Finally R; is a transitive relation. 


| Example 14. Let A ={1,2, 3} and R ={(a,b):a,beA,a 
divides b and b divides a}. Show that R is an identity 
relation on A. 
Sol. Given, A = {1, 2,3} 
aé A, be B,a divides b and b divides a. 
=> a=b 
R= {(a,a),a€ A}= {(1, 1), (2,2), (3, 3)} 
Hence, R is the identity relation on A. 


| Example 15. Let A={3, 5}, B ={7, 11. 
Let R={(a,b):ae A,beB, a—b is even}. 
Show that R is an universal relation from A to B. 
Sol. Given, A = {3,5}, B = {7,11}. 
Now, R= {(a,b):ae€ A,be Banda -— bis even} 
= {(3,7), (3, 11), (5,7), (5, 11)} 
A x B= {(3,7), (3,11), (5,7), (5, 11)} 
R=AXB 


Hence, R is an universal relation from A to B. 


Also, 
Clearly, 


{ Example 16. Prove that the relation R defined on the 
set N of natural numbers by xRy <> 2x? — 3xy + y* =0 


is not symmetric but it is reflexive. 

Sol. (i) 2x? -3x-x+x°=0VxEN. 

“ Xx Rx,V xEN, ie. Ris reflexive. 
(ii) For x = 1, y =2,2x” —3xy + y? =0 

ie 
But 2-27—3-2-:1+17 =3 #0 
So, 2 is not related to 1 i.e., 2Ki 
.. Ris not symmetric. 


| Example 17. Let N be the set of natural numbers and 
relation R on N be defined by xR y <= x divides y, 
VX,yVEN., 
Examine whether R is reflexive, symmetric, 
anti-symmetric or transitive. 
Sol. (i) x divides x ie.,xRx,V xEN 
. Ris reflexive. 
(ii) 1 divides 2 i.e., 1 R2 but 2 R1 as 2 does not divide 1. 
(iii) x divides y and y divides x > x =y 
ie. xRyand yRx>x=y 
“. Ris anti-symmetric relation. 
(iv) x Ry and y Rz => x divides y and y divides z. 
=> kx = yand k’ y = 2, where k, k’ are positive 
integers. 
= kk’x=z = xdividesz = xRz 


“. Ris transitive. 


Equivalence Relation ; 
A relation R on a set A is said to be an equivalence relation 
on A, when R is (i) reflexive (ii) symmetric and (iii) 
transitive. The equivalence relation denoted by ~. 


| Example 18. N is the set of natural numbers. The 
relation R is defined on N x N as follows 
(a,b)R (c,d) at+d=b+t+c 
Prove that R is an equivalence relation. 
Sol. (i) (a,b) R(a,b) =at+b=b+a 
“. Ris reflexive. 
(ii) (a,b) R(c,d) pat+d=b+c 
= c+b=d+a = (c,d) R(a,b) 
“. Ris symmetric. 


(iii) (a,b) R(c,d)and (c,d) R(e, f)=atd=btec 


and ct+f=dte 
=> at+dt+tc+f=bt+ctdte 
= at+f=bte =(a,b)R(e, f) 


.. Ris transitive. 


Thus, R is an equivalence relation on N x N. 


| Example 19. A relation R on the set of complex 


: : 7 al cs 
numbers is defined by z;RzZ2 = is real, show 
Zy 23 
that R is an equivalence relation. 
2 at | 


Sol. (i) z,Rz, > .Vz,EC => Ois real 


Z+2 


”. Ris reflexive. 
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Z)—-2>. 
| 2 is real 


Zz, +22 
N 
=e). Z—-2,)\. 
—| 2 —! lis real = | 2 | is real 
Z +22, Zz, +22 


=> 2 Rz,,V 2,22 € Cc 


(ii) z; Rz, => 


. Ris san 


(iii) * z, Rz, == 72 is real 
22 
%—-z 
=> 'e =-|“ 
71 +22 | “la +Z2 
2-22 Z2 21722 
zy +Z 2 +Zo 
2 2 ; 
= AZZ, — 22%.) =0 => |z,|" =|Z2| (i) 
Similarly, z, Rz, =>|z2|" =|z5|° (ii) 


From Eqs. (i) and (ii), we get 
2,R2Z2,Z2 R23 

= lal? =|z5/7 

=> 2,R24 

”. Ris transitive. 


Hence, R is an equivalence relation. 


Ordered Relation 


A relation R is called ordered, if R is transitive but not an 
equivalence relation. 


Symbolically, aRb,bRc = aRe, Va, bcEeA 


For example, 


Let R = {(1, 2), (2, 1), (2, 3), (3, 2), (1,3)}. 


. Here, R is symmetric. 


Since, (1,2) € R=>(2,1)€ R,(2,3)E R(3,2)ER 
and R is transitive. 

Since, (1,2)€ R,(2,3)E R = (1,3)ER 

but R is not reflexive. 

Since, (1,1) € R, (2,2) € R, (3,3) ¢ R 

Hence, R is not an equivalence relation. 

‘. Ris an ordered relation. 


Partial Order Relation 


A relation R is called partial order relation, if R is 
reflexive, transitive and anti-symmetric at the same time. 
For example, 


Let R = {(1, 1), (2, 2), (3, 3), (1, 2), (2,3), (1, 3)} 
“! = {(1, 1), (2,2), (3, 3), (2, 2), (3, 2), (3, 1)} 
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Ra R™ ={(1,), (2,2), (3,3)} = Identity 

*, Ris anti-symmetric. 

It is clear that R is reflexive. 

Since, (1, 1) € R, (2,2) € R, (3,3) € Rand R is transitive. 
Since, (1,2) € Rand (2,3)é R=>(1,3)ER 

Hence, R is partial order relation. 


Composition of Two Relations 


If A, Band Care three sets such that RC AX Band 
SC BxC, then (SOR) =R7'OS™'. It is clear that aRb, bSc 
= aSORc. 


GOH 


More generally, 
(R,OR,OR,0...0R,)~' =R;,'O...OR3'OR;'OR;" 


| Example 20. Let R be a relation such that 
R ={(1,4), (3,7), (4, 5), (4,6), (7,6)}, find 
(i) R“'OR™ and (ii) (R“' OR)". 
Sol. (i) We know that,(ROR)' = R'OR™ 


Dom (R)= {1, 3, 4, 7} 
Range (R) = {4,5, 6, 7} 


We see that, 


1— 4 —> 5=3(1,5)€ ROR 
1—> 4 —— 6=>(1,6) € ROR 
3 —>7 — > 6=(3,6)€ ROR 
ROR = {(1, 5), (1, 6), (3, 6)} 
Then, R'OR'=(ROR)' 
= {(5, 1), (6, 1), (6, 3)} 
(ii) We know that, (R-'OR)"' = R'O(R"')"! 


=R'OR 
Since, 
R= {(1, 4), (3,7), (4,5), (4, 6), (7, 6)} 
R™ = {(4, 1), (7,3), (5, 4), (6, 4), (6,7)} 
. Dom(R) = {1,3, 4,7}, Range (R) = {4,5, 6,7} 
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Dom (R™') = {4,5, 6,7}, Range (R™“) = {1,3, 4,7} R” 


We see that, 


R 
4—>»6—97=9(4,7)€ ROR 


R rR" 
7— 6—> 4=9(7,4)€ R'OR 


R R" a 
7 —>6—>7=9(7,7)€ ROR 


“ R’OR= {(1,1), (3,3), (4, 4), (7,7), (4,7); (7, 4} 
Hence, (R7'OR)” = R'OR= {(1, 1), (3,3) 
(4, 4),(7,7),(4,7)(7, 4)} 


R” 


R 
1——> 4—3 1=9(1,1)€ R'OR 


6a Theorems on Binary Relations 
3— 7 —>3=(3,3)E R'OR If Ris a relation on a set A, then 
(i) Ris reflexive => R~’ is reflexive. 


R Ri 
| 
4—75—>4=(4,4)e ROR (ii) R is symmetric => R~ is symmetric. 


a = ’ a,r 
4 te 6 ifs 4=(4,4)e RIOR (iii) R is transitive => R~’ is transitive. 


Exercise for Session 2 


1. If A={2,3,5}, B = {2,5,6}, then(A-B) x(ANB)is 
(a) {(3, 2), (3, 3), (3, 5)} (b) {(3, 2), (3, 5), (3 6)} 
(c) {(3, 2), (3, 5)} (d) None of these 

2. Ifn(A)=4, n(B) =3, n(Ax Bx C) =24, then n(C) equals 


(a) 1 (b) 2 (c) 17 (d) 288 


- the relation R defined on the set of natural numbers as 


{(a,b): a differs from b by 3} is given by 
(a) {(4 4), (2 5), (3, 6),...} (b) {(4, 1), (5 2), (6 3), ...} (c) {(1 3), (2, 6), (3, 9), ...} (d) None of these 


4. Let Abe the non-void set of the children in a family. The relation ‘x is a brother of y' onA is 

(a) reflexive (b) anti-symmetric (c) transitive (d) equivalence 
5. Letn(A)=n, then the number of all relations on A, is 

(a) 2” (b) 2”! (c) 2” (d) None of these 
6. IfS ={1,2,3,..,20}, K = {a,b,c,d}, G = {b,d,e, f}. The number of elements of (S x K) U(S xG)is 

(a) 40 (b) 100 (c) 120 (d) 140 
7. The relation R is defined on the set of natural numbers as {(a, b ):a = 2b}, then R7' is given by 

(a) {(2, 1) (4, 2) (6, 3), «..} (b) {(4, 2) (2, 4) (3, 6), ...} — (c)R7* is not defined (d) None of these 
8. The relation R = {(11), (2,2), (3,3),(42),(2, 3),(13)} on set A = (1,2, 3} is 

(a) reflexive but not symmetric .  (b) reflexive but not transitive 

(c) symmetric and transitive (d) Neither symmetric nor transitive 
9. The number of equivalence relations defined in the set S = {a,b,c} is 

(a) 5 (b) 3! (c) 2° (d) 3° 

10. \fR be a relation < from A = {1,2,3, 4} to B = (1,3, 5}, i.e. (a,b) eR @& a <b, then ROR”, is 
(a) {(1, 3), (1, 5), (2, 3), (2, 5), (3,5), (4, 5)} (b) {(3, 1), (5, 1), (3, 2), (5, 2), (5, 3), (5, 4)} 
(c) {(3, 3), (3, 5), (5, 3), (5, 5)} (d) {(3, 3), (3, 4), (4, 5)} 
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Definition of Functions, Domain, Codomain and Range, 
Composition of Mapping, Equivalence Classes, 


Partition of Set, Congruences 


Functions 


Introduction 


If two variable quantities x and y according to some law 
are so related that corresponding to each value of x 
(considered only real), which belongs to set E, there 
corresponds one and only one finite value of the quantity 
y (ie., unique value of y). Then, y is said to be a function 
(single valued) of x, defined by y = f(x), where x is the 
argument or independent variable and y is the 
dependent variable defined on the set E. 
For example, If r is the radius of the circle and A its area, 
then r and A are related by A=mr’ or A= f(r). Then, 


we say that the area A of the circle is the function of 
the radius r. Graphically, 
=f 


aes re 


Where, y is the image of x and x is the pre-image of y 
under f. 


x Input —> 


Remark 


{. If to each value of x, which belongs to set £ there 
corresponds one or more than one values of the quantity y. 
Then, y is called the multiple valued function of x defined on 
the set E. 

2. The word ‘FUNCTION' is used only for single valued function. 
For example, y = vx is single valued functions but y? = x isa 
multiple valued function. 


. y?=x=>y=+ Vx for one value of x, y gives two values. 


Definition of Functions 


If A and B be two non-empty sets, then a function from A 
to B associates to each element x in A,a unique element 
f(x) in B and is written as 


FrAosB or AB 


which is read as f is a mapping from A to B. 


The other terms used for functions are operators or 
transformations. 


1.lfx EA y =([f(x)] €B, then(x, y) ef. 
2. If (x,, 44) Ef and (xo, Yo) Ef, then y; = Yo. 


- Remark 


Domain, Codomain and Range 


Domain The set of A is called the domain of f (denoted 
by Dr). 

Codomain The set of B is called the codomain of f 
(denoted by C,). 

Range The range of f denoted by R, is the set consisting 
of all the images of the elements of the domain A. 

Range of f =[f(x):x€ A] 

The range of f is always a subset of codomain B. 


Onto and Into Mappings 

In the mapping f : A—> B such 
f(A)=8 

ie., Range = Codomain 

Then, the function is Onto and if f(A) C B, ie. Range c 

Codomain, then the function is Into. 


Remark 
Onto functions is also known as surjective. 


Method to Test Onto or Into Mapping 


Let f : A— B bea mapping. Let y be an arbitrary element 
in B and then y = f(x), where x € A. Then, express x in 
terms of y. 
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Now, if xe A, V ye B, then f is onto 
and if x ¢ A,V ye B, then f is into. 


For into mapping Find an element of B which is not 
f-image of any element of A. 


One-one and Many-one Mapping 


(i) The mapping f : A > Bis called one-one mapping, if 
no two different elements of A have the same image 
in B. Such a mapping is also known as injective 
mapping or an injection or monomorphism. 
Method to Test One-one If x,, x2 € A, 


then F(x1) = f(x2) 
= x, =X, and x, #x, 
= f (x1) # f(x2) 


(ii) The mapping f : A — Bis called many-one mapping, 
if two or more than two different elements in A have 
the same image in B. 

Method to Test Many-one 
If x,, x, EA, then f(x,) = f(x2) 
=> X; #X2 
From above classification, we conclude that 
function is of four types 
(i) One-one onto (bijective) 
(ii) One-one into 
(iii) Many-one onto 
(iv) Many-one into 


Number of Functions (Mappings) at 
One Place in a Table 


Let f : A— Bbea mapping such that A and Bare finite 
sets having m and n elements respectively, then 


Description of mappings 
(i) Total number of mappings from A to B 


(ii) Total number of one-one mappings from A’to B 


(iii) Total number of many-one mappings from A to B 


(iv) Total number of onto (surjective) mappings from A to B 


(v) Total number of one-one onto (bijective) mappings from A to B 


(vi) Total number of into mappings from A to B 


| Example 21. Let N be the set of all natural numbers. 
Consider f:N—N: f(x)=2x,V XEN. Show that f is 
one-one into. 
Sol. Let x;,x. € N,then 
f(x) = f (x2) 
= 2x; =2xX2 > X= X2 
*. f is one-one. 


Let y = 2x, then x = 


wm l< 


Now, if we put y = 5, then x =e N. 


This show that 5€ N has no pre-image in N. So, f is into. 


Hence, f is one-one and into. 


| Example 22. Show that the mapping 
f:R-R:f(x)=cos x, V xeER is neither one-one nor 
onto. 
Sol. Let x,, x, ER. 
Then, f (x1) = f (x2) 


= x, =2nmt xq = X, FX 


=> Cos X, = COS X2 


“. f is not one-one. 
Let y = cos x, but -1 S$ cosx $1 
yé[-1,1] 
[=h]elR 
So, f is into (not onto). 
Hence, f is neither one-one nor onto. 


Constant Mapping 


The mapping f : A > B is known as a constant mapping, 
if the range of B has only one element. 


For all x € A, f(x) =a, where as ae B. 


Identity Mapping 
The mapping f : A > Bis known as an identity mapping, 
if f(a) =a,V ae Aand it is denoted by Ig. 


Remark 
/, is bijective or bijection. 


Equal Mapping 
Let A and B be two mappings are f : A—» Band g:A-B 
such that 

f(x)Hg(x),VxEA 
Then, the mappings f and g are equal and written as 
f=. 
Inclusion Mapping 
The mapping f : A — Bis known as inclusion mapping. 
If AC B, then f(a)=a,VaeA. 


Equivalent or Equipotent 

or Equinumerous Set 

The mapping f : A > Bis known as equivalent sets, if A 
and B are both one-one and onto and written as A ~ B 
which is read as ‘A wiggle B’ 


WwwW.JEEBOOKS.IN 


Inverse Mapping 


If f: A— Bbe one-one and onto mapping, let b € B, then 
there exist exactly one element a A such that f(a) =b, so 
we may define 


| :BA:f'(b)=a 
= fla) =6 
The function f~' is called the inverse of f. A functions is 
invertible iff f is one-one onto. 


Remark 
1 f(b) CA 
2. Iff: A+ Bandg:B A then and g are said to be 
invertible. 
[Example 23. Let f :R > R be defined by 
f(x)=cos (5x +2). Is f invertible? Justify your answer. 


Sol. For invertible of f, f must be bijective (i.e., one-one onto). 


If X,,X2ER, 

then F (x1) = f(x2) 

= cos(5x, + 2) = cos(5x_ + 2) 
=> 5x, +2 = 2nn + (5x, +2) 
= ee 


. f is not one-one. 
But -1$ cos(5x + 2)$ 1 
=14 f(x)a1 
Range = [-1,1]C R 
.. f is into mapping. 


Hence, the function f(x) is no bijective and so it is not 
invertible. 


Composition of Mapping 


Let A, B and C be three non-empty sets. Let f: A— Band 
g:B-+C be two mappings, then gof : A > C. This 
function is called the product or composite of f and g, 
given by (gof)x =g{f (x)},V xe A 


Important Remarks 
1. (i) (fog)x = F{g(x)} 
(ili) (gog)x = g{g(x)} 


(V) (f+ g)x = f(x) t g(x) wi 


(ii) (fof)x = F{f(x)} 

(iv) (fg)x = f(x):g(x) 

PY 2 MO, guy) 20 
ig) g(x) 
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2. Leth: A38,g:B—>Candf:C 3D 
be any three functions. Then, (fog) 0h = fo(goh). 


3. Letf: AB, g: 8 > Cbe two functions, then 
(i) f and g are injective = gof is injective. 
(ii) f and g are surjective = gof is surjective. 
(iii) f and g are bijective = gof is bijective. 
4. An injective mapping from a finite set to itself in bijective. 
| Example 24. If f:R Rand g:R—>R be two 


mapping such that f(x)=sinx and g(x)=x?, then 
(i) prove that fog # gof. 
(ii) find the values of (fog) and top ¥ 


Sol. (i) LetxeER 
( fog)x = f {g(x)} [“ g(x) = x"] 
= f{x?}=sin x’ ..(i) 
[. f(x) =sin x] 
and (gof)x = g{f(x)} 


= g(sin x) [" f(x) =sin x] 
= sin? x ...(ii) 
[- g(x) = x7} 


From Eqs. (i) and (ii), we get ( fog)x # (gof)x,V xER 
Hence, fog # gof 
(ii) From Eq. (i), ( fog)x = sin x? 
vn m1 
° (fog)—— ina = 2 
and from Eq. (ii), (gof)x = sin’ x 
2 
us = 2 3 = 3 
eG ( 4 4 
| Example 25. if the mapping f and g are given by 
f= {(1, 2); (3, 5), (4, 1)} 
and g = {(2, 3),(5, 1), (1, 3)}, 
write down pairs in the mapping fog and gof. 
Sol. Domain f = {1,3, 4}, Range f = {2,5, 1} 
Domain g = {2,5, 1}, Range g = {1, 3} 
Range f = Dom g = {(2,5, 1)} 
. gof mapping is defined. 
Then, gof mapping defined following way 
{1, 3,4} > (2, 5,1} £1, 3} 


gof 
We see that, f(1)=2 f(3)=5, f(4) =1 
and g(2) = 3, g(5) = 1, g(1) =3 


(gof (1) = g{f(1)} = g(2) =3 
(gof )(3) = g{f(3)} = g(5) =1 
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(gof)(4) = gt f(4)} = g(1) =3 
Hence, gof = {(1, 3), (3, 1), (4, 3)} 
Now, since Range of f C Dom f 
. fog is defined. 
Then, fog mapping defined following way 

2, 5, 1) © {1,3, 4) 5 {2,5,1} 


fog 
We see that, g(2) =3, g(5) = 1, g(1) =3 
f(1)=2, f(3)=5, f(4) =1 
( fog (2) = f{g(2)} = f(3) =5 
( fog)(5) = f{g(S)} = f(1) =2 
( fog)(1) = f{g(1)} = f(3) = 5 


Hence, fog = {(2,5),(5,2),(1,5)} 


Equivalence Classes 


If R be an equivalence relation on a set A, then [a] is 
equivalence class of a with respect to R. 


Symbolically, X, or[a]={x:x € X, x Ra}. 
Remark 


. ae€[a] andae[b)] =>[a] =[d) 
. Either (a) =[d] or[a] A[b] = 0 
. Equivalence class of aalso denoted by &(a) or a. 


. Ifa~bd, (a6) = k, the total number of equivalence class is m. 
m 


on &@ WW NY = 


| Example 26. Let /={0,+1,4+2,+3, +4,...} and 


R = {(a,b):(a—b) /4=k,k 1} is an equivalence 
relation, find equivalence class. 
oe). 


Sol. Given, 


=> a=4k+b, where0<b<4 
It is clear b has only value in 0, 1, 2, 3. 

(i) Equivalence class of [0] = {x : x € J and x ~ 0} 
= {x:x-0= 4k} = (0,4 4,48 +12...) 
where, k =0,+ 1,42, £3... 

(ii) Equivalence class of [1] = {x : x € J and x ~ 3} 
={x:x-1=4k}={x:x=4k+}} 
={...,-11,-7, —3,1,5,9,...} 

(iii) Equivalence class of [2] = {x : x € I and x ~ 2} 
= {x:x -2= 4k} ={x:x = 4k + 2} 
= {...,- 10, - 6, -2,2,6,10,...} 
(iv) Equivalence class of [3] = {x : x € I and x ~ 3} 
=({x:x—-3= 4k}={x:x =4k +3} 
={...,-9,-5,-1,5,9, 13, ..} 


. Square brackets[] are used to denote the equivalence classes. 


Continue this process, we see that the equivalence class 
[4] = [0} [5] = (1} (6) = (2} (7] = (3) [8] = [0] 
Hence, total equivalence relations are [0], [1], [2], [3] and 
also clear 
(i) 2 =[0) U [1] V [2] V3) 
(ii) every equivalence is a non-empty. 
(iii) for any two equivalence classes [a] 7 [b] = ¢. 


Partition of a Set 


If A be a non-empty set, then a partition of A, if 
(i) A is a collection of non-empty disjoint subsets of A. 
(ii) union of collection of non-empty sets is A. 
ie., If Abe a non-empty set and Aj, Az, A3,A,4 are 
subsets of A, then the set {A,, Az, A3, A 4} is called 
partition, if 
(i) A, UA,UA,ZUA, =A 
(ii) A; AA, NANA, =O 
For example, 
If A ={0, 1, 2,3, 4} and A, ={0}, A, ={1}, A; = {4} and 
A, = {2,3}, then we see that for P={A,,A2,A3,Aq} 
(i) all A,, Az,A3,A4 are non-empty subset of A 
(ii) A) VA,UA,U Ay ={0,1,2,3, 4} =A and 
(iii) A; VA; #O,Vi4 j(i, j=1,2,3, 4) 
Hence, from definition P ={A,, Az, A3,A 4} is 
partition of A: 


Congruences 


Let m be a positive integer, then two integers a and bare 
said to be congruent modulo m, if a — b is divisible by m. 


ie., ma-b (A 


a-—b 
— + 


0 


*. a—b=mi, where Ais a positive integer. 


The congruent modulo ‘m’ is defined on all a be I bya=b 
(mod m), ifa-b=mdA,Ae€ I,. 


| Example 27. Find congruent solutions of 155 =7 


(mod 4). 
; 155-7 148 ‘ 
Sol. sine, ( = —— =37| 
and a=155,b=7,m=4 
4 2b 155-7 _ 148 
4 4 4 


[here,a = 155,b = 7] 
= 37 (integer) 
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| Example 28. Find all congruent solutions of 8x =6 - yo 
(mod 14). - : 
: 1 
Sol. Given, 8x= 6 (mod 14) * ae 
, 8x-6 
ae -. where A€ 1, x=A+2(A+1), where Xe Ly 
8x = 14. +6 and here greatest common divisor of 8 and 14 is 2, so there 
= es 140 +6 are two required solutions. 
8 For A = 3 and7, x =6and 13. 


Exercise for Session 3 


1. The values of b and c for which the identity f(x + 1)-f(x)=8x + 3is satisfied, where f(x) =bx? + cx +d, are 
(a)jb=2c=1 (b)b=4,c=-1 (c)b=-1c=4 (d)b=-1¢=1 


. 


2. Iff(x)= — then f(ax) in terms of f(x) is equal to 


P f(x)+a (by @- W&)t at (cy + MO) + 2-1 


(d) None of these 
1+ af (x) (a+ TfK(x)+a-1 (a-1)f(x)+a+1 


3. Iff be a function satisfying f(x + y)=f(x)+f(y), Vx, y ER. Iff(1)=k, thenf(n),n EN is equal to 
(a) k” (b) nk (c)k (d) None of these 


4. \fg ={(11), (2,3), (3, 5), (4, 7)} is a function described by the formula g(x) = ax + B, what values should be 
assigned to a and 8? 


(a)a= 1B =1 (b)a=2B=-1 (c)a=1Bp=-2 (d)a=-2B=-1 
5. The values of the parameter « for which the function f(x)=1+ ax, a #0is the inverse of itself, is 
(a) -2 (b) -1 (c) 1 (d) 2 
6. Iff(x)=(a—x")"", where a >0 andn eN, then fof (x) is equal to 
(a)a (b) x (c) x” (d) a” 
7. \ff(x)=(ax? +b), the function g such that f (g(x)) = g (f(x)), is given by 
paeey 4 a re) i 
(a) g(x) = | (b) g(x) = —,—, (c) g(x) = (ax + b) (d) g(x) = | 
| a (ax* + b) La 


8. Which of the following functions from / to itself are bijections? 
(a) f(x) =x? (b) f(x) =x +2 (c) f(x) = 2x +1 (d) f(x) =x? +x 


9. Letf:R -{n} 3 R be a function defined by f(x) =~ —™, where m #n. Then, 
x-n 
(a) f is one-one onto (b) f is one-one into (c) f is many-one onto (d) f is many-one into 


10. \ff(x + 2y,x —2y) = xy, then f(x, y) equals 


x? - y? x2 -y? x? + y? x? — y? 
a) ——_—— b) ——_— c d 
(a) : (b) 7 (c) Fi (d) - 
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Shortcuts and Important Results to Remember 


Every set is a subset of itself. 
Null set is a subset of every set. 


The set {0} is not an empty set as it contains one element 
0. The set {6} is not an empty set as it contains one 
element 0. 


The order of finite set A of n elements is denoted by O (A) 
or n(A). 

Number of subsets of a set containing n elements is 2”. 
Number of proper subsets of a set containing n elements 
is 2” -1., 

If A=, then P(A)=0;.. n(P(A)) =1. 

The order of an infinite set is undefined. 


A natural number pis a prime number, if p is greater than 
one and its factors are 1 and p only. 


Finite sets are equivalent sets only, when they have equal 
number of elements. 


Equal sets are equivalent sets but equivalent sets may not 
be equal sets. 


If Ais any set, then A c Ais true but A c Ais false. 

If ACB, thenAUB=B 

AcBeAcBandAzB 

x@¢AUBexeAandx¢eB 
XEANBSxEAOXEB 

If A, Ap,..., A, is a finite family of sets, then their union is 
denoted by v AjorA, UAg VA VU... UA. 


If A, Ap, Ag, .... A, is a finite family of sets, then their 
A 
intersection is denoted by ra) A 
js 


or ANA NAGN..nA. 
R -—Qis the set of all irrational numbers. 


Total number of relations from set A to set B is equal to 
an(A)n(B) 


The universal relation on a non-empty set is always 
reflexive, symmetric and transitive. 


The identity relation on a non-empty set is always 
anti-symmetric. 
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The identity relation on a set is also called the diagonal 
relation on A 

For two relations R and S, the composite relations RoS, 
SOR may be void relations. 

Every polynomial function f : R > R of degree odd is 
ONTO. 

Every polynomial function f : R — R of degree even is 
INTO. 


(i) The number of onto functions that can be defined 
from a finite set A containing n elements onto a finite 
set B containing 2 elements =2” -2 


(ii) The number of onto functions that can be defined 
from a finite set A containing n elements onto a finite 
set B containing 3 elements = 3° - 3-2" + 3 

If aset Ahas n elements, then the number of binary 

relations on A=n”. 


If fog = gof, then either f-! =g org™' =f. 


If f and g are bijective functions such that f : A— Band 
g:B-C, then gof : AC is bijective. Also, 
(gof)' =f-og™. 


31 Letf:A—B,g:B—C be two functions, then 


(i) f and g are injective = gof is injective 
(ii) f and g are surjective = gof is surjective 
(iii) f and g are bijective = gof is bijective 
Let f: A— B, g:B >C be two functions, then 
(i) gof : A Cis injective =f : A — Bis injective 
(ii) gof : AC is surjective > g : B Cis surjective 
(iii) gof : AC is injective and g : B -»C is surjective = 
g :B > Cis injective 
(iv) gof : AC is surjective and g : B > C is injective > 
f:A— Bis surjective 
33 An injective mapping from a finite set to itself is bijective. 
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" This section contains 6 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d), out of which 
ONLY ONE is correct. 


® Ex. 1 Two finite sets have mand n elements. The total 

number of subsets of the first set is 56 more than the total 

number of subsets of the second set. The values of m and n are 
(a)7,6 (b)6,3 (c) 5,1 (d) 8,7 

Sol. (b) Since, 2" - 2" =56=8x7=2° x7 


= 2(2"-" —1)=2° x7 
= n=3and2™-"=8=2? = n=3andm-n=3 
=> n=3andm-3=3 => n=3andm=6 


@ Ex. 2 IfaN ={ax:xEN} and bNAcN=WN, where b, 
c€N are relatively prime, then 

(a)d=be (b) c = bd 

(c)b =cd (d) None of these 


Sol. (a) DN = The set of positive integral multiples of b 
cN = The set of positive integral multiples of c 


“. DN O\cN = The set of positive integral multiples of bc 
=beN 
d= bc 


[. bandc are prime] 


© Ex. 3 In a town of 10000 families, it was found that 40% 
families buy newspaper A, 20% families buy newspaper B 
and 10% families buy newspaper C, 5% families buy newspa- 
pers A and B, 3% buy newspapers B and C and 4% buy news- 
papers A and C. If 2% families buy all the three newspapers, 
then number of families which buy A only is 
(a) 3100 (b) 3300 (c)2900 —_ (d) 1400 

Sol. (b) n(A) = 40% of 10000 = 4000 

n(B) = 20% of 10000 = 2000 

n(C) = 10% of 10000 = 1000 


=> 
“. Ris symmetric. 

Again, 1 R 2 and 2R1 but2 #1 
.. Ris not anti-symmetric. 
Further, 1R2 and 2R 3 but 13 


.. Ris not transitive. 


Sol. 


Sol. (a). ja-—aj=0<1 > aRaVaeR 
.. Ris reflexive. 


Again, aRb => |a-d|<1 
|b-alS1=> bRa 


[. [1 -3[|=2> 1] 


@ Ex. 5 The relation R defined on A = {1, 2, 3} by aRb, if 
|a? ~b?|<5. Which of the following is false? 


(a) R = {(1, 1), @ 2), (3, 3), 2 1), (1, 2), (2 3), (3, 2)} 
(b)R“'=R 

(c) Domain of R = {1, 2, 3} 

(d) Range of R = {5} 


(d) Let a=1 

Then, |a? — b7|<5 = |1-b7| $5 

=> |b? -1)<5 > b=1,2 

Let a=2 

Then, |a? — b*| <5 

=> |4—b?|<5 = |b? -4/<5 

ry b=1,2,3 

Let a=3 

Then, |a? — b*| <5 

=> I9—b?|<5 = |b? -9|55 => b=2,3 


R={(1, 1), (1, 2), (2, 1), (2, 2), (2, 3), 3, 2), (3, 3)} 
R'={(y, x):(x, y)€ R} 
= {(1, 1), (2, 1), (1, 2), (2, 2), (3, 2), (2, 3), (3, 3)}= R 
Domain of R = {x :(x, y)€ R}= {1, 2, 3} 
Range of R= {y:(x,y)€ R}= {1, 2, 3} 


n(A 7 B)=5% of 10000 = 500 © Ex. 6 If f(x)=—— a(x) = f{f(x)} and 
n(B OV C)= 3% of 10000 = 300 (1- x) . 
n(C 1 A) = 4% of 10000 = 400 h(x) = fLF{fCo}]. Then the value of f(x) - g(x)- h(x) is 
n(A A BAC) = 2% of 10000 = 200 (a) 6 (b) -1 (c)1 (d) 2 
c cy c f 4 1 = | 
We want to findn(A NB ONCS)=n[A N(BUC)] Sol. (b) *: g0o)= sute= [+ }> —_ 


=n(A)~n[A A(BUC)]=n(A)—al(A AB) U(ANC)] 
=n(A)-[n(ANB)+n(ANC)-n(ANBNC)] 
= 4000 — [500 + 400 — 200] = 4000 — 700 = 3300 


© Ex. 4 Let R be the relation on the set R of all real numbers 
defined by aRb iff|a — b| $1. Then, R is 

(a) reflexive and symmetric (b) symmetric only 

(c) transitive only (d) anti-symmetric only 


and A(x)= fLf {f(a = fat) 
Cio 3 


1 (x- 


—_- + ——— x = -] 


(1- 
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JEE Type Solved Examples: 


More than One Correct Option Type Questions 


——. i ee ee rm on ee ee eee 


® This section contains 3 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct. 


@ Ex. 7 If lis the set of integers and if the relation R is 
defined over | by aRb, iff a — b is an even integer, a, b€ 1, the 
relation R is 
(a) reflexive 
(c) symmetric 
Sol. (a, c, d) 
aRb = a — bis an even integer, a, be I 


(b) anti-symmetric 
(d) equivalence 


a ~ a=0/(even integer) 
(a,a)ER, Vael 
“. Ris reflexive relation. 


Let (a, b)€ R => (a— b)is an even integer. 


=> — (b — a) is an even integer. 
=> (b — a) is an even integer. 
=> (b,ajER 


.. Ris symmetric relation. 
Now, let (a, b)€ Rand(b,c)E R 


Then, (a — b) is an even integer and (b — c) is an even 


integer. 

So, let a-b=2x,,x,E1 

and b-~c=2x2,x,E1 
(a—b)+(b-c) = Ax, + x2) 

= (a-—c)=Ax, +x.) a-c=2x, 


“. (@—c) is an even integer. 
“. aRb and bRc = aRe 


Hence, R is an equivalence relation. 


So, Ris transitive relation. 


JEE Type Solved Examples : 
Passage Based Questions 


= This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. , 


Passage I 
(Ex. Nos. 10 to 12) 


If A={x:|x|<2}, B= {x:|x-5| <2}, 
C = {x:|x|> x} and D = {x:|x|< x} 


Sol. (c, d) 


A relation R on given set A is said to be anti-symmetric iff 
(a,b)e Rand (b,a)E R=a=b),V abeEa. 


“. Given relation is not anti-symmetric relation. 


© Ex. 8 if f(x) = : z x’ the domain of f~'(x) contains 
a+x 
(a) (22, e) (b) (—e2, — 1) 
(c)(-1, ) (d) (0, 9) 
Sol. (0, c, d) 
Let y= f(x)=—— = ay+ xy=a-x 
at+x 


al—-y)_ fa 4s. a=) 
ey (y) > f-(*) Gia 


.. £ "(x) is not defined for x = —1. 

Domain of f~'(x) belongs to (—», — 1) U(-1, ©). 

Now, for a = — 1, given function f(x) = — 1, which is constant 
Then, f~'(x) is not defined. 

: a#-1 


® Ex. 9 If f(x) penile where[-] denotes the greatest 


x" +x4+1 


integer function, then 


(a) f is one-one 
(b) f is not one-one and non-constant 
(c) f is constant function (d) f is zero function 


sin ((x]n) =0 


ee f(x)=0 (‘.- [x] is an integer] 
=> f(x) is a constant function and also f(x) is a zero function. 


a eee - 


@ 70. The number of integral values in AU B is 


(a) 4 (b)6 
(c)8 (d) 10 

© 11. The number of integral values in AQ C is 
(a) 1 (b) 2 
(c) 3 (d) 0 

© 12. The number of integral values in AQ D is 
(a) 2 (b) 4 
(c) 6 (d) 0 
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Sol. (Ex. Nos. 10 to 12) ® 13. AX B equals 
A = {x :|x|<2}={x:-2< x <2}=(-2,2) (a) [1, <2) (b) [1,3] 
B= {x:|x-5]$2}={x:-25x-5S2} diced (d) (- =, 1) U(3, ©) 


={x:3SxS7}= [3,7] 
= {x:|x|> x} = {x: x <0}=(-~,0) © 14. A-B equals 
and D={x:|x/<x}=6 (a) (ee) (b) (13) 
10. (c) AU B=(-2,2) [3,7] (c) (3, ~) (d) (— 2, 1) U (3, &) 
Integral values in A U Bare —1,0, 1, 3, 4, 5, 6, 7. ©15.AUB side 


(a) eS o°, 1) (b) (3, oo) 
(c) (— ©, ) (d) (1,3) 
Sol. (Ex. Nos. 13 to 15) 


. Number of integral values in A U Bis8. 
IL. (a) A VC =(~2,2) A(-2, 0) = (-2, 0) 

Integral value in A \C is —1. 

.. Number of integral values in A NC is 1. 


12. (d) AND =(-2,2)N0=6 A ={x:x? -2x +2>0}={x:(x - 1)? + 1>0} = (—2, 0) 
.. Number of integral values in A 1 D is 0. B= {x:x" — 4x +3S0}= {x:(x -1)(x -3) $0} 
= {x:1S$ x $3}=[1,3] 
Passage Il 13. (b) AA B= (~~, 0) [1,3] = [1,3] 
(Ex. Nos. 13 to 15) i A= Eee sete) 
If A= {x:x? -2x+2>0} and B ={x:x? -4x+3<0} 15. (c) A U B=(-<, 0) U [1, 3] = (©, 00) 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


——aee 
ne re re 


" This section contains 2 examples. The answer to each ®@ Ex. 17 If A = {2,3}, B={4,5} andC ={5, 6}, then 
example is a single digit integer ranging from 0 to9 = pAf/4xB)U(BXC)}is ° 


(both inclusive). 
Sol. (8) «. A x B= {2,3} x {4, 5} 
@ Ex. 16 if f :R* — A, where A ={x:-5 <x <0} is = {(2, 4), (2,5), (3, 4), (3, 5)} 
defined by f(x) =x? —5 and if and BxC = {4,5} x {5, 6} 
f-"(13) = {-A, (0-1), A./(A- 1}, the value of A. is = {(4,5), (4, 6),(5, 5), (5, 6)} 


Sol. (3) a (13) = {x: f(x) =13} = {x: x? —5 =13} 


. (AX B)U(BXC) = {(2, 4), (2,5), (3, 4), (3, 5), 
= {x:x? = 18}= (xix =+3v2} 


= {-3V2, 3V2} (4, 5), (4, 6), (5, 5), (5 6)} 
= {-A (0-1), A - 1} [given] Now, n{(Ax B)U(BXC)}=8 
A=3 
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JEE Type Solved Examples : 
Matching Type Questions 


s This section contains 1 examples. Example 18 have three . Sis symmetric relation. 
statements (A, B and C) given in Column I and four Now, let (3,7) € Sand(7,3)€S = (3,3)¢S 


statements (p, q, r and s) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


“. Sis not transitive. 

(C) « T={(x,y):x=yorx—-y=1,x,yEN} 
Zz x=x 

e Ex. 18 So, (x,x)ET, VxEN 


Column I 


Column II T is reflexive. 


R={(xy)ix<ysxy EN} (p) | Reflexive Let (3,2)e T and3-2=1 
S={(x,y): x+y =10;x,y © N} Symmetric > 2-3=-1=> (23)¢T 
T is not symmetric. 


T = {(x, y): x =y or (r) | Transitive 


x-y=1;xyEN} 


U ={(x, y): x7 =y*s x,y EN} (s) 


Now, let (3,2) é T and (2, 1)e€ T 
3-2=land2-1=1 


Equivalence 


Then, (3,1)¢ T (.3-1=2#]] 
Sol. (A) > (1); (B) > (q): (C) > (Ps C) 9488) ee. Fe ROL ENING: 
(A) ~~ R={(x,y)ix<yixyeN} (D) UR={(x,y)ix”=y*s x yEN} 
xXx ..(x,x)ER : oP ae 

So, R is not reflexive. fe (x,x)EU 

Now, (x, y)ER>x<yHy<x>(y,x)ER . . U is reflexive. 

”. Ris not symmetric. Now, (x, y)€U > x” = y” 

Let (x, y)€ Rand(y,z)ER => y* =x" =>(y,x)EU 

= x<yand y<z—>x<z > (x,z)ER . U is symmetric. 

.. Ris transitive. Now, let (x, y)€U and (y,z)€U 
(BR) - S={(x,y):x+y=10;x, ye N} => x” =y* and y* =z” 


x+x=10 => 2x=10 > x=5 


V\zZ — (yX\% 
So, each element of N is not related to itself by the Now, — (x")"=(y") 


relation x + y = 10. = (x7) =(y7)¥ => (x7) = (27) 

. Sis not reflexive. ; => (x*)¥ =(z7 => x* =2* = (x, z)eU 
Now, (x, y)ES= x+y=1l0=y+x=10 "4. Uis transitive. 

=> (yx)es Hence, U is an equivalence relation. 


JEE Type Solved Examples: 
Statement | and Il Type Questions 


ee ne at 


=" Directions Example numbers 19 and 20 are Assertion- (b) Statement-1 is true, Statement-2 is true; Statement-2 
Reason type examples. Each of these examples contains is not a correct explanation for Statement-1 
two statements: (c) Statement-1 is true; Statement-2 is false 


Statement-1 (Assertion) and (d) Statement-1 is false; Statement-2 is true 


Statement-2 (Reason) 


Each of these examples also has four alternative choices, ® Ex. 19 Statement-1 [fAU B=AUC and 


only one of which is the correct answer. You have to select — ANB=ANC, thenB=C. 
the correct choice as given below: Statement-2 AU (BO C)=(AU B)N(AUC) 
(a) Statement-1 is true, Statement-2 is true; Statement-2 Sol. (a) We have, B= BU(AOB) 
is a correct explanation for Statement-1 =BU(ANC) [cA NB=ANC] 
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=(AUC)N(BUC) [-AUB=AUC] 
=(ANMB)UC 

=(ANC)UC [-ANB=ANC] 
=C 


Hence, Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation of Statement-1. 


® Ex. 20 Statement-1 /fU is universal set and B=U—A, 
then n(B) = n(U) — n(A). 

Statement-2 For any three arbitrary sets A, B and C, if 
C=A-B, thenn(C) =n(A) —n(B). 


Subjective Type Examples 


« In this section, there are 12 subjective solved examples. 


© Ex. 21. IfA=AU B, prove that B= AN B. 
Sol. A=A MB 
ACAUB and AUBCA 
Now, letxE Be xE AUB 
ro) xEA 


=) xE ANB 
then also AC AB] 


[by definition of union] 
[ASA 8) 
PAGAUB, 


BC ACQBandANBCB 


Hence, ANB=B Hence proved. 


@ Ex. 22 Find the smallest and largest sets of Ysuch that . 
Yu {1,2} = {1, 2, 3,5, 9}. 


Sol. Smallest set of Y has three elements and largest set of Y 
has five elements, since RHS set has five elements. 


.. Smallest set of Y is {3, 5, 9} 
and largest set of Y is {1, 2, 3, 5, 9}. 


© Ex, 23 If P,Q and R are the subsets of a set A, then prove 
that R x(P U Q*)* =(RX P)A(RXQ). . 
Sol. We know that from De-Morgan’s law, 
AS OB =(AU BY i) 
Replacing A by P* and B by Q, then Eq. (i) becomes 
(PY (OY =(P LOY 
> PAQ=(F ucy [. (AS) = A] ...{ii) 
ARK(P Uy = Rx (PAQ) [from Eq. (ii)] 
= (Rx P) (Rx Q) [by cartesian product] 
Hence, Rx(P’ UQ*)’ =(RxX P) N(RX Q) 
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B=U-A=A’ 
n(B)=n(A’)= n(U) — n(A) 
So, Statement-1 is true. 


But for any three arbitrary sets A, B and C, we cannot 
always have 


n(C) = n(A) - n(B) 


Sol. (c) *- 


if C=A-B 
As it is not specified A is universal set or not. In case not 
conclude 


n(C) = n(A) — n(B) 
Hence, Statement-2 is false. 


@ Ex. 24 Check the following relations R and p for reflexive, 
symmetry and transitivity. 
(i) aRb iff b is divisible by a, where a and b are natu- 
ral numbers. 
(ii) apB iff a is perpendicular to B, where a and B are 
straight lines in a plane. 

(i) The relation R is reflexive, since a is divisible by a, Ris 
not symmetric because b is divisible by a but a is not 
divisible by b. ie., aRb > bRa . 
Again, Ris transitive, since b is divisible by a and c is 
divisible by b, then always c is divisible by a 


Sol. 


(ii) The relation p is not reflexive as no line can be 
perpendicular to itself. The relation p is symmetric, 
since a line & is perpendicular to B, then B is 
perpendicular to @ and the relation p is not transitive, 
since a line @ is perpendicular to B and if B is 
perpendicular to y (new line), then & is not 
perpendicular to y (since, & is parallel to y). 


@ Ex. 25 Let f:[0,1] [0,1] be defined by f(x) a 
0 <x Stand g:[0,1] [0,1] be defined by hee 
g(x) =4x(1-x),0SxS1. 

Determine the functions fog and gof. 

Note that [0,1] stands for the set of all real members x 
that satisfy the condition 0 $x $1. 


Sol. (fog)x = f{g(x)} = fl4x(1— x} [v g(x) = 4x(1— x)] 


oe eel =x) efija_ = 
1+4x(1- <x) 1+x 
_1-4x44x?_ (2x-1) 
1+4x—-4x? 14+ 4x- 4x? 
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and (gof)x = g{f(x)}= ¢| : - “| 


‘ f 
2h l= a i-! == 4[—* a) 
1 x Lee Urey +x, 
ax =a) 
(1+ x)? 


|: f(x)=t=% 
1+ 


: 


@ Ex. 26 If A, B are two sets, prove that 
AU B=(A-B)U(B-A)U(AN B). 
Hence or otherwise prove that 
n(Avu B) =n(A) +n(B) —n(An B) 
where, n(A) denotes the number of elements in A. _ 
Sol. LetxE€AUBS>xEeAorxeB 
(xe Aandx¢ B)or(xe B andx¢ A) 
or (xe Aand xe B) [from definition of union] 
—) xe€(A-B)orxe(B-A)orxE ANB 
S xeE(A- B)U(B- A)U(A NB) 
AUBC(A-B)U(B- A)U(A NB) 
and (A-B)U(B-A)U(ANB)CAUB 
Hence, AU B=(A — B)U(B-A)U(A OB) 
Let the common elements in A and B are z and only 
element of A are x (represented by vertical lines in the 


Venn diagram) and only element of B are y (represented by 
horizontal lines in the Venn diagram) 


n(A) = Total elements of A= x +z 
n( B) = Total elements of B= y +z 
n(A © B)= Common elements in A and B= z 


Now, n(A U B) = Total elements in complete region of A 
and B 


=x+ytz 

=(x+z)+(yt+z)-z 

= n(A) + n(B)— n(A OB) 
Hence, n(A U B) = n(A) + n(B)—n(A 7 B) 


@ Ex. 27 Let A ={6: 2cos’ 8 + sin@ < 2} and 


B={6:2/2<0 $3n/2}. Then find AN B. 
Sol. «" 2cos’6 + sin® <2 


2(1—sin?@) +sin® <2 
= 2sin?@ — sin® 20 


=> sin®(2sin6 — 1) 20 


; 1) 
=> sin® [sine 5 j20 
2. 
sin® <Oandsin@8 = ; 
Tt 3n 
Now, the values of 8 which lie in the interval 5 <6 rs 
E ={e:% <0 sit 
2 2: 
; : : 31 
So, 8 satisfy sin® < 0 in the intervala $8 < 3 


Tt 51 
and 6 satisfy sin®8 = ; in the interval a s6s rr 


r : 
ANB=10:0 S05 
2 | 
ad AnD n sos 
| 2 6 

Eornse sil 


. ; 
Hence: D Baa ss ate 
al 
| 


oo Z)-[57] 


@ Ex. 28 An investigator interviewed 100 students to deter- 
mine their preferences for the three drinks; milk(M), coffee 
(C) and tea(T). He reported the following: 10 students has 
all the three drinks M, C, T;20 had M and C; 30 hadC and T, 
25 had M andT; 12 had M only; 5 hadC only and 8 hadT 
only. Using a Venn diagram, find how many did not take any 
of the three drinks? 
Sol. Given, M, C and T are the sets of drinks; milk, coffee and 
tea, respectively. Let us denote the number of drinks 


(students) contained in the bounded region as shown in 
the diagram by a, b, c, d, e, f and g, respectively. 


Then, g=10 
g+f=20 = f=10 [- g = 10] 
g+e=30 = e=20 
d+g=25 = d=15 

and a@=12.0=5,¢=8 


Thus, total number of students taking drinks M or CorT 
=atbt+ctd+et+frtg 
=12+54+8+15+20+ 10+ 10=80 

Hence, the number of students taking none of them drinks 
= 100 — 80= 20 
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® Ex. 29 Ina certain city, only two newspapers A and B are 
published. It is known that 25% of the city population reads 
A and 20% reads B, while 8% reads A and B. It is also known 
that 30% of those who read A but not B, look into advertise- 
ments and 40% of those who read B but not A, look into 
advertisements while 50% of those who read both A and B, 
look into advertisements. What per cent of the population 
read on advertisement? 


Sol. Let C = Set of people who read paper A 
and D = Set of people who read paper B 


Given, n(C)=25,n(D) =20,n(C MD) =8 
n(C \D’)=n(C)-—n(C ND) 
=25-8=17 
But total number of people who read A but not B = 30% 
.. Percentage of people reading A but not B = 30% of 17 
_30x17_ 51 
100-10 
and n(C’ MD) =n(D)-n(C VN D)=20-8=12 
Also, total number of people who read B but not A = 40% 
.. Percentage of people reading B but not A = 40% of 12 
_ 40X12 24 
1000S 
and given total people who read A and B = 50% 
. Total number of people who read A and B = 50% of 8 


50 x 8 
= =4 
100 
.. Percentage of people reading an advertisement 
ot 4 = 139% 
10 5 


® Ex. 30 An analysis of 100 personal injury claims made 

upon a motor insurance company revealed that loss or injury 

in respect of an eye, an arm, a leg occurred in 30, 50 and 70 

cases, respectively. Claims involving this loss or injury to two 

of these members numbered 44. How many claims involved 
loss or injury to all the three, we must assume that one or 

another of three members was mentioned in each of the 100 

claims? 

Sol. Let the set of people having injuries in eyes, arms or legs 
be denoted by E, A and L, respectively. Then, according to 
the problem, we have 

n(E UA UL) =30;n(E) =30 
n(A) = 50, n(L) = 70 
and n[(ENAQL’)U(ENA’ OL) 
U(E’N ANL)= 44 
or MENAQL’)tn(EQA’ OL) +n(E’ NANL)= 44 
[-. each case is mutually exclusive] 
or (EN A)-n(ENAQNL)+n(EQNL)-n(ENANL) 
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+n(EQL)-n(EQNANL)= 44 

=> mMENA)+tn(ENL)+n(ANL) 
-3n(EN A QL) = 44...(i) 

n(EUAUL)=100 
on(E)+n(A)+n(L)-n(EM A)-n(AML)-n(ENL) 

+n(EMAQOL)=100 

= 30+50+70- {444+ 3n(/ENANL)} 
+n(EMAQL)=100 [from Eq. (i)] 

— 6-A(ENANL)=0 

nN(EQLOA)=3 


Hence, there are three claims involved in loss or injury to 
all the three. 


Aliter 
Let £=Set of people having injuries in eyes 
n(E) = 30 
A =Set of people having injuries in arms 
“. n(A)=50 
and _—__L = Set of people having injuries in legs 
n(L) = 70 
Let us denote the number of injuries contained in the 
bounded region as shown in the diagram by a, b, c,d, e, f 
and g, respectively. 


Then, b+et+f+g=30 ...(i) 
at+d+e+g=50 .»(ii) 
c+d+f+g=70 ...(iii) 

dtetf=44 ...(iv) 
andat+b+c+dtet+f+g=100 ...(v) 


On adding Eqs. (i), (ii) and (iii), we get 
atb+c+Ad+e+ f)+3g =150 
=> 100-d-e-f—g+2%Adt+e+ f)+3g = 150 
[from Eq. (v)] 


= d+et+f +2g =50 
= 44 +29 =50 [from Eq. (iv)] 
g§=3 


Hence, there are three claims involved loss or injury to all 
the three. 


@ Ex. 31N is the set of natural number. The relation R is 
defined on N XN as follows: 

(a, b) R(c,d) <> ad(b +c) =bc(a +d) 
Prove that R is an equivalence relation. 
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Sol. Reflexive 


Since, (a, b) R (a, b) <> ab(b + a) = ba(a + b),V a bE Nis 
true. 


Hence, R is reflexive. 

Symmetric (a, b) R(c, d) 

= ad(b+c)=bce(a+d) 

= bce(a + d)=ad(b+c) 

—) cb(d + a) = da(c + b) 

= (c,d) R(a, b) 

Hence, R is symmetric. 

Transitive 

Since, (a, b) R(c, d) <> ad(b +c) = be(a + d) 


b+ce at+d 
— 


bid —+ 

> —---=--— 

(a, b) R(c, d) oS ---=--— 

pale oe a | 

ieee ia OE aia a iar 
c e 


From Eqs. (i) and (ii), 
1 1 


(a,b) R(c,d) and(c,d)R(e,f)eo +-t=t_t 
abe f 


= (a, b) R(e, f) 


So, R is transitive. Hence, R is an equivalence relation. 


@ Ex. 32 The sets S and E are defined as given below: 
S = {(x, y):| x —3|<1| and| y -3|<1} and 

E ={(x,y):4x? + 9y? —32x —54y +109 SO}. 

Show that SC E. 


Sol. Graph of $ 
’[x-3|/<1 >-1<(x-3)<1 5 2<x<4 
Similarly, |y—3|<1 => 2<y<4 


So, S consists of all points inside the square (not on x #2,4 
and y # 2, 4) bounded by the lines x = 2, y= 2, x = 4 and 
y=4. 


Graph of E 
4x? + 9y? — 32x — 54y + 109 $0 
= 4(x* — 8x) +9(y? — 6y) +109 <0 
= 4(x — 4)? + 9(y — 3)? $ 36 
=> (x— 4)" + (y- 3)" e1 
3? 9? 


So, E consists of all points inside and on the ellipse with 
centre (4, 3) and semi-major and semi-minor axes are 3 and 
2, respectively. 


From the above graph, it is evident that the double hatched 
(which is S) is within the region represented by E.ie,SC E 


WWW.JEEBOOKS.IN 


a Sets, Relations and Functions Exercise 1: 
Single Option Correct Type Questions 


ee bm ete re WED Cree 6 ee er et ee OR ee at Roe 


" This section contains 39 multiple choice questions. 117. Let A= {x:x isa multiple of 3} and B={x:xisa 
Each question has four choices (a), (b), (c) and (d) out of 


which ONLY ONE is correct multiple of 5}, then AM Bis given by 
(a) {3, 6, 9} (b) {5, 10, 15, 20, ...} 
A . Bare two sets, then A (A U B) equals (c) {15, 30, 45, ...} (d) None of these 
a (b) B 
(c) > (d) None of these 12. Let A = {1, 2,3}, B= {3, 4} and C = {4, 5, 6}, then 
2. If Ris a relation from a set A to a set Band Sis a relation SAIN Os 
from a set B to set C, then the relation SoR (a) {3} es {1, 2, 3, 4} 
(a) is from A toC (b) is from C to A (c) {1, 2, 5, 6} (d) {1, 2, 3, 4, 5, 6} 
(c) does not exist (d) None of these 13. Let A = {x, y,z}, B= {u, v, w} and f : A — Bbe defined by 
3. Let R= {(1, 3), (2 2), (3, 2)} and S = {(2, 1), (3, 2),(2, 3)} be two f(x)=u 
lati A= : f(y) =v,f(z) = w. Then, f is 
relations on set A = {(1, 2,3)}. Then, RoS is equal (a) sutlective bitin’ injective 
(a) {(2, 3), (3, 2), (2, 2)} (b) {(1, 3), (2, 2), (3, 2), (2, 1), (2, 3)} (b) injective but not surjective 
(c) {(3, 2), (1, 3)} (d) {(2, 3) 3, 2)} (c) bijective 
5 (d) None of the above 
4, If X and Y are two sets, then X A(Y A. XY equals 
(a) X (b) Y 14. If A = {2, 4} and B= {3, 4,5}, then(A 4 B) x(A U B)is % 
(c) b (d) None of these (a) {(2, 2), (3, 4), (4, 2), 65, 4)} (b) {(2, 3), (4, 3), (4, 5)} 
(c) {(2, 4), 4), (4, 4), (4, 5)} (d) {(4, 2), (4,3), (4, 4), (4, 5)} 


5. For real numbers x and y, we write x Ry @x-—y+-~2 


is an irrational number. Then, the relation R is 15. In the set X = {a, b,c, d}, which of the following 


(a) reflexive (b) symmetric functions in X? 
(c) transitive (d) None of these (a) R, = {(b, a) (a, b), (c, 2), (a, c)} 
(b) Rp = {(a, d) (d, c), (b, 5), (c, c)} 


6.1L = 2 a 
et f(x) =(x + uv 1,(x 2 —1). Then, the set . (c) Ry = {(a, b) (b,c), (c,d), (b, d)} 
S={x: f(x) =f (x)fis (d) Ry = {(a, a) (b, 5), (c, c), (a, d)} 
Sha, oo 2 -3 -iv3 ‘hi me 16. The composite mapping fog of the map f : RR, 
es ; f(x)=sin x and g: RR g(x)=x’ is 
a ei Aah (a)x’sinx (b)(sinx)? (c)sinx? ~—(d) sinx / x” 


17. Which of the following is the empty set? 


7. The number of elements of the power set of a set 
(a) {x: x is a real number and x? -1=0} 


containing n elements is 


(a) 2"7) (b) 2" (c) 2" -1 (a) 2"*! (b) {x : xis a real number and x” + 1 = 0} 
(c) {x: xis a real number and x’ —9 = 0} 
8. Which one of the following is not true? (d) {x: xis a real number and x? = x + 2} 
(a) A-BCA (b)B’-A’CA 
()ACA-B (d) ANB’CA 18. In order that a relation R defined on a non-empty set A 
is an equivalence relation. It is sufficient, if R 
9. If A = {1,2,3} and B= {3,8}, then(A U B) x(AN B)is (ade relecite 
(a) {(3, 1), (3, 2), (3, 3), (3, 8)} (b) {(2, 3), (2, 3), (3, 3), (8, 3)} (b) is symmetric 
(c) {(1, 2), (2, 2), G, 3), 8, 8)} (d) {(8, 3), (8, 2), (8, 1), (8, 8)} (c) is transitive 


(d) possesses all the above three properties 


10 _ Whi snes: 
Let A = {p, q, r}. Which of the following is not an 19. Let A={p,q,r,s} and B= {1, 2,3}. Which of the following 


equivalence relation on A? relations from A to Bis not a function? 
(a) R, = {(p, 9), (q. 7), (p17), (p, P)} (a) R, = {(p, 1), (q. 2), (7, (5, 2)} 
(b) Re = {(r, q).(r, p). (rr) (@ g)} (b) Ro = {(p, 1), (q. 2). (0) (S, 1} 
(c) Ry = {(p, p), (g. 9), (7, 7), (Pp, a) » (©) Rs ={(p, 1), (G2), (7,2), (r, 2)} 
(d) None of the above (d) Ry = {(p. 2), (¢. 3), (7, 2), (s, 2)} 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Textbook of Algebra 


n/m means that n is factor of m, then the relation f is 


(a) reflexive and symmetric 

(b) transitive and symmetric 

(c) reflexive, transitive and symmetric 

(d) reflexive, transitive and not symmetric 


The solution of 8x =6(mod 14) are 

(a) (8],[6) (b) [8],(14] 

(c) [6], [13] (d) (8], [14], [16] 

Let A be a set containing 10 distinct elements, the total 


number of distinct functions from A to A is 
(a) 10! (b) 10'° (c) 2° (d) 2'° -1 


Let A and Bbe two non-empty subsets of set X such that 
Ais not a subset of B, then 

(a) A is a subset of the complement of B 

(b) B is a subset of A 

(c) A and Bare disjoint 

(d) A and the complement of B are non-disjoint 

f and hare function from A — B, where A = {a, b,c, d} 
and B = {s, t, u} defined as follows 

fla)=tf(b)=s, f(c)=s 

f(d) =u, h(a)=s, h(b)=t 

h(c)=s, h(a) =u, h(d) =u 

Which one of the following statement is true? 

(a) f and A are functions 

(b) f is a function and his not a function 


(c) f and Aare not functions 
(d) None of the above 


Let I be the set of integer and f : I — I be defined as 
f(x)=x*, x€ I, the function is 


(a) bijection 
(c) surjection 


(b) injection , 
(d) None of these 


Which of the four statements given below is different 
from others? 

(a) f:A—>B 

(b) fx» fx) 

(c) f is a mapping of A into B 

(d) f is a function of A into B 

The number of surjections from A = {1,2...., 
onto B = {a, b} is 
(a) "P, 

(c) 2" -1 


n}n22 


(b) 2" -2 

(d) None of these 

Let f : R— Rbe defined by f(x) =3x — 4, then f(x) is 
(a)= (+4) (2-4 

(c)3x + 4 (d) not defined 

f :R— Risa function defined by f(x) = 10x —7. If 
g=f', then g(x) equals 


1 x+7 
ORT Cee] (©) 10 


x7 
ar 


30. 


31. 


32. 


33. 


34, 
" f(8x) — f(—x) — 4x equals 


35. 


36. 


37. 


38. 


39. 


Let Rbe a relation defined by R = {(a, b): a2 5}, where a 


and bare real numbers, then R is 

(a) reflexive, symmetric and transitive 

(b) reflexive, transitive but not symmetric 

(c) symmetric, transitive but not reflexive 

(d) neither transitive, nor reflexive, not symmetric 


If sets A and Bare defined as 


A={(x,y):y =e", xe R} and B= {(x, y):y=x,xER. 
(a) BCA (b)ACB 
(c) AN B= (d) AUB 
If f : A > Bis a bijective function, then f ‘of is equal to 
(a) fof’ 
(b) f 
(c) f 
(d) I,(the —— map of the set A) 
If f(y) =——=—,, g(y) = —_— a = then (fog)y is 
ie y’) (it+y") 
nae to 
ry: 
@ we wy @tX 
cs ee Gao) 


If f: R—- Ris defined by f(x) = 2x +|x|, then 


(a) f(x) (b) — f(x) (c) f(-x) (d) 2 f(x) 
Let Rand S be two non-void relations on a set A. Which 


of the following statement is false? 

(a) Rand S are transitive => R US is transitive. 
(b) Rand S are transitive => R 1S is symmetric. 
(c) Rand $ are symmetric => R US is symmetric. 
(d) Rand S are reflexive > R OS is reflexive. 


Let f: RR, g:R—- Rbe two functions given by 
f(x)= 

x+7) 
c( 
If f(x) = ax + band g(x) =cx +d, then f(g(x))= 
— 


(a) f(a) = gic) (b) f(b) = g(b) 

(c) f(d) = g(b) (d) f(c) = g(a) 

If f: ROR g:R— Rbe two given functions, then 
f(x) =2min (f(x)- g(x),0) equals 

(a) f(x) + g(x) —| a(x) — f(x)| 

(b) f(x) + a(x) + |a(x) — f(x)| 

(c) f(x) ~ g(x) + latx) — F(x)| 

(d) f(x) ~ a(x) — | a(x) — F(x)| 

Let f: R- R, g: R- Rbe two given functions, such 
that f is injective and g is surjective, then which of the 


(x) is equal to 
3 


2x - Sateee +5. Then, (fog) 
“o(x-2) (5 3) o(Z) 


2 


a f(x)) 


following is injective? 
(a) gof (b) fog (c) gog (d) fof 
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al Sets, Relations and Functions Exercise 2: 
~ More than One Correct Option Type Questions 


a ere ae a a te en te ne et er re ee 


® This section contains 3 multiple choice questions. (a) R, ={(x,y):y =2+x%,xEX,yeyY} 
Each question has four choices (a), (b), (c) and (d) out of (b) Rz = {(1, 1), (2, 1), (3, 3), (4, 3), (5, 5)} 
which MORE THAN ONE may be correct. (c) Ry = {(1, 1), (1, 3), (3, 5), 3, 7), (5, 7)} 
40. Let L be the set of all straight lines in the Euclidean plane. (d) Ry = {2 3), @ 5), @ 4), (7, 9)} 
Two lines 1, and /, are said to be related by the relation R 42, Let the function f : R— {-b} -» R— {1} be defined by 
iff 1, is parallel to !,. Then, the relation R is ea : 
(a) reflexive (b) symmetric FS) = Ee = vpenen 
(c) transitive (d) equivalence (a) f is one-one but not onto 
41, Let X = {1, 2,3, 4, 5,6} and Y = {1,3, 5, 7,9}. Which of the (b) f is onto but not one-one 


(c) f is both one-one and onto 


following is/are relations from X to Y? (a) f7"(2) =a -2b 


| Sets, Relations and Functions Exercise 3 
Passage B Based | Questions 


| " This section contains 2 passages. Based upon each of 45, The value of 4( gof )(2) — (fog) (9) is 


| 
! 


the passage 3 multiple choice questions have to be 5 4) 9 
answered. Each of these questions has four choices (a), me mye (°) (¢) 
(b), (c) and (d) out of which ONLY ONE is correct. Passage II 
. Nos. 46 to 48 
Passage I (Q ) 
(Q. Nos. 43 to 45) R, on Z defined by (a, b)E R, iff|a - b| $7, R, onQ 


defined by (a, b)€ R» iffab=4 and R, on R defined by 


Let f and g be real valued functions defined as (a,b) € Ry iff a? — 4ab +3ab? =0. 


Ix? +x-8,  xSl |x|, x<-3 46. Relation R, is 
f(x)=4 4x45, L<xS7 g(x)=;0, -3<x<2 (a) reflexive and symmetric (b) symmetric and transitive 
| 8x +3, 9 oP ae Axio (c) reflexive and transitive (d) equivalence 
, 47. Relation R, is 
43. The value of (gof ) (0) + ( fog) (-3) is (a) reflexive (b) symmetric 
(a) -8 (b) 0 (c) transitive (d) equivalence 
oe aeyiTe 48. Relation R; is 
44. The value of & fog) (7) - (gof) (6) is (a) reflexive (b) symmetric 
(a) 9 (b) 11 (c) transitive (d) equivalence 
() 13 (d) 15 


Sets, Relations and Functions Exercise 4: 
~ Single Integer Answer Type Questions 


ew em ewenee- NR NT EN RE EY RN 


« This section contains 6 questions. The answer to each 50. If A 
question is a single digit integer, ranging from 0 to 9 
(both inclusive). : 
49. In a group of 45 students, 22 can speak Hindi only and B= iene > r ane $xs | and ifmA SAM B< mp, 
12 can speak English only . If (2A + 1) student can speak 
both Hindi and English, the value of A is 


= x|cosx>~- and 0x} and 


the value of (A +4) is 
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517. IfS=R A={x:-35x<7} and B={ x:0<x<10}, the 53. If two sets A and Bare having 99 elements in common, 
number of positive integers in AABis the number of elements common to each of the sets 


AX Band Bx A 21A7, the value of A i 
52. Two finite sets have mand n elements. The total number anges a eee ep 


of subsets of the first set is 48 more than the total 
number of subsets of the second set. The value of m — n is 


Sets, Relations and Functions Exercise 5 : 
~ Matching Type Questions 


eo ee Ne eee ———eeee - a 


= This section contains 2 questions. Questions 54 and 55. The domain of the function f(x) is denoted by 
55 have three statements (A, B and C) given in Column Dy. 
I and four statements (p, q, r and s) in Column II and 
questions 70 and 71 have four statements (A, B, C and Column I 
D) given in Column I and five statements (p, q, r, s 
and t) in Column II. Any given statement in Column 
I can have correct matching with one or more 
statement(s) given in Column II. 


54. The functions defined have domain R. 


Column I Column II 
onto [—1, 1] but not one-one 


7x+1 (p) 
[0, 7] 
(q) | one-one on [0, 1] but not 


one-one and onto R 


(D) 


one-one on (0, ©) 


jg] Sets, Relations and Functions Exercise 6 : 
Statement | and Il Type Questions 


ssh sss rss sie — - — — So 


7 Taine eet ae ee 56 . aa 57. Statement-1 If A = {x| g(x) =0} and B= {x| f(x)=0}, 
sertion-Reason type questions. Each of these 2 Pn 
questions contains two statements : then A Bbe a root of {f(x)}" + {g(x)}° =0. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is a Statement-2 xe ANB>xeEAorxeB 
correct explanation for Statement-1. 58 : 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is . Statement-1 P(A) O PB) - PA oO B) where P{A) e 
not a correct explanation for Statement-1. power set of set A. 

(c) Statement-1 is true, Statement-2 is false. Statement-2 P(A)U P(B)= P(A UB) 

(d) Statement-1 is false, Statement-2 is true. 

59. Statement-1 If Sets A and Bhave three and six 
elements respectively, then the minimum number of 
elements in A U Bis 6. 

Statement-2 Number of possible relations from A to Statement-2 AN B=3. 


2 
A=2" 


56. Statement-1 If aset A has n elements, then the 


2 
number of binary relations on A =n" 
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fq) Sets, Relations and Functions Exercise 7: 


= 


® In this section, there are 15 subjective questions. 
60. Let A = {x: x is a natural number}, 
B={x:x is an even natural number}, 


C ={x:x is an odd natural number} 
and D = {x: x is a prime number}. 


Find 
(i) ANB (ii) ANC 
(iii) BAD (iv) CAD 


61. Let U be the set of all people and M = {Males}, 
S = {College students}, 
T = {Teenagers}, W = {People having height more than 
five feet}. 


Express each of the following in the notation of set 
theory. 


(i) College student having heights more than five feet. 


(ii) People who are not teenagers and have their height 
less five feet. 


(iii) All people who are neither males nor teenagers nor 
college students. 


62. The set X consists of all points within and on the unit 


circle x” + y? =1, whereas the set Y consists of all points 


on and inside the rectangular boundary x = 0, x =1, 
y=-—land y =1. Determine X UY and X NY. Llustrate 
your answer by diagrams. 


63. In a group of children, 35 play football out of which 20 


play football only, 22 play hockey; 25 play cricket out of 
which 11 play cricket only. Out of these 7 play cricket and 


football but not hockey, 3 play football and hockey but not 
cricket and 12 play football and cricket both. 


How many play all the three games? How many play 


cricket and hockey but not football, how many play hockey 


only? What is the total number of children in the group? 


64, Of the members of three athletic team in a certain 
school, 21 are on the basketball team, 26 on the hockey 
team and 29 on the football team. 14 play hockey and 
basketball, 15 play hockey and football, 12 play football 
and basketball and 8 play all the three games. How 


many members are there in all? 


65. In a survey of 200 students of higher secondary school, it 


was found that 120 studied Mathematics; 90 studies 
Physics and 70 studied Chemistry; 40 studied 
Mathematics and Physics; 3 studied Physics and 


Chemistry; 50 studied Chemistry and Mathematics and . 


20 studied none of these subjects. Find the number of 
students who studied all the three subjects. 


66. 


67. 


68. 


69. 


70. 


1 


- —— we wan oe wee ree 


In a survey of population of 450 people, it is found that 
205 can speak English, 210 can speak Hindi and 120 
people can speak Tamil. If 100 people can speak both 
Hindi and English; 80 people can speak both English and 
Tamil, 35 people can speak Hindi and Tamil and 20 
people can speak all the three languages, find the 
number of people who can speak English but not a Hindi 
or Tamil. Find also the number of people who can speak 
neither English nor Hindi nor Tamil. 

A group of 123 workers went to a canteen for cold 
drinks, ice-cream and tea, 42 workers took ice-cream, 36 
tea and 30 cold drinks. 15 workers purchased ice-cream 
and tea, 10 ice-cream and cold drinks, and 4 cold drinks 
and tea but not ice-cream, 11 took ice-cream and tea but 
not cold drinks. Determine how many workers did not 


purchase anything? 
Let n be a fixed positive integer. Define a relation Ron [ 
(the set of all integers) as follows: 
a R biff n|(a— b)i.e., iff (a — b) is divisible by n. Show 
that Ris an equivalence relations on I. 
N is the set of positive integers. The relation Ris defined 
on N x Nas follows: 
(a, b) R(c,d) ad = be 

Prove that R is an equivalence relation. 
The following relations are defined on the set of real 
numbers. 

(i)aRb|a—b|>0 

(ii)a Rb<=|a| =|] 
(iii) a Rb al 2|d| 
(iv)aRb@1+ab>0 
(v)aRbs|alsb 
Find whether these relations are reflexive, symmetric or 
transitive. 


Let A ={x:-15 x 1}= B for each of the following 
functions from A to B. Find whether it is surjective, 


injective or bijective 
age 

(i) f(x) = j 

(ii) g(x) =|x| 

(iii) A(x) = x] | 

(iv) K(x) = x” 


(v) I(x) = sin mx 
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72, 


73. 


Textbook of Algebra 


If the functions f and g defined from the set of real 
numbers R to Rsuch that f(x) =e* and g(x) =3x —2, 
then find functions fog and gof. Also, find the domain of 
the functions ( fog)~’ and (gof)”’. 


2 
x ~-xXx 
2 


If f(x) = , then find the domain and range of f. 
x” Hex 


Show that f is one-one. Also, find the function 
d( f '(x)) 


x 


and its domain. 


74, If the functions f, g and h are defined from the set of 
real numbers R to Rsuch that 
f(x) =x? -1, g(x) = (x? +1), 


j < 
Feed a x50 
|x, if x20 


Then, find the composite function hofog and determine 
whether the function fog is invertible and h is the 
identity function. 


Sets, Relations and Functions Exercise 8 : 
Questions Asked in Previous 13 Year's Exam 


ea we 


= This section contains questions asked in JIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 
to year 2017. 


75. 


76. 


ih 


78. 


79. 


Let R = {(3, 3), (6,6), (9, 9), (12, 12), (6, 12), (3, 9) be a relation 
on the set A = {3, 6, 9, 12}. 

The relation is 

(a) an equivalence relation 

(b) reflexive and symmetric only 
(c) reflexive and transitive only 
(d) reflexive only 


[AIEEE 2005, 3M] 


Let W denotes the words in the English dictionary. 

Define the relation R by R= {(x, y)€ W x W} the words x 

and y have atleast one letter in common, then Ris 
[AIEEE 2006, 3M] 

(a) not reflexive, symmetric and transitive 

(b) reflexive, symmetric and not transitive 

(c) reflexive, symmetric and transitive 

(d) reflexive, not symmetric and transitive 


Let R be the real line, consider the following subsets of 
the plane R x R such that {AIEEE 2008, 3M] 
S={(x,y):y=x +land0<x <2} 
T ={(x, y): x —y is an integer}. 
Which one of the following is true? 
(a) Both S and T are equivalence relations on R 
(b) S is an equivalence relation on R but T is not 
(c) T is an equivalence relation on R but S is not 
(d) Neither S nor T is an equivalence relations on R 
If A, Band C are three sets such that AM B= AAMC and 
AUB=AUC, then [AIEEE 2009, 4M] 
(ad AN B= 
(c) A=C 
Let S = {i, 2,3, 4}. The total number of unordered pair of 
disjoint subsets of S is equal to (IIT-JEE 2010, 5M] 
(a) 25 (b) 34 (c) 42 (d) 41 


(b)A=B 
(d)B=C 


rc a 


80. Consider the following relations. 


R= {(x, y)|x, y are real numbers and x = wy for some 
rational number w } 


5-2 
nq} 


and qm = pn}, then 


m,n, p and q are integers such that n,q #0 


[AIEEE 2010, 4M] 


(a) neither R nor S is an equivalence relation 


(b) S is an equivalence relation but R is not an equivalence 
relation 


(c) Rand S both are equivalence relations 


(d) R is an equivalence relation but S is not an equivalence 
relation 


81. Let P = {9 :sin® — cos® = V2 cos 6} and 

Q= (0:sin® + cos@ = /2 sin 8} be two sets. Then, 
[IIT-JEE 2011, 3M) 

(a) P CQandA-P#o (b)OC¢P 
(c)P £Q (d)P=Q 

82. Let f(x) =x” and g(x) =sin x for all x € R.Then, the set 
of all x satisfying ( fogogof )( x) = ( gogof ) (x), where 
(fog)(x) = f(g(x)) is [IIT-JEE 2011, 3M) 
(a) + ynt, n &€ {0,1,2,...} 
(b) + Jnt,n€ {1,2,3,...} 


(c) ; + Int, n € {..,-2, -1, 0, 1,2,..-} 
(d) 2nz, n € {...,-2, -1, 0, 1, 2,...} 
83. Let Rbe the set of real numbers. 
Statement-1 A = {(x, y)e Rx R:y— xis an integer} is 
an equivalence relation on R 
Statement-2 B= {(x,y)e Rx R: x =ay for some 


rational number a} is an equivalence relation on R 
[AIEEE 2011, 4M] 
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(a) Statement-1 is true, Statement-2 is true; Statement-2 is 85, If X = {4" -3n-1:ne N}andY = {9(n—-1):n = N}, where 


jpohalcoereckenp|anationifonistatements! N is the set of natural numbers, then X UY is equal to 


(b) Statement-1 is true, Statement-2 is false 


(c) Statement-1 is false, Statement-2 is true ae 200s; 4M) 
(d) Statement-1 is true, Statement-2 is true; Statement-2 is a ha) Oe iN r= 
correct explanation for Statement-1 86. Let A and B be two sets containing four and two 
84, Let A and Bbe two sets containing 2 elements and 4 elements, respectively. Then, the number of subsets of 
elements, respectively. The number of subsets of A x B the set A x B, each having atleast three elements i 
having 3 or more elements, is [JEE Main 2013, 4M] : [JEE Main 2015, 4M] 
(a) 220 (b) 219 (c) 211 (d) 256 (a) 275 (b) 510 (c) 219 (d) 256 
Answers 
Exercise for Session 1 62. X UY = {(x, yx t+ ¥ $1 or0 SxS land-Is ysl} 
1.(b) 2. (d) 3. (c) 4.(b)  5.(a) —-6.(¢) X AY={(x, yi + ¥ Slandx2 0} 
alg SE) a 63. 5, 2, 12, 60 64.43 65.20 66. 45, 110 
P . 67. 44 
Exercise for Session 2 70. (i) Not reflexive, symmetric, not transitive 
: 2 . S ‘ a a 4 5. (c) 6. (c) (ii) Reflexive, symmetric, transitive 
, hs Ne whe (iii) Reflexive, not symmetric, transitive 
Reareive fhSeedion3 (iv) Reflexive, symmetric, not transitive 
reise for session (v) Not reflexive, not symmetric, transitive 
1.(0) 2.(¢) 3. (b) 4. (b) 5.(b) 6. (b) 71. (i) Injective (ii) Injective 
7.(d) 8. (b) 9. (b) 10. (a) (iii) Bijective (iv) Not injective 
' (v) Surjective 
Chapter Exerises . 72. (fog)x = e%"*;xER (gof)x=3e -2xER 
I.(a) 2. (a) 3. (a) 4.(d) 5.(a) 6. (c) Domain of (fog)! (x) = (0, »). 
7. (b) 8. (c) 9. (b) 10. (d) I1.(c) 12. (b) Domain of (gof)'(x) = (-2, 0), 
13.(c) 14.(d) 15.(b) 16. (c)—«17.(b)_—«48. (d) 
19.(c) 20.(d) 24. (c) ~—s-22.(b) 23. (d)~—-24. (b), 73. oF R- {} 
25.(d) 26.(b)  27.(b) —-28.(a) 29. (c) 30. (b) ( Pi ' 
31.(b) 32.(d)  33.(c) 34.(d) -35.(a) 36. (d) TO. 3 pomainor¥_O=Rr- 4 
37.(c) 38.(d)  39.(d) —40. (a,b,c,d) 41. (a,b,c) de (I1-x) dx 
42.(c,d) 43.(b)  44.(a) —45.(d)—46.(a)—«47.(b) : — 
48.(a) 49. (5) 50. (1) 51.13) °52.(2) 53.0) 74. (hofog) x = ie : . ) his not an identity function and fog ts not 
54, (A) — (r); (B) (a); (C) > (p); (D) = (s) pes * 
$5. (A) > (s); (B) —> (1); (C) - (p); (D) > (a) me 
56. (b) s (c) en se (a) 75.(c) 76. (b) 77. (c) 78. (d) 79.(d) 80. (b) 
60. (i) B (ii) C (iii) {2} (iv) {x: xis an odd prime, natural number} 81.(d) 82.(a)  83.(a)  84.(b) = 85.(b) 86. (c) 


61.(i) SAW (i) T’'OW’ (iii) (M UT USY 
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1. By Venn diagram, 


It is clear that AN(A U B)=A 
2. R S 
S C S 4 
R Ss 
A B C 


SoR 

SoR is the relation from A to C. 
3. R={(1, 3), (2, 2), (3, 2)} 
5S ={(2,.1), 6,2), ¢ 3)} 


ae 
| bot 


. 


RoS ={(2, 3), (2, 2), (3, 2)} 
4,.X0(YAXY =X N(Y'UX’) 
=(X NY’)U(X 0X’) 
SX NV? \wo=xnYr 
=X -(X NY) 
5. xRy &(x-y+ /2) is an irrational number. 
Let (x, x) € R. 
Then, x -x + V2 = V2 which is an irrational number. 
xRx,VxeER 
“. Ris an reflexive relation. - 
xRy>(x-yt V2 ) is an ¢zational number. 
=> -(y-x- 2) is an irrational number. 
=>(y-x- v2) is an irrational number. 
yRx>(y-x+ 2) is an irrational number. 
So, xRy + yRx.’.R is not a symmetric relation. 
Let (1, 2) € R, then(1 —2 + V2) is an irrational 
number. 


10. 


11s 


=> (v2 — 1) is an irrational number. 

and (2, 3)éR, then(2 -3+ 12 ) is an irrational number. 

=> (V2 — 1) is an irrational number. 
(1,3)eR>(1-3+ V2 ) is an irrational number. 

= (v2 — 2) is an irrational number. 


So, (1, 2) € Rand (2, 3) € R+ (1, 3) € R (by any way) 
. Ris not transitive relation. 


» f(x) =(x +1)? -1 fr x21] 


=x? +1+2x-1=x7+2x 
S={x: f(x) = f(x} 
S is the set of point of intersection of (y = x) and tf. 
Now, solve y =xand f(x) =x? + 2x 
, x? 4+2x=x 
x +x=0 
x(x+1)=0 
x=O0or x=-1 


. Let set A contains n elements. 


Power set of A is the set of all subsets. 
.. Number of subsets of A ="C, + "C, + "C, +...+ "C,=2" 


.. Power set of A contains 2” elements. 


. By Venn diagram, it is clear that 


A-BCA and B’-A’CA and ANB’ CA 
butA CA-B 


. A={1, 2,3} 


B = {3, 8} 
AU B={I,2,3,8} 
AX B= {3} 
(A U B)x(A AN B) = {1, 2, 3, 8} x {3} 
= {(1, 3), @, 3), 3, 3) (8, 3)} 

A={p.g.r} 
R, = (p,q). (ar)s(p. 7) (ps P} 
(q, 9) € R,, so R, is not reflexive relation. 
So, R, is not an equivalence relation. . 

R, = {(r, 9), (7 P) (7), (G9) 
Here, (p, p) € R,, so R, is not reflexive relation. 
So, R, is not an equivalence relation. 

R,= {(p, p), (q. 9), (r, 7), (p, a)} 
R, is an reflexive relation. 

(p, a) € R, but (q, p) € R, 
R, is not symmetric relation. 
So, R, is not equivalence relation. 
A={x: xis a multiple of 3} 
A={x:x=3m,meN} 
B ={x: x is a multiple of 5} 
B={x:x=5n,neéN} 
Aq B= {x: xis a multiple of both 3 and 5} 

= {15, 30, 45, ...} 
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12, A={1, 2,3}, B= {3,4}, C={4,5, 6} 20. bid means that nis a factor of m. 
m 


=> BAC= {4} 
and AU (BOC) = {1, 2,3, 4} So, f is reflexive. 
13. A={x,y,z}, B={uv, w} ‘A number is a factor of itself. 
Now, if nis a factor of m, then mis not a factor of n 
Now, f:A—- B : ; ; ; 
.. f is not symmetric. Let nis a factor of mand mis a factor of 
A f B s, then it is true that nis a factor of s. 
x .. f is transitive. 
y 271. rn 5 where A € I, 
2 14 
14. +6 
8x=14A +6 => x=——— 
f is one-one and f is onto. 7. +3 3 
— =i +—(X. +1), whendA El 
14. A=f2,4} => x r “{* ), when A € 
B = {3,45} and here greatest common divisor of 8 and 14 is 2, so there are 
AN B={4} ___ two required solutions. 
AUB={2,3, 4,5} for A =3andA =7,x =6,13 or x =[6][13] 
(AM B) x(A U B) = {(4, 2), (4,3), (4, 4), (4, 5)} 22. n(A) =10 
15. X = {a, b,c, d} Total number of distinc Functions from A to A = 10". 
R, = {(b, a), (a, b), (c,d), (a, c)} 23. ACX and BCX and ACB 
(a, b) € R, and (a,c) € R, In all 3 possible cases, 


.R, is not a function. 


R, = {(a, d), (d, c), (b, b), (c, c)} A B X A B X | 
CYOUC}] 
A xX 


Hence, R, is a function. 


16. f:ROR 
> f(x) =sinx andg:R-~R : 
=> g(x) =x? 24. A= {a, b, c, d} 


B ={s, t, u} 
Range of g is R* U {0}, which is the subset of domain of f. 


A B : 
. Composition of fog is possible. CD 
fog = f(g(x)) = f(x’) ed ——— 
scat ee - L_— SQ] 
=sinx peas. ae 
17. x*-1=0 


> x=-1,1 


i t is clear that f is a function. 
. xisreal,q  x?+1=0 It is cle f 


But in relation h, a have h image s and u 


ie —— So, his not a function. 

“. xis not real, x?-9=0 25. fix)=x.xeZ 

= a fl) =1 

“ xisreal x?-x-2=0 fc)=1 

= x=2,-1 ”. f is not one-one 

’. xis real. Range of f is set of whole number. 
18. By definition for equivalent relation. Which is a subset of Z. 

R should be reflexive, symmetric, transitive. - ~_f is not onto. 
19. « x - coordinates of two brackets are same. 26. It is obvious. 
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27. A={1,2,...,.n}n22 32. f:A>B 
B = {a, b} f is a function, then f~' is also a bijective function. 
Number of into functions from A to B =2 Composite function (f~' of ) =I, 
Total Numer of functions from A to B =[n(B)]"'4) =2" r f B B ofl A 
“. Total Number of onto functions from A to B = 2” —2 
28. f:ROR 
=> f(x) =3x-4 
f is one-one onto function. 
.. Let y=3x-4 33. fly) =—, ay) = —~— 
ay Va-y’) y+ y’) 
3 ‘ 
» 
aXt4 op and (fog)y = f(g) = f | | 
Replace a mea (x) yi + y) 
29. f:ROR 2 y 
1+ 
= flx) =10x-7 : a ity) sty 
It is clear that f is one-one and onto. 1 ~—t va+y) 
oo eee y =10x-7 wae? / 
+7 34. f:ROR 
x22 = fy) _ 
10 f(x) =2x + |x 
id ca Pe I When x > 0, then f(x) =2x + x =3x 
a(x) = f= 10 When x <0, then f(x) =2x-x=x 
30. R={(a,b):a 2b} Now, when x2 0 
WalnewiiiaiaSew fx) -— f(-x) -— 4x =3(3x) -(—x) -— 4x =9x + x-4x 
(a,a)ER, VaeR =6x [x20] 
Ris a reflexi 7 a = 23x) =2 f(x) [.-x $0] 
is a reflexive relation. When x <0, 
Let (a, b) ER fQx) — f(-x) - 4x =3x —(-3x) - 4x =2x =2f(x) 
> -.a2b 35. Let A ={1, 2,3}, R = {(1, 1) (1, 2)} 
2 bSa and S = {(2, 2), (2, 3)} 
nad (b,a)ER be the transitive relation on A. 
So, R is not symmetric relation. Then, RU S = {(1, 1,) (1, 2)(2, 2) (2, 3)} 
Now, let (a, b) € Rand (b,c) € R. R U Sis not transitive, because (1,2)é« RUS 
= a>b and b2c and (2,3) € RUS but (1,3) € RUS. 
=> a>c : 36. F ROR 
= (a,c)ER £iR> KR 
; ; f(x) =2x-3 
.. Risa transitive relation. 3 
axyH=x +5 
31. A={(x, y):y =e", x € R} 3 34.5) -3 
= = = + ra 
a a Ane, = (fog)(x) = fla(a)= flx? + 5)= 22? +5) 
=2x7+7 
Now, let y=2x° +7 
2x3 = 5 oe | 
\ 13 
= (22 i 
2 ’ 
Replacing x by y, we get 
7 (x _ ry" 
y =| 2 
1/3 
AcB ss bola 
2 (fare =(227) 
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37. f(x) =ax+b - Aye tate 
g(x)=ex+d x,+b x, +b 
F(atx)) = a f(x)) => XxX, + bx, + ax, + ab =x,x, + ax, + bx, + ab 
f(cx + d) = g{ax + b) ~ Wx, — x2) = a(x, — x2) 
a(cx + d)+ b=clax+b)+d = (x, ~ x,)(b-a)=0 
acx+ad+b=acx+be+d = x, =X, [a # 5) 
ad+b=cbh+d ..f is one-one function. 
fid) = g(b) Now} _xta 

38. f:R>Rg:ROR eure ye xtd 

f(x) =2 min f(x) — g(x),0) xy + by=xt+a 

Let f(x) — g(x) > 0, then . xmy-1= os 

F(x) = f(x) — g(x) -| f(x) — g(x)| and f(x) — g(x) < 0, then ee and f-(y) = 2— — 

F(x) = 20 F(x) = gx] = F(x) — af2)] =| F(x) - a(x) “y= A 
39. f:R— Rand g:R— Rsuch that f is injective and +g is - eee 

surjective. . xis defined, Vy € R— {1} 

Then, g may be one-one or many-one. a—-2b 

If g is one-one, then gof is one-one. fr (2)= =a—2b 

fog is one-one 

gor is one-one Sol. (Q. Nos. 43 to 45) 

But if g is many-one, then gof is not one-one. 43. (gof )(0) = af (0) = 8(X0) pao 8) 

fog is not one-one. =2-8) =|-8=8 

gog is many-one and (fog) (-3) = f(g(-3)) = f(0) = 7(0)" + 0-8 =-8 

Now, fof is one-one (gof )(0) + (fog) (-3) =-8 + 8=0 
40. Relation Ron the set of all straight lines in the plane is of 44. (fog)(7) = f(g(7)) = f(7" + 4) = (53) 

parallel line. = 853) + 3 = 427 

A line is parallel to itself. So, R is reflexive. and (gof )(6) = g( f(6)) = g{4 x6 + 5) + g(29) 

If/, is parallel to /, , then J, is parallel to L,. = (29)? + 4=845 

.. Ris symmetric relation. [L,, 1, € L] . 2 fog)(7) - (gof (6) =2 x 427 — 845 =9 

Leth, 2,1; € : 45. (gof)(2) = g(f(2)) = g(4 x2 + 5) = g(13) 

L is parallel to 1, and I, is parallel to 1. =(13)? + 4=173 

Then, |, is parallel to J,. and: —(fog)(g) = f(g(9)) = f(9? + 4) = f(85) 

.. Ris transitive relation. 8x85 +3 =683 

=§8X = 


So, R is equivalence relation. 
41. X ={1,2,3, 4,5} 
Y ={1,3,5, 7,9} 


4( gof )(2) — (fog)(9) = 4 x 173 — 683 =9 
Sol. (Q. Nos. 46-48) 
46. We have, (a, b) € R, iff|a — 5] <7, where a,b €z 


(a)R ={((xy):ys2+x,xEX,yeY} 
x=1 yr Reflexivity Leta ez 
x=2 y=4 => a-a=0 
x=3 y=s => |a-al <7 
aa da - 0<7 
x=5 y=7 
So. Rj lien x => (a,a) ER, 
Aa iiliees .The relation R, is reflexive. 
(b) R, = {(1, 1), (2 1), G, 3) (4, 3), 6, 5)} Symmetry 
R,GXxY (a, bE R, 
(c) Ry = {(1, 1), (1,3), @, 5) 5, 7)} = Ja— [<7 => |Hb-a)| $7 
R,oXxY => |b-alS7 = (ba)ER, 
(d)R, ZX XY ..The relation R, is symmetric. 
42. f:R-{-b} > R-{1} Transitivity We have (2, 6), (6, 10) € R, because 
eet l2-6|=457 and |6-10|=457 
+b Also, |2-10]) =8 £7 
Let x,, x, € Dy oe (2,10) € R, 
f(x,) = f(x.) Hence, the relation R, is not transitive. 
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47. We have (a, b) € R, iff ab = 4, where a,b €Q 
Reflexivity 5 ¢Q and(5)(5) =25 #4 


: (5,5) € R, 
The relation R, is not reflexive. 
Symmetry 

(a, b) € R, 
=> ab=4 => ba=4 
=> (b,a) € R, 


.. The relation R, is symmetric. 


1 1 
Transitivity We have (2 s} ; (;. s € R, because 


a(2)=4 and (t}e=4 


Also, 8(8) =64 #4 
(8,8) € R, 
.. The relation R, is not transitive. 
48. We have, (a, b) € R, iffa? — 4ab + 3b” =0 
wherea,beR 


Reflexivity 
-. a’ —4a-a + 3d* = 4a’ — 4a’ =0 
(a,a)é R, 
..The relation R, is reflexive. 
Symmetry 
(a,b) ER; 
=> a’ — dab + 3b” = 0, we geta=b anda =3b 
and (b,a) ER, 
=> b* — 4ab + 3a” =0 
we get b=a and b =3a 
(a, b) € R, #(b,a) ER, 


.. The relation R, is not symmetric. 
Transitivity We have (3, 1), (1 1) ER, 


because (3)? ~ 4(3)(1) + X11)? =9 -12+3=0 


Ay iv 4 1 
d (i)*- nL} +3{; er 
ae NG & 3 3 


Also, (s 2) ¢ R,, because 


ee (1) =»- 1 _16 
(3) +-@)(5)+3(5 =9 os aoe 


.. The relation R, is not transitive. 
49. Given, a = 22, 
c=12 


H E 
and at+b+c=45 
= 22+b+12=45 
we. b=11=2A +1 
= A=5 


56.4 cosx >—— and 0S xn 
= JB apne and OSxSt 
3 3 
2 
=> OSe<— 
Azlo2%| 
haee 
‘ : 1 Tt 
Again, anes eae ane 
=> Fexcm and —<xSn 
5 gk 
3 6 
pul 5m) 
[3° 6) 
an \ 
Now, An B= E . 
2eamec® 
3 3 
2 
Here a> Gnd u=- 
3 3 
A+pH=1 
51. Here, A=(-3,7), B =(0, 10) 


52. 


53. 


- (A)y =7x4+1 


and S =(— 09, 00) 
A-B=[-3,0] and B-A=[7, 10) 
AAB =(A — B) U(B— A) =[-3, 0] U [7, 10) 

.. Positive integers are 7, 8, 9. 

Number of positive integers =3. 

As 2” —2" = 48 =16 X3=2' x3 

=> 2(a"-" —1)=2° (2? -1) 

: n=4 and m-n=2 

n=4 and m=6 

Now, m-n=2 

n((A x B) N(B x A)) =n((A A B) X(B ON A)) 
=n(A > B)-n(BO A) 
=n(A M B)-n(A 2 B) 
=99x99= 121 x9? 

A=9 


f(x) =7x+1 


Let XX, € Dy, 
then f(x) = f(x2) 
=> 7x, +1=7x,+1 > 4 =X, 


fisone-one, VxeER 
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Now, y= Tx+1 = x= 
for each y € R, we getx ER 
f is onto function 
(B) y =cosx 
for x €[0, %], y €[-1, 1] 
..f is one-one on (0 7], 
VxeR,y e[-1,1] 
y is not onto R. 
(C) y =sinx or f(x) =sinx 
for x €[0, t} y € [0,1] 


(=) = 3 and =| = 3 


2 
..f is not one-one on (0,7), 
Vxe Randy e€[-1,1] 


.f is onto (-1, 1]. 56. 


(D) y =1+ Inx and f(x) =1+ Inx 


y is defined for x € (0,0) 

Let Xp» Xe €D, 

then F(x) = f(x2) 

=> 1+ Inx, =1+Inx, 
=> X, = X2 


”. f is one-one, V x € (0, ©) 


55. (A) Let y =./3 — x + si?) 


For y to be defined 3 ~ x 2 00n-1$-——* <1 


x3 (i) 
—5$3-2x<5 58 
and -1S$x<4 ...(ii) 
From Eqs. (i) and (ii), we get 
x € (-1,3] 
(B) Let y = log,,{1 — log,o(x” —5x + 16)} for y to be defined 
x? —5x + 16 >0Oand 1 —log,,(x” — 5x + 16) > 0 
/ 2 
( 5} 39 ; 
x-—-| +—>0Oandlo —5x+16)<1 
( 2 4 Bio(x ) 
which is true, VxeR (i) 
= x* ~5x +16 <10 
= x7 -5x+6<0 = (x-3)(x-2) <0 
=> 2<x< 3 ...(ii) 59 


From Egg. (i) and (ii), x € (2, 3) 


(C) Let y =cos™ , for y to be defined 
2+sinx 
2 [.:-1<sinx $1 
-1¢ £1 
2+ sinx 1<2+sinx <3 
Multiplying by (2 + sin x) 60. 


~(2 + sinx) <2 $2 +sinx 


=> -2-sinxS2 |282+sinx- 


57. 
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=> -sinx $4 |sinx 20 


=> sinx2-4 |2nnsSxS(2n+1)t,nEz (i) 


We know that sin x € (—1, 1] 

xeR .. (ii) 
— Eqs. (i) and (ii); x € [2km, (2k + 1)7] 
Domain = =u, [2kr,(2k + 11)] 


(D) y =~Vsinx + 16 — x? for y to be defined 


sinx 20 16-x?2>0 


xe ([2kn,(2k+1)n),kel ..(i) |-4<5x4 ...(ii) 


From Eqs. (i) and (ii), we get 
xe[-4,-7z] U (0, x] 
Let 
A = {Q), Ap, yy». Gy} 


2 
Then, the number of binary relations on A=n"™”) = n” 


and number of relations form A to A=2"*" = or 


Both statements are true but Statement-2 is not a correct 
explanation for Statement-1. 


Leta €(AM B)=>acA andaeB 


=> g(a) =0 
and f(a) =0 
=> (fla)? + {e(a)}? = 0 


= Q isa root of (f(x)? + {g(x)}? =0 


Hence, Statement-1 is true and Statement-2 is false. 


. Let xe P(ANB) 


= xc(AnB) 


—) xCA and xcB 
i x € P(A) and x € P(B) 
= x € P(A) MO P(B) 

P(A 1 B) c P(A) P(B) 
and P(A) 7 P(B) c P(A B) 
Hence, P(A) © P(B) = P(A CO B) 


Now, consider sets A = {1}, B = {2} => AU B={I, 2} 
: P(A) = {6, {1}}, P(B) = {6, {2}. 

asd P(A U B) = {@ {1}, {2}, {1, 2} # P(A) U P(B)} 

Hence, Statement-1 is true and Statement-2 is false. 


. (AU B)=n{A) + (B) — (A 2 B) 


=3+6—-nANB)=9-nAN B) 
As maximum number of element in(A M B) =3 
.. Minimum number of elements in(A 4 B) =9-3 =6 


Both statements are true; Statement-2 is a correct explanation 
for Statement-1. 


A={x: xis a natural number} 

B ={x: xis an even natural number} 
C ={x: xis an odd natural number} 
D={x: xis a prime number} 
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(i) AN B={x:x=2n.neEN}=B From Eq. (vi), d =2 
(ii) AMC ={x: xis an odd natural number} =C From Eq. (iii) b +2+3+5=22 
(iii) B A D={x: xis prime natural number} = {2} : b=12 
(iv) CA D={x: xis odd prime natural number} Hanes. a=20,b =12,c=11,d =2,e=7, f =3,g=5 


67. U =Set of all people Number of children play all the three games = g =5 
M = {Males} Number of children play cricket and hockey but not football 
S = {College students} =e 


T = {Teenagers} Number of children play hockey only = b = 12 
W = {People having height more than 5 feet} ee oe pey ca dela 
) Coll d agive Wali h Peqes Total number of children in the group 
_ Co che ents having heig i a i ed =atb+ctd+e+f+z=60 
ii) People who are not teenagers and having their heights = x 
less than 5 feet = T’ M W’ 64. a+ ftet+g=2i ( 


(iii) All people who are neither males nor teenagers nor b+d+f+t+g=26 Ai 
college students =(M UT USY c+dt+etg=29 eA 

62. X ={(x,y):x°+y'?S}} : f+tg=l4 div) 
Y={(x,y):0SxS1,-1Sy $1} gt+d=15 Av) 
XUY=((x,y): x? + y? Slor0SxSland-1sy $1} e+ g=12 vA 

' g=8 Vil) 


X AY ={(x,y): x? + y? S1and x20} 


From Eqs. (vii) and (vi), e = 4 

Form Eqs. (vii) and (v),d =7 

From Egs. (vii) and (iv), f =6 

From Eq. (iii), c +7 + 4+8=29=c =29-19=10=¢ 

From Eq. (ii), b+7+6+8=26=>b=26-21> b=5 

From Eq. (i), a+6+4+8=21>54a=21-18> a=3 
n(B)+n(H)+n(F) =at+b+ct+tdtetfr+g 


63. Given, ..(i) =3+54+10+7+44+6+8=43 
e+ ftg=15 ..{ii) 65. at+e+f+g=120 i) 
b+d+ f+g=22 ...(iii) b+d+ft+g=90 (ii 
c=11 --{iv) e+ ftct+d=70 (iii) 
Ee g+ f=40 ..{iv) 
f+d=30 0) 
e+ f =50 (vi) 


=A 


Q 


H 
c+dt+et+g=25 __Av) 
hia d+e+g=14 _.{vi) 
e=7 ...(Vii) 
(iii J=s aelvll U-(atb+ct+dt+e+ f+ g)=20 
pe => atb+c+dt+e+ f+g=180 Avi) 
e+ g=12 ww(ix) ‘ 
. E i mae viii 
e=7, f =3,g=5 From qs. (i) and (iv), ate ool | 


Fram Fae (ii) and fiv\ 
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From Egg. (iii) and (v), e +c=40 .».(X) 
from Eqs (viii), (ix) & (x),a+b+c+d+e+e=197 ...(xi) 
from (xi), (vii) and (iv), 197 — e + 40 = 180 
170 —e + 40 =180 
e =210 — 180 = 30 
From Eq. (vi),e + f =50 


=> 30+ f =50 
=> f =20 
66. b+et f+ g=205 (i) 
a+d+f+g=210 fii) 68. 
c+d+e+g=120 .-(iii) 
f +g=100 ...(iv) 
e+ g=800 ...(v) 
d+g=35 av (Vi) 
g=20 (vii) 


From Egg. (vi) and (vii), d = 15 

From Eggs. (vii) and (v), e = 60 

From Eqs. (vii) and (iv), f = 80 

From Eq. (i), b + 60 + 80 + 20=205 => b =205 — 160 

= b= 45 = Can speak English but not Hindi or Tamil. 
From Eq. (ii) a + 15 + 80 + 20 =210 


=> a+115=210> a=95 69. 


From Eq. (iii), c+ 15 + 60 + 20 = 120 
> c¢=120-95> c=25 
People who can speak neither E nor H nor T 
= 450 —(95 + 45 + 25 + 15 + 60 + 80 + 20) 
= 450 — 340 = 110 


67.c+ftgte=42 ...(i) 
b+d+gt+e=36 ..(ii) 
a+ f+d+g=30 ...(iti) 
gte=15 ...(iv) 
f+g=10 ...(v) 
d=4 ...{vi) 
e=11 (vii) 


Chap 11 Sets, Relations and Functions 833 


From (iv) and (vii), g + 11=15=> g=4 
From (v) and (viii), f +4=10 > f =6 
From (i),c +6+4+11=42 > c=21 
From (ii), b+4+4+11=36= b=17 
From (iii),a+6+4+4=30>a=16 
Number of required persons 


=123-(16+174+21+4+11+6+ 4) 


=123-79 

= 44 
aRb iff n|(a — b)| i.e. (a — b) is divisible by n. 
Reflexivity a —a = 0 which is divisible by n. 
So, (a,a)ER,Vael 
.. Ris reflexive relation. 


Symmetry Let(a,b)eER 


...(viii) 
(ix) 
w(x) 
...(xi) 


...(xii) 


Then, (a, b) € R=>(a — b) is divisible by n. 
= —(b — a) is divisible by n. 

=> (b — a) is divisible by n. 

=> (b,a)ER 


. Ris symmetric relation. 


Transitivity Let (a, b) € R,(b,c) € R, then (a — b) and(b -c) 


are divisible by n. 
= a-—b=nk, andb-c=nk, 
=> (a -b)+(b-c)=nk, + k) 


=> a~c=n(k, + k,) 
=> (a —c)is divisible by n. 
=> (a,c)ER 


.. Ris transitive relation. 
”. Ris an equivalence relation. 


R defined on N x N such that 
(a,b) R(c,d) = ad =be 
Reflexivity Let(a,b)eNxN 
= a,beN = ab=ba 
=> (a, b) R (a, b) 
.. Ris reflexive on, N x N. 
Symmetry Let(a, b),(c,d)eN XN, 
then (a, b) R (c,d) =» ad = be 
= cb =da 
=> | (c, d) R (a, 5) 
.. Ris symmetric on N x N. 
Transitivity Let (a, b), (c,d), (e, f)eENXN 
Then, (a,b) R(c,d) =»ad = be 
(c,d) R(e, f) = cf =de 
From Egg. (i) and (ii), (ad) (cf) = (bc) (de) 
=> af = be 
= (a, b) Rie, f) 
.. Ris transitive relation on N x N. 
“. Ris equivalence relation on N x N. 


[Kk ef] 


(i) 
.+-(ii) 
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70. (i) aRb =|a—b|>0 


Reflexivity a-—a=0 
(a,a)éR 
.. Ris not reflexive 
Symmetry (a,b)«€R=>|a-b|>0 


> |-(b — a) > 0| 
=> |b -al>0 
= (b,a)ER 


.. Ris symmetric relation 
Transitivity (a,b)eéR and (b,c)eER 
=> ja —b| >0 and |b-c|>0 


=> j}a—b|+|b-cl>0 [by addition] 


Now, leta >bandb>c, thena>c 
ja —b| + |b -—c] =a—b+b-c=a-c>0 
=> ja—c|>0 
If a<bandb>-c, then 
ja — b] + |b-—c| =-(a-—b) + (b-c) =-a+2b-c 
>» ja-c|>0 
.. Ris not transitive relation. 

(ii) aRb <=> |al| =|b| 
Reflexivity We have, |a|=|a| 
=> aRaVa 
“. Ris reflecxive relation. 
Symmetry aRb=|al|=]b| 
> [5| =|a| 
=> bRa 
“. Ris symmetric relation. 
Transitivity (a,b) é Rand(b,c)eR 


=> [a] =|b| and |b] =|¢| 
> |a| =|c| 
=> (a,c)ER 


“. Ris transitive relation. 
(iii) aRb <> |a| >|] 
Reflexivity For anya é R, we have |a| 2|a| 
So, aRa Va 
“. R is reflexive relation. 
Symmetry aRb= |al 2|b| 
> |b] S|a| 
”. Ris not symmetric relation. 
Transitivity aRb and bRc >|a| 2|b| and|bj 2|c| 
=> Ja| 2|c| 
=> aRc 
“. Ris transitive relation. 

(iv) aARb<>1+ab>0,Va,beR 
Reflexivity Leta ¢ R=1+a-a=1+a’>0 
=> (a,a)ER 
.. Ris reflexive on R. 

Symmetry Let (a, b) € R, then (a, b) ER 


—— 1+ab>0 
> 1+ba>0 
=> (b,a)ER 


“. Ris symmetric on R. 


Transitivity We observe that (1 +) é Rand 


(;.-1] € R but (1, —1) ¢ R because 


1+(1)(-1)=030 
.. Ris not transitive on R. 
(v) aRb = |a| sb 
Reflexivity Let -1 € R, then |—1| £ (-1) 
.. Ris not reflexive relation 
Symmetry Now, let -3 R 4, then |4| £ -3 
=> 4R-3 
..R is not symmetric relation 
Transitivity aRb and bRc = |a| $ b and|b| ¢c 
Then, ja} Sc => aRc 
.. Ris transitive relation. 
71. A={x:-1Sx$} 


B={x:-1S xs} 
@ fl=> 
Let XX, EA 


fx) = fl_)> 2-3 


=> xX, = Xo 


“. f is one-one function. 


Now, let yar aox=2y 
= ls y S41 

=> -2S2y $2=9-25 x82 
Let x €[-1,1] 


. There are some value of y for which x does not exist. 


So, f not onto. 


(ii) g(x) =|2| 
For x =-1, g(-1)=1 
and for x =1, g{i)=1 
“. f is not one-one function 
Let y =|x\|, then y 20 
.. f is not onto. 
-: 
8) Mamaia = | cine 
-x", x<0 


From figure, it is clear tat h is one-one and onto i.e, 


bijective. 
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(iv) Kx) =x’ 


kK(1)=1 

kK(-1) =1 
So, k is many-one function. 
From figure, y € (0, 1) 
. y is not onto function. 

(v) y =I(x) =sinnx 
for x =1, 
for x=-1, 


and 


I(1) =sinn =0 
(-1) =sin(—7) = 0 
..l is not one-one, 


Now, -1sxsl 
> “ER SNUXST 
=> -1Ssinnxs1 


*. y is onto function. 
Hence, | is surjective function. 
72. (fog)x = f(3x -—2) =e*~? 
(gof)x = g(e*) =3e* -2 
Let (fog)x=y => e*~*=y 
2+ log.y 
3 


and 


> 3x-2=log.y > x= 


=> (fog) '(y) = 


= y >0So, domain of ( fog)” is (0, -). 


2+ log. y 
3 


Now, again let (gof)x =3e* -2 


= ya3e 2-9 et =2EE 


we) 


= (sof 'y) = log, ee aa 


Clearly, y+2>0>y>-2 


. Domain of (gof)"' 
73. f(x)= 


is (—2, 9), 


xv-x 


...(i) 


x* + 2x 

_ Ax =1) 
aes me 
(x-1) 


MY : +2)’ 


x#0 ...(ii) 
Dy ={x:x?+2x #0} 


={x:x eR -{0,—2}} 


{from Eq. (i)} 


Now, let —— 
x+2 
=> yx + 2y =x—-1=> xy -1)=—(1 + 2y) 
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en pe 1+ 1+2y 

1-y 
Now, for y = 1, x is not defined. 
Now, x=0,f(x)=-— 

Ry = R = th 1 
2) 
Now, let Xj, X_ € Dy 
x, —1 

Then, fix) = fx) == he eer 


=> XX, + 2x, —xX,-2=xX,xX, — xX, + 2x, -2 


= X =X 
..f is one-one function. 
Now, let a 
x+2 
Then, yoni t 
1-y 
: 12 
= Pos. [- f)=y>x=f"'O) 
1+ 2x 
Replace y by x, we get f(x) = —— 
-Xx 
P —x)2-(1+ 2x) (-1) 
= ly ee 
Sif" Gx) 
_2-2x+142x 
(1 - x)’ 
© ei 3 
> — x)} =——;} 
gh tla 


i 
Domatniot ly (x)} = R - {1} 

f(x)=x? -1 
g(x) = yx? +1 1; Ax) = 


‘. (hofog) (x) = (hof) {g(x)} 
=(hof ) yx +1 


= Aff y(x? +1)} 
= hfy(x? +1)? -1}=h(x? +1-1) 


fo if xs0 
ae x20 


=h(x*)= x? [-: x? > 0] 

and (fog) (x) = fi{g(x)} 
2 

= fi? +1)=(Vx?+1) -l=x°+1-1=2? 
Let y =(fog)x =x", VxeER 
If x =1, theny =1 
If x =—1, then y =1 
—o PpactinventieNs Jo, x<0 
; one-one, so it is not invertible A(x) =; 
o, fog is no ie seg 


For x =~-1,h(—1) = 0 and for x = —2, A(-2) = 0 
‘. his not identity function. 
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Textbook of Algebra 


Here, (3, 3), (6, 6), (9, 9), (12, 12) So, it is Reflexive and 
(3, 6), (6, 12), (3, 12) So, it is Transitive 

Here, reflexive and transitive only. 

Clearly, (x, x)éER,VxEew 

So, R is reflexive. 

Let (x, y) € R, then (y, x) € R as x and y have atleast one letter 
in common. So, R is symmetric. But R is not transitive. 
e.g. Let x = INDIA, y = BOMBAY and z = JUHU 

Then, (x, y) € Rand(y, z) € Rbut(x,z)¢€R 

T={(x y)ix-yel} 

As 0 € I, so T is a reflexive relation. 
Ifx-yelsay-xel 

..T is symmetric also. 

Ifx-—y =] andy—-z=12 

Then, X-z=(x-y)+(y-z)=1,+1,¢€1 

*. T is also transitive. 

Hence, T is an equivalence relation. Clearly, x # x + 1=>(x, x) €S 
..S is not reflexive. . 
ANB=ANC>B=Cand AUB=AUC>B=C 
B=C 
For disoint sets, AM B=6 


Hence, 


Each element in either A or B or neither. 
”. Total ways =3* =81;A = BiffA=B=6 
Otherwise, A and B are interchangable 
.. Number of unordered pair for disoint subsets of 
= ae ae ‘i 
2 


xRy need not implies yRx. 
s:75 Bt ce ipa ™ Sis reflexive. 
n q soon 


es Poem 
a. | 


_ is symmetric. 


Lis Te pai pn, pt =r 
nmoeqdq 


and 


mor, bt 
=> mt =nr=— S - is transitive. 
n ft 


*. Sis an equivalence relation. 


P:sin@ — cos® = V2 cos@ => tan@ = J2 +1 


Q:sin® + cos@ = J/2 sin@ = tand =oawet 1 
P=Q 
- (fosogof ) (x) = (gogof) (x) 
(sinsin x?)* = sinsinx 2 = sinsinx” = 0 or 1 
= x=+-vVnm,ne {0, 1,2, 3,...} 
Statement-1 A = {(x, y) © R x R: y — xis an integer} 
(a) Reflexive xRy : (x — x) is an integer 
which is true. 
Hence it is reflexive. 
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(b) Symmetric xRy :(x - y) is an integer. 
= -—(y — x) is also an integer. 
*. (y — x) is also an integer. 
=> yRx 
Hence, it is symmetric. ; 

(c) Transitive x Ry andy Rz 
= (x — y) and (y — z) are integere and. 
=>(x-y )+(y —z) is an integer. 
= (x —z) is an integer. 
=>xRz 
. It is transitive 
Hence, it is equvalence relation. 

Statement-2 

B={(x, y)€ RXR: x =«y for some reational number a} 

If ao =1, then 

xRy : x =y (To check equivalence) 

(a) Reflexive xRx: x = x (True) 
.”. Reflexive 

(b) Symmetric xRy:x=y =>y =x=> yRx 
.. Symmetric 

(c) Transitive xRy and yRz > x=y 
and y=z=x=z => xRz 
*, Transitive 
Hence, it is equivalence relation. 
Both are true but Statement-2 is not correct explanation of 
Statement-2 

*. A XB has 8 elements. 

.Number of subsets = 2° = 256 

Number of subsets with zero element = °C, =1 


_ Number of subsets with one element = "C, =8 


Number of subsets with one elements = °C, = 28 
Hence, Number of subsets of A x B having 3 or more elements 
= 256 —(1+ 8 + 28) = 256 —37 =219 

Since, 4” ~3n-1 =(1+3)" -3n-1 

= (1+ "C,-3+ "C,-37+ "Cy +3? +...4"C, -3")-3n-1 

"= 3°("C, + "Cy:3+...4 "C, 3") 
=> 4" —3n-1is a multiple of 9 forn 22 
Forn =1, 4" -3n-1=4-3-1=0 
For n =2,4" —-3n-1=16-6-1=9 
.4" —3n—1is multiple of 9 for all n € N. 


It is clear that X contains elements, which are multiples of 9 
and Y contains all multiples of 9. 


re ACY Le, XU ay 

n(A) = 4,n(B) =2 = n(AxB) =8 

The number of subsets of A x B having at least three elements 
=*C,+ °C, + °C, +...4°C, 
= 2° -(°C,+°C,+°C,) 
= 256—(1+8 +28) =219 
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